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The phase transformations of the 
rystallographi
 latti
e are 
hara
terized by aninternal variable z : Ω → Z = 
onv{e1, . . . , eN}.Interpretation: if z(x) =
∑N

k=1 λk(x)ek, λk(x)= volume fra
tion of phase k.The model is des
ribed by

• a stored energy density W (e(u), z, θ) where u denotes the displa
ements,
e(u) =

1

2
(∇u + ∇uT ), and θ is the temperature,

• a dissipation D(z1, z2) due to phase 
hanges.We assume that D is given by
D(z1, z2) =

∫

Ω

ψ(x, z2 − z1) dxwhere ψ(x, ·) is 
onvex, l.s.
. and positively homogeneous of degree 1 for a.e. x ∈ Ω.We study the quasi-stati
 evolution in small strain regime, within the framework ofthe variational theory of rate-independent pro
esses.



The potential energy is given by

E(t, u, z, θ) =

∫

Ω

(
W (e(u), z, θ) +

σ

2
|∇z|2

)
dx− 〈ℓ(t), u〉where ℓ is a time-dependent applied loading and σ

2
|∇z|2, with σ > 0, takes into a

ountsome non-lo
al e�e
ts for the internal variable z.We assume that θ = θappl(t, x) is a given data (valid if Ω is small in at least one dire
tion)and that u = uDir(t) on ΓDir ⊂ ∂Ω.We de�ne the set Q = F × Z by

F = {ũ ∈ H1(Ω; IRd); ũ|ΓDir
= 0},

Z = {z ∈ H1(Ω; IRN); z(x) ∈ Z a.e. x ∈ Ω}.



We look for an energeti
 solution for the rate independent problem asso
iated to E and
D, i.e q = (ũ = u− uDir, z) : [0, T ] → Q satisfying the global stability 
ondition (S) andthe global energy balan
e (E)(S) ∀q̄ = (ū, z̄) ∈ Q : Ẽ(t, q(t)) ≤ Ẽ(t, q̄) + D(z(t), z̄),(E) Ẽ(t, q(t)) + VarD(z; 0, t) = Ẽ(0, q(0)) +

∫ t

0

∂sẼ(s, q(s)) ds.with

Ẽ(t, q(t)) = E(t, ũ(t) + uDir(t), z(t), θappl(t))and VarD(z; r, s) = sup
{ p∑

j=1

D
(
z(tj−1), z(tj)

) ∣∣∣ p ∈ IIN, r ≤ t0 < t1 < . . . < tp ≤ s
}

for all (r, s) ∈ [0, T ]2 su
h that r < s.Let us observe that (S) is equivalent to
q(t) ∈ S(t) =

{
q ∈ Q; Ẽ(t, q) ≤ Ẽ(t, q̄) + D(z, z̄) q̄ ∈ Q

} for all t ∈ [0, T ].



In order to 
onstru
t approximate solutions we 
onsider 
losed subspa
es Fh and Vh of
F and V = H1(Ω; IRN) respe
tively (e.g. �nite dimensional subspa
es) and we de�ne

Qh = Fh ×Zh, Zh = {zh ∈ Vh; zh(x) ∈ Z a.e. in Ω} = Z ∩ Vh.We assume that for all q = (ũ, z) ∈ Q there exists a sequen
e (qh)h>0 su
h that

qh = (ũh, vh) ∈ Qh ∀h > 0, qh → q strongly in Q.We 
onsider also a partition Π = (tτk)0≤k≤kτ of [0, T ], i.e.
0 = tτ0 < tτ1 < . . . < tτkτ = Tsu
h that ∆(Π) = sup{tτk − tτk−1, 1 ≤ k ≤ kτ} ≤ τ , with τ ∈ (0, T ).



