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Abstract: We consider the Hopfield model with M(N) = alN patterns, where N is the number
of neurons. We show that if a is sufficiently small and the temperature sufficiently low, then
there exist disjoint Gibbs states for each of the stored patterns, almost surely with respect to the
distribution of the random patterns. This solves a problem left open in previous work [BGP1].
The key new ingredient is a self averaging result on the free energy functional. This result has
considerable additional interest and some consequences are discussed. A similar result for the free

energy of the Sherrington-Kirkpatrick model is also given.
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1. Introduction

Recently, considerable progress has been made towards a rigorous understanding of some of
the main thermodynamic properties of the so-called Hopfield model [Ho]. This model had been
introduced first by Figotin and Pastur [FP1,FP2] as a simple soluble model of a spin glass, but has
enjoyed, after its re-interpretation as a model for an autoassociative memory by Hopfield [Ho] an
enormous success. Notably, the application of the replica-method, familiar to theoretical physicists
for many years from work in particular on the Sherrington-Kirkpatrick model [SK, MPV], by
Amit et al [AGS] has allowed for the first time for an analytical reproduction of earlier findings
from numerical simulations. In spite of the success of this method, it is, we hope not only from
the point of view of mathematics, somewhat unsatisfactory as it involves a number of ad hoc
procedures which cannot, up to now, be interpreted within the framework of rigorous mathematics.
Moreover, this method computes various quantities in a fictitious replica-space which makes the
physical interpretation of what is going on somewhat awkward; in particular, this method can at
best compute certain quenched averages of correlations functions, but is intrinsically inadequate to
obtain results that are typically (in the sense of the probabilistic term almost sure) true in a given

fixed realization of the disorder.

Over the last year, however, some mathematically rigorous results on this model have been
obtained (for a summary see e.g.[BG2]), albeit under fairly stringent conditions on the parameters
of the model, notably the ratio a(N) of the number M(N) of stored patterns to the system size
N. Under the condition that this ratio tends to zero as N tends to infinity, the complete set of
all limiting Gibbs measures could be constructed [BGP1]. While these results are already quite
difficult to obtain, it is clear that the more interesting things should happen in a regime where
M(N) is proportional to N. In [BGP1] some fairly weak results concerning the Gibbs states could
be proven, but they fell somewhat short of what one would like to have. In particular, no procedure
that would even assure the existence of limiting Gibbs measures in this situation had been found.
Beyond that, there are only very few results: One, due to Shcherbina and Tirozzi [ST| asserts that
the free energy of the model is self averaging in the sense that its variance is of the order of the
inverse system size. Another result, due to Pastur, Shcherbina and Tirozzi [PST] states that the
mean field equations obtained from the replica trick (without replica symmetry breaking) are exact,
provided the Edwards-Anderson order parameter is self-averaging. Unfortunately, only if & = 0 or

at high temperatures is it possible to verify this assumption.

In this paper we prove, for the first time, the existence of limiting Gibbs measures associated
to any of the stored patterns or finite, albeit very small, a. We repose heavily on the results
from [BGP1], but add, as we shall see, a crucial new ingredient: this is an improved self-averaging

estimate on the large deviation rate function (free energy functional). Although in its derivation we



use many of the ideas from [ST], our estimates are, and for our purposes have to be, much sharper.
Related, but different bounds have also been proven in [BGP2].

Before we explain our results in detail, let us give precise definitions of the model and the
quantities we will deal with. We also refer to [BGP1] for more details.

