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In this paper, existence and uniqueness results for a class of dynamic and quasi-

static problems with elastic-plastic systems are recalled, and a stability result
is obtained for the quasi-static paths of those systems. The studied elastic-

plastic systems are continuum 1D (bar) systems that have linear hardening, and

the concept of stability of quasi-static paths used here takes into account the
existence of fast (dynamic) and slow (quasi-static) times scales in the system.

That concept is essentially a continuity property relatively to the size of the

initial perturbations (as in Lyapunov stability) and relatively to the smallness
of the rate of application of the forces (which plays here the role of the small

parameter in singular perturbation problems).

1. Introduction

Martins and co-workers studied in [1,2] the relation that exists between, on
one hand, dynamic and quasi-static problems and, on the other hand, the
theory of singular perturbations. More precisely, they performed a change
of variables in the governing system of dynamic equations that consists of
replacing the (fast) physical time t by a (slow) loading parameter λ whose
rate of change with respect to time, ε = dλ/dt, is eventually decreased
to zero. In this manner they obtained a system of equations or inclusions
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defining a singular perturbation problem, i.e. a problem where the highest
order derivative with respect to the loading parameter appears multiplied
by the time rate of change (ε) of that parameter.

The variational formulations for elastic perfect plastic and elastic-visco-
plastic systems were established by Duvaut and Lions [3]. Hardening effects
were introduced in the formulations by Johnson [4,5], who proved existence
of a strong solution and, under some assumptions, a regularity result for
the velocity field.

In the present paper, the definition of stability of quasi-static paths given
in [2] is adapted to the present continuum case. And we establish that,
similarly to the finite dimensional elastic-plastic systems with hardening
discussed in [6], the dynamic evolutions remain close to a quasi-static path
when they start sufficiently close to that quasi-static path and the load is
applied sufficiently slowly.

The structure of the article is the following. In Section 2, the mathe-
matical formulations for dynamic and quasi-static elastic-plastic systems
with hardening are presented, and in Section 3, existence and uniqueness
results are recalled, which use the theory of m-accretive operators [3,7–10].
The proof of stability of a quasi-static path is presented in Section 4.

2. Governing equations

We consider an elastic-plastic bar with linear kinematic hardening that
has the length L along the x axis. Geometrical linearity is assumed. The
governing dynamic equation can be non-dimensionalized by using the non-
dimensional time (τ) and load parameter (λ, λ = λ1 + ετ), yielding

ε2u′′ − σx(u, r) = f(x, λ), (1)

where u, r, f are the non-dimensional axial displacement, stress in the plas-
tic element, and applied force per unit length along the bar, respectively; σ

is the stress in the elastic-plastic element, which depends on u and r; and
the subscript x denotes a derivative with respect to x. The extension e is
the derivative in space of the non-dimensional generalized displacement u,
and it can be decomposed into elastic, ee, and plastic, ep, parts:

e = ux = ee + ep. (2)

The stress σ is related to the elastic part of the extension by means of
Hooke’s law,

σ = r + Hep = Eee = E(ux − ep), E > 0, H > 0. (3)
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Therefore (3) leads to

σ(u, r) = Dux + DH−1r where D = (E−1 + H−1)−1. (4)

Carrying (4) into (1), we obtain

ε2u′′ −Duxx −DH−1rx = f. (5)

The behavior of the plastic element is characterized by the non-dimensional
inequality and flow rule:

|r| ≤ 1, (ep)′


≥ 0 if r = +1,

= 0 if − 1 < r < +1,

≤ 0 if r = −1.

(6)

The governing dynamic equations (5), together with the conditions (6) can
be put in the form of a singular perturbation system of first order differential
equation and inclusion. For that purpose, let C denote the following closed
convex set in L2(0, L)

C = {r ∈ L2(0, L) : |r| ≤ 1}, (7)

and let sign−1(r) be the normal cone to C at r ∈ L2(0, L). Then we observe
that (6) can be written in the differential inclusion form:

(ep)′ ∈ sign−1(r). (8)

Relations (3) lead to

(ep)′ = D̃−1(Eu′x − r′) where D̃ = E + H. (9)

Substituting (9) in (8), we get

Eu′x − r′ ∈ D̃sign−1(r). (10)

We now introduce the following spaces

H = L2(0, L), V = H1(0, L), V0 = H1
0 (0, L),

W = {(u, r) ∈ V0 × C : σ = D(ux + H−1r) ∈ V}.

