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⊲ q := (u, z) ∈ H = H1 × H2
⊲ Stritly positive operator A :=

( a11 a12a21 a22 )

⊲ Exterior loading l(t) :=

( fu(t)fz(t) )

⊲ Dissipation funtional R : H → [0,∞]

◮ onvex, lower-semiontinuous, homogeneous of degree 1
◮ the subdi�erential is de�ned by

∂R(v) = {σ ∈ H∗ | ∀w ∈ H : R(w) ≥ R(v) + 〈σ,w − v〉}
◮ R(q̇) := R̃(ż)Zurih, 18 June 2007 6 / 23



Mathematial formulationThe variational inequality
∀v ∈ H : 〈Mq̈ + Aq − l(t), v − q̇〉 + R(v) −R(q̇) ≥ 0. (2)The quasi-stati (Q.S.) system (M = 0 in (1))Aq̄ + ∂R( ˙̄q) ∋ l(t). (3)The variational inequality

∀v̄ ∈ H : 〈Aq̄ − l , v̄ − ˙̄q〉 + R(v̄ ) −R( ˙̄q) ≥ 0. (4)Energeti solution: q = (u, z) : [0,T ] → V
(S) ∀q̂ ∈ H : E(t, q̄(t), ˙̄q(t)) ≤ E(t, q̂, ˙̂q) + R(q̂ − q̄(t)),
(E ) E(t, q̄, ˙̄q) +

∫ t0 R( ˙̄q(s))ds = E(0, q̄0, ˙̄q0) − 〈l̇(s), q̄〉.Zurih, 18 June 2007 7 / 23



Mathematial formulationThe governing dynami system





m1/2u̇ − v = 0,m1/2v̇ + a11u + a12z = fu(t),ż − ∂R∗(−a21u − a22z) ∈ fz (t), (5)with initial onditions
(u̇(0), q(0)) = (u̇(0), u(0), z(0)) = (u̇0, u0, z0) = (u̇0, q0) ∈ H1 × V . (6)The quasi-stati system

{a11ū + a12z̄ = fu(t),
˙̄z − ∂R∗(−a21ū − a22z̄) ∈ fz(t), (7)with initial onditions̄q(0) = (ū(0), z̄(0)) = (ū0, z̄0) = q̄0 ∈ V . (8)Notations:

⊲ R∗(·) is the Legendre transform of R̃(·)
⊲ V = V1 × V2Zurih, 18 June 2007 8 / 23
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Existene and uniqueness resultsExistene and uniqueness of solution to
∀t ∈ [0,T ] : w(t) ∈ D(A) := {w ∈ Y |Aw 6= ∅}, (9a)ẇ(t) + Aw(t) ∋ g(t), t > 0, (9b)w(0) = w0. (9)omes fromProposition 1. Assume that A is a maximal monotone operator in the Hilbertspae Y , g ∈ W 1,1([0,T ];Y ) and w0 ∈ D(A). Then there exists a uniquesolution w ∈ W 1,∞([0,T ];Y ) of (9).Notations:
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∀t ∈ [0,T ] : w(t) ∈ D(A) := {w ∈ Y |Aw 6= ∅}, (9a)ẇ(t) + Aw(t) ∋ g(t), t > 0, (9b)w(0) = w0. (9)omes fromProposition 1. Assume that A is a maximal monotone operator in the Hilbertspae Y , g ∈ W 1,1([0,T ];Y ) and w0 ∈ D(A). Then there exists a uniquesolution w ∈ W 1,∞([0,T ];Y ) of (9).Notations:
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⊲ g :=




0m−1/2(fu(t) + a12a−122 fz (t))a−122 ḟz (t) 
Zurih, 18 June 2007 10 / 23



Existene and uniqueness resultsCorollary 1. Assume that l ∈ W 1,1([0,T ];H) and (u̇0, q0) ∈ H1 × V satisfyfz(0) ∈ ∂R(0) + a21u0 + a22z0. Then there exists a unique solutionq ∈ W 1,∞([0,T ];V ) that solves (5) and (6). This solution additionally satis�esMq ∈ W 2,∞([0,T ];H).The energy assoiated to (3) (Q.S.) is given by
E(t, q̄) =

12〈Aq̄, q̄〉 − 〈l(t), q̄〉. (10)Lemma 1. Assume that l ∈ C 1([0,T ];V ∗) and q̄0 ∈ V satisfying
∂R(0) ∋ −Aq̄0 + l(0). Then, the variational inequality (4) and hene also (7)-(8)have a unique solution q̄ ∈ CLip([0,T ];V ).Idea of the proof.
⊲ E(t, ·) ∈ C 3(V ) is uniformly onvex
⊲ R is onvex, lower-semiontinuous, homogeneous of degree 1
⊲ Use time diretization and solve a vartiational inequality in eah time stepZurih, 18 June 2007 11 / 23
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A priori estimates for the dynami problemNotations:
⊲ ‖q‖ :=

