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1. Introduction

In 1977 Figotin and Pastur [FP1,FP2] introduced a class of simplified and exactly solvable
models for mean-field spin-glasses, in which the random interaction J;; between two spins was of
the form J;; = z=1 ff'ﬁ;‘, with ¢, 7 € IN, p € {1,...,p} a family of independent, identically
distributed random variables, taking, in the simplest case, the values +1 and —1 with equal prob-
ability. While these at first did not receive much attention, the same model was reintroduced in
1983 by Hopfield [Ho] as a model for autoassociative memory. The interpretation of a disordered
spin-system in the context of neuroscience initiated the continuing wave of interest of the physics
community in the field of “neural networks”. An important new ingredient in Hopfield’s version of
the model was, however, the interpretation of the vectors £#,u = 1,...,p as a family of ‘patterns’
to be memorized and the fact that the parameter p, the number of stored patterns, is allowed to
depend on the size of the system, N. In an important paper, Amit, Gutfreund and Sompolinski
[AGS], using the replica method for a heuristic analysis of the thermodynamic properties of the
model, discovered crucial changes in the behaviour of the model depending on the speed with which
p(N) grows to infinity. In particular, they pointed out that there should be a transition to a truly
spin-glass like behaviour (interpreted as ‘failure of the memory’), if p(N) grows faster than a.N,
with a. ~ 0.14. Overall, it appeared that, using the speed of growth as a model-parameter, the
Hopfield model yields an interesting class of models intermediating between ferromagnets and spin-
glasses. Over the last few years, a fairly good mathematical understanding of the thermodynamic
properties of this model has been developed, albeit under more restrictive conditions on the growth
of p(N) [K,ST,BG1,BG2,BGP1,PST].

From the point of view of spin systems, the Hopfield model is a mean field model and thus
plagued with the typical pathologies of all such models, in particular the non-convexity of ther-
modynamic functions or the impossibility of implementing the DLR scheme to define the infinite
volume Gibbs measures, etc. To overcome these pathologies and to give a natural interpretation of
mean field models in terms of limits of ‘standard’ models of statistical mechanics, Kac [Ka] proposed
a model with long, but finite, range interactions, known as the Kac model. Taking the infinite vol-
ume limit for such a model first, and then considering the limit as the range of interactions tends to
infinity while appropriately rescaling the interaction strength, one then recovers mean field theory.
The most precise and complete form of this asymptotic relation was later proven by Lebowitz and
Penrose [LP]. They showed that the rate function for the total mean magnetization in the Kac
model converges, in the limit of infinite interaction range, to the convex hull of the corresponding
rate function in the Curie-Weiss model. Such results were later recovered for more complicated

mean field models, such as the Curie-Weiss-Potts model (see e.g. [KS] for a recent survey).

Nothing is more natural than to consider the same question in the context of the Hopfield



-model; in fact, the first to introduce and study the Kac-version of the Hopfield model were Figotin
and Pastur [FP3]. They proved, assuming that the number of stored patterns is bounded, the
convergence of the free energy of the Kac-version to that of the mean-field Hopfield model (and
hence to that of the Curie-Weiss model). The main purpose of the present paper is to extend this
result in two ways: First, we want to allow the number of patterns to be an unbounded function
of the interaction range, and second, we want to prove the convergence on the level of the rate
functions. For an exposition of both the theory of large deviations and mean field models, we refer
in particular to the book by Ellis [E].

To do this, we are of course confronted with the problem of proving a large deviation principle
(LDP) for the Hopfield model itself. In the case where the number of patterns is bounded, this is not
a problem as the existence of an LDP is essentially covered by the classical Gartner-Ellis theorem
[Gae,E,DS]. In explicit form this can be found in [vH] and in mathematically rigorous form in [Co].
As soon as the number of pattern is an unbounded function of the system size, however, standard
theorems do not apply anymore, and up to now no LDP was available in this case. An important
task of the present paper is therefore to establish a large deviation principle for the Hopfield model
with unbounded number of patterns. Before entering into the precise formulation of our results, let
us mention one curious fact. We will actually be able to prove directly a large definition principle
for the Hopfield model only under the condition that the number of patterns grows more slowly
that the logarithm of the system size. By relating the Hopfield model to its Kac-version, it will,
however, be possible to extend this result to much more rapidly growing number of patterns, in the
sense that at least the convex hull of the rate function still exists in this case. This fact was, for us

at least, quite surprising.