We will denote the norm in H (resp. V) by | · | (resp. || · ||) and the scalar
product in H by ( · , · ). From (5) and (10) we finally obtain the governing
dynamic system 

εu′ − v = 0,

εv′ −Duxx −DH−1rx = f,

Eu′x − r′ ∈ D̃sign−1(r),

(11)
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together with the Dirichlet boundary conditions

u = 0 on {0, L} × (λ1, λ2), (12)

and the initial conditions(
v(λ1), u(λ1), r(λ1)

)
= (v1, u1, r1) ∈ V0 ×W. (13)

The corresponding quasi-static system is then (let ε = 0 in (11)){
−Dūxx −DH−1r̄x = f,

Eū′x − r̄′ ∈ D̃sign−1(r̄),
(14)

with the Dirichlet boundary conditions

ū = 0 on {0, L} × (λ1, λ2), (15)

and the initial conditions(
ū(λ1), r̄(λ1)

)
= (ū1, r̄1) ∈ W. (16)

Note that, consistently with the above, the quasi-static displacement
rate with respect to the physical time vanishes (v̄ ≡ 0).

Note that the dynamic system (11)-(13) can be written in the equivalent
variational form:

Find (u, r) ∈ W such that ∀(u∗, r∗) ∈ W,

(ε2u′′, u∗) +
1
2
(ux, u∗x) +

1
2
(r, u∗x) = (f, u∗),

(r′, r − r∗)− (u′x, r − r∗) ≤ 0,

(17)

with the initial conditions (13). The corresponding variational formulation
of the quasi-static problem (14)-(16) is:

Find (ū, r̄) ∈ W such that ∀(ū∗, r̄∗) ∈ W,
1
2
(ūx, ū∗x) +

1
2
(r̄, ū∗x) = (f, ū∗),

(r̄′, r̄ − r̄∗)− (ū′x, r̄ − r̄∗) ≤ 0,

(18)

with the initial conditions (16).
Finally note that if X is a space of scalar functions, the bold-face nota-

tion Xd will denote the space Xd.
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3. Existence and uniqueness of solution for the dynamic
and the quasi-static systems

We observe that the dynamic and the quasi-static systems introduced in
Section 2 can be rewritten in a form that may be studied with the theory
of m-accretive operators. Recall that existence and uniqueness of solution
to the differential inclusion problem

x′ + Ax 3 g a.e. on (λ1, λ2), (19a)

x(λ1) = x1, (19b)

can be obtained from the following Proposition:

Proposition 3.1. Assume that A is an m-accretive operator in the Hilbert
space Y, g belongs to W 1,∞

p (λ1, λ2;Y) and x1 ∈ D(A). Then there exists a
unique solution x of (19) belonging to W 1,∞

p (λ1, λ2;Y).

The reader can find a detailed proof of this Proposition in [5] or in [4].
By applying Proposition 3.1, we prove existence and uniqueness of solution
for the dynamic system (11)–(13) and for the corresponding quasi-static
system (14)–(16). Differentiating with respect to x the first equation in the
system (11), performing a change of unknown function by using e = ux and
denoting x = (D1/2e, v, D̃−1/2r), we get the inclusion (19a) with

A =
1
ε

 0 −D1/2∂/∂x 0
−D1/2∂/∂x 0 −ED̃−1/2∂/∂x

0 −ED̃−1/2∂/∂x εD̃1/2sign−1(D̃1/2 · )

 ,

g =
1
ε

 0
f

0

 .

Let us define Z = {(e, r) ∈ H2 : De + DH−1r ∈ V}. First we check
by direct estimate that A is a monotone operator (see [7,11]). Second, if
(g1, f, g2) ∈ H3 and (v, e, r) ∈ V ×Z, there exists h(r) ∈ sign−1(r) ∈ H for
which the resolvent equation (1+ A)(D1/2e, v, D̃−1/2r)T 3 (g1, f/ε, g2)T is
equivalent to solving the system

εD1/2e−D1/2vx = εg1,

εv − 1
2
D1/2ex − ED̃−1rx = f,

εD̃−1/2r − ED̃−1/2vx + εh(r) = εg2.