Let us describe the Hopfield model. We set A = {1,...,N} and Sy = {-1,1}¥ the space of
functions ¢ : A — {—1,1}. We call o a spin configuration on A. We shall write S = {-1,1}%
for the space of half infinite sequences equipped with the product topology of discrete topology on
{-1,1}. We denote by B, and B the corresponding Borel sigma algebras. We will define a random
Hamiltonian function on the spaces S, as follows. Let (2, F, IP) be an abstract probability space.
Let £ = {¢!'}i uemv be a two-parameter family of independent, identically distributed random
variables on this space such that IP(¢!' = 1) = IP(¢! = —1) = L. The Hopfield Hamiltonian on Sy

is then given by
M(N)

-t B, 1R
Hylwl(o) = —55 | Z > et wloio; (1.1)
(1.7)EAXA p=1
For 7 € IN, we denote by Gy 5 ,[w] the random probability measure on (Sa,B(Ss)) that
assigns to each o € Sy the mass
1 - w|(o Tw]o;
G palw)(0) = e PR e €l (1.2)
w 2.l
where ZR,' p,nlw] is a normalizing factor usually called partition function. The reason for the intro-
duction of these measure and the magnetic field term h will become apparent later; for a more

detailed discussion on the definition and construction of limiting Gibbs measures in mean field
models, see [BGP1].

The quantity
1
Thpnlw] =~ gy 0 25 g 0] (1.3)

is called the free energy. g;:,,ﬂ'h[w] is called a finite volume Gibbs state with magnetic field. Note

that the Hamiltonian can be written in terms of the overlap parameters

1 N
milul(o)= = 3 Elulos, p=1,...,M (14)
=1
in the form u
Hylo)(e)= —5 3 (milo(0))’ = -3 Imu(o)] (15)
p=1

This suggests to introduce the distribution, Q"N'ﬁ,h[w], of these parameters under the Gibbs mea-

QN p.alwl(m) = G 5 Llw] ({mu (o) = m}) (1.6)
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The measures QY 5 ,[w](m) on (IRM,B(IRM)) are called induced measures.

The following notation is taken from [BGP1]. For § > 0, we write a(6,3) for the largest

solution of the equation

da = tanh(Ba) (1.7)

We denote by || - || the £2-norm on IRY. Given that lim Ntoo A—"f%v—l = a, we set, for fixed 8, for
v € IN and s € {-1,+1}

B = {z € IRM |||z - sa(1 — 2v/a, B)e”|| < p} (1.8)

where e” denotes the v-th unit vector in JR™. With this notation we can announce the following

theorem

Theorem 1:  There ezxists ag > 0 such that if ]imﬁg—;!2 = a, with a < ap, then, for all

B >1+3y/a, if p? > C(a(l - 2\/E,ﬂ))3/2 /8| 1n a|l/4, for almost all w,

im i n (n+1)) =
]ﬂ% 11,1%20 n,8,w] (Bp ) =1 (L.9)

In [BGP1] it had been proven that, under the same hypothesis,

Jim Qwanolu] (B) = 1 (110)

where

B, B(») (1.11)
(v,8)eIN x{-1,+1}

is the union of all the balls appearing in Theorem 1. The crucial difference between that result and
our new one is that this time we can select different limits by adding an arbitrarily small bias in
terms of the magnetic field aligned to one of the patterns. To appreciate the difference between these
results, notice that from Theorem 1 it follows in particular that the finite dimensional marginal
distributions possess limit points that clearly distinguish the selected pattern; to be precise, let
I C IN denote some finite set of positive integers, let IR’ denote the finite dimensional space
generated by the vectors e¥, with p € I, and let II; be the orthogonal projector from IRM(N) (for

any N such that I C {1,..., M(N)}) onto IRT. We can introduce the marginal measures on IR’ as
Qs wlw] = QF 5 plw] o T (1.12)
Then, (1.9) implies in particular that
TNRT I (m41)) =
lim lim Ol ufw] (LB =1 (1.13)
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‘Therefore, if n € I, the limiting marginal is concentrated on on a |I|-dimensional ball around the
vector e”. If we had only (1.10), we would get instead of (1.13) only

. . ,I _ .
lim lim QW% 1fw] (IL1B,) = 1 (1.14)

from which it is not possible to conclude that there exists any finite I for which the corresponding

marginal distribution is not concentrated on a ball around the origin!

Remark: In the discussion above we have supposed, of course that the balls BS,"”) are disjoint. As
we have already pointed out in [BGP1], since a(8,§) ~ (B — 6) for (B — é) small, Theorem 1 allows
to choose p such that this is the case as long as > 1/(1 — cal/*). This should be compared with
the predictions of Amit et al [AGS] that the “Mattis phase” is bounded by a line 8 = 1/(1 — cal/?).
The exponent 1/4 in our bound is in fact due to estimates that are most likely not optimal and

should thus not be taken too seriously.

