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Approximation of the Boltzmann
equation by discrete velocity models

Wolfgang Wagner

Institute of Applied Analysis and Stochastics
Mohrenstrafie 39
D-10117 Berlin, Germany

April 25, 1994

Abstract. Two convergence results related to the approximation of the
Boltzmann equation by discrete velocity models are presented. First we con-
struct a sequence of deterministic discrete velocity models and prove conver-
gence (as the number of discrete velocities tends to infinity) of their solutions
to the solution of a spatially homogeneous Boltzmann equation. Second we
introduce a sequence of Markov jump processes (interpreted as random dis-
crete velocity models) and prove convergence (as the intensity of jumps tends
to infinity) of these processes to the solution of a deterministic discrete ve-
locity model.
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1. Introduction

We consider the spatially homogeneous Boltzmann equation (cf. [6, p. 26],
or 3, p. 392])

%p(t,v): fR dw /S de B(v,w, ) [p(t,v") p(t, ") — p(t,v) p(t,w)]  (L.1)

with the initial condition

»(0,v) = po(v). (1.2)

The symbols dw and de denote the Lebesgue measure on the three-dimen-
sional Euclidean space R® and the uniform surface measure on the unit sphere
S? | respectively. The function B is called the collision kernel. The objects
v* and w* are defined as

v =v+tele,w—v), w=w+tele,v—w),

where v,w € R®, e € 82, and (.,.) denotes the scalar product. They are
interpreted as the post—collision velocities of two particles with the pre-
collision velocities v and w. Eq. (1.1)-(1.2) describes the time evolution of a
probability density function p(t,v) on the velocity space R?.

The purpose of this paper is to study the problem of approximating the
measures

At, dv) = p(t,v)dv,

which correspond to the solution of the Boltzmann equation (1.1)-(1.2), by
measures concentrated on a finite subset of the velocity space.

The investigation will be carried out in the following more general setup.
Let (Z,r) be a locally compact separable metric space (r denoting the met-
ric) and Bz denote the Borel-o-algebra. Let B(Z) be the Banach space of
bounded Borel measurable functions on Z with ||¢|| = sup,cz |¢(2)|, and let
C(Z) denote the subspace of bounded continuous functions. Furthermore,
let M(Z) be the space of finite, positive measures on (Z,Bz).

Let @ be a function on Z x Z x Bz x Bz with the properties

Q(Zl,ZQ, .,F), Q(zl,Zg,F, ) € M(Z), Vz1,22 eZ, I'e Bz, (13)
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Q(., T, T,) € B(ZxZ), VIy,T,€Bz, (1.4)
and
Q(21,22, 2, Z) < Coumaz, V21,22 € Z. (1.5)
We consider the equation
2 Lo = [ [{ [ [ o)+ elz) - oler) - ela)] x
Q(21, 22, d21, dZ2) } (¢, dz1) At dza),  A(0) = Do,  (1.6)

where ¢ € B(Z) and Ao € M(Z). The solution A(¢) is a function of the time
variable t € [0, o) taking values in M(Z).

First we note that Eq. (1.6) is a generalized weak form of the Boltzmann
equation (1.1)—(1.2) (cf. [12], [11]). To see that, one considers Z = R3, and
the collision kernel @ of the form

1
Q(v1,v2,T1,T) = /S , 5 B(ur,v5,€) 6;(I1) 815(Ta) de, (1.7)
where
v; = vy + e(e,va —v1), v, =vs+e(e,v1—vy), (1.8)

and 6, denotes the Dirac measure concentrated in z. The integral with respect
to @ on the right-hand side of Eq. (1.6) takes the form

/32 % B(v1,vs,€) [‘P(UI) + o(v3) — p(v1) — (P(vz)] de.