(20)
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This is equivalent to solve for v ∈ V the following equation:

v −D1/2 ∂

∂x

( 1
ε2

D1/2vx +
1
2ε

g1

)
− ED̃−1 ∂

∂x

((
1 + D−1/2h( · )

)−1
( 1

ε2
D̃−1/2vx +

1
ε
g2

))
=

1
ε
f in V ′.

The form is coercive, and existence of a solution follows. The components
of (e, r) ∈ Z are obtained directely from the first and third terms in (20)
respectively. Hence, we conclude that A is m-accretive. For more details,
see [8,9]. Observing that with p = 3 and Y = V ×Z, Proposition 3.1 yields
the following Corollary:

Corollary 3.1. Assume that f belongs to W 1,∞(λ1, λ2;H) and that (13)
holds. Then there exists a unique solution (v, e, r) of (11)–(13) such that
(v, e, r) and (v′, e′, r′) belong respectively to L∞(λ1, λ2;V)×L∞2 (λ1, λ2;H)
and L∞3 (λ1, λ2;H) and (De + DH−1r) belongs to L∞(λ1, λ2;V).

Remark 3.1. According to Corollary 3.1 and since e = ux, u = 0 on
{0, L}, u and u′ belong respectively to L∞(λ1, λ2;V0) and L∞(λ1, λ2;V0).

In what concerns the quasi-static problem, we differentiate the first identity
of (14) with respect to λ to get

−Dū′xx = DH−1r̄′x + f ′, (21)

with Dirichlet boundary conditions. We deduce that (21) has a unique so-
lution ū′. On the other hand, ū′x +H−1r̄′ depends linearly and continuously
on f ′, i.e.

ū′x + DH−1r̄′ = Bf ′.

Inserting this in the inclusion in (14) leads to

r̄′ + Hsign−1(r̄) 3 DBf ′. (22)

The sub-differential ∂ϕ(r̄) = sign−1(r̄) is an m-accretive operator since
ϕ(r̄) is a proper convex and lower semi-continuous function. For r̄, Ax =
Hsign−1(r̄), g = DBf ′ with p = 1 in (19) and Y = V, we apply Proposition
3.1 and we obtain the following Corollary:

Corollary 3.2. Assume that f belongs to W 1,∞(λ1, λ2;H) and (16)
holds. Then there exists a unique solution (ū, r̄) of (14)–(16) such that
(ū, r̄) and (ū′, r̄′) belong respectively to L∞(λ1, λ2;V0) × L∞(λ1, λ2;H)
and L∞(λ1, λ2;V0) × L∞(λ1, λ2,H) and (Dūx + DH−1r̄) belongs to
L∞(λ1, λ2;V).
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4. Stability of quasi-static paths of elastic-plastic systems

In Section 4.1, we adapt the definition of stability of a quasi-static path
[2,6,12] to the present elastic-plastic problem with hardening, which can be
seen as the limit of a sequence of elastic-visco-plastic problems. In Section
4.2, we introduce such elastic-visco-plastic problems and we recall existence
and uniqueness results for them. In Section 4.3, a priori estimates on the
elastic-visco-plastic system are obtained which, in Section 4.4, lead to the
proof that the dynamic and the quasi-static solutions remain close to each
other if they start sufficiently close, and the loading rate ε is sufficiently
small.

From now on we assume, without loss of generality, that E = H = 1.

4.1. Definition of stability of a quasi-static path

The mathematical definition of stability of a quasi-static path at an equi-
librium point is presented in the context of the governing dynamic system
(11)–(13) and the quasi-static system (14)–(16).

Definition 4.1. The quasi-static path (ū(λ), r̄(λ)) is said to be stable at
λ1 if there exists 0 < ∆λ ≤ λ2 − λ1, such that, for all δ > 0 there exists
ρ̄(δ) > 0 and ε̄(δ) > 0 such that for all initial conditions u1, v1, r1 and ū1,
r̄1 and all ε > 0 such that

|v1|2 + |u1x − ū1x|2 + |r1 − r̄1|2 ≤ ρ̄(δ) and ε ≤ ε̄(δ),

the solution (u(λ), v(λ), r(λ)) of the dynamic system (11)–(13) satisfies

|v(λ)|2 + |ux(λ)− ūx(λ)|2 + |r(λ)− r̄(λ)|2 ≤ δ,

for all λ ∈ [λ1, λ1 + ∆λ].