√
〈Aq, q〉, ‖l‖∗ :=

√
〈l ,A−1l〉, |q|M := ‖M1/2q‖H

⊲ The bilinear form B : V → H → V ∗ → R:B[q, q̇, l ] := |q̇|2M + ‖q − A−1l‖2 + ‖l‖2∗whih veri�es that
◮ B[q(t), q̇(t), l(t)] = 2E(t, q(t), q̇(t)) + 2‖l(t)‖2∗
◮

1g2 (
‖q‖2 + |q̇|2M + ‖l‖2∗) ≤ B[q, q̇, l ] ≤ g2(‖q‖2 + |q̇|2M + ‖l‖2∗)with g := 1+√52 ≈ 1.618 is the golden number.Using 〈σ, q̇〉 ≥ 0 for all σ ∈ ∂R(q̇)ddt E(t, q(t), q̇(t)) ≤ −〈l̇(t), q(t)〉.Then, we dedue thatddt B[q(t), q̇(t), l(t)] ≤ ‖l̇(t)‖∗2g√2√B[q(t), q̇(t), l(t)].Zurih, 18 June 2007 13 / 23



A priori estimates for the dynami problemDividing by √B[q(t), q̇(t), l(t)] and integrating both sides, for 0 ≤ s ≤ t ≤ T :
√B[q(t), q̇(t), l(t)] ≤ √B[q(s), q̇(s), l(s)] + g√2∫ ts ‖l̇(τ)‖∗ dτ ,whih implies that

(
‖q(t)‖2+|q̇(t)|2M)1/2 ≤ g2(‖q(0)‖2+|q̇(0)|2M+‖l(0)‖2∗)1/2 + g2√2 ∫ t0 ‖l̇(τ)‖∗dτ .Similarly, using (13) we obtain a priori bounds on the energy, namely
E(t, q(t), q̇(t)) ≤ (√

E(0, q(0), q̇(0)) + ‖l(0)‖2∗ + g ∫ t0 ‖l̇(τ)‖∗dτ
)2

−‖l(t)‖2∗.Proposition 2. Let l1, l2 ∈ W 1,1([0,T ];V ∗) and q1 and q2 be solutions of (1)with right-hand sides l1 and l2 respetively, then w = q1 − q2 satis�es for allt ∈ [0,T ] the following estimateB[w(t), ẇ(t), l1(t)−l2(t)]1/2 ≤ B[w(0), ẇ(0), l1(0)−l2(0)]1/2
+g√2∫ t0 ‖l̇1(τ) − l̇2(τ)‖∗dτ .

(11)Zurih, 18 June 2007 14 / 23



A priori estimates for the dynami problemFor arbitrary funtions y ∈ L∞([0,T ];Y ), h > 0, t ∈ [0,T−h]
δhy(t) :=

1h(y(t + h) − y(t)).For all p ∈ [1,∞] and y ∈ W 1,p([0,T ];Y ) we have
‖δhy‖Lp([0,T−h];Y ) ≤ ‖ẏ‖Lp([0,T ];Y ).Taking q1(t) = q(t+h) and q2(t) = q(t) in Proposition 1, for all 0 ≤ s ≤ t:B[δhq(t), δhq̇(t), δhl(t)]1/2 ≤B[δhq(s), δhq̇(s), δh l(s)]

+g√2∫ ts ‖δh l̇(τ)‖∗dτ .
(12)
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‖δhq(0)‖ + |δhq̇(0)|M)
< ∞.

⊲ The additional assumptions u̇0 ∈ V1, l(0) ∈ ∂R(0) + Aq(0) do not help.Zurih, 18 June 2007 15 / 23



A priori estimates for the dynami problemAssumption:
∃ ρ > 0 ∃ l ∈ W 2,1([−ρ, 0];V ∗) ∃ q = (u, z) ∈ W 1,∞([−ρ, 0];V ) :u ∈ W 2,∞([−ρ, 0];H1), (1) is satis�ed, q(0) = q0, u̇(0) = u̇0. (13)

⇒ The stability ondition l(0) ∈ ∂R(0) + Aq0 holds
⇒ The following limits for h ց 0 exist:

δhq(−h) → Q̇ in V , δhu̇(−h) → Ü in H1, δhl(−h) → L̇ in V ∗Remark 1. There are two ases where this ondition an be easily satis�ed. The�rst one will be essential in the next setion.
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⊲ if u̇0 = 0, then we may hoose q(t) = q0 for all t ∈ [−ρ, 0] and let l(t) = Aq0.Then Q̇ = 0, Ü = 0, L̇ = 0.
⊲ If u̇0 ∈ V1 and if the blok struture is present, we may hooseq(t) = q0 + t(u̇0, 0)T and let l(t) = l(0) + tA(u̇0, 0)T .Then Q̇ = (u̇0, 0)T , Ü = 0, and L̇ = A(u̇0, 0)T .Zurih, 18 June 2007 16 / 23



A priori estimates for the dynami problemTheorem 1. Let l ∈ W 2,1([0,T ];V ∗) and (q0, u̇0) ∈ V × V1 be given suh thatondition (13) holds. Then, the unique solution q of (5) and (6) satis�es the apriori estimateB[q̇(t), (ü(t), 0)T , l̇(t)]1/2
≤ B[Q̇ , (Ü , 0)T , L̇]1/2 + g√2(‖L̇−l̇(0)‖∗ +

∫ t0 ‖̈l(τ)‖∗dτ
)
.