We approximate the initial 
ondition q0 by [q0]
h ∈ Qh and we solve the followingin
remental problems:

(IP)hΠ {for k = 1, . . . , kτ �nd

q
τ,h
k = (ũτ,hk , z

τ,h
k ) ∈ Argmin

{
Ẽ(tτk, q̄

τ,h) + D(zτ,hk−1, z̄
τ,h) | q̄τ,h = (ūτ,h, z̄τ,h) ∈ Qh

}
.Let us assume that :

(H1)





θappl ∈ C1([0, T ];L∞(Ω; [θmin, θmax]))

ℓ ∈ C1([0, T ]; (H1(Ω; IRd))′)

uDir ∈ C1([0, T ];H1(Ω; IRd))

(H2) ∃cψ, Cψ > 0 s.t. cψ|v|1 ≤ ψ(x, v) ≤ Cψ|v|1 ∀v ∈ IRN
0 , |v|1 =

N∑

j=1

|vj|

(H3)





W ∈ C0(Rd×dsym × Z × [θmin, θmax]; IR)
W (·, z, θ) is stri
ly 
onvex for all (z, θ) ∈ Z × [θmin, θmax]
∃c, C > 0 s.t. c

(
|e|2+|z|2

)
− C ≤ W (e, z, θ) ≤ c

(
|e|2+|z|2

)
+ C

∀(e, z, θ) ∈ R
d×dsym × Z × [θmin, θmax]



Proposition 1. The following properties hold:

• D is 
ontinuous for the weak topology of H1(Ω),

• for all t ∈ [0, T ], Ẽ(t, ·) has weakly 
ompa
t sublevels,
• there exist positive real numbers C0, c0, C1, c1 su
h that

C0‖q‖
2
Q − c0 ≤ Ẽ(t, q) ≤ C1‖q‖

2
Q − c1for all (t, q) ∈ [0, T ] ×Q.We infer that the in
remental problems (IP)hΠ admit a solution and, for all k = 1, . . . , kτ ,we have

Ẽ(tτk, q
τ,h
k ) ≤ Ẽ(tτk, q̄

τ,h) + D(zτ,hk−1, z̄
τ,h) −D(zτ,hk−1, z

τ,h
k ) ≤ Ẽ(tτk, q̄

τ,h) + D(zτ,hk , z̄τ,h)for all q̄τ,h ∈ Qh i.e.
q
τ,h
k ∈ Sh(t

τ
k) =

{
qh ∈ Qh; Ẽ(t, qh) ≤ Ẽ(t, q̄h) + D(zh, z̄h) q̄h ∈ Qh

}
.



Let us assume moreover that ∂θW ∈ C0(Rd×dsym × Z × [θmin, θmax]; IR) and
∂eW ∈ C0(Rd×dsym × Z × [θmin, θmax]; Rd×dsym ). Then

Ẽ(tτk, q
τ,h
k ) − Ẽ(tτk−1, q

τ,h
k−1) + D(zτ,hk−1, z

τ,h
k ) ≤

∫ tτk

tτ
k−1

∂tẼ(t, qτ,hk−1) dt,for all 1 ≤ k ≤ kτ (dis
rete upper energy inequality) and
Ẽ(tτk, q

τ,h
k ) − Ẽ(tτk−1, q

τ,h
k−1) + D(zτ,hk−1, z

τ,h
k ) ≥

∫ tτk

tτ
k−1

∂tẼ(t, qτ,hk ) dt,for all 2 ≤ k ≤ kτ (dis
rete lower energy inequality).We de�ne the approximate solution qτ,hR by
q
τ,h
R (t) = q

τ,h
k−1 ∀t ∈ [tτk−1, t

τ
k), ∀k = 1, . . . , kτ , q

τ,h
R (T ) = q

τ,h
kτ .