After the substitution of the integration variables (vq,v2) by (vi,v;) and
removing the test function ¢, one obtains Eq. (1.1)—(1.2) provided that the
kernel B has the properties

B(v1,vs,€) = B(va,v1,e) = B(vi,v;,€).
Next we consider Eq. (1.6) in the case Z = Z¥)  where

W= {0}, @M eR®, i=1,..,N.
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The solution AM)(t) is determined by its values )\(N)(t,{fz(N)}) =: pgN)(t),
1 =1,...,N. Considering the functions

(pm('u) = ﬂ{ag‘f)}(v), m = ]., caey ]\f7

where €, denotes the indicator function of a set I', shows that Eq. (1.6) is
equivalent to the system of ordinary differential equations

ZH0 = % [onld™) + onlE™) — onle™) — om(€)] x  (19)

2,5,k 0=1
QUM ¢l ey 161y oM (1) pM(2),

p0) = AV, m=1,...,N. (1.10)

Moreover, one easily realizes that the system (1.9)-(1.10) is equivalent to the
system

2 p(t) = (L11)
i {o™(k,1,3,5) p0(8) oV () — MG, 5, b, ) V() BV (1)}
7.k, l=1
pM0) =MV, i=1,...,N, (1.12)
where
MG, 5,k 1) = (1.13)

5 [QU(E™, &, 1), 46 + QUEM, €, {0}, {4™)) +
QUI(EM™, &M (e}, {eM}) + QU™ ™, (6™}, {el )] -

The system (1.11)-(1.12) is called a discrete velocity model (in the spatially
homogeneous case). It describes the time evolution of the weight functions
pEN)(t) , which correspond to the "discrete velocities” ,(N) ,1=1,...,N.We

refer to [10], [2] concerning more details about discrete velocity models.
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In Section 2 we are concerned with the problem of approximating the
solution A(t) of the generalized Boltzmann equation (1.6) by measures of the
form

N
XY =3 () 6,
=1 ¢

where 6 is the Dirac measure, and pt )(t) 1 = 1,...,N, is the solution
to a discrete velocity model of the form (1.11)- (1 13) We construct an

appropriate sequence (Z?(N ), S\SN), QW )) and prove that

lim sup_ o(A(®), AM()) =0, VT >0,

N—oo 0<

where p is a metric, which is equivalent to weak convergence in the space
M(Z).

In Section 3 we study the problem of approximating the solution p (t) ,
1=1,...,N, of a discrete velocity model (1.11)-(1.13) by a stochastic pro-

N
cess. We introduce a Markov jump process (g,(N"')(t)) L where v is a

parameter governing the intensity of the jumps. The functions g,N’”’) (t) are
1nterpreted as random weight functions, which correspond to the discrete ve-
locities ¢, i =1,...,N. A model of such type was introduced in [5] and
called random discrete velocity model. We prove that

lim E sup Z |p; N)(t) at ’7)(75)] =0, VIT>0,

Y70 0<iT ;

where E denotes mathematical expectation.

2. A convergence result for discrete velocity
models

Let {AgN), e ,Ag\l,v)} be a measurable partition of the space Z into dis-
joint cells, 1.e.

MM e By, AMNAM =0, ij=1,.. N, i#],



where () denotes the empty set, and
uWr.aM =z, vN=1,2,.
Let 5,(”) € AEN), 1=1,...,N, and consider the space

2 ={e™, 0, (2.1)

with the discrete topology. Define the transformation IV) as
I™M(u ZM(A( Noum, neM(Z). (2.2)

We consider IN)(4) as a measure on ZW) ag well as a measure on Z denoting
it with the same symbol. Define

AV = 1) )o) | (2.3)
and
MM, M {6}, 1)) = e, €M, a8, A, (24)

where )¢ and @ are the initial value and the collision kernel, respectively, of
the Boltzmann equation (1.6).
On M(Z2), we consider the bounded Lipschitz metric (cf. [4, p. 150])

o(p, pa2) = sup (@, 1) = (@, p2)|,  p1,p2 € M(Z), (2.5)
9wEB(Z):||¢|lL<1
where
_ lp(2) — )l
llollz = max (ilelrz) lp()l, 0 e ) (2.6)
and
(oon) = [ eW)nldy), ¢€B(2), neM). (27)



Theorem 2.1 Let p,(-N)(t), 1=1,...,N, be the solution of the discrete ve-
locity model (1.11)—(1.18), corresponding to 2N ;\(()N), and QW) defined in
(2.1), (2.8), (2.4), and let X\V)(t) be the measure~valued function defined as

