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ABSTRACT. Recently a spatial versions of Neveu’s (1992) continuous-
state branching process was constructed by Fleischmann and Sturm
(2004). This superprocess with infinite mean branching behaves quite
differently from usual supercritical spatial branching processes. In fact,
at macroscopic scales, the mass renormalized to a (random) probability
measure is concentrated in a single space point which randomly fluctu-

ates according to the underlying symmetric stable motion process.
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1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Motivation. Superprocesses (spatial measure-valued branching processes) are
constructed and studied usually under the assumption of finite moments, at least
of order one. Recently, Fleischmann and Sturm [FS04] constructed a super—a—
stable motion X in R? (0 < a < 2, super-Brownian if o = 2) with a branching
mechanism of infinite mean. This process has partly strange properties compared
with the ones of usual superprocesses. For instance, also in the case of a Brownian
migration (i.e. if @ = 2), mass propagates instantaneously in space, that is, it is
present everywhere in space at fixed times ([FS04, Proposition 15]). Or, for all «
and in all dimensions, X; is absolutely continuous at fixed times ¢ (Fleischmann
and Mytnik [FMO04]).

If one drops the space coordinate in the model, that is, if one passes to the total
mass process t — X; := X;(R?), one gets a continuous-state branching process with
branching mechanism u — pulogu, with ¢ > 0 a fixed constant. This process
was introduced by Neveu (1992) in the preprint [Nev92], and further studied by
Bertoin and Le Gall [BLG00]. Neveu indicated that for every fixed (deterministic)
initial state Xy > 0 there exists an exponentially distributed random variable V
with mean 1/Xj, so that

(1) e % log X; T—) —logV as.,
tToc

see [FS04, Appendix] for a detailed proof. (Similar Galton-Watson results occurred
earlier, for instance, in Grey [Gre77].)

Coming back to the spatial generalization X of X, it was not understood so far
how the total mass X, spreads out macroscopically in space as t 1 co. Clearly, for
supercritical super a stable motions of finite mean one expects that after a spatial
a rescaling the total mass normalized by its mean gets a profile described by the a
stable density function. See, for instance, Watanabe [Wat67], Fleischmann [Fle79],
and Biggins [Big92] (a more detailed discussion follows after Theorem 1 below). But
it was not at all clear, whether under the much stronger production of an infinite
mean branching certain spatial “intermittency” effects occur. Recall that X; has
a stable distribution where its index e ¢* converges to 0 as t 1 oc. In particular,
X, cannot be normalized by its mean. The present paper was motivated by this
open problem concerning the large scale behavior of X.

1.2. Preliminaries: notation. Before we will describe the model in more detail,
we need to introduce some notation. The class of Borel subsets of R? is denoted
by B, the ring of all bounded sets in B by bB, and of all Lebesgue continuity sets
in bB by bB;, that is, B € bB belongs to bB, if and only if with respect to the
Lebesgue measure £ on R? we have £(dB) = 0. The distance between z € R?
and B € B is denoted by |z — B|. Let 1p stand for the indicator function of a set
B, and B¢ for the complement of B.

We denote by C; = C;(R?) the class of continuous functions ¢ on R? which posses
a finite limit as |z| T oc. We write ¢ € C1(2) = CI(Z)(IRd), if ¢ € C; has derivatives
up to order 2 which belong to C;. Additional superscripts “4+” and “+4” indicate
the subspaces of all non-negative functions and all functions which have a positive
infimum, respectively. The supremum norm is denoted by || - ||cc -

If E denotes a Polish space, write D(R;, E) for the Skorohod space of all
FE valued cadlag paths.



For 0 < a <2, let S* denote the semigroup associated with the d dimensional
fractional Laplacian A, := —(—A)*/2, that is,

(2) Sfe(z) = /dpf‘(y —z)p(y) dy, t>0, ¢c¢€ C1++,
JR

where p® is the continuous transition density function of the related symmetric
a-stable motion & = {& : t > 0} in R? with cadlag paths.

Write M for the cone of all finite measures on R?, equipped it with the topol-
ogy of weak convergence. The integral of a function ¢ with respect to a measure
U € My is written as u(p). We set g := p/u(1) for the normalized measure of
u € Me\{0}.

As usual, we write f; ~g; as t T oo, if fi/gr — 1 as t 1 oo. Equality in law is

denoted by £ , and convergence in law by A

1.3. Super—a—stable motion X with Neveu’s branching mechanism. The
super a stable motion X with Neveu’s branching mechanism is a (time-homoge-
neous) Markov process with paths in D(Ry, Ms), described via its Laplace tran-
sition functional

(3) E{efxt(w) ‘ Xy = ,u} = ef“("t[‘p]), t>0, @€ C1++, nE Mg,

where u = u[yp] is the unique mild solution to the function-valued Cauchy problem

d
(4) = Ayjur — pugloguy on  (0,00) with wop = ¢

(see [FS04, Theorems 1 and 2]).

1.4. Large scale localization. Recall that the “highly supercritical” process X
has infinite expectation. So what method can be used to attack the open problem
of large scale behavior in space?

The most general method to obtain limit theorems for “classical” supercritical,
i.e. non-spatial supercritical branching processes, was proposed by Seneta [Sen68].
Let Z be a supercritical (discrete time) Galton-Watson process and f it’s offspring
generating function. This function has an inverse g, whose n-th iterate we shall
denote by g, . Clearly, for every s € [g,1], where g is the extinction probability

of Z, the sequence z,(s) := (gn(s))Z" , n > 1, is a non-negative martingale and,
consequently, Too(s) := lim,_ oo Tn(s) exists a.s. This property of the inverse
of the generating function (or of a Laplace transform in more general “classical”
situations) was also used in [Gre77] and [Nev92]. But in the present spatial case
the described method fails. In fact, to get a martingale analogously to that used to
prove (1), one would need to solve the log-Laplace equation (4) backwards, which
in particular would require strong additional conditions on ¢, which are not at all
obvious.

The next observation is that a direct log-Laplace transform approach leads to
difficult questions concerning the asymptotic behavior as ¢ T oc of the solution
ut[p] of (4).

Let us try to consider the randomly normalized measures Xt = Xt/Xt =
X:/X:(1). Clearly, they will reflect the spatial structure of X; as well. More
precisely, for k£ > 0 we will introduce the following rescaled processes X ()

(5) X®¥(B) := Xu('/*B), t>0, BeB.



The following localization theorem is our main result. Recall that
Theorem 1 (Large scale localization). Fiz X, = u € M¢\{0}. Let the (sym-
metric) a—stable motion & in RY start from the origin.