Next we investigate the asymptoti
s as h and τ tend to zero.Proposition 2. Let us assume that there exist positive 
onstants CW
0 , CW

1 , Cθ, Cθ
0 ,

Cθ
1 , Ce, Ce

0, Ce
1 and a nonde
reasing fun
tion ω : [0,∞) → [0,∞) with limτ→0+ ω(τ ) = 0su
h that for all e, e1, e2 ∈ R

d×dsym , z, z1, z2 ∈ Z and θ, θ1, θ2 ∈ [θmin, θmax], we have
|∂eW (e, z, θ)|2 + |∂θW (e, z, θ)| ≤ CW

1 (W (e, z, θ)+CW
0 ),

|∂θW (e, z, θ1)−∂θW (e, z, θ2)| ≤ Cθ
1(W (e, z, θ1)+C

θ
0)ω(|θ1−θ2|),

|∂eW (e, z, θ1)−∂eW (e, z, θ2)|
2 ≤ Ce

1(W (e, z, θ1)+C
e
0)ω(|θ1−θ2|),

|∂θW (e1, z1, θ)−∂θW (e2, z2, θ)| ≤ Cθ(|e1−e2|+|z1−z2|)(1+|e1+e2|+|z1+z2|),
|∂eW (e1, z1, θ)−∂eW (e2, z2, θ)| ≤ Ce(|e1−e2|+|z1−z2|).Then(i) there exist CE

0 , C
E
1 > 0 su
h that
|∂tẼ(t, q)| ≤ CE

1 (Ẽ(t, q)+CE
0 ) ∀(t, q) ∈ [0, T ] ×Q(ii) for all E ∈ IR there exists a nonde
reasing fun
tion ωE : [0,∞) → [0,∞)with limρ→0+ ωE(ρ) = 0 su
h that

|∂tẼ(s, q)−∂tẼ(t, q)| ≤ ωE(|t− s|) ∀(s, t, q) ∈ [0, T ]2 ×Q s.t. Ẽ(0, q) ≤ E.



Let us introdu
e the following notations:

δ
τ,h
k = D(zτ,hk−1, z

τ,h
k ), η

τ,h
k = Ẽ(tτk, q

τ,h
k ) ∀k ∈ {0, . . . , kτ}and

δ
τ,h
R (t) = VarD(zτ,hR ; 0, t), η

τ,h
R (t) = Ẽ(t, qτ,hR (t)) ∀t ∈ [0, T ].

Step 1: A priori estimatesLemma 1. ‖qτ,hR (t)‖Q, |ητ,hR (t)|, |∂tẼ(t, qτ,hR (t))|, Var(ητ,hR ; 0, t) and |δτ,hR (t)|are bounded independently of τ , h and t.



Step 2: Passage to the limitWe will use Helly's sele
tion prin
iple:Lemma (Helly's sele
tion prin
iple). Assume that the following properties hold:
∀(z, z̃) ∈ Z2, ∀(zh, z̃h) ∈ Z2

h :
z = limh→0 z

h and z̃ = limh→0 z̃
h

}
⇒ D(z, z̃) ≤ lim inf

h→0
D(zh, z̃h),and

∀z ∈ Z , ∀K ⊂ Z sequentially 
ompa
t , ∀(zn)n∈IIN ∈ KIIN :
min

(
D(zn, z),D(z, zn)

)
→ 0 for n→ ∞

}
⇒ z = lim

n→∞
zn.Let (zn)n∈IIN be a sequen
e su
h that zn : [0, T ] → Z for all n ∈ IIN and satisfying

∃C > 0, ∀n ∈ IIN : VarD(zn; 0, T ) ≤ C,

∃K ⊂ Z sequentially 
ompa
t , ∀n ∈ IIN, ∀t ∈ [0, T ] : zn(t) ∈ K.Then, there exists a subsequen
e (znj)j∈IIN, a nonde
reasing fun
tion δ : [0, T ] → IR,and a limit pro
ess z : [0, T ] → Z su
h that for all (s, t) ∈ [0, T ]2 with s ≤ t, we have

z(t) = lim
j→∞

znj(t), δ(t) = lim
j→∞

VarD(znj ; 0, t), VarD(z; s, t) ≤ δ(t) − δ(s).