N
A1) =3 pM(t) 6m .
=1 *

Suppose

lim max diam (ASN)) =0, VcompactK C Z, (2.8)
Nooo 1AMk 20

where diam(T') = sup, ,cp 7(z,y), T C 2.
Let the kernel Q satisfy (1.8)-(1.5) and

[ L) + 02 Qs a5 d5) € O(2 X 2), VpeO(Z). (29)
Then
lim sup o(AM¢), A\™M)(t))=0, VT >0,

N-ooo 0<t<T
where A(t) is the solution of the Boltzmann equation (1.6).

Remark 2.2 Consider the particular case (1.7), (1.8). Assumptions (1.3)-
(1.5) and (2.9) are fulfilled, if the function B(vi,vs,e) is continuous in
(v1,v2) and satisfies

B(v1,v3,€) < Braz(e), Yui,vs € R?, Vee §?,

where [g2 Bpaz(e)de < oo. Thus, a truncation of the collision kernel is
necessary in most applications (e.g., B(vy,va,e) = |(e,va — v1)|, in the hard
sphere case).

To prepare the proof of Theorem 2.1, we describe the representation of
the solution of Eq. (1.6) in form of Wild’s sum (cf. [14], (8], [11], [1]). Using
assumption (1.5), we introduce a kernel

Qmam(zlazZ)FhI‘Z) = Q(217227F17P2)+ (210)
[CQ,mam—‘Q(21,zg,Z,Z)] 521(F1)622(P2)7 21, 22 € Z) ]-‘1)]-‘2 EBZ
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Furthermore, we define an operator Kmep : M(Z) X M(Z) > M(Z) as

Kmaz(lu‘la .U'Z)(P) = »/:8' /;Z [Qmaﬂ-‘(‘zla 22, F: Z)+ (2'11)
Qmaz(zl,zz,z;r)] p1(dz) pa(dze), pa,p2 € M(Z), T €Bz.
We note that, with the above notations, Eq. (1.6) takes the form

| %(so, A®)) = (¢, Kmaz(A(2), A(2))) — 2 Cgmaz 2o(2) (0, A1), A(0) = Ao

It is easy to check that there is a unique solution of Eq. (1.6). This solution
is represented in the form

o2}

At) =D e (1 —e @)1y, te(0,00), (2.12)
k=1
where
1 k
=2, Uk1=—72 Kmac(tiyvhs1-i), k>1, (2.13)
Co k =1
and
Cop = 2 CQ,mam Ao(Z) . (214)

We assume A\g(Z) > 0, to avoid trivialities. One easily shows by induction
on k that

v(Z) = X(Z), Vk=1,2,.... (2.15)

The series (2.12) converges in the total variation norm.

The Wild’s sum representation (2.12)—(2.14) shows rather explicitly how
the solution A(t) depends on the objects Z, Ao, and @ that determine
Eq. (1.6). First we study stability of the solution with respect to these
objects.

Let (Z(N )) be a sequence of subspaces of Z endowed with the relative

topology. Note that any measure x on Z(¥) has a natural extension /i on Z

defined as

MDY =pwTnzZ® TeBs.
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Let, for N =1,2,..., )\((JN) € M(Z®™)) and QW) be a kernel having the
properties (1.3), (1.4) with Z replaced by Z). Assume that (1.5) holds
uniformly in N, namely

QM)(21, 25, ZM) ZM) < Cg maw, Yz,22€ ZX) | YN =1,2,....(2.16)

Let K(N) be defined in analogy with (2. 11), and let KV (/L(N), (N)) de-

note the extension of the measure K(N) (;I.(N),/J,z )) where /Lg ),/J,(N) €

M(ZWM)) | Finally, let A¥)(t) denote the solution of Eq. (1.6) corresponding
to (Z(N),/\SN),Q(N)) .