(a) (F.d.d. convergence): For each finite collection of time points 0 <

t <o < b,
o (k o (k c
(Xt(1)7"'=Xt(n)) kT:o>o (5&1 ,...,55%).
(b) (Convergence on path space): If additionally o = 2, then, in law
on D(R+7Mf)7
£0 £ 5
ktoc

Consequently, if X is normalized by its total masses, speeded up time by a factor
k, and contracted in space by k'/®, then the whole mass will finally be concentrated
in a single random point, which fluctuates in macroscopic time according to the
stable process £. In particular,

(6) X, (t'/*B) ¢:L> 8¢,(B),  B€bB,.

tToo
Note that such limit behavior is not at all typical for supercritical spatial branching
processes.

For example, Watanabe [Wat67] has shown the following local limit theorem
for a supercritical branching Brownian motion Y in R? with finite variance and
starting from Yy = §j :

(7) e 192 Y,(B) = (2m)¥2 ¢(B)W, as., B € bBy,
tToo

where a is the Malthusian parameter of the corresponding total mass process Y
(non-spatial branching process), and
(8) e ™Y, — W, as.
tToo

For supercritical spatially homogeneous branching particle systems Y in R? in
discrete time, with second moment assumptions, and starting from a homogenous
Poisson point field, Fleischmann [Fle79] has derived a law of large numbers and a
central limit theorem. This is based on the following global limit theorem for the
process starting from a single ancestor:

(9) e Y, (t/2B) = ®(B)W, as., BEcbBy,
tToo

where ® is the standard Gaussian measure on R?.

Biggins [Big92] has proven a variant of (7) for supercritical branching random
walks in discrete time under less restrictive conditions. From his result immediately
a relation as (9) follows. Using Biggins’ method one can verify that statements as in
(7) and (9) are true for supercritical (2,d, 8)—superprocesses Y (that is, measure-
valued branching processes in R? with Brownian migration and continuous-state
branching of index 1+ ). From (8) and (9) we conclude that

(10) Y;(t/2B) = ®(B), as., B¢EbBy,

on the set of non-extinction. That is, the long-term limit on the set of non-extinction
of the normalized (2,d,3) superprocess is the deterministic Gaussian measure 9.



However, for our X process the corresponding limit variable is the random ¢
measure &g, where & is distributed according to ® (in the present case a = 2).

Remark 2 (Open problem: tightness for a < 2). The restriction to the
Brownian case a = 2 for the convergence on path space [Theorem 1(b)] comes
from the fact that our tightness proof for one-dimensional marginals fails in the
a < 2 case (see Section 4.4). Since also our attempts failed to show tightness by
using other tools, convergence on path space remains open in the non-Brownian
case. <

1.5. Approach. Next we want to explain a bit our approach to the proof of Theo-
rem 1. An essential tool will be some moment calculations. Clearly, the normalized
processes X (*) have moments of all orders. But how can they be computed? Sur-
prisingly, they satisfy relatively simple formulas. We will state them for only the
first two moments, although our method of proof actually allows to establish all of
them. The following result is the key of our approach to the large scale behavior of

X.

Proposition 3 (First two moments). Fiz X, = p € M¢\{0}. Then, for 0 <
t1 <ty and p1,ps € C1+,

(11) EX, (p1) = i(S5e1)

and

(12)  E(X., (01) Xon(2))
t1
- / 0e @ (S8 (701 5%, 4 wa))ds + e (ST 1) A(SE o).
J0O

Remark 4 (Moments involving indicator functions). Moment formulae (11)
and (12) remain valid for functions ¢; = 1p,, B; € bB,, i = 1,2. In fact, to
each compact (or open bounded) B € B, there are compactly supported functions
(S ClJr such that 1> o™ | 1 (or 0 < ™ 1 1p, respectively) as n 1 oo (see,
for instance, Kallenberg [Kal97, A6.1]). &

Remark 5 (Fleming-Viot super-Brownian motion). Note that in the case a
= 2 the moment formulas of Proposition 3 coincide with those of the Fleming-Viot
super-Brownian motion, see, for instance, [Eth00, Proposition 2.27], although the
processes are essentially different. (Recall the instantaneous propagation of mass
instead of the compact support property, and the absolute continuity of states
instead of singularity in dimensions d > 2.) Note also that for the Fleming-Viot
super-Brownian motion one has also a large scale localization property as our Theo-
rem 1, see Dawson and Hochberg [DH82, Theorem 8.1]. The mentioned coexistence
of moment formulas suggests now to use our method of proof of Theorem 1 to get
the corresponding Fleming-Viot superprocess result under weaker assumptions as
in [DH82]. &

Here is our first consequence of the moment formulae. Recall that p® denotes
the a—stable transition kernel and ¢ the Lebesgue measure.

Corollary 6 (Long-term behavior of moments). For each X, = p € M¢\{0}
and p; € C1+ such that £(p;) < oo, 1 =1,2,

(13) lim t*EX;(p1) = pf(0)£(¢1)

t1oo
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and

(14) lim td/aE(Xt(%)Xt(%)) = p7(0) /[;0096953((5?@1)(5?902))d5 < oo.

t1oo

(A formula for p§(0) is given in (A10) in the appendix.)
From the asymptotics of the mean of X;(y) together with Markov’s inequality
one can easily infer that for every € > 0 and ¢ € C1+,

(15) I%m t¥2=¢ X,(p) = 0 in probability.
tToo

Remark 7 (Open problem: local limit theorem). Is it true that £/ X, (¢)
converges as t T oo in some sense? &

There is also the following consequence of the moment formulae.

Corollary 8 (Localization at all smaller scales). Suppose Xo = u € M¢\{0}.
Consider a scaling function o: (0,00) — (0,00) with

(16) ot too and o, =o(t*) as t? oco.
Then for every open B € bB,; and € € (0,1),
t1/e\d R
(17) (Ut)I%XAmB)>1—@ = POKB),
and
(18) P(X:(0;B) >¢) ~ P(Xy(0:B)>1—¢) as t1oo.

Relation (17) gives the asymptotics of the probability that the whole mass of our
rescaled process at time ¢ is in the set 0y B. Relation (18) means, roughly speaking,
if the whole normalized mass in ;B is not very small then it is very large.

Recall that Theorem 1 in the reformulation (6) says that the total mass X,
concentrates asymptotically as ¢ T oo in one point of the rescaled space (the scale
1/ is related to the migration index). But Corollary 8 shows that this property
remains valid for all smaller scales converging to infinity.

Recall also that for the state X; at time ¢ > 0 of Neveu’s continuous state
branching process there is the following cluster representation:

(19) X = > 00,

i>1
where 19,21) > 19,22) > .-+ are the atoms of a Poisson point field 7, say, on (0, 00)
with intensity measure
me €t Cl_eet

(cf. [BLGOO0]).

Proposition 9 (Localization in the main cluster). We have the following con-
vergence in probability:

X-o2 e

21
(21) T a2



This reminds a result of Darling [Dar52] saying that the sum of i.i.d. random
variables with slowly varying tails behaves as the maximal element. Our X, is
stable of index e~ 9%, thus does not have slowly varying tails for finite ¢ > 0, but
the index goes to 0 as t 1 oo, which explains the similar effect described in the
former proposition.