Assumption (H2) implies that D satis�es the previous properties and with lemma 1we infer that there exists a subsequen
e (τn, hn)n∈IIN su
h that
η
τn,hn
R (t) → η(t), δτn,hnR (t) → δ(t), zτn,hnR (t) ⇀ z(t) in Z ∀t ∈ [0, T ]with η ∈ BV ([0, T ]; IR), δ : [0, T ] → IR a non de
reasing fun
tion and z : [0, T ] → Zsu
h that VarD(z; s, t) ≤ δ(t) − δ(s) for all (s, t) ∈ [0, T ]2 with s ≤ t.Moreover, possibly extra
ting another subsequen
e, we have

∂tẼ(·, qτn,hnR ) ⇀ ξ∗ weakly ∗ in L∞([0, T ]).



Let t ∈ [0, T ]. Sin
e ‖qτ,hR (t)‖Q is bounded independently of τ and h, there exists asubsequen
e (ntj)j∈IIN (depending on t) su
h that

q
τ
nt
j
,h
nt
j

R (t) ⇀ q(t) weakly in Qand thus q(t) = (ũ(t), z(t)).Lemma 2. We have

q(t) ∈ S(t) =
{
q ∈ Q; Ẽ(t, q) ≤ Ẽ(t, q̄) + D(z, z̄) ∀q̄ ∈ Q

}
.

Sket
h of the proof. Let q̄ ∈ Q and de�ne
tj = max{t

τ
nt
j
,h
nt
j

k ≤ t, k = 0, . . . , kτ
nt
j

}.We have limj→∞ tj = t and qτntj ,hntjR (t) ∈ Sh
nt
j

(tj).



So using (i) in proposition 2, we get

Ẽ(t, q
τ
nt
j
,h
nt
j

R (t)) ≤ exp(CE
1 |t−tj|)Ẽ(tj, q

τ
nt
j
,h
nt
j

R (t)) + CE
0

(
exp(CE

1 |t−tj|)−1
)

≤ exp(CE
1 |t−tj|)

(
Ẽ(tj, q

h
nt
j )+D(z

τ
nt
j
,h
nt
j

R (t), z
h
nt
j )

)
+ CE

0

(
exp(CE

1 |t−tj|)−1
)

for all qhntj ∈ Qh
nt
j

. Then, we 
hoose (q
h
nt
j )
j∈IIN su
h that qhntj → q̄ in Q and we pass tothe limit.As a 
onsequen
e

ũ(t) ∈ Argmin
{
Ẽ
(
t, ũ, z(t)

)
, ũ ∈ F

}
.Sin
e Ẽ(

t, ·, z(t)
) is stri
tly 
onvex, the whole sequen
e (

ũ
τn,hn
R (t)

)
n∈IIN 
onverges weaklyin Q.So we have de�ned a limit pro
ess q ∈ L∞

(
[0, T ];Q

) whi
h satis�es the global stabilityproperty.



Step 3: Energy estimateWith the dis
rete upper energy estimate and step 1, there exists C > 0 su
h that
η
τ,h
R (t) + δ

τ,h
R (t) ≤ ηh0 +

∫ t

0

∂tẼ(s, qτ,hR (s)) ds + C(exp(CE
1 τ ) − 1)for all t ∈ [0, T ], for all τ and h, whi
h yields at the limit

η(t) + VarD(q; 0, t) ≤ η(t) + δ(t) ≤ η(0) +

∫ t

0

ξ∗(s) ds ∀t ∈ [0, T ].MoreoverLemma 3. For all t ∈ [0, T ], the following 
onvergen
es hold:

limn→+∞ Ẽ
(
t, q

τn,hn
R (t)

)
= η(t) = Ẽ

(
t, q(t)

)
,

limn→+∞ ∂tẼ
(
t, q

τn,hn
R (t)

)
= ∂tẼ

(
t, q(t)

)
.