Lemma 2.3 Suppose (2.16) and

Jim (KRG (1™, i), Kimaa (s, 2)) = (2.17)

for any sequences ,u,(lN) , /J,(2N) € M(ZW)) and measures p1, p2 € M(Z) such
that

lim o(i )y =0, i=1,2. (2.18)

If
dim o(AY) 20) =0, (2.19)

then

lim sup o(AM(1),A(t)) =0, VT >0,

N—oo o<

where A(t) is the solution of the Boltzmann equation (1.6).

Proof. Comparing the Wild’s sum representations (2.12)-(2.14) of A(t) and
AWN)(¢), respectively, one obtains

sup g(A(N)(t) A®R)) < Z sup sup (2.20)
o< 453 0SKST el

—c —cp - —&M —-c(N) - ~
|e 0t (1= et () — e H(L— e Y (g, 9



where

1 &
m =2, = e LERe i), k21 (221
0

=1
and
) = 2 0g,maz A (ZM) . (2.22)

The series on the right-hand side of (2.20) has a majorant uniformly in N .
This follows from (2.22), (2.15), and the fact that

Lim MV (2 = X (2), (2.23)
which is a consequence of (2.19). Thus, it is sufficient to prove

lim sM=0, Vk=1,2,...,

where s,(cN) denotes the elements of the series on the right-hand side of (2.20).
One obtains

s < o(ve, 8+ (2.24)
sup AgN)(Z(N)) sup Ie——co t (1 — e t)k——l . e—cgN) t (1 _ e—c‘()N)t)k—ll .
N 0<t<T

The second term on the right-hand side of (2.24) tends to zero as N — oo,

. . _dN) M) g1 - . .
since the sequence of functions e™% (1 —e~% )¥~! is equicontinuous on

[0,T] and tends to the function e (1 — e~%*)*~! for each t € [0,T],
because of (2.22) and (2.23). Thus, it remains to show that

Lim o(ve, ) =0, Vk=1,2,.... (2.25)
This is done by induction on k. For k& = 1, (2.25) follows directly from (2.19).

Considering the definitions (2.13) and (2.21) of 441 and y,(cl_l\_?, respectively,
as well as (2.11), (2.15) and (2.14), shows that

. 1 & :
Q(Vk+1aV1(=IR) < co—k ZQ(Kmam(l’i:Vk+1—i);Kr(nIZZ:(VEN),Vﬂ%-i))
=1
) N
+1 - g_ug (zW)y, (2.26)
0
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The second term on the right-hand side of (2.26) tends to zero as N — oo,
because of (2.22) and (2.23). The first term tends to zero, because of the
induction hypothesis and assumption (2.17), (2.18). O

The next two lemmas prepare the application of Lemma 2.3 to the special

sequence (Z(V), S\SN), QM) defined in (2.1), (2.3), (2.4).

Lemma 2.4 Let the kernel Q) satisfy (1.3)-(1.5) and (2.9).
Then the operator Km., defined in (2.11) is continuous with respect to
weak convergence.

Proof. One obtains from (2.11) and (2.10) that

(‘P:Kmaz(ﬂl,ﬂz)) =
= [ AL Loz +0(2)] Qman(zr, 20, d1, d22) } s (d) pa(d)

= [ LA Lo + (@) Qe =, dir, di) +
[Caumas — @(21, 22, Z, Z)] (1) + (=) } pa(d2) pa(dza),

and the assertion follows. O
Lemma 2.5 Suppose assumption (2.8) is fulfilled.
Let p™), € M(Z) and limy_,o0 o(ut™), p) = 0.
Then
Jim oI (), ) = 0,
where IN) is defined in (2.2).
Proof. The triangle inequality shows that it is sufficient to prove

dim o(TM (™), yM) = 0. (2:27)

Let K C Z be a compact set. Taking into account definitions (2.5)—(2.7), we
obtain

sup |(ip, IM(p™)) — (p, ™| <
lello<t
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< swp | Y | / o o(2) IM(uM))(dz) — / e o(2) i (dz)}|
llellL<1 i A™nk 0
s | S {f o P TN (d2) - [ #2122}
lella<t 5 Ak =p =
< s 3 [ le() = ele)] a0 dz)
llelle<, :AM K0 A
+ Y 249
i:AMnK=0
< max diam (A( )) pM(2) +2u4M(2\ K). (2.28)
i: M nK£0