Since 19,51) is asymptotically equivalent to the whole mass X;, we can now
reformulate Corollary 8 as follows. Statement (17) gives the asymptotic probability
that 19£1) locates in the set 0:B, whereas (18) says that the subpopulation 19£1)
has no time to diffuse into a large subset of R?.

Remark 10 (Intermittency). Note that for each n > 1 and B € bB, of positive
Lebesgue measure we have
log E(t°X,(B))"""  logE(t%/*X,(B))"
gBI%,(8)" logBEK(B)"
n+1 n tToo

(22)

In case of homogeneous random fields, such type of property of moments is known
as intermittency, see Gartner and Molchanov [GM90]. Indeed, as shown in [GM90],
it is enough to verify it for n = 1, and this follows here from Corollary 6. &

Remark 11 (Open problem: infinite measure states). It would be interesting
to construct X starting from the Lebesgue measure Xqg = £, and to study its
large scale behavior. Although then the normalization Xt = Xt/Xt would not be
possible since X; = oo, one still would expect some intermittency effects, i.e. the
relative localization of masses in remote locations. <&

The rest of this paper is laid out as follows. In Section 2 we recall with Lemma 12
some known properties of the Cauchy problem (4) and prove with Lemmas 13 and
15 two technical results about its solutions. The proofs of Proposition 3 as well as
of Corollaries 6 and 8 will be provided in Section 3. The final section is devoted
to the proof of Theorem 1. In an appendix we collect some remarks on stable
distributions and prove Proposition 9.

2. RELATED LOG-LAPLACE EQUATION

An essential step in our procedure is to establish a log-Laplace product formula
(Lemma 13) and a small-e-asymptotics of log-Laplace functions (Lemma 15).

2.1. Basic setting. A continuous-state branching process with branching mecha-
nism u — g(u) is a time-homogeneous Markov process, whose Laplace transition
functional can be characterized as follows. For every A > 0,

(23) E{ef)‘Xt Xo = m} = ¢ mul t,m >0,
where @ = u[)\] solves

(24) %ﬂt = —g(a;) on (0,00) with @y = A
Actually, we restrict our consideration to Neveu’s special case
(25) g(u) := pulogu,  u>0,

(for the fixed g > 0). Then necessarily,
(26) aA] = A0,
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which demonstrates that for every t > 0 fixed, X; has a stable distribution with
index e~ ¢ < 1. In particular, in this case the random variable X; is non-zero and
finite with probability one.

Next we rewrite log-Laplace equation (4) in integral form:

t
(27) w = S - / ¢ (g(us)) ds, >0,
J0

where we used notation (25). The following result is taken from [FS04, Theorem

1.

Lemma 12 (Well-posedness of log-Laplace equation). To ¢ € C]Jr+ there is
a unique (pointwise) solution ulp| to equation (27), and

(28) min{ inf »(y), 1} < ugfp] < max{ sup ¢(y), 1}.
z€R? zcR4
Moreover, if ¢ € C1(2)++, then wui[p] solves the related function-valued Cauchy

problem as in (4). Further, if p, € C1++ pointwise satisfy ¢, | @ € ClJr as n T oo,
then pointwise ulp,] | ulp] holds, and the limit function ulp| is a solution to
equation (27), satisfies (28), and is independent of the choice of the approzimating
sequence {pp}tn>1 .

From now on, for ¢ € C;" fixed, under u[p] we mean the solution to (27), which
can be obtained as such limit of some u[p,].

From the expression (26) for 4[A] one can easily infer that @;[A0] = @;[A] a.[0]
for all positive constants A and €. In the following lemma we generalize this identity
for the solutions u[p] to equation (27).

Lemma 13 (Log-Laplace product formula). For t >0, A >0, and ¢ € C1+,
(29) ut[Ap] = u[A]uefep].

Proof. Let us first assume, that ¢ € C1(2)++. Then, by Lemma 12, ufp] is the
unique solution to the Cauchy problem (4). Clearly,

(30) o (@Nule) = al] (Saude] — g(ule) — ulel g(mN).
Therefore, in view of @[\ Ayui[p] = A, (ﬂt [A] ut[(p]), and

(31) g(ut [ga]) ae[A] + ue[) g(zit[)\]) = g(ut[(p] Uy [)\]) ,

we conclude, that u[p]4[A] solves the Cauchy problem (4) with initial condition
Ap. Uniqueness of the solution to (4) gives the proof of (29) in the case ¢ € C1(2)++.

To finish the proof, approximate ¢ € C1+ monotonously from above by appropriate

@n € (31(2)’Jr+ and use Lemma 12. O

2.2. A distributional relation. Using log-Laplace product formula (29) one can
establish a simple connection in law between the random variables X;(¢) and X;.
Indeed, for t, A, ¢, as in Lemma 13,

pluel) = w\ plulel) = p(1)alN “t((ﬂ(ut[sa]))(egt))
(32) = u(l)ut(,\(ﬂ(ut[ga]))(egt))_
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Hence, from these equalities and the Laplace transition functional (3) we conclude
that

E{e—xxt(w) X, = u} — E{edet}?t

This means that

Xy = ;1,(1)} with 6, := (;l(ut[(p]))(eet).

(33) X(o) £ (i) X, 120, pecr

Now we show one possible application of this equality in law. From (33) it follows
that for every ¢ € C1+,

(34) e @ Elog X;(p) = e ®ElogX; + log(ﬂ(ut[ga])).

Since X:(cp) = ¢Xi(p), for any constant ¢, we may assume without loss of gener-
ality that ||¢|lsc < 1. Then X;(p) < X; and, consequently,

(35) e ¢ E| log X; — log Xt(go)‘ = — log(ﬂ(ut[(p])).
Thus,
(36) e o E| log X; — log Xt(go)‘ ? 0 ifand only if A(ufp]) — 1.

tToo

On the other hand, by Proposition Al in the appendix,

T

(37) Ele ®logX; — (—logV) T—) 0, r > 0.
tToc

Combining (36) and (37), we obtain the following result.

Proposition 14 (Equivalent formulations). Consider ¢ € C1+. Then condition
ﬂ(ut[(p]) — 1 as t1 0o is necessary and sufficient for the convergence

(38) Ele” % log Xi(p) — (—logV)

— 0.
tToo

Clearly, one expects that the convergence ﬂ(ut[(p]) — 1 holds for all non-
vanishing ¢ € C1+. Then, comparing with (1), the proposition would say, roughly
speaking, that on a logarithmic scale, X;(¢) behaves just as X;. Since this state-
ment is not very informative, we do not insist to settle the statement ﬂ(ut [ga]) -1
and follow instead another route.