Let us explain the main issue in the proof of Theorem 1. In [BGP1], it has been shown that
(with probability tending rapidly to 1 as N 1 o0)

Q) hlw] (BS) < e (1.15)

for some positive constant ¢, provided that p is as large as demanded. Thus, for fixed large N,
almost all of the total mass is concentrated on the union of the 2M(N) balls BE,""). The question
is then how this mass is distributed over the individual balls: We set

] 1 ,
Fig), = - w 12 Qg h=olw] (Bf,"’ )) (1.16)

Clearly, the measure is sharply concentrated on the ball for which this quantity takes is minimal
value. If for o = 0 for different 7 these quantities differ only by terms that tend to zero as
N T oo, then, by adding an arbitrarily small magnetic field aligned on one of the patterns, the
corresponding F(™*397h) can be tuned to be the minimal value and the measure is concentrated on
the corresponding ball. In [BGP1] it was proven that these differences could only be of the order of
M/N, which is sufficient in the case limn10o M(N)/N = 0, but useless if imy1oo M(N)/N = a > 0.

Here we will show that the quantities FI(\Z;;,)p satisfy a strong self-averaging condition. Note

that they can be naturally regarded as ‘local free energies’, associated with the particular state

labelled (7,s). The crucial estimate is contained in the following

Proposition 1.1: Assume that lim M_lﬁlﬂ =a>0. Let p< 1. Then, for all n < co there ezists
Tn < 00, such that for all T > 7., and for N large enough,

P [S“P N,B,p

(n,8)

Py, — EFyg),| > 7(ln N)/2N ‘*] < N (1.17)
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The proof of this proposition will be given in Section 2. Since (1.15) has already been obtained
in [BGP1], the proof of Theorem 1, assuming Proposition 1.1, is actually easy. We will give it here:

Proof: (of Theorem 1) Let us introduced the (non-normalized) restricted partition functions

1 _ n_.
" o) = L BHN()HBRY,, €l
Zpale] (B9 = o5 ZS ¢ IS A T (1.18)
GE N

Notice first that these quantities are easily compared to the corresponding ones in zero magnetic

field (we consider only the case h positive):
Zy,pnl0] (BS)"’H)) > ePNMB)~V) Zy g holw] (B‘(o”'“)) (1.19)

and for (u,s) # (n,+1)
25 pnle] (Bf,"")) < PP Zy 6 hmolw] (Bf,”’“)) (1.20)

Now by Proposition 1.1, with probability greater than, say, 1 — N 19, all of the quantities
Znpnmolw] (BSHD) satisty

PN B2 TN < Zig g pmol] (BHD) < PN Bt ra/ NI (1.91)

Here we have written JEFy g , instead of IEFI(\KE")‘, to make manifest that, by symmetry, these
averaged quantities do not, of course, depend on the indices (y,s) if the magnetic field is zero.

Obviously, again with probability grater than 1 — N 10,

fo,ﬁ,h (Bg'h‘i'l))
ZN 6. (Bgn'ﬂ)) + X o)#n+1) ZNp,h (BE’“")) + 2% 5.1 (B)

1
> 1 (Bg’ﬂ ))
= er\;"ﬂ,h (Bf,"'“)) (1 + 2Me~PrN(a(B)~2/B)+2711/N(In N)* e—cN)

Q8.4 (Bg"“)) =
(1.22)

where (1.15), (1.19), (1.20) and (1.21) were used to obtain the second line of (1.22). From here
Theorem 1 follows by an application of the first Borel-Cantelli lemma. $¢

In the next section we derive self-averaging properties of large deviation rate functions and
prove in particular Proposition 1.1. The actual technical estimates that will be used in the proof are

even more consequential and in a final Section 3 we discuss some of these as well as open problems.