Assertion (2.27) follows now from (2.28), assumption (2.8), and the tightness
of the sequence (p™)). O

Proof of Theorem 2.1. In order to apply Lemma 2.3, we check conditions
(2.16)-(2.19). Condition (2.16) follows directly from the definition (2.4) and
assumption (1.5). Condition (2.19) is a particular case of Lemma 2.5, because
of (2.3). Finally, we note that

KM (M, 5y = I (K (u, 1$™)),

where (™, u{™ € M(ZW™) , because of (2.4). Thus, condition (2.17), (2.18)
follows from Lemma 2.5 provided that

hm 0(Eomas (1™, 1), Komaa(p, pi2)) = 0,

if
A o™, ) =0, i=1,2.

This is a consequence of Lemma 2.4 and assumptions (1.5) and (2.9). O

3. Random mass flow and discrete velocity
models

N
We introduce a Markov process Z(t) = (glgN’“') (t)) _, with the state space
=
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[0, Cg.mac]” , where Cymaz > 0, and the infinitesimal generator

A= S D45k, 1) [@(JM(z,4,4,k, 1) — 8(2)], (3.1)

,3,k,1=1

where Z = (g1,...,9~5), 7 2> 1, and ® is a bounded measurable function on
the state space. The mapping JV) is a jump transformation defined as

[TENZ,5,5,k,0)] = gmt+ GV (Z, 1,5, b, 1) [Pk Prm—im—Dim] s (3.2)
where
Yim=0, 1#m, ¥;=1, i,m=1,...,N, (3.3)

and GV is a function governing the weight transfer. We assume

(N5 5 4 < min(giagj)) if 7'7£ 7,

G (z,z,],k,l)_‘{ lg i oied (3.4)
where Z = (g1,...,9n) and ¢,7,k,0 = 1,..., N, so that the components of
the process remain positive. Note that mass is preserved, i.e.

N N
S g™y =3 g 0), vi>o.
2=1 X

=1

The function DV | expressing the intensity of the jumps, is assumed to be
measurable and bounded in z.

The process Z(t) is a jump process, which models a random mass flow.
The waiting time between successive jumps has an exponential distribution.
Each jump is characterized by random indices ¢, 7, k,[. During the jump, a
part of the weights g;, g; is transferred to gx, gi.

Theorem 3.1 Let pEN)(t) ,i=1,...,N,t >0, be the solution to a discrete
velocity model (1.11)-(1.13).

Let the parameters D) and G of the stochastic process Z(t) be
related to the parameter QW) of the discrete velocity model via the condition

DN (3, , b, [)GN(Z,5, 5, b, 1) = QM (&M, &V 4™, 46" ) g: 9
Vz = (g91,...,95), Vi,5,kl=1,...,N. (3.5)
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Let the function GV satisfy (3.4) and
GNN(2,1,5,6,1) < Comas—> Y121, V2, Vijki=1,...,N. (3:)
v

If

~y—00

N

lim £ 3 [pM(0) - ¢(0) = 0, (3.7)
=1

then

. ,
lim E sup » |p§N)(t) - g,(N"Y)(t)| =0, VI'>0.

Y7o 0<t<T =1

Remark 3.2 There are considerable degrees of freedom in the choice of the
parameters D) and GV of the stochastic process Z(t). We mention as
an ezample the functions

= 5o 1 gigj
GV (z,4,5,k, 1) = = =21
( ) .7) ? ) g; I g]

and

DN (z,4,3,k, 1) = (g +9) QV(E™, 667, {1 ™).
Obviously, conditions (3.4)-(3.6) are fulfilled for the above functions.
Proof of Theorem 3.1. We use the following martingale representation for
Markov processes (cf., e.g., [4, Ch. 4, Prop. 1.7]). Let ® be a function from

the domain D(.A) of the generator A (i.e., an arbitrary bounded measurable
function in our case). Then

B(2(t)) = #(2(0)) + [ A@)(Z(s))ds + M), (38)
where M (%) is a martingale. Moreover, if % € D(A), then