2.3. Small e—asymptotics. A crucial step in our development is the following
perturbation result.

Lemma 15 (Small e—asymptotics). Let ¢ € C1(2)++ with ||¢|loc < 1. Then for
fired t >0,

2 t
us[l +ep] = 1 +ee @ SFp — E?ffgt-/ e 2 S (S%p)*ds + O(e3e™?)
0
as €} 0.
Proof. Fix 0 < € < 1. We define the function v = vl[ep] := u[l +ep] —1 > 0,
which is the unique solution to the Cauchy problem

d
(39) U = Ajve — o (14 v)log(l1+wv:) on (0,00) with wvoy =e9p
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(note that v+ g (1+ v)log(1l+ v) is locally Lipschitz on Ry ). It follows that the
function t — w; = wy[ep] := e®’v; solves the equation

d
S = Agqwi — pe? (1 + e %wy)log(l + e % wy) + owy  with woy = egp,

which in integral form reads as

t
(40) wy = eS7p— / oSy, (e"s(l +e Pwg)log(l+e w,) — ws) ds.
0

Hence,

t
(41)  wifep] = ee @ SPp—e / oe®® Sy | ((1 + vg) log(1 + vs) — '1)5) ds.
0

Using Taylor expansion for log(1 + z), we get for 0 < z < 1,

- (=DF
42 14+ z)log(l+z) = = —x".
(42) (1+z)log(1+ z) T+§k(k71)7.
From this identity it follows that for 0 < z < 1,
2 3 2
(43) m+%*% < (14 2z)log(l+z) <m+%.

Moreover, by (28),
(44) 0 < wlew] < el < .
Applying these bounds to the right-hand side of (41), we have

7gt t
(45) wledl > e espp - S5 [ gen sy wtds
J0

and

e—ot rt e—ot [t
(46) wvilep] < ee @ Sfp — 5 / 0e? S v’ds + 5 / 0e? S v3ds.
Jo Jo
Note next that from (41),
(47) vi[ew] < ee @ S,

Combining (45) and (47) gives the following lower bound
e o

t
2 [ oe sz (S5e)? ds
= = (S

Comparing (48) with the claim in Lemma 15, we infer that it remains to find a
suitable upper bound for v;[ep]. Applying estimates (48) and (47) to the first and
second integrals at the right hand side of (46), respectively, we obtain

(48) vilew] > ee @ SFp —

vilep] < ge O S

e ot t e [ 2
S [eesp(ste § [ ee sz (sterar) ds
J0 J0
e ot

6

t
+ (—:3/ 0e® S (S%p)®ds
0

7Qt t
eT g2 / pe ¢ SfLS(Ss‘(p)Z ds + O(Egefgt).
Jo

This finishes the proof. O

(49)

—pot Qo
ee &S5 —
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Remark 16 (Asymptotic expansion). It is easy to see that we can expand
ut[1 + €¢] in a power series
(50) wll +ep|(z) = 1+ Hit,z)e,

i=1
where H; are some functions which could be expressed in terms of the semigroup
S% and the initial condition ¢. &

3. ASYMPTOTICS FOR MOMENTS

Here we derive the needed moment formulae (Proposition 3) and study their
asymptotic properties (Corollaries 6 and 8).

3.1. Moment formulae (proof of Proposition 3). First we will show that for-
mulae (11) and (12) hold for 1 = ¢y =: ¢ € C](Z)+Jr and t; =ty =:t > 0. Recall
that without loss of generality we may assume that ||¢||e < 1. By (33), for every
>0,

ot

(51) X, +eXo(p) £ (w1 + ) "%,

Taking first logarithm at both sides and then expectations, we obtain
(52) Elog (X; +eX:(¢)) = ElogX; + e log(ﬂ(ut[l + Ega])).
Therefore,

(53) Elog(1+ ¢ X,(¢)) = e log (,1 (w1 + 630])).

Evidently, X;(¢) < |l¢lle < 1. Hence, from the Taylor expansion log(1 + z) =
r—22/2+ 0(z®) as z |0, and the boundedness of X;(y), it follows that

(54) Elog(l-{—e)?t(ga)) = EEXt(ga)féE(Xt(w))2+()(E3) as el0.

By Lemma 15,

el log(ﬂ(ut[l + 630])) = e log(l + ;1(ut[1 +ep| — 1))

et

= egtﬂ(vt [EQD]) - (ﬂ (’Ut [Ega]))z +0 (‘S’Qt (ﬂ(“t[Eﬁa])):i)

2 t
€ A(S5p) - / oo ¥ 4(SE (S%p)?)ds —

3 g2e et
2 Jo
Combining with (53) and (54), we conclude that

(4(S9))” + O(E®).

e (BX,(p) — i(S2p)) = E—[E(Xt(w)f*/(; oe @ A(S7 (S5w)?) ds
(55) e o (i(S79)’] + 0.

Dividing by € and letting € | 0, we obtain (11) in the case ¢ € C1(2)++. Therefore,

E2

66) 5 (B [ e als (550 ds e (alsi)’| = 0,
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Dividing now by £2 and letting again € | 0, we arrive at (12) in the case ¢; = 3 =
eeC® and t; =ty =t >0.

The case of possibly different 1, s € C](Z)+Jr follows by polarization. To extent
to w1,p2 € C1+, approximate monotonously from above by functions in C1(2)++,
and use Lemma 12 as well as monotone and bounded convergence. This completes
the proof of expectation formula (11).

Finally, second moment formula (12) in the case t; < to follows by using the

Markov property and (11). O

3.2. Long-term behavior of moments (proof of Corollary 6). Take u, 1, @2
as in Corollary 6. By polarization, we may assume that ¢; = s =: . We will
again additionally suppose that ||¢]l < 1. Recall the following scaling property
of the stable density function: For every k > 0,

(57) pi(z) = kY*pf(kY/*z), t>0, ze€R

Using this identity with k¥ = t~1, we have

(59) Seta) = ¢4 [ w0 - 2) oly) dy.
JR

In view of p¢ (t~1/*(y — z)) — p§(0) as t 1 oo, we obtain

) e asie) = [ [ pr(n o) ide) ) dy > 070 o).

Combining this relation with the expectation formula (11) gives (13).
Using the same arguments one can show that for every fixed s > 0,

(60) t4* (S, (S79)?) P p7(0)£((S59)*) < p7(0)£(w).

Here we used || S%p|loc < 1. Hence, by dominated convergence, for every fixed
so > 0,

(61)  lim 19/ / 0e @ i(SF ,(S%¢)%) ds = p3(0) / pe e L((S7p)?) ds.
JO J0

t1oo

Using again ||S¥p||ec < 1, we arrive at the bound

t t
(62) / 0e @ (SP (S70)) ds < A(SP) / e ®ds,  1>s.

Therefore, by (59),
t
(63) lirtr}sup 1/ / oe 2 A(Sy ,(STp)?)ds < p(0)L(p)e 2.