2. Self averaging of rate functions

The main new technical result of the present paper is a refined self-averaging estimate on the
large deviation rate function. Let us set, for 7n € IRM(Y),
Fivp,p() = =67 <10 Qs [Ima — 3 < 7)) (2.)
(We set h = 0 in this section in order not to overcharge notations. The reader will convince himself
that all results apply to the case with finite h with some minimal modifications). In [BGP2] an
estimate on the probability of deviations of this quantity from its mean value has been proven that
turned out to be useful in the case of p ~ M(N)~1. Here we will in fact be interested in much large
values of p, typically of the order of some power of a. On the other hand, we will not this time
need an exponential estimate. Thus, although in principle we follow the same strategy in deriving

our bound, there will be a number of important differences.
The main technical result of this section is the following proposition.

Proposition 2.1: Assume that limM(ﬁ}Q =a > 0. Let p <1, |7n||z bounded. Then, for all

n < oo there exists T, < 00, such that for all T > 1, and for N large enough,

1P (| Fyp,6() = EFw,g,()| > (I N)2N ¥ < N " (2.2)

Proposition 1.1 from the last section is of course an immediate corollary of this proposition,

which is in fact far more general. Thus all that is left is to prove Proposition 2.1.

Proof: (of Proposition 2.1) For technical reasons that will become clear later, we will consider
instead of FHopf(m) a slightly modified quantity in which the characteristic function I {lIima-ml2<o}
is replaced by a smooth version of this function. We let x5 ,(z) be a family of infinitely differentiable

functions satisfying:

(1) Xﬁ,P(m) >0,

@)li?ﬁf <&,

(3) Wzi<p} < Xp,6(2) < Lfjai<pte}
(4) In xs,0(z) is a concave function of z (where we use the convention In0 = —o0).

We will see that the parameter § can be chosen as § = O(1/N), so that this modification makes

no difference whatsoever.

Let us now define

. - 1 _ .
- Zn(™m) = Zng,ps(T) = o35 e PEN )y o (Imn (o) — m]3) (2.3)
2
ogESN
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and
fn(m) = =871 1In Zy(m) (2.4)

We now introduce the decreasing sequence of sigma-algebras Fj that are generated by the random

variables {¢/ }:‘f:v and the corresponding martingale difference sequence
AP () = B [fw ()| 7] — B [fa()| Fira] (2.5)

Notice that we have the identity

N
fu(m) - Bfy(m) =Y fi (1 (2.6)

k=1
Let us recall that this construction was first introduced by V.V. Yurinskii [Yu] and employed in
the context of spin-glasses and the Hopfield model by Pastur, Shcherbina and Tirozzi [PS,ST].

Our aim is to use an exponential Markov inequality for martingales. This requires in particular
bounds on the conditional Laplace transforms of the martingale differences. Namely, we clearly
have that

k
vy A
k=1

:2ti££e‘|‘|N‘1E [E[.. B [ 5)] 5|5 )| Fy s

> Nz] < 2mf etz [ exp {th(;)(m)}

k=1 (2.7)

Therefore, if we can show that, for some function £(¥)(t), In IE [etf N () |.7-'k+1] < LF)(¢), uniformly
in Fg41, then we obtain that

d

To bound the conditional Laplace transforms, we introduce

Hl(\;c)(a) = T onar Z Z 6“6“0':03 (29)

N

3 i (m)

telR
k=1 €

> Nz] < 2 inf e V=T, £P® (2.8)

i ;;ﬁk
RY(0) = Z iépoion (2.10)
B t#k
and
AP (0,u) = HP(0) + uBY (o) (2.11)
We also define the M (N )-dimensional vectors
miE )(a, u) = —]V Ef,a, + uéyok (2.12)
l#h

8



Naturally, we set

k), . 1 _gE® k -
ZP(mu) = 55 S e POy, (ImP(0,u) - mlf) (2.13)
TESN .
and finally
AP (,u) = -7 (1n 289 (1, w) - I 2 (2, 0)) (2.14)

Since for the remainder of the proof, 7 as well as N will be fixed values, to simplify our notations

we will write fi(u) = fl(\;‘)(ﬁz, u). Notice that
1) = Bfe(V)|Fd = B (1) Fira] (2.15)

To bound the Laplace transform, we use that, for all =z € IR,

e€<1l+z+ %mzelml (2.16)
so that
#(k) 1 (k) - FR) (e
B [ 5y <14 3018 | (AP(m) 7| )

Our strategy will be to use a rather poor uniform bound on f(; )('rh) in the exponent but to prove
a better estimate on the remaining conditioned expectation of the square. The uniform estimate

has been obtained in [BGP2]. We repeat its derivation for the convenience of the reader.