For more details, the reader is referred to [2].

4.2. Existence and uniqueness of solution for the

elastic-visco-plastic systems

We introduce here the elastic-visco-plastic systems:ε2u′′µ −
1
2
uµxx −

1
2
rµx = f,

u′µx − r′µ = 2Jµ(rµ),
where Jµ(rµ) =

1
µ

(
rµ − projCrµ

)
, (23)

with the Dirichlet boundary conditions

uµ = 0 on {0, L} × (λ1, λ2), (24)
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and the initial conditions(
vµ(λ1), uµ(λ1), rµ(λ1)

)
= (v1, u1, r1) ∈ V0 ×W. (25)

Here projC denotes the projection on the convex C. The variational formu-
lation of the problem (23)–(25) is the following:

Find (uµ, rµ) ∈ W such that ∀(u∗, r∗) ∈ W,

(ε2u′′µ, u∗) +
1
2
(uµx, u∗x) +

1
2
(rµ, u∗x) = (f, u∗),

(r′µ, r∗)− (u′µx, r∗) + 2(Jµ(rµ), r∗) = 0,

(26)

with the initial conditions (25). Note that this elastic-visco-plastic problem
is an Yosida regularization of the original elastic-plastic problem. For a
similar approximation in the corresponding finite-dimensional system see
[6]. Let us define vµ = εu′µ.

Proposition 4.1. Assume that f belongs to W 1,∞(λ1, λ2;H) and
that (25) holds. Then there exists a unique solution (uµ, vµ, rµ) of
(23)–(25) such that (uµ, vµ, rµ) and (u′µ, v′µ, r′µ) belong respectively to
L∞2 (λ1, λ2;V0)×L∞(λ1, λ2;H) and L∞3 (λ1, λ2;H) and (uµxx+rµx) belongs
to L∞(λ1, λ2;H). Moreover, as µ tends to zero, (uµ, uµx + rµ) converges
strongly to its limit.

Idea of the proof. We regularize (26) in the space variable. Then a priori
estimates and the Galerkin method (cf. [13]) lead us to the desired result.
The reader can find a detailed proof in the Appendix of [11] or in [3].
Observe that this Proposition can be also proved using the theory of m-
accretive operators. �

4.3. A priori estimates

Lemma 4.1. Assume that (25) holds and f belongs to W 1,∞(λ1, λ2;H).
Then independently of µ > 0, for all λ belonging to (λ1, λ2), vµ(λ), uµx(λ)
and rµ(λ) are bounded in H.

Proof. This estimate results from the application of Gronwall’s lemma to
energy estimates. Choosing u∗ = 2u′µ and r∗ = rµ in (26), and adding both
identities, we obtain

2(ε2u′′µ, u′µ) + (uµx, u′µx) + (r′µ, rµ) + 2(Jµ(rµ), rµ) = 2(f, u′µ). (27)



October 4, 2006 16:3 WSPC - Proceedings Trim Size: 9in x 6in stability˙elastic˙plastic˙hardening2

9

Observing that (Jµ(rµ), rµ) is non negative we conclude from (27) that

d

dξ

(
2|εu′µ|2 + |uµx|2 + |rµ|2

)
≤ 4(f, u′µ). (28)

We integrate (28) over (λ1, λ), λ ∈ [λ1, λ2], and since vµ = εu′µ, we get

[
2|vµ|2 + |uµx|2 + |rµ|2

]λ

λ1
≤ 4

∫ λ

λ1

(f, u′µ) dξ. (29)

Integrating by parts in time the right hand side of (29), we obtain

[
2|vµ|2 + |uµx|2 + |rµ|2

]λ

λ1
≤ 4

[
(f, uµ)

]λ

λ1
− 4

∫ λ

λ1

(f ′, uµ) dξ.

We estimate the product (z, y) by |z|2/2γi+γi|y|2/2, and, choosing different
values for γi, i = 1, 2, 3, in different terms, we have

2|vµ(λ)|2 + |uµx(λ)|2 + |rµ(λ)|2 ≤ c1 +
1
γ1
|uµ(λ)|2 +

1
γ3

∫ λ

λ1

|uµ|2 dξ, (30)

where

c1 =2|v1|2 + |u1x|2 + |r1|2 + γ2|u1|2 +
1
γ2
|f(λ1)|2

+ γ1||f ||2L∞(λ1,λ2;H) + γ3||f ′||2L2(λ1,λ2;H).