Since (61) and (63) are valid for any so > 0, we can combine them and let s¢ 1 oo
to get

t oo
00 tim e/ [ ge e a(sy (S70P) ds = v2(0) [ oo @ e((56)) o
0 0

tToo

Together with the second moment formula (12), the proof of Corollary 6 is complete.
O
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3.3. Localization at all scales (proof of Corollary 8). Fix u,0,B,e as in
Corollary 8.

1° [Ezpectation asymptotics]. For t > 0, let be given open B; € bB, with B; C B,
and such that 4(B;) 1 ¢(B) as t 1 co. For the moment, fix s > 0. Then, for ¢ > s,
from (11) (and Remark 4) and (58),

(65) EX, .(0:B)) = ((t”ﬁ)d L /R P2 (( = ) o0z — ) jld) .

Using assumption (16) one can easily infer that

66 [ o9 Vo 0)ildn) s p50),  2CB.
JR t1 oo
Therefore, setting
t1/e\d
(67) e .:(Gt), t>0,
we obtain
(68) c: EXy_,(0¢By) o p(0)£(B),  s>0.

2° [Second moment asymptotics]. Our next purpose is to prove the convergence

(69) ¢ B(X,(0,B)) = PR(0)U(B).

Since X;(0:B) < 1, by (68) it suffices to show that the limit inferior as ¢ 1 oo of
a suitable lower estimate of the left hand side in claim (69) equals the right hand

side of (69).
Fix sg > 0. Choose a number R such that f\UKR pS(y)dy > 1 —¢ for all

s < sg. Define B; := {y €EB: |y—90B|> R/O’t}. Trivially, o;B; := {y € 0B :
|y - a(atB)‘ > R}, since 0:0B = 8(0+B). Then, for every z € 0:B;,

(10)  8%1,p(z) > / Py z)dy > / Py z)dy > 1.
J oy By J|y—z|<R

Hence, for ¢t > sq,

1) [ oe (st (5 ds 2 0o [ oo (S2 1uus) .
0 0

By (68) and (11), we conclude that for every s < s,

(72) (ST 1) ) PEO)U(R)

By dominated convergence,

1) o[ ee ST ) ds o BTOUB et

Combining (73) and (71), we arrive at
t
li?’% inf ¢ / oe @ n(Sy ,(S21,,5)%)ds > (1—€)’py(0)4(B)(1—e %),
oo Jo

Letting £ L 0 and sg 1 oo, as well as using the second moment formula (12), we
get (69).
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3° [Verifying (17)]. Based on (68) in the case B; = B and (69) we find € > &; | 0
as t 1 oo so that

(74) Egl(Ef(t(atB) fE(Xt(atB))Q) = o(EX(0,B)).
Now, since X;(o,B) < 1,

E(X,(o:B)) < (1-¢) E{X’t(otB); X,(0,B) <1— st}
(75) + B{Xi(0B); Xi(oB) > 1 &},

Rearranging gives

(76) E{X’t((rtB); X, (0:B) <1— 6,5} < e;l(E)?t(atB) - E(Xt(otB))Q).
Hence, by (74),

(77) E{Xt(atB); X, (0:B) < 175t} = o(EX,(0,B)) as 171 oc.
Again by 1> X,(o,B),

(718)  P(Xy(o:B)>1-g) > (1—¢) E{X’t(atB); Xy (0:B) >1— 6,5}.
Combining (78), (77), and (68) (in the case B, = B) gives

(79) liminf ¢; P(X:(0:B) >1—¢;) > p§(0)£(B).

tToo

On the other hand, from Markov’s inequality,

(80) P(Xi(0:B) >1 &) < (1 &) "EX;(0:B).

Therefore, again by (68),

(81) limsup ¢; P(X(0:B) > 1 —¢&;) < pf(0)4(B).
tToo

Combining (79) and (81), we arrive at (17) with & replaced by &; [which was
chosen for (74)].
Clearly, from e; < e we get

(82) lim inf i P(Xi(0:B) > 1—¢) > pf(0)4(B).
On the other hand,
(83) P(Xi(0:B) > 1—¢) = P(Xy(0:B) > 1—¢;) + P(1—e < X;(0:B) < 1—¢,).
By Markov’s inequality,

P(l—e<X,(oB)<1-g,) < (1—g)" E{X’t((rtB); Xy (0:B)<1— st}.
Inserting into (83), from (77), (68), and (81) we get
(84) limsup ¢; P(X,(0:B) >1—¢) < pf(0)4(B).

t1oo

Together with (82) the proof of (17) is finished.
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4° [Verifying (18)]. Using Markov’s inequality, we have
P(Xt(O'tB) € [€t7 1-— €t]) = P(Xt((ftB)(l — Xt(O'tB)) Z €t(1 — Et))

(85) < e'(1- &) (EXy(0uB) — E(Xi(0:B))).
Recalling (74) we conclude
(86) lim sup ¢; P(Xt(O'tB) € ler,1— Et]) = 0.
tToo
But . R
P(Xo:B)>c) _ | aP(Xi@B)cll-c)
P(Xt(O'tB) >1-— E) Ct P(Xt(UtB) >1-— E)

and (18) follows from (86) and (17). This completes the proof of Corollary 8. O

4. LARGE SCALE LOCALIZATION (PROOF OF THEOREM 1)

We start with the convergence of finite-dimensional distributions (Section 4.1).
Compact containment is provided in Section 4.2, and tightness of one-dimensional
marginals in the Brownian case in Section 4.3. The proof of Theorem 1 is then
completed in the end of Section 4.3. That our tightness proof fails in the non-
Brownian case is explained in Section 4.4.

4.1. Convergence of finite-dimensional marginals. To prepare for the proof of
convergence of finite-dimensional distributions, we first derive the following simple
result.

Lemma 17 (0-1-valued limits). For k,n > 1, consider [0,1]-valued random
variables m,;, 1 <14 <mn, such that

(87) %ITI’H Eﬂk’i(l - 7Tk,i) = 0, 1 S ) S n.

Moreover, suppose

n
88 lim E ; st > 1.
(88) lerglo 1_[71';@,Z exists, n >
=1
Then for each n > 1 and as k 1 oo, the random vectors mw, ‘= (Tp1,...,Tkn)

converge in law to some random vector Ty of 0-1-valued random variables satis-
fying
n

(89) P(me =€) = ’!le E|[ w5 (1 —mea), €= (e1,...,en) € {0,1}™.
=1

Proof. First we prove that condition (87) implies that to each n > 1 there exist
1>6, 10 as k1 oo, such that

90)  P(({m(l—mea)' ™ <&}) = B[ 70— m)® + o(1),
i=1 i=1
e € {0,1}". To do this, note that after a change m; — 1 — m; for some i €

{1,...,n} and k > 1, we get a sequence of vectors r; which also satisfies (87).
Thus, for the proof of (90) without loss of generalities we may assume that € = 0.
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Then the left hand side of (90) can be written as and afterwards obviously estimated
by
(91) P( N{mi>1- 5k}) < (1-8) "E][m; = E]]me+ol1).

i=1 i=1 i=1

On the other hand,
P(ﬂ{ﬂk,i21—5k}) > E{Hﬂk,i; n{ﬂk,i21—5k}}
i=1 i=1 i=1
(92) > EHWk,i *E{Hﬂ'k’i; U{ﬂ'k,i<175k}}-
i=1 i=1 i=1

Choose now & € (0,1] such that Y1 | Emy (1 — m ;) < 82 for all k. Then by
Markov’s inequality the second term in (92) is bounded from above by &5 . Thus,
for (92) we get the lower estimate E ]}, m ; + o(1), too, altogether giving (90).