We note first that, alternatively to (2.15), we have also

1
OB EACATIOEARS ATACTEAN) (218)

But

(u) Ekou (szé‘“{ka% op + —— 2 Xp,&(”mN(O', m“z) Z( N(O‘, ) k)

BN xp,5(lmn (o, u) — ][}

B i#k
: (2.19)
where & ., denotes the expectation w.r.t. the probability measure
1 . _gha™®
Xp6(lma(o,u) = m]f)ePHn (=) dg (2.20)

Z$) (1, u)

By some trivial manipulations (see [BGP2] we get

() < |3 et ] (1+5s)+ % )
m

+ 5k,u |:

Z(mﬁ(”a u) — m*) €f ok




Now clearly

> Mt

mn

<Y m# = |l < VM|l (2.22)

Similarly, for ¢ in the support of &y,

S (mli(o,u) - ) Efor| < VMllma(o,u) - ll < /M (p+ 6) (2.23)

n

From this and using assumption (2) on the function x, we see that

)l < il + VI Vo 46 (1+ g% ) + % (2.24)
We will now choose § = ﬁ—N so that we get effectively the bound
| fe(w)l < |l + 2/ Mp (2.25)

Using this bound and (2.18) to estimate f(;)('rh) and inserting the result in (2.17), we get that
(k) x i o 2
IE [etfg)(m)lfkﬂ} <1+ _;_t2e2|t|(||m||1+2 Me) g [(f(;)("h)) |~7‘-k+1] (2.26)

Of course we could also use (2.25) to bound the expectation of the sqare in (2.26), but due to the
presence of the /M in that bound, this could at best be useful for very small p. We will need,

however, a bound for finite p and thus will have to be more careful.

We will now use (2.15) to write (recall that Fj, are defined in such a way that Fj D Fr41)

B [(A)” Fers] = 18 (8 (1) - Bl(1) P 1)’ [P
< B [F [(5u(1) - BU(1)Feal) 7] |[Fosa]
=IE :(fk(l) — E[fi(1)| Fisa]) |—7"k+1] (2.27)
= B [(u(1))’ | Fusa] = (LD Frra])?
< B (A1) |[Fen]

At this point it is important to notice that fi(u) is a concave function of u. Note that condition
(4) was imposed on X, s to ensure this fact. Since moreover f;(0) = 0, this implies that |fx(1)| <
max (| f4(0)], | fi(1)|). Moreover, from (2.19) and the fact that neither Hx(c,0) nor my(o, 0) depend
on the spin oy, we see that f;(0) = 0, so that we get simply

IE[("(k) ) [fk“] <1E[(f,,(1) |]-'k+1] (2.28)

10



Let us use the fact that (a + 8)? < 2a? + 2b? and (2.19) to see that

(ft(1)* <2 (&,1 (% > fof:aiak))

ik (2.29)
2 Xps(llma(o) = ml3) ”
+2 | & LE -~ (o) — m*) & o
( (ﬂN Xoillma(o)—E) 2 ()=
Bounding the square of the expectation by the expectation of the square, we get from this
2
1
IE [(f;'c(l))2 |-7'-k+1} <2IE | &k, (ﬁ > fo‘fﬁawk) Ifk+1
i#k

wE (2.30)

2
+ 2IE l:gk'l (ﬁ Z (mﬁ(a) - mh) f;:dk) l.?‘-k.H
u

Now we use the following crucial trick: &1 is in fact independent of k, and therefore the expec-
tations conditioned on Fjy; are the same if the index k inside it is replaced by any of the indices
j €{1,...,k}. This allows us to replace (2.30) by

B [(F0) |Fn] < 218 [e ( S YT e ") s
j=1 BV iE]l#

k
+2E [(ﬂNﬁ) % Z Z Z 6;"6;"8’“,1 (m%(a) — k) (myy (o) = mY) |7k+1:|

j=1 pu v
(2.31)
Let us define the random M X M-matrices B(¥) with elements
L
B = 1) ¢ (2.32)
i=1

Note that these matrices are measurable w.r.t. the sigma algebra F\Fpy;. We will write by =

”B(k) “ for the norms of these matrices.