On the other hand, the Poincaré inequality (see [14,15]) shows that there
exists a strictly positive constant c such that

|uµ(ξ)|2 ≤ c|uµx(ξ)|2, ∀ξ ∈ (λ1, λ2). (31)

Using (31) in (30) and choosing γ1 = γ3 = 2c and γ2 = 1 in (30), we may
infer that

2|vµ(λ)|2 +
1
2
|uµx(λ)|2 + |rµ(λ)|2 ≤ c1 +

1
2

∫ λ

λ1

|uµx|2dξ. (32)

By classical Gronwall’s lemma, we get

|uµx(λ)|2 ≤ 2c1 exp(λ2 − λ1). (33)

As the last term on the right hand side of (32) is now easily estimated, we
finally obtain

2|vµ(λ)|2 + |uµx(λ)|2 + |rµ(λ)|2 ≤ c1

(
1 + (1 + (λ2 − λ1)) exp(λ2 − λ1)

)
,

from which the desired result follows.
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Lemma 4.2. Assume that (25) holds and f belongs to L2(λ1, λ2;H). Then
for all λ belonging to (λ1, λ2),

vµ(λ) → v(λ) strongly in H,

uµx(λ) → ux(λ) strongly in H,

rµ(λ) → r(λ) strongly in H,

as µ tends to 0.

Proof. These convergence properties are obtained by energy estimating
the difference between the elastic-visco-plastic system and the elastic-plastic
system with hardening. Choosing u∗ = u′µ−u′ and u∗ = u′−u′µ respectively
the first identities in (23) and (17), and adding both identities, we get

(ε2u′′µ−ε2u′′, u′µ−u′)+
1
2
(uµx−ux, u′µx−u′x)+

1
2
(rµ−r, u′µx−u′x) = 0. (34)

Observing that the second identity in the system (23) implies that

(rµ−r, u′µx−u′x) = (r′µ−r′, rµ−r)+2(Jµ(rµ), rµ−r)+(r′−u′x, rµ−r). (35)

Carrying (35) into (34) and integrating over (λ1, λ), λ ∈ [λ1, λ2], and using
the initial conditions (25) and (12) lead to the following identity

|ε(u′µ(λ)− u′(λ))|2 +
1
2
|uµx(λ)− ux(λ)|2 +

1
2
|rµ(λ)− r(λ)|2

+ 2
∫ λ

λ1

(Jµ(rµ), rµ − r) dξ +
∫ λ

λ1

(r′ − u′x, rµ − r) dξ = 0.
(36)

Since (Jµ(rµ), rµ − r) is non negative, vµ = εu′µ and v = εu′, then we may
deduce from (36) that

|vµ(λ)−v(λ)|2+1
2
|uµx(λ)−ux(λ)|2+1

2
|rµ(λ)−r(λ)|2 ≤

∫ λ

λ1

(r′−u′x, r−rµ) dξ.

The conclusion follows from Lemma 4.1.

Lemma 4.3. Assume that (25) holds and f belongs to W 2,∞(λ1, λ2;H).
Then there exists a subsequence, still denoted by v′µn

, such that

v′µn
⇀ v′µ weakly ∗ in L∞(λ1, λ2;H). (37)

Moreover there exists a positive constant c(λ1, λ2) that depends on the in-
terval of λ and such that

|εv′µn
(λ)|2 ≤ c(λ1, λ2)

(
||v1||2 + |(u1xx + r1x)− (ū1xx + r̄1x)|2

+ ε2|f ′(λ1)|2 + ε2||f ′||2L∞(λ1,λ2;H) + ε2||f ′′||2L2(λ1,λ2;H)

)
.