To verify the claim on the existence of a limiting random variable 7, , it suffices
to show that for each n > 1 and € € {0,1}",

(93) IEIT?OP(ZQ{M’“ — & < 5k}) =: p. exists,

and
(94) > pe=1.

Since the m; are [0,1]-valued, we can rewrite |m; —&;| < d; as W,lc;.Ei(l —
T,i)* < 8. Then, by using (90), instead of (93) it is enough to verify that for
each € € {0,1}",

(95) ,lle E[] 7,51 —m:)* =: pe exists.

=1
But here again without loss of generality we can take € = 0, and then (95) follows
from assumption (88). To finish the proof, it remains to show (94). However, by

dominated convergence, from (95),

. Yo = hn Y [[ok - m = 1

e =1
since the sum under the expectation sign is identical to 1. This finishes the proof. O
To get the convergence of finite-dimensional distributions it is enough to prove
convergence in law of finite vectors as m := (X't(lk)(Bl), X't(:) (B2), ... ,Xt(f) (By)),

where Bi,..., B, are open (bounded) parallelepipeds in R?, and 0 =: ¢y < t; <
<ty

Lemma 18 (F.d.d. convergence). We have the following convergence in law on
R? :
+

(97) o M:‘; (66,,(B1),- -, 0¢,.(Bn)).
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Proof. 1t is easy to see that
(98) [ Bt s i) o pre),  ze R
JRA tToo

Proceeding as in the proof of (68) and (69), but using (98) instead of (66), we get

(99) ImEX,(/°B1) = lmB(X,(1"/*By))" = / pf(2) d=.
oo o0 . B1

Hence,

(100) Jim EXH(B)(1-XH(B)) =0, 1<i<n.

We claim that for each n > 1,
(101) ,lle E[[ XY (B) = s2 (131552(132 ---(1Bn715$;13n)---))(0):
i=1

where 7; 1= t; —1;_1, 1 < j < n. Since the right hand side obviously equals
E[l;_, d, (Bi), then with Lemma 17 the proof of Lemma 18 will be finished. In
order to verify (101), note that the indicator function 1pg, of the parallelepiped
B; can monotonously be approximated from both sides by compactly supported
functions (recall Remark 4). Therefore, it suffices to demonstrate that

(102) lim E
ktoo

=,

X () = 82 (301532 (p2- - (Pn187 @n) .. -))(0), n>1,

=1

where ¢1,...,¢; <1 are compactly supported functions in C1+.
Recall from expectation formula (11) that

(103)  BXP(er) = a(S,elY) = a(Sier (57) o Sien (0),

where we used the abbreviation p(®) := p(k=1/*.), and
(104) Stp = Sgel® (K7 ),
which follows from scaling (57). Similarly, by second moment formula (12),

(105) EXM(01) X (02) = o(1)

ktq
b [ o eSS SEsne) )i
0

as k 1T oo, where the o(1) term is bounded by 1.

Because of (103), for the proof of (102) we may assume that n > 2. Then, by
the Markov property and (105), the expectation at the left hand side of (102) can
be written as

(106) /Imlge""E( 11 f(f,.k)(w)) X
0 1< i<n—2
XSL (( fn,1fs/k(sg/k§0n*1 Sg/k+Tn§0n))(k))ds
except an o(1) term, bounded by 1. It is well-known that
(107) [Sge—wl| =0 as ql0, e
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Therefore,

(108) |[(S2_, e (Suon 1 S rom) = (87, (e 1820a) | — 0.

oo ktoo
Inserting into (106), instead of (102) we need to show that
kTn 1
—ps o (k o (k a a k
/ o B( I XP0) XY, (52, (152 0a)"™ ) ds
70 1<i<n—2

(109) s (gals;g (g2 (#n 15% @n) .. .))(o), n>2.
But this can easily seen by induction on n. This finishes the proof. O

4.2. Compact containment. As a preparation of the tightness proof we establish
here the following result.

Lemma 19 (Compact containment condition). To all € € (0,1] and T > 0,
there exists a relatively compact set K. C Mg such that

(110) inf P(X® e K.q forall t<T) > 1—¢.
>0

Proof. Recall (see Kallenberg [Kal97, A7.5]) that a subset K of M; is relatively
compact if and only if

(111) sup v(R?) < oo and  inf sup v(B°) = 0.
veK BebB veK

Since Xt(k)(]Rd) =1, to prove lemma it is enough to show that

(112) lim supP(supXt(k)(An) > E) =0

)
nfoo k>0 t<T

where A, = {T € RY: |z| > n} Let r,, denote a function in the domain of A,
such that r,(z) < 1 for all z, and r,(z) =0 if |z] < n — 1, as well as r,(z) = 1 if

|z| > n. For every k > 0 define a function ) (z) := rp(k~1/%z). Tt is not difficult
to see that

(113) P(supXt(k)(An) > (—:) < P( sup Xt(r k)) > E)

n
t<T t<kT

t
< P(sup (Xt(rnk)) — / X'S(Aarg“))ds) > %)
Jo

t<kT
kT . c
+ P(/ X, (180r®]) ds > 5).
0

Using Proposition 3, one can easily verify that
jutiy )

i
(114) t - Xt(r,(lk))f/‘ X,(Aur®)ds,  t>0
J0

is a martingale with deterministic initial position ﬂ(r(k)). Hence, applying well-
known Doob’s inequality to the first probability expression at the right-hand side
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of (113), we obtain

P(sup frk /X Ar dq) —)
t<kT

< EE‘XkTTk)) X, (Aar) ds
€ J0
9 R kT
(115) < = (EXkT(rnk))'l'E/ £ (18ar)) ds).
€ J0

For the other probability expression, by Markov’s inequality,

(116) P(/OkT 2(|Agr! |)ds>2) < gE/OkT 2(|Aar®)]) ds.