BM@P=E [ TA(®?) — 28 A(®)|(Z(s)) ds. (3.9)
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We will apply (3.8), (3.9) to the process Z(t) with the generator (3.1).
Consider a function of the form

N
®(2) =) gipi, 2=(g1,.--,9n), (3.10)
=1

where ¢ € RY is a fixed vector. Notice that
S(JN(z2,1,5,k, 1)) = 8(2) + GVN(z,5,5,k, 1) [pr + 1 — i — 5], (3.11)
according to (3.2), (3.3). Thus,
N
A@)z) = >, DWN(z,4,5,k,1)GNN(2,1, 5,k 1) [or + o1 — i — 5]
i3,k l=1

N
= 3 QWM M e e [on + ot — i — @il gigi,  (3.12)

i kl=1
according to assumption (3.5). It follows from (3.11) that
B(TWN(,7,5,k, 1) = B(2) + 28(2) GW(Z,5, 5, b, ) x
ok + 1 — i — 03] + (G Mz, 4,5, k, DI [or + o1 — i — 5]

and, consequently,

A(BY)(3) = 28(7) A(B)(2)+ (3.13)
. _Z_ D(Nﬂ)(zai:j) k, l) [G(Nn)(‘:'ii)j) k, l)]2 [‘Pk T o1 — @i — (P.'i]z .

From (3.13), (3.5) and (3.6), we obtain the estimates
|A(2%)(2) — 28(2) A(2)(2)| <

N
< 16 maxfe] Yo QWIEM, &M {6}, (")) 9:9; 6NNz, 4,5, R, D)

1,5,k l=1

2
1 N
< 16 max|@i| Cgmaz = Co), maz (Zgz) ,
7 Y =1
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and, using (3.9),

1
E[M@#)? <16 max[c,a,[N [Cymaz] ;CQ(N),mwt. (3.14)

Using the vectors <p( ™) = = Ym;i, m,t=1,..., N, where the symbols 9., ; are
defined in (3.3), one obtains from (3.8), (3.10), and (3.12)

(N “/)(t) — g ’7)(0) + / Z "Pm Et+ 1!’ml ¢’m 1 'sz,J] (315)

2,5,k l=1
QUM M) 100y {6} g (5) g (5) ds + Mim(2).

Comparing (3.15) with (1.9), one obtains the estimate
pGOE) — M) < [GN(0) — g8 (0)] + (3.16)

[ £Catmman 2N Comae 3 1587(6) = (o) s+ 114

=1

Taking the sum with respect to m in (3.16), and applying Gronwall’s inequal-
ity, one obtains

5; BM(t) — g ()] <

=1

N
exp (8 Cg) mag Comaz N )[zu»““ — g M(0) + 3 |Mi(2)]]
2=1

After taking the supremum with respect to ¢t € [0,T] and the mathematical
expectation, the assertion of Theorem 3.1 follows from (3.14), (3.7), and the
martingale inequality. O

4. Concluding remarks

Theorem 2.1 provides a rather general solution to the problem of ap-
proximating the Boltzmann equation (1.6) by discrete velocity models. This
result was possible, since we have neglected the properties of conservation of
momentum and energy. These properties are fulfilled only approximately for
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the discrete velocity model defined in (2.1)~(2.4). The difficulties connected
with the "closure problem” for discrete velocity models were discussed in
detail in [5]. We refer to [7] and [9] concerning the construction of discrete
velocity models possessing conservation properties.

Theorem 3.1 provides a simple stochastic process approximating the so-
lution to a discrete velocity model. This process can be applied for solving
a discrete velocity model numerically. To this end, the exponentially dis-
tributed waiting time between the jumps should be approximated in an ap-
propriate way. Such a procedure was discussed in some detail in [13], where
Bird’s DSMC algorithm was treated.

The application of the numerical algorithm based on Theorem 3.1 to
the spatially inhomogeneous Boltzmann equation is straightforward, if one
applies the usual technique of splitting the free flow and the collision simula-
tion. However, as far as numerical applications are concerned, conservation
properties of the algorithm become essential.
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