Beyond the large deviation results for the mean magnetization, there are a lot of interesting
questions to be answered concerning in particular the Gibbs states of the Kac-version of the Hopfield
model. Even in the case of the standard Kac model, there are fairly interesting problems related
to this, as can be seen in the recent paper by Cassandro et al. [COP]. In the case of the Hopfield
model, this promises to shed light on various aspects of the properties of spin-glass type models.

An investigation of these questions is under way and results will be published elsewhere [BGP3].

We will refer to the Kac version of the Hopfield model as the FHI7{P-mode1. Let us now give
a precise definition of this model. Since the results we are aiming for in the present paper will be
independent of the dimension of the underlying lattice, to simplify notations we will work here in
dimension one. For the same reason, we will work only with free boundary conditions.!We denote
by A the set of integers A = {~N,—-N +1,...,N} and by S = {—1,1}* the space of functions

1 Note, however, that the dimensionality will be important for the properties of the Gibbs states of the model

and that more general boundary conditions will have to be considered to study them.
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o:A— {-1,1}. We call o a spin configuration on A. We shall write S = {~1,1}Z for the space of
infinite sequences equipped with the product topology of discrete topology on {—1,1}. We denote
by By and B the corresponding Borel sigma algebras. We will define a random Hamiltonian function
on the spaces Sy as follows. Let (@, F, IP) be an abstract probability space. Let £ E'{ﬁf‘}iez,,‘ew
be a two-parameter family of independent, identically distributed random variables on this space
such that IP(¢! = 1) = IP(¢! = —1) = 1. The Hamiltonian with free boundary conditions on Sa

is then given by
M(v)

Hlo)=—5 Y ellgtlely(i- oo (1.1)

(4,9)EAXA p=1
where J,(i— j) = 7J (7]i - j), and

_J1, iz <1
()= { 0, otherwise

(Note that other choices for the function J(z) are possible. They must satisfy the conditions

(1.2)

J(z) > 0, fdzJ(z) = 2, and must decay rapidly to zero on a scale of order unity. For example,
the original choice of Kac was J(z) = e~|*l. For us, the choice of the characteristic function is

particularly convenient).

1 and we will obtain

We see that the spins in this Hamiltonian interact over a distance y~
results for the limit when v tends to zero. Note that in the FKHP-model we have denoted the
number of patterns by M, rather then p. We reserve the name p = p(N) for the number of patterns
as a function of the system-size and M = M(y) as the number of patterns as a function of the

parameter 7. We are interested in the case where M(v) 1 oo, as v | 0. We will set a(y) = yM(y).

The finite volume Gibbs measure for our model is defined by assigning to each o € Sj the

mass

1
GapAlwl(o) = me_m“”[”](”) (1.3)

where Zj g 4|w] is a normalizing factor usually called partition function. We will drop the explicit
w dependence of various random variables when no confusion may arise. For any subset A C Z,

we define the M-dimensional vector of ‘overlaps’ ma[w](o) whose components are

-

p 1 u %
mh [w](o) = Al zg,. wloi;, p=1,...,.M (1.4)

i€A
The main object we will study in this paper are the distributions of m (o) under the Gibbs measure,
ie.
Qh,p,4[w])(m) = Ga,p4({ma[w](0) = m}) (1.5)
Qn p,4[w] defines a random probability measure on (IRM(™M, B(IRM(M)). For fixed v > 0, this

sequence of probability measures satisfies a large deviation principle in the sense that for instance
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the limit?
In (Qa,p.4[w] [llma — |3 < €]) = —BFa(1h) (1.6)

piisg £
exists almost surely by the subadditive ergodic theorem and is independent of the random parameter
w. Moreover, Fg (1) is a convex function of its argument. We will be interested in the limiting
behaviour of Fg 4 asv | 0. Since the domain of this function depends on «y via M(), it is natural to
consider restrictions to finite dimensional cylinders. Thus, let I C IN be a finite set and denote by
Iy : IRM — IR?, for any M such that I C {1,..., M}, the orthogonal projector on the components
mH, with g € I, of a vector m € IRM. We set, for m € IR’,