Exploiting expectation formula (11) to the right-hand terms of (115) and (116), we
have

- (k 2 kT
17 P(sup X (40) > ) < —(ﬂ(s,?Tr,(f)H/ A(S218ar®]) ds).
€ 0

t<T

Obviously, ;l(S,‘j‘Trng)) = (S%r,) — 0 as n 1 co. Further, from the self-similarity
of A, it follows that

(118) Agr®) (2) = k7 AL, (K7 %).
Consequently, Sf|Aar,(1k)| =k~ 1Sf/k|Aarn| and
kT T
(119) / a(S2|AarF))) ds = / (S| Aarnl) dz
Jo Jo

By Fleischmann and Mytnik [FMO03, Corollary A6], this integral converges to zero
as n 1 oo. So we have shown that the right-hand side of (117) is independent of &
and goes to 0 as n 1 co. Thus, the proof of the lemma is finished. O

4.3. Tightness of one-dimensional marginals. Another prerequisite for tight-
ness is the following lemma.

Lemma 20 (Tightness of one-dimensional marginals). Suppose a = 2. For

each ¢ € C1(2)++, the family {Xt(k)(go) k> 0} is tight in law on D(Ry,Ry).

Proof. Fix ¢ € (31(2)Jr+ with ¢ <1, and T > 1. Since Xt(k)(go) < |lello €1, by
Theorem 15.2 of [Bil68] it suffices to check the following condition:
For €, > 0, there exists a § € (0,1) and a kg > 0 such that

(120) P(w_’f((k)(ga) (6) >e) < n, k> k.

Here the modulus w'y % (o )(5) is defined by
(121) wh(8) = inf max w,([ti—1,8:)) with w,(I) = sup |z, — z¢
t 0<i<n s,tel

where t refers to any decomposition of [0,7] by means of 0 =:t) < t; < --- <
t, := T with the property that ¢;, —¢;_1 > 4, 1 <i < n. Obviously,

[T/68]+1

(122) {'u)X(k)( )(5) > E} C U {U)X(k)(‘p) ([i5, (i + 1)5)) > 6}.

1=
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Hence,
(T/8)+1 .
v (k)
(123) P(’U)X(k)( )(5) ZE) < 2 Z (011:25X5+t ) — X5 (ga)| > 5)
Now, for each 1,
. st
K@ - X0 @) < | [ X0 (Bap)ds
) " S+t
(124) + X000 - %00 - [ 2@
Clearly,
10+t R
(125) sup | [ X (Bap)ds| < 6l Bupl as
0<t<s | Jis

Then, for § < e/4||As¢]lo ;s

. €
P(Omp ‘Xz5+t ®) _Xi(zf)(w” > 5)

5+t
(126) < P X000 - X060 - [ 1P a]>5).
0<t<$ i

But ¢t — X(Jlt( ) — Xi(f)(ga) — i?“ Xs(k)(Aaga) ds is a martingale, hence by well-

known Doob’s inequality,

. 10+t R
P( sup ‘X 51t (9 (¢) = X () —/ XM (Aayp)ds| > 2)
0<t<§ i6

—

a2r) < (Z)4E(X&’“ll)5<so>—)?£§)<so>— / Xﬁ’“>(Aaso>ds)4.

Since (a + b)* < (2a® + 2b2)2 < 8a* + 8b*, the whole expression (127) can be
estimated from above by

N N 4
(128) cet (B(X{E st - XP0) + 0 1l ).

where we used (125), and ¢ is a certain (later changing) constant. From the f.d.d.
convergence (Lemma 18) and dominated convergence it follows that

(129) ,llTrgloE(X(( 11)5@0) — Xi(;)(go))‘l _ E(w(f(iﬂ)s) - 90(&5))4.

Thus, there is a ky > 0 such that

o (k o (k 4 4
(130)  E(X{,500) - XP(@) < 2E(p(Eusns) — 0l&s)) . k> ko.
The latter moment can actually be computed:

4

(18)  B(e(urns) — vl6s))

= S5 (S?w“ —4pS59" + 69?870 — 40" SFp + <p4) (0).
Since S has generator A,, to 8 > 0 one can find §y = §p(8) > 0 such that
(132) |S5¢” — ¢ — 6Aa?|| . < B, 0<6<by, 1<j<4.
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Applying this repeatedly to (131), we get

B (p(E1)s) — 060

(133) < 68| Aap® — 4pALp° + 60> Anp® — 40’ Agp| (0) + 486

[note that (1 —4+6— 4+ 1)p* = 0]. Now we use our assumption a = 2, since in
this case Aqp? — 40A 403 + 602 A% — 49 Ay = 0. Consequently,

4
(134) E(<P(5(i+1)5) *90(&5)) < 486
(actually, this moment is of order §%). Then from (123), (126)—(128), and (130),

(135) P(w'}z(w)({s) > e) < ¢T§ e (B85 +6Y) = cTe 4(B+6%.
Choosing now (8 and § sufficiently small, the latter probability expression can be
made smaller than 7, as required for (120). This finishes the proof. O

Completion of the proof of Theorem 1. Part (a) was provided by Lemma 18. Since

{u —u(p): € C1(2)++} is a family of continuous functions on M; that separates

points, Lemmas 19 and 20 together with Jakubowski’s criterion (see Theorem 3.1
of [Jak86]) yield that in the case a = 2 the X(¥) are tight in law in D(R, , M),
giving also part (b). O

4.4. Failure of our method in non-Brownian situations. Our method of prov-
ing tightness of one-dimensional marginals does not work if @ < 2. In fact, similarly
to (129), we have for even g > 2,

(136)  Im B(X{,,0) - £50) = B(e(Eus) — (&)

Also, as in (131),

030 B~ o) = 55(3 () corse) o)

By (132),
(138) B(0(Eiss) — @) = 6 (559) (0) + o),
where
(139) W = .7 (j) (— @) Auyp? 7.
Now, since a < 2,
 Ve(z)-(y =) dy

10 dwp(a) = [ o) ola)
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see, for instance, Dawson and Gorostiza [DG90, p.245]. Hence,

G
(141) (= l q) 9" (y) — " ()

30‘7

FZ <q> () (@) Vet (m)} (y —a)

1+ |y —=z|?

But Vp?=7 = (¢ — j)¢? 7~ 'Vp. Therefore,

w SN e@ve = ot @aY (1) v =o
On the other hand,

13 X (D)o@ () - o)

J
_ - () Cor@e 1o - o) (e v
- ,:1]6)( e ()" (y) + ¢(z) = (p(y) — o(z))’

Inserting both into (141) gives

(141) o) = [ DLy,

ly — z|*te

which in general is different from 0 for any choice of an even g. Hence, (138) is not
of a smaller order than § as § | 0 [opposed to (134)]. Thus, for a < 2 our method
of proof cannot lead to (120).

APPENDIX

In this section we will recall some facts about stable distributions and prove
results on the total mass process X.

A.1. On stable distributions. First of all we want to relate non-negative stable
random variables to exponentially distributed ones. For this purpose, for fixed
m > 0 and 0 < v < 1, let ¢, > 0 denote a random variable with Laplace
transform

(A1) Ee 2 = exp{—m)\}, A>0.

In the stable case v < 1, write ¢}, for the density function corresponding to (7, .
Moreover, let 7,, be independent of (], and exponentially distributed with mean
1/m. Then

(A2) P(m > A(}) = Ee X,
thus, from (A1),
(A3) P((m/¢L)" >X7) = exp{-mA"}, A>0.
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Consequently,
m\" .