We can write (2.31) in the form
E (1)) lfkﬂ]
1 & 1
<2IE [Z ZE“E”& k (N Y Eloi- Uj) (F ;Ei’at - 3763-’0:') |fk+1

+2(5ks) B [xa (ma(e) - ), B mn(0) - ) | Fira]

11
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In the last line the (-,-) denotes the scalar product in JRM. For the second term in (2.33) we get

immediately the bound

2 (ﬂ)’ Ez[gk,l ((ma(o) — ), B (man(0) ~ ) | Fesi] 036

2
<2 (5%s) b

where we have used that B(¥) is measurable with respect to F\Fr4;1 to replace the conditional

expectation by the expectation.

The first term in (2.33) is more complicated. We rewrite it as

k
218 [Z T > e (m (o)mi (o) s

wy o g=1
(1 1
o |S° =S erey —gv -.'l F
+ ; k ;{1 E] N2 £J 6_1 k+1 (235)
[~ 1¢ 1 &
—4IB |} T 4 (jv—z D oy 0:') ’fkﬂ
| v Jj=1 i=1
=I+11-111
We deal with the three terms separately. First,
2
= 2% (2.36)
On the other hand
M 1 e bon
Il = 4F1E Z W Z Z gl,k (ft fj 0,'0']') 'fk+1
m 7j=11i=1
- : (2.37)
M 1 1 &
=45 |G| ¢ ) &ioj, i Y o ‘fk+1
i j=1 =1 |
Using the Schwarz inequality, one obtains therefore that
M 1
MII <4 IE | Evg |17 D &5 Imn(o)llz | Fesn (2.38)
ij=1 2
But
2
1 k 1 k k .
;;ijaj = k_zz Y oittetor < HA( )” (2.39)
Jj=1 2 p j=1l=1

12



where A(*) is the k X k-matrix with elements Ag’lc) = %Zu £€l. Tt is easy to verify by simple
algebraic manipulations that |A(¥)|| = || B(¥)||. Since on the other hand

Evk lma(o)llz £ (Ve + [I7l2) (2.40)
this combines to

M . M -
1111) < 4 B[ BO||(5 + il < 45 VIEOR(VE + [1ll) (2.41)

We are left with the term I. We write

1=2F |y ¢ Zﬁ“é”é’u (mli (o) - mﬂxmw(a)—m"))lm}

224 j=1

+AIE Z Zf“f"fu b(a) = MH)m) | Frsr
=~

+2IE E zf"f"m“m | Fieta (2.42)

=2IE [51,k ((mN(a) — Y, B®(my(o) - 'r"n)) |fk+1]
+4IE [gl,k ((mN(a) — ), B<’°>m) |f-k+l]

2
+ 2IE [ Z (Zf"m“) }
Using the Schwartz inequality for the first two terms, we obtain from (2.42) the bound
I < 2pIEb + 4/pllri|2 + 2|l7ml3 (2.43)
Combining all these estimates with (2.34) and choosing as before § = 2/(BN) gives that
B [(F4(L)) [Fusa] < 1013 + 25 + 4y/Blllla + o Bb, + 4%/ B[l +v5)  (2:44)

Collecting our bounds and inserting them into (2.26) we have

IE [etff(:)(’h)lle]
< 1+%t262|tl(llﬁllll+2\/Mp) (||ﬁ7—||§+2M2 +4\/_||m”2+4pIEbk+4M /TE bk(”m”z"}‘\/-))