Fgo(m)=—p"L In (Qa,p.4[w] I Trma — 3 < €]) (1.7)

510 NToo 2N+ 1

which enjoy the same properties as Fg . itself, and which potentially converge to a limit as v | 0.

The Lebowitz-Penrose theory relates the limit of these quantities to the analogous ones in the
corresponding mean-field model, i.e. in our case the standard Hopfield model. Recall that this
model is defined by the Hamiltonian in the volume A = {1,...,N}

o 1 p(N)
Hy P [w)(o) = “5N > Y dwletwlois; (1.8)
(i,7)EA XA p=1
We denote by G Hopf [w] the correspondmg G1bbs measure, and by QH °pf[4] the induced distribution

of the overlap para.meters mi[wl(o) = ¥ i=1 ¢flw]o;. We also write

1
Hopf,I/ ~ _ - Hopf
Fglep(m) =~ lim lim - 1n ( Q227 w] [[Trmay — 3 < o]) (1.9)

provided this limit exists. Note that, contrary to the case of the Kac-model, there are no simple
arguments that prove existence and non-randomness of the limit, and even if it exists, we cannot
expect it to be a convex function at low temperature, i.e. if 8 > 1. In fact, our results on the
FHKP-model will turn out to be extremely useful in order to obtain some partial information on
these questions. Let us define the convex functions C;I orf ’I, which, if F;I orf,l exists, are the convex
hulls of these functions. Recall that the convex hull, Convf, of a function f, is the largest convex
function that is pointwise smaller than or equal to f. We set

CyoPi () = g 13(1)1 13’1%1:0 L Conv ( (QHOpf[w] [ITrms — mll3 < 5])) (1.10)

Notice that the functions Cgl °?hI depend on the asymptotic behaviour of the function p(N). Our

first result concerns the existence of the functions C’é{ opfil

2 We comment below on the equivalence of this definition with the conventional one in our case. We find this

formulation particularly convenient for our purposes.



Theorem 1: Suppose that p(N) is such that limpy1e p(N) = +00 and limytoo W—V)Nlilz = 0.
Then,

(i) For almost all w, C;Io"f "I(#) defined through (1.10) exists for any finite set I C IN and is
independent of w, €, and the function p(N).

(i) If, moreover, imn1oo 2’;:) = 0, then, almost surely, Fé{ ?HI(#) defined through (1.9) ezists

and is independent of p(N).

Remark: We will give an explicit expression for the function Cé{ orf 'I('ﬁz) in terms of a variational
formula in Section 3. The independence of this function on the precise behaviour of p(N') is certainly
quite surprising and indeed crucial for proving the theorem under such weak conditions on p(N).
In fact, we will be able to give an elementary proof only of the statement (ii), while (i) will then

follow by passing to the Kac-version of the model.
For the FHKP-model, we obtain the Lebowitz-Penrose theorem:
Theorem 2: Assume that M(7y) satisfies limyjo M(y) = +oo and lim,jo7|Iny|M(y) = 0.

Then, for any B, and any finite subset I, for almost all w,

In (Qa plw] [ITLrma — )} < €]) = CFP () (1.11)

-7

i lim. N 1

Let us make a short comment on our definitions of the rate functions through limits over balls
of radius €. Since all the measures we are considering here have actually compact support, the
families of measures are in particular exponentially tight. Thus to prove a strong LDP it is enough
to prove a weak one. By appropriately covering closed sets with balls of radius €, respectively fitting
such balls into open sets, one can easily proof the weak LDP with rate functions given as defined
above, provided they exist. Also, of course, one can easily obtain the corresponding level-2 LDP

by standard arguments. We refrain from entering into these technicalities.