Sket
h of the proof. Let t ∈ [0, T ]. Sin
e Ẽ(t, ·) is lower-semi
ontinuous we have
Ẽ(t, q(t)) ≤ lim inf

n→+∞
Ẽ(t, qτn,hnR (t)) = lim inf

n→+∞
η
τn,hn
R (t) = η(t).But qτn,hnR (t) ∈ Shn(tj) and with the same 
omputations as in step 2 with qhn → q(t)in Q, we get

η(t) = lim sup
n→+∞

Ẽ(t, qτn,hnR (t)) ≤ Ẽ(t, q(t)) + D(z(t), z(t)) = Ẽ(t, q(t))and thus limn→+∞ Ẽ(t, qτn,hnR (t)) = η(t) = Ẽ(t, q(t)).Then, using property (ii) of proposition 2, we infer that
lim

n→+∞
∂tẼ(t, qτn,hnR (t)) = ∂tẼ(t, q(t)).



Next, we �x t ∈ [0, T ] and let Πp = {0 = t
p
0 < t

p
1 < . . . < t

p
Np

= t} be a sequen
eof partitions of [0, t], su
h that limp→+∞ ∆(Πp) = 0 and

∫ t

0

∂tẼ(σ, q(σ)) dσ = lim
p→+∞

Np∑

j=1

∂tẼ(tpj , q(t
p
j))(t

p
j − t

p
j−1).We have q(tpj−1) ∈ S(tpj−1) so, by 
hoosing q̄ = (ũ(tpj), z(t

p
j)), we obtain

Ẽ(tpj−1, q(t
p
j)) − Ẽ(tpj−1, q(t

p
j−1)) + D(q(tpj−1), q(t

p
j)) ≥

∫ t
p
j

t
p
j−1

∂tẼ(s, q(tpj)) dsand after summation over j
Ẽ(t, q(t)) − Ẽ(0, q(0)) + VarD(q; 0, t) ≥

Np∑

j=1

∂tẼ(tpj, q(t
p
j))(t

p
j−t

p
j−1) +

Np∑

j=1

µ
p
j ,

where |µpj | =
∣∣∫ t

p
j

t
p
j−1

(
∂tẼ(s, q(tpj))−∂tẼ(tpj , q(t

p
j))

) ds∣∣ ≤ (tpj − t
p
j−1)ωE(∆(Πp)) with

limρ→0 ωE(ρ) = 0. Then passing to the limit as ∆(Πp) tends to zero, we get

Ẽ(t, q(t)) − Ẽ(0, q(0)) + VarD(q; 0, t) ≥

∫ t

0

∂tẼ(s, q(s)) ds.



Finally we have

Ẽ
(
0, q(0)

)
+

∫ t

0

∂tẼ
(
s, q(s)

) ds ≤ Ẽ(t, q(t)) + VarD(q; 0, t)

≤ η(t) + δ(t) ≤ Ẽ
(
0, q(0)

)
+

∫ t

0

ξ∗(s) dsand

ξ∗ = ∂tẼ(·, q) a.e. in [0, T ].Hen
e all the inequalities are in fa
t equalities, thus
δ(t) = VarD(q; 0, t) ∀t ∈ [0, T ]and

∂tẼ(·, qτn,hnR ) → ∂tẼ(·, q) strongly in L1([0, T ]).



Theorem 1 (Convergen
e of the approximate solutions).There exist a subsequen
e {(τn, hn)}n∈IIN tending to (0, 0) and an energeti
 solution
q = (ũ, z) : [0, T ] → Q of (S) and (E) su
h that q(0) = q0,

ũ ∈ L∞
(
[0, T ];H1(Ω; IRd)

)
,

z ∈ L∞
(
[0, T ];H1(Ω;Z)

)
∩BV

(
[0, T ];L1(Ω;Z)

)
,and, for all t ∈ [0, T ], the following 
onvergen
es hold:

z
τn,hn
R (t) → z(t) strongly in Z ,

ũ
τn,hn
R (t) ⇀ ũ(t) weakly in F ,

Ẽ(t, qτn,hnR (t)) → Ẽ(t, q(t)),

VarD(zτn,hnR ; 0, t) → VarD(z; 0, t),

∂tẼ(·, qτn,hnR ) → ∂tẼ(·, q) strongly in L1([0, T ]).