< exp { 322042V () 1 246 + 4l + 4010 + 43V IOl + V7)) }
(2.45)

13



This is a uniform bound on L(¥)(¢) so that

N
IE exp {tz f(;)(ﬁz)} < exp{%tzezltl(llﬁtllwz‘/Mp) (N (||ﬁz||§ + 24}3_23 + 4_1\/5”77;”2)

k=1 (24_6)

+ 2 (4P1Ebk + 43/ IEb (|| |2 + \/5))) }

k=1

All we still need is a bound on the expectation of the bi. But this follows easily from the estimates
on the norms of such matrices proven, for instance in [ST, BG1]. We will use the bounds on the

traces of powers of such matrices proven in [BG1] to deduce

Lemma 2.2: Let B*) denote the M x M matrices with elements defined in (2.32). Then

oM +2e\/Z ifk<M
wlls{k ra &

From this lemma it follows that

N M N
D IEb<2) M/k+2e) \/M/k+2(N - M)
k=1 k=1 k=1

< (MM + N +VMN)

(2.48)

and

N
Z VIEb, < ¢!'N (2.49)
k=1

for some numerical constants ¢ and ¢’. Using these estimates we get

N
IE exp {t Z f(;)('rh)}

k=1
< exp {%tzeﬂtl("*"x“\/mzv [||m||§ +2M2 1 4 /ol + 4cpMIn N + 4c' (|||, + ﬁ)] }
(2.50)
Let us remark that we will use this bound only for 7 with bounded ¢2-norm and for p and M/N
much smaller than 1. Thus (2.50) takes on the simple form

N
IE exp {t Z fgf)('ﬁz)} < exp {ctzecl“l‘/HN(l +p3¥n N)} (2.51)
k=1

for (new) constants ¢ and ¢’. Eq. (2.51) can now be used together with (2.7) to derive a variety
of bounds by suitable choices of t. Note that the presence of the term eltVM restricts the useful

values of ¢ essentially to the intervall [0, M -1/ 2], so that in particular no exponential estimates can
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be obtained (but see [BGP2] where this is done for p ~ 1/M). But for our present purposes we

will not need this. In fact, the most convenient bounds for us are derived by choosing t = nl‘z‘lfrv .

This yields (we put M/N = a) that

(2.52)

(In N)2n2(1 + palnN)NfiAz@}

P[|fn (i) — IEfn(m)] > N2] < N ™™ exp {C 22N

If /N is sufficiently large, e.g. 2v/N = 7(ln N)3/2 then for arbitrary n, the argument of the
exponential function converges to 0 as N T co. From this the statement of Proposition 2.1 follows
immediately for the non-normalized quantities fy (/) (which, by looking at the proof of Theorem
1, is in fact all we would really need). The reader might worry whether the same estimate holds
also for the logarithm of the normalizing factor, i.e. the free energy itself. We recall that in [ST]
only the vanishing of the variance of the free energy was proven. To obtain our sharper estimates,
we should in principle repeat our proof with 7 = 0 and p = co. Doing this naively, we would run

“into trouble. However, note that we can of course always write

where
1
< -1 -BH
2= 5w D € PO o) (2.54)
OESN
and
1
> - —BHN(o
ZNp = 5N 2; e O e(oiz>2} (2.55)
ocESN

But ||mn(0)||3 < ||Al|, where A is the N x N-matrix with elements 4;; = %725___1 £rey. This
matrix has obviously the same norm as the matrix B(V) defined above (check!) so that the estimates
on the norm of these random matrices from [ST] or [BG1] can be used. It follows in particular that

this norm is less than two with probability at least 1 — e~ ¥ e Therefore,
P(23p=0] 21— (2.56)

Since on the other hand the deviation of In Zf,,ﬂ[w] from its mean is easily shown to satisfy the

bound (2.2), we obtain the statement of the proposition. ¢
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3. Discussion and conclusions.

The result on the strong self-averaging property of the rate function that is contained in
Proposition 2.1 is quite interesting beyond the fact that it allows to prove Theorem 1. Let us note
before all that curiously enough, although we have such strong estimates on the fluctuations of the
local free energies about their mean, nothing is known concerning the convergence of the means
themselves as N T oo, as soon as a > 0. This is certainly quite curious, but, as we have seen, not

necessarily very disturbing.