(38)
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Proof. This estimate results from the energy estimate, Gronwall’s lemma
and the proof can be completed by a classical Galerkin method. Let
{wj}∞j=1 be a complete orthonormal sequence in H whose elements belong
to H2(0, L). Let uµn

=
∑n

i=1 gin(λ)wi(x) and rµn
=

∑n
i=1 hin(λ)wi(x)

satisfying the following variational formulation
For all u∗ =

∑n
i=1 g∗in(λ)wi(x) and r∗ =

∑n
i=1 h∗in(λ)wi(x),

(ε2u′′µn
, u∗) +

1
2
(uµnx, u∗x) +

1
2
(rµn

, u∗x) = (f, u∗),

(r′µn
, r∗)− (u′µnx, r∗) + 2(Jµ(rµn

), r∗) = 0,

(39)

with limn→∞
∑n

i=1 g′in(λ1)wi(x) = v1, limn→∞
∑n

i=1 gin(λ1)wi(x) = u1

and limn→∞
∑n

i=1 hin(λ1)wi(x) = r1. We drop now the subscript n. Differ-
entiating the governing system (39) with respect to λ, taking u∗ = 2ε2u′′µ
and r∗ = ε2r′µ and finally adding both identities, we get

2(ε2u′′′µ , ε2u′′µ) + (u′µx, ε2u′′µx) + (r′′µ, ε2r′µ)

+ 2
(
(Jµ(rµ))′, ε2r′µ

)
= 2(f ′, ε2u′′µ).

(40)

The monotonicity of rµ 7→ Jµ(rµ) leads to(
(Jµ(rµ(ξ)))′, r′µ(ξ)

)
= lim

∆ξ→0

1
(∆ξ)2

(
Jµ(rµ(ξ + ∆ξ))− Jµ(rµ(ξ)), rµ(ξ + ∆ξ)− rµ(ξ)

)
≥ 0.

Then we deduce from (40) that

d

dξ

(
2|ε2u′′µ|2 + |εu′µx|2 + |εr′µ|2

)
≤ 4(f ′, ε2u′′µ). (41)

We integrate (41) over (λ1, λ), λ ∈ [λ1, λ2], and since vµ = εu′µ, we get

[
2|εv′µ|2 + |vµx|2 + |εr′µ|2

]λ

λ1
≤ 4

∫ λ

λ1

(εf ′, v′µ) dξ. (42)

On one hand, we subtract the first equation in (23) at λ1 to the first one
in (14) at λ1. From (25), we deduce that

|εv′(λ1)|2 ≤ |(u1xx + r1x)− (ū1xx + r̄1x)|2. (43)

Moreover the initial condition rµ(λ1) = r1 ∈ C implies that Jµ(r1) = 0 and
then the second identity in (23) leads to the following identity

|εr′µ(λ1)|2 = |v1x|2. (44)
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On the other hand, we integrate by parts the right hand side of (42), and
we estimate the product (z, y) by |z|2/2γi+γi|y|2/2, and, choosing different
values for γi, i = 1, 2, 3, we get

4
∫ λ

λ1

(εf ′, v′µ) dξ ≤ ε2γ1

2
||f ′||2L∞(λ1,λ2;H) +

1
2γ1

|vµ(λ)|2

+
1

2γ2
|v1|2 +

ε2γ2

2
|f ′(λ1)|2 +

ε2γ3

2
||f ′′||2L2(λ1,λ2;H) +

1
2γ3

∫ λ

λ1

|vµ|2 dξ.

(45)
Since v = εu′ then the Dirichlet boundary conditions and the Poincaré
inequality show that there exists a strictly positive constant c such that

|vµ(ξ)|2 ≤ c|vµx(ξ)|2, ∀ξ ∈ (λ1, λ2). (46)

Carrying (46) into (45), choosing γ1 = γ3 = c and γ2 = 1, we have

4
∫ λ

λ1

(εf ′, v′µ) dξ ≤ cε2

2
||f ′||2L∞(λ1,λ2;H) +

1
2
|vµx(λ)|2

+
1
2
|v1|2 +

ε2

2
|f ′(λ1)|2 +

cε2

2
||f ′′||2L2(λ1,λ2;H) +

1
2

∫ λ

λ1

|vµx|2 dξ.

(47)

Introducing (43), (44) and (47) in (42), we obtain

2|εv′µ(λ)|2 +
1
2
|vµx(λ)|2 + |εr′µ(λ)|2 ≤ g(ε) +

1
2

∫ λ

λ1

|vµx|2 dξ, (48)

where

g(λ1, ε) =
1
2
|v1|2 + 2|v1x| + |(u1xx + r1x)− (ū1xx + r̄1x)|2

+
ε2

2
(
|f ′(λ1)|2 + c||f ′||2L∞(λ1,λ2;H) + c||f ′′||2L2(λ1,λ2;H)

)
.