(A4) (c_ﬂn) £ .
(This method was proposed by Williams in [Wil77]; using this trick he obtained a
representation of stable distribution as a convolution of gamma distributions.)

Obviously, the Laplace transforms (A1) are continuous in . That is, v, — v as
n 1 oo in (0, 1] implies the convergence in law (J» Y ¢ . On the other hand, v | 0
leads only to the limit law e ™8y + (1 — e ™)do of (?,. But under logarithmic
scaling in this case

(A5) ylog (), = —logm,
740

which follows from (A4).
As another consequence of (A4) we express all moments of negative order of the
random variable (). Indeed, (A4) and the independence of (, and n; gives

(A6) En E((L) " = En/7,  r>0.
Hence, using the well-known formula En’, =T(1+r)/m", r > 0, we get

ey PA /)

(a7) B = m 7 gy

r >0,
where I' denotes the Gamma function.

Recall the symmetric a stable transition density functions p® occurring in (2).
We want to calculate the quantity p§(0) (which occurs in Corollary 6). For a < 2,
from subordination (see, e.g., [FG86)),

(A8) p(z) = / T p2(a) g2 (s) ds

(recall that qf/Z is the density function of the random variable C;I/Z with index
v = a/2, and p? the heat kernel). Therefore,

(A9)  pf(0) = (4m) /Om”” ¢ (s)ds = (4m) Y7 B(G?) O,

and (A7) gives

(A]O) p‘f(O) = (47r)7d/2M

r'(1+d/2)
(which is trivially true also for a = 2).

Another possible application of (A4) is the calculation of E(log() )™ for n =
0,1,... In fact, taking logarithm from both sides of (A4), we have

(A11) ylogm —ylog(l = lognm.
Therefore,
1
ogn — lo = — 0g Nim n=
Al12 E(logm —log (Y )™ ’ynElgn ", 0,1,

Using this relation we can express E(log ()" via moments E(logn;)! with i <n
and E(lognm,)™ for every natural n. An alternative method was proposed by
Zolotarev [Zol86, §3.6]. He has shown, that the n-th logarithmic moment of the
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stable random variable (), can be calculated as a value of the Bell polynomial

Cn(u1,...,uy,), where u; := ¢;v~* with ¢; some absolute constants.

A.2. Localization in the main cluster (proof of Proposition 9). From the
cluster representation (19) we have

PO <y) = P(r(ly.00)) =0) = e (v:)

m. (e et

Substituting y = exp[e?*z] gives

(A14) P(e? logﬁgl) <z) = exp [ ~Ta jneigt) efz], z € R,
hence
(A15) }#m P(e ¢ logﬁgl) <z) = exp[-me 7, z€eR

Comparing with Neveu’s limit theorem (1) we see that e~¢* log 19,51) and e % log X,
have the same limiting distribution.
o0

D)
y for all i > 2. Clearly, for z >y > 0,

Next we want to deal with S
Vi

me™ @

(1) () R W § P —1—e

P edo, 07 edy) = om0 et da

(A16) N (0:2) ) _me ey
-2 ° T —e o)’ v

Hence, for 0 < z <1,

195“

m?2 e 2et /oo A([y,00)) , —1 *gi/oo i 2 1—eet

_ _ e My:0)) 4 m1-e A7 ([y,z))z % T dady.

(i —2)1T2(1—e e J we (1)
But by (20),

m _(e— @t _(e— et
(A17) )\t([yym)) = m [U (™) — g )],
giving
A18 Q2 z))z e de
( i Y,
Jy/z
Y [ e
==+ y - T dx
(F(lfe Qt)) 1//2[ ]
Lle7eh)

1 m i—2 . —ot .
— —(i—1)e™ ¢ o yi—2
eet (F(l — e*é’t)) 4 /0 (1=m)™dr

1 ( - )iﬂy*(z;l)e*e" 1— (12 )it
I'( ) '

e—et 1—e o (1—1)
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Inserting this yields

(i)
(A19) P(”a) < z)

19£
= e [1 — (1 — z(eim))iil} /‘00 e M([v:00)) yil’eﬂtdy
(1 —1DITH1 —e9) Jo '

Now the latter integral equals

1 > my*(eiet) e ya—et (ot
A20 - ‘ [—7] (i=D)e™ gy—(c™*")
(A20) e,gt/(] X |~ T ey Y (y )
Fi 1— —ot oo ) Fl 1- —ot
_ Q/ e raildy = LA gy
m'e—ot 0 m' e 0t

Putting into (A19) gives

(4) —otyy i—
(A21) P(’:;—ng) N PPP)

Finally, substituting z = exp[—y €®] we arrive at

1

(1) .
(A22) P(e"’t log %55 < y) — (1—e ¥l y>0, i>2, ¢>0.
t

ol
ng
and equals the law of the maximum of i—1 i.i.d. standard exponentially distributed
random variables. From (A22), for 0 <& < 1,

(A23) P(% > z%) = P(efgtlog 1;55:)) < log(é)(e*“)) _ (17 (i%)(efgt))ifl.

Since Y 7,072 < 1,

X, -0V (0 E .- (7o)t
(A24) P( e zs) < ZP(WZF) _ 2(1—(1.%) ) .
— ;
But each summand tends to zero as t 1 oo and is dominated by

e~ et 1 — ot —ot 1 1
exp[— (1 — 1)(%)( )} < exp[— — gl gle )} < exp[— —§1/2 —]
' 2 2 2
for all sufficiently large ¢ (for i > 2 and the fixed €). Then the claim follows by

dominated convergence, and the proof of Proposition 9 is finished. O

By the way, this means that the distribution of e~¢*log is independent(!) of ¢

\%

A.3. More on Neveu’s branching process. Consider X with Xq = m > 0.
Recall that in the notation of (A1),

(A25) X, £ ¢ with y=e2,  t>0.
Then, from (A5) we get the following weak form of Neveu’s limit theorem (1):

(A26) e ?log X; T:£> —logV with Vénm.
tfoo

Besides (1), the following statement holds.

Proposition A1 (Convergence in moments of all positive orders). For every
m,r > 0,

(A27) Ele ®logX; — (—logV) 1?) 0.
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Proof. Fix m > 0. Rewriting (A11) as ylog (Y, + logn, £ ~vlogn, from (A25)
it follows that for some constant ¢, ,

(A28) e " Ellog X" < ¢, (E [ylog (7, +1ognm| + E| lognm\r)

Cr (efrgt E|logm|" + E|log nm|r).

Thus, the function t — e "¢ E|log X;|" is bounded on R, , for each = > 0. It
means that the family {(e’”’t log X;)" : t > 0} is uniformly integrable, for each
r > 0. This together with Neveu’s limit theorem (1) gives (A27), finishing the
proof. O
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