Proposition 3. Let us assume moreover that W is αW -uniformly 
onvex in its �rst twoarguments. Then q is Lips
hitz 
ontinuous.Sket
h of the proof. The uniform 
onvexity of W implies that there exists κ > 0 s.t.
∀t ∈ [0, T ], ∀(q1, q2) ∈ Q2 :

κ

2
‖q2 − q1‖

2
Q ≤ Ẽ(t, q2) − Ẽ(t, q1) − 〈DqẼ(t, q1), q2 − q1〉.On the other hand, (S) implies

(Sloc) ∀s ∈ [0, T ], ∀v = (ũ, z) ∈ Q : 〈DqẼ(s), v − q(s)〉 + D(z(s), z) ≥ 0.So, with q1 = q(s), q2 = q(t), 0 ≤ s ≤ t ≤ T

κ

2
‖q(t) − q(s)‖2

Q ≤ Ẽ(s, q(t)) − Ẽ(s, q(s)) + VarD(z; s, t)

= −

∫ t

s

∂rẼ(r, q(t)) dr +

∫ t

s

∂rẼ(r, q(r)) dr ≤ C

∫ t

s

‖q(r) − q(t)‖Q dr.

Then we infer that ‖q(t) − q(s)‖Q ≤
2C

κ
(t− s).



The stri
t 
onvexity assumption is not ne
essary to prove a 
onvergen
e result.Indeed, let us assume that W (·, z, θ) is 
onvex for a.e. (z, θ) ∈ Z × [θmin, θmax], then
• proposition 1 and proposition 2 are still true,

• the in
remental problems (IP)hΠ still admit a solution qτ,hk for all k = 1, . . . , kτ su
h that

q
τ,h
k ∈ Sh(t

τ
k) and whi
h satis�es the dis
rete upper/lower energy inequalities,

• the approximate solution qτ,hR still satis�es the a priori estimates,
• we 
an apply Helly's sele
tion prin
iple and extra
t a subsequen
e (τn, hn)n∈IIN su
h that

η
τn,hn
R (t) → η(t), δτn,hnR (t) → δ(t), zτn,hnR (t) ⇀ z(t) in Z ∀t ∈ [0, T ]and

∂tẼ(·, qτn,hnR ) ⇀ ξ∗ weakly ∗ in L∞([0, T ])with η ∈ BV ([0, T ]; IR)and δ : [0, T ] → IR a non de
reasing fun
tion su
h thatVarD(z; s, t) ≤ δ(t) − δ(s) for all (s, t) ∈ [0, T ]2 with s ≤ t.



• For any �xed t ∈ [0, T ], we 
an de�ne a limit displa
ement ũ(t) by 
onsidering a subsequen
e
q
τ
nt
j
,h
nt
j

R (t) weakly 
onverging in Q. On
e again

q(t) =
(
ũ(t), z(t)

)
∈ S(t), ũ(t) ∈ Argmin

{
Ẽ
(
t, ũ, z(t)

)
, ũ ∈ F

}
.But Ẽ(

t, ·, z(t)
) is not stri
tly 
onvex any more and we 
an not infer that the whole sequen
e(

ũ
τn,hn
R (t)

)
n∈IIN 
onverges weakly in Q.

• We still have a upper energy estimate (whi
h is a 
onsequen
e of the dis
rete upper energyestimate and the a priori estimates), i.e.
η(t) + VarD(q; 0, t) ≤ η(t) + δ(t) ≤ η(0) +

∫ t

0

ξ∗(s) ds ∀t ∈ [0, T ].



• We have also a lower energy estimate (whi
h is a 
onsequen
e of the stability of the limitpro
ess), i.e.

Ẽ(t, q(t)) − Ẽ(0, q(0)) + VarD(q; 0, t) ≥

∫ t

0

∂tẼ(s, q(s)) ds.Thus we obtain

Ẽ(0, q(0)) +

∫ t

0

∂tẼ
(
s, q(s)

) ds ≤ Ẽ(t, q(t)) + VarD(q; 0, t)

≤ η(t) + δ(t) ≤ Ẽ(0, q(0)) +

∫ t

0

ξ∗(s) dsand it remains to 
ompare ξ∗ and ∂tẼ(·, q). So we go ba
k to the proof of lemma 3.