By classical Gronwall’s lemma, it is clear that

|vµx(λ)|2 ≤ 2g(λ1, ε) exp(λ2 − λ1). (49)

Therefore the last term on the right hand side of (48) is now easily esti-
mated. We finally obtain

2|εv′µ(λ)|2 +
1
2
|vµx(λ)|2 + |εr′µ(λ)|2 ≤ g(λ1, ε)

(
1 + (λ2 − λ1) exp(λ2 − λ1)

)
,

which proves the Lemma.

Proposition 4.2. Assume that f belongs to W 2,∞(λ1, λ2;H) and that (13)
and (16) hold. Then there exist γi > 0, i = 1, 2, such that

|v(λ)|2 + |ux(λ)− ūx(λ)|2 + |r(λ)− r̄(λ)|2 ≤ γ1

(
||v1||2

+ |u1x − ū1x|2 + |r1 − r̄1|2 + |(u1xx + r1x)− (ū1xx + r̄1x)|2
)

+ εγ2.
(50)
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Proof. This result follows from an energy estimate of the difference be-
tween the dynamic elastic-visco-plastic system and the quasi-static elastic-
plastic system. Choosing u∗ = u′µ − ū′ and r∗ = (rµ + r̄)/2 in (26),
ū∗ = ū′ − u′µ and r̄∗ = (r̄ + r)/2 in (18), and adding the resulting ex-
pressions, we obtain the following inequality:

(ε2u′′µ, u′µ) +
1
2
(uµx − ūx, u′µx − ū′x) +

1
2
(r′µ − r̄′, rµ − r̄)

+
1
2
(r̄′ − ū′x, rµ − r) + (Jµ(rµ), rµ − r̄) ≤ (ε2u′′µ, ū′).

(51)

Since r̄ ∈ C then Jµ(r̄) = 0, and due to the monotonicity of Jµ, we get

(Jµ(rµ), rµ − r̄) = (Jµ(rµ)− Jµ(r̄), rµ − r̄) ≥ 0. (52)

Using (52) in (51) and since vµ = εu′µ, we infer that

1
2

d

dξ

(
2|vµ|2 + |uµx− ūx|2 + |rµ− r̄|2

)
+ (r̄′− ū′x, rµ− r) ≤ 2(εv′µ, ū′). (53)

We integrate (53) over (λ1, λ), λ ∈ [λ1, λ2] and we obtain

|vµ(λ)|2 +
1
2
|uµx(λ)− ūx(λ)|2 +

1
2
|rµ(λ)− r̄(λ)|2

+
∫ λ

λ1

(r̄′ − ū′x, rµ − r) dξ ≤ c(λ1) + 2
∫ λ

λ1

(εv′µ, ū′) dξ,
(54)

where

c(λ1) = |v1|2 +
1
2
|u1x − ū1x|2 +

1
2
|r1 − r̄1|2.

Let us observe that

|v(λ)|2 +
1
2
|ux(λ)− ūx(λ)|2 +

1
2
|r(λ)− r̄(λ)|2 − gµ(λ)

≤ 2|vµ(λ)|2 + |uµx(λ)− ūx(λ)|2 + |rµ(λ)− r̄(λ)|2,
(55)

where

gµ(λ) = 2|vµ(λ)− v(λ)|2 + |uµx(λ)− ux(λ)|2 + |rµ(λ)− r(λ)|2.

Carrying (55) into (54) and using Cauchy-Schwarz’s inequality we have

|v(λ)|2 +
1
2
|ux(λ)− ūx(λ)|2 +

1
2
|r(λ)− r̄(λ)|2 + hµ,n(λ1, λ)

≤ c(λ1) + 2
(∫ λ

λ1

|εv′µn
|2 dξ

)1/2(∫ λ

λ1

|ū′|2 dξ
)1/2

,
(56)
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where

hµ,n(λ1, λ) =
∫ λ

λ1

(r̄′ − ū′x, rµ − r) dξ + 2
∫ λ

λ1

(
ε(v′µn

− v′µ), ū′
)
dξ − gµ(λ).

Introducing (38), the estimate obtained in Lemma 4.3, in (56), we deduce
that there exist γi > 0, i = 1, 2, such that

|v(λ)|2 + |ux(λ)− ūx(λ)|2 + |r(λ)− r̄(λ)|2 + 2hµ,n(λ1, λ) ≤ γ1

(
||v1||2

+ |u1x − ū1x|2 + |r1 − r̄1|2 + |(u1xx + r1x)− (ū1xx + r̄1x)|2
)

+ εγ2.