The result stated in Proposition 1.1 reflects a very high degree of symmetry among the patterns.
For a = 0, the free energy functional has its absolute minima very precisely at the points te*a(f)
(the “Mattis states”) with the value fixed at that of the Curie-Weiss model. As o increases, the
positions of these minima shift in a continuous, and probably somewhat random, fashion away from
these points, but, surprisingly enough, the value of this function at all these minima remains strictly
the same. Somehow, although the function changes randomly in a different way near each of the
Mattis states, the profoundness of the ensuing minimal values is kept the same to an astonishing
degree of precision. Note that this fact remains valid well beyond the value of a for which we
know that the absolute minima are near the Mattis states. This suggests that, if, as expected, the
‘ordered phase’ of the Hopfield model disappears, this happens in such a way that for some very
precise value of a (depending however on ) all the minima near the Mattis states cease to be
absolute minima, while somewhere else the new absolute minima appear. This scenario is to be
contrasted with the other imaginable picture in which first a competition arises between the Mattis
states in the course of which some remain absolute minima while others turn metastable. In such a
scenario, which we can now exclude, the existence of limiting Gibbs states would in fact have been
doubtful if not unlikely.

It may be of interest in this context to make some remarks on the self-averaging properties
of the free energy in the Sherrington-Kirkpatrick [SK]| model of a spin glass. We recall that the

Hamiltonian of this model is given by

N
HN(O') = -——1' Z J,‘jO‘,’O’j (31)

vN

v is a family of independent Gaussian random variables with mean zero and

1,5=1
where {J"J'}iSjele

variance one. Pastur and Shcherbina [PS] have proven that in this model

IE [(FN,,, - lEFN,,@)z] < -13- (3.2)

and that therefore the difference between the free energy and its mean tends to zero in probability
as N T oo. Using the techniques of Section 2, it is actually very easy to improve this result and to

show that in fact
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Proposition 3.1: In the Sherrington-Kirkpatrick model, for all >0, and for alloo > 2> 0

2
P[Py~ Efival 2 o < exp (-85 (3:3)

if N s sufficiently large.
Proof: We write £3,43,...,4n(n41)/2 for an arbitrarily chosen fixed arrangement of the ‘links’ (:5)

with ¢ < j. I £ = (4j), we set J,, = Ji; and oy, = 0;0;. We denote by Fj the sigma-algebra
generated by the random variables {Jy,, },.>x-

With the same notations as in Section 2, just suppressing the 7n, this allows us to write that

L N2 o
Fnp—IEFng =+ >R (3.4)
k=1

Thus we see that the exponential bound in Proposition 3.1 will follow from a suitable bound on

the conditional Laplace transform of f(; ). The necessary analogue of (2.11) is

H(k) (o,u) ,;cjl or, \/ﬁ‘h“a"' (3.5)
This yields that this time
fr(uw) = :/1—]7-7@ Ek,u0y, (3.6)
Trivially, here
A < 1l (3.)
Therefore, using (2.16) we get
I (e[ Fia| <14 %tzlE |72, 2t VA
<14 %tze“z/‘” (1+4¢*/N) (3.8)
< exp (%ﬁe“’/"’ (144 /N))
Thus we obtain:
[IZN(N+1)/2 (k)l > Nz] < 23&%‘5@ (—lthZ + N2t IN (1+ 4t2/N)) 59)

S 26—12 N/5
where the last expression holds if 22/N is small enough.{

This implies in particular the almost sure convergence to zero of Fy g — IEFy . This does
not imply the almost sure convergence of the free energy since it is not know that the mean of the

free energy converge below the critical temperature f~! = 1.
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It may be surprising that Proposition 3.1 gives an estimate in the SK model that is much
sharper than what we get in the Hopfield model, while its proof is considerably simpler. The
crucial property responsible for this fact is the independence of the two-spin couplings, which does
not hold in the Hopfield case.
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