Let t ∈ [0, T ]. Sin
e Ẽ(t, ·) is lower-semi
ontinuous we have

Ẽ(t, q(t)) ≤ lim inf
j→+∞

Ẽ(t, q
τ
nt
j
,h
nt
j

R (t)) = lim inf
j→+∞

η
τ
nt
j
,h
nt
j

R (t) = η(t).

Moreover qτntj ,hntjR (t) ∈ Sh
nt
j

(tj) and with the same 
omputations as in step 2 with qhntj → q(t)in Q, we get

η(t) = lim sup
j→+∞

Ẽ(t, q
τ
nt
j
,h
nt
j

R (t)) ≤ Ẽ(t, q(t)) + D(z(t), z(t)) = Ẽ(t, q(t))

and thus limj→+∞ Ẽ(t, q
τ
nt
j
,h
nt
j

R (t)) = η(t) = Ẽ(t, q(t)).Then, using property (ii) of proposition 2, we infer that
lim

j→+∞
∂tẼ(t, q

τ
nt
j
,h
nt
j

R (t)) = ∂tẼ(t, q(t))but we 
an not 
on
lude dire
tly that ξ∗ = w ∗ −limL∞([0,T ])∂tẼ(·, qτn,hnR ) is equal to ∂tẼ(·, q)a.e. in [0, T ].



So we 
hoose the subsequen
e (
q
τ
nt
j
,h
nt
j

R (t)
)
j∈IIN in su
h a way that

lim
j→+∞

∂tẼ(t, q
τ
nt
j
,h
nt
j

R (t)) = ξsup(t)with ξsup ∈ L1
(
[0, T ]

) given by

∀s ∈ [0, T ] : ξsup(s) = lim sup
n→+∞

∂tẼ(s, qτn,hnR (s)).Then, ξsup(t) = ∂tẼ(t, q(t)) for all t ∈ [0, T ] and ξ∗(t) ≤ ξsup(t) for a.e. t in [0, T ]. Thus

Ẽ(0, q(0)) +

∫ t

0

ξsup(s) ds = Ẽ(0, q(0)) +

∫ t

0

∂tẼ
(
s, q(s)

) ds ≤ Ẽ(t, q(t)) + VarD(q; 0, t)

≤ η(t) + δ(t) ≤ Ẽ(0, q(0)) +

∫ t

0

ξ∗(s) ds ≤ Ẽ(0, q(0)) +

∫ t

0

ξsup(s) ds.



Hen
e all the inequalities are in fa
t equalities, i.e.

δ(t) = VarD(q; 0, t) ∀t ∈ [0, T ], ξ∗ = ξsup = ∂tẼ(·, q) a.e. in [0, T ]and

∂tẼ(·, qτn,hnR ) → ∂tẼ(·, q) strongly in L1([0, T ]).

Remark.This 
onstru
tion of ũ(t) does not ensure the measurability of themapping t 7→ ũ(t) but we still have an uniform estimate of ‖ũ(t)‖Q on [0, T ].



Theorem 2 (Convergen
e of the approximate solutions).There exist a subsequen
e {(τn, hn)}n∈IIN tending to (0, 0) and an energeti
 solution
q = (ũ, z) : [0, T ] → Q of (S) and (E) su
h that q(0) = q0,

‖ũ(t)‖F is uniformly bounded on [0, T ],
z ∈ L∞

(
[0, T ];H1(Ω;Z)

)
∩BV

(
[0, T ];L1(Ω;Z)

)
,and, for all t ∈ [0, T ], the following 
onvergen
es hold:

z
τn,hn
R (t) ⇀ z(t) weakly in Z ,

Ẽ(t, qτn,hnR (t)) → Ẽ(t, q(t)),

VarD(qτn,hnR ; 0, t) → VarD(q; 0, t),

∂tẼ(·, qτn,hnR ) → ∂tẼ(·, q) strongly in L1([0, T ]).
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