The conclusion follows then from Lemma 4.2.

4.4. Stability of a quasi-static path

In order to prove the stability result, it is convenient to compare the dynam-
ical solution (v, u, r) with another dynamical solution (ṽ, ũ, r̃) that solves
(23) with the Dirichlet boundary conditions (12) and the initial conditions(

ṽ(λ1), ũ(λ1), r̃(λ1)
)

= (εū′1, ū1, r̄1) ∈ V0 ×W. (57)

Let us remark that the variational formulation of that problem is the fol-
lowing: 

Find (ũ, r̃) ∈ W such that ∀(ũ∗, r̃∗) ∈ W,

(ε2ũ′′, ũ∗) +
1
2
(ũx, ũ∗x) +

1
2
(r̃, ũ∗x) = (f, ũ∗),

(r̃′, r̃ − r̃∗)− (ũ′x, r̃ − r̃∗) ≤ 0,

(58)

with the initial conditions (57).

Lemma 4.4. Assume that (25) and (57) hold and that f belongs to
L2(λ1, λ2;H). Then

2|v(λ)− ṽ(λ)|2 + |ux(λ)− ũx(λ)|2 + |r(λ)− r̃(λ)|2

≤ 2|v1 − ṽ(λ1)|2 + |u1x − ū1x|2 + |r1 − r̄1|2.
(59)

Proof. Once again we use energy techniques to compare two elastic-plastic
problems with hardening that have the same boundary conditions but dif-
ferent initial conditions. Choosing u∗ = u′− ũ′ and ũ∗ = ũ′−u′ in (17) and
(58), respectively, we have(

ε2(u′′ − ũ′′), u′ − ũ′
)
+

1
2
(ux − ũx, u′x − ũ′x) +

1
2
(r− r̃, u′x − ũ′x) = 0. (60)

On the other hand, taking r∗ = r̃ and r̃∗ = r in (17) and (58), respectively,
we get

(r′ − r̃′, r − r̃) ≤ (r − r̃, u′x − ũ′x). (61)
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Carrying (61) into (60) and since v = εu′ and ṽ = εũ′, we obtain

d

dξ

(
2|v − ṽ|2 + |ux − ũx|2 + |r − r̃|2

)
≤ 0. (62)

We integrate (62) over (λ1, λ), λ ∈ [λ1, λ2], and using the initial conditions
(13) and (57), leads to the result in the Lemma.

Proposition 4.3. (Stability). Assume that (25) and (57) hold and that f

belongs to L2(λ1, λ2;H). Then there exist γ > 0 such that for 0 < ε < 1,

|v(λ)|2 + |ux(λ)− ūx(λ)|2 + |r(λ)− r̄(λ)|2

≤ γ
(
|v1|2 + |u1x − ū1x|2 + |r1 − r̄1|2 + ε

)
.

Proof. The stability result follows from the estimates obtained in Propo-
sition 4.2 and Lemma 4.4. Let us remark that (59) leads to the following
inequality

1
2
(
|v(λ)|2 + |ux(λ)− ūx(λ)|2 + |r(λ)− r̄(λ)|2

)
≤ c(λ1) + |ṽ(λ)|2 + |ũx(λ)− ūx(λ)|2 + |r̃(λ)− r̄(λ)|2,

(63)

where

c(λ1) = 2|v1 − ṽ(λ1)|2 + |u1x − ū1x|2 + |r1 − r̄1|2.

On the other hand, choosing u = ũ, v = ṽ and r = r̃ in (50) and using the
fact that ũ(λ1) = ū1 and r̃(λ1) = r̄1, we obtain

|ṽ(λ)|2 + |ũx(λ)− ūx(λ)|2 + |r̃(λ)− r̄(λ)|2 ≤ γ1||ṽ(λ1)||2 + εγ2. (64)

Introducing (64) in (63), we get

|v(λ)|2 + |ux(λ)− ūx(λ)|2 + |r(λ)− r̄(λ)|2 ≤ γ1||ṽ(λ1)||2 + 2c(λ1) + εγ2.

Since ū′(λ1) and ū′x(λ1) are bounded in H and ṽ(λ1) = εū′1 then the Propo-
sition follows.
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