(14)Idea of the proof. Conatenate the arti�al solution q ∈ W 1,∞([−ρ, 0];V ) and thegiven solution q ∈ W 1,∞([0,T ];V ) as well as the loadings.
Zurih, 18 June 2007 17 / 23
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Rate-independent limitGoal: Compare the solution q of the kineti equationMq̈ + ∂R(q̇) + Aq ∋ l(t), q(0) = q0, u̇(0) = u̇0,with the orresponding solution q̄ of the quasistati equation
∂R( ˙̄q) + Aq̄ ∋ l(t), q̄(0) = q0. (15)Proposition 3. Assume that l ∈ W 1,1([0,T ];V ∗), (Mq̇0, q0) ∈ H × V , q̄0 ∈ V .Then we have

|q̇(t)|2M + ‖q(t) − q̄(t)‖2 ≤ |q̇0|2M + ‖q0 − q̄0‖2
+2 ess sups∈[0,T ]

|q̈(s)|M ∫ t0 | ˙̄q(s)|Mds. (16)Idea of the proof.
⊲ Add variational inequalities (v = ˙̄q and v̄ = q̇ resp. in (2) and (4))
⊲ Use Cauhy-Shwarz's inequality.Zurih, 18 June 2007 19 / 23



Rate-independent limitVery slow dynamis: Resale the time as t̃ = εt (loading given l(t) = l̃(εt))We onsider now the problem (replae M by ε2M̃)
ε2M̃q̈ε + Aqε + ∂R(q̇ε) ∋ l(t), q(0) = q0, Mq̇ε(0) = Mq̇0. (17)
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Rate-independent limitVery slow dynamis: Resale the time as t̃ = εt (loading given l(t) = l̃(εt))We onsider now the problem (replae M by ε2M̃)
ε2M̃q̈ε + Aqε + ∂R(q̇ε) ∋ l(t), q(0) = q0, Mq̇ε(0) = Mq̇0. (17)

⊲ Existene and uniqueness follows from Corrollary 1.
⊲ A priori estimates are also valid with

|q| eM := ‖M̃1/2q‖H , |q|M = |q|ε2 eM = ε|q| eM .
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Rate-independent limitTheorem 2. Let the above assumptions on M̃, A, R hold. Assumel ∈ W 2,1([0,T ],V ∗) and q̄0 ∈ V with l(0) ∈ ∂R(0) + Aq̄0. Let q̄ be the uniquesolution (15), and q the unique solution of (17) for arbitrary q0 ∈ V and u̇0 ∈ H1satisfying l(0) ∈ ∂R(0) + Aq0. Then
(
ε2|q̇ε(t)|2eM + ‖qε(t)−q̄(t)‖2)1/2 ≤ (

ε2|q̇0|2eM + ‖q0−q̄0‖2)1/2 +
√

εC [l ](t),with C [l ](t):=g2√2µ ∫ t0 ‖l̇(s)‖∗ds(‖l̇(0)‖∗ +

∫ t0 ‖̈l(s)‖∗ds), µ:= sup
‖v‖=1 |v | eM .Idea of the proof.

⊲ Introdue speial dynami solution q̂ε de�ned by q̂ε(0) = q̄0, ˙̂uε(0) = 0.
⊲ Use Proposition 3. to obtain the di�erene between qε and q̂ε.
⊲ Use Proposition 2. to obtain the di�erene between q̄ and q̂ε.Zurih, 18 June 2007 21 / 23
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Appliation: elasti-plasti systems with hardeningNotations and assumptions:
⊲ C ∈ Rd×dsym and B ∈ Rmsym are a symmetri positive de�nite maps
⊲ the dissipation R(z) :=

∫
Ω ϕ(x , z(x))dx with ϕ ∈ C 0(Ω̄ × Rm) suh thatR1|v | ≤ ϕ(x , v) ≤ R2|v | for all (x , v) ∈ Ω̄ × Rm with ϕ(x , ·) : Rm → [0,∞) is1-homogeneous and onvex.Very slow time (̃t = εt): the elasti-plasti system with hardening an be writtenas

{
ε2müε − div(C:(E(uε) − zε)) = lext(t),
−C:(E(uε) − zε) + Bzε + ∂R(żε) ∋ 0, (18)with the Dirihlet boundary onditions and initial onditions (u0, u̇0, z0).

⊲ For quasi-stati problem take ε = 0.
⊲ Existene and uniqueness (see Showalter and Shi '99).
⊲ The Theorem 2. leads to (q:=(u,z))

(
ε2|u̇ε(t)|2eM + ‖qε(t)−q̄(t)‖2)1/2 ≤

(
ε2|u̇0|2eM + ‖q0−q̄0‖2)1/2 +

√
εC [l ](t).Zurih, 18 June 2007 23 / 23


	Introduction
	Mathematical formulation
	Existence and uniqueness results
	A priori estimates for the dynamic problem
	Rate-independent limit
	Application: elastic-plastic systems with hardening