A remark is in order concerning the condition lim. o y|In<y|M(y) = 0. One should expect that
the two theorems hold in fact under the weaker hypothesis lim o yM(7y) = 0, resp. imntoo ﬂlf—,v)- =
0. It is indeed possible to prove uniform bounds on the rate functions under these weaker hypothesis
that suffice, for instance, to control the limiting induced measures in the ordinary Hopfield model,
as has been done in [BGP1]. We comment below at which point our stronger conditions are crucially

needed and which estimate would have to be improved, if we wanted to avoid it.

Some less complete results may in fact be proven easily under the weaker hypothesis y M () | 0.
In particular, the free energy Fi g [w] = —f711n Zj g 4|w] satisfies
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Proposition 1.1: Assume that lim,joyM(y) = 0. Then, for allmost all w,

. . T Hop f _ nCw
i lim Fpp4[w] = lim Fyg”[w] = Fp ‘ (1.12)

with Fg W =inf.emr (“;—2 — B 11n cosh ﬂz) the free energy of the Curie-Weiss model.

It should be noted that for # > 1 the rate function for the Hopfield model will not be convex
and therefore, that of the FHKP-model will contain a ‘flat’ horizontal piece. In fact it is known
[BGP1] and also follows quite easily from the estimates we will give in Section 3 that F;I orf ’I('ﬁz)
takes on its absolute minimum for vectors 7o which have only one non-zero component of values
ta(B), where a(f) is the maximal solution of the equation z = tanh Sz. Obviously, these are the

extremal points of the convex polytop described by the equation

il < o(B) (1.13)

and it is therefore this polytop on which the limiting rate function of the FHKP-model takes on its
mimimum value. This information will not be enough to obtain the complete characterization of
the Gibbs states, just as in the Hopfield model the mere knowledge of the convex hull of the rate
function would not suffice. While we have not been able to prove existence of the rate function itself
in the Hopfield model if p(N) > &%, it is possible to get lower bounds that suffice to determine
the Gibbs states [BGP1]. This information will be necessary again for the analysis of the states in
the FHKP-model.

The remainder of this paper is organized as follows. In Section 2 we construct a block-spin
approximation for the Kac-Hamiltonian and give a probabilistic estimate on the error term. As an
almost immediate application, we also prove Proposition 1.1. Section 3 is devoted to results on the
Hopfield model itself. We prove an exponential estimate on the deviation of the rate function from
its mean value and prove statement (ii) of Theorem 1. In Section 4 we combine all these results to

prove Theorem 2 and statement (i) of Theorem 1.



2. A block-spin approximation

The main step in the analysis of Kac-type models is always to exhibit the dominant part of
the Hamiltonian as an effective model on local spin averages (‘block-spins’) and to show that the
remainder gives no contribution to the leading asymptotic behaviour of Q g, when v tends to

zero. The purpose of the present section is to do this in the case of the FHKP-model.

We introduce a new scale I(v), with the property I(y) T 0o, as 7 | 0. Further conditions on I(7y)
will be imposed later. We partition the volume A into blocks A(z),z € T' ={-L,-L+1,...,L},
of length I(7): A = UL__; A(z) where (2L +1)I(7) = 2N + 1 (Here we assume that (2N +1)/I(v) is

an integer; thus, in principle, we must choose Ix(7) depending on N in such a way that this is true

=

while Iy () converges to I(y) as N 1 co. To simplify our notation, we shall not make this explicit).

This allows us to write

Hyo)=—5 Y 3 Dl &)oios (2.1)

(z,y)erxr 'EA(';
where (§;,&;) = ZM(") €i'¢. Now for i € A(z) and j € A(y) we write

Jy(i = 7) = LIy )(z - 9)) + (I (i = 7) = I (i(7)(z - ¥)))
2.2
= ;(%—)qu(v)(m —y) + AJ,(3,5) (22)

Using this, we decompose H, into

Hi(0) = HY(0) + AHA(0) (2.3)
where
1 -
H()=~-5 Y, N (=) Y (é)oio; (2.4)
(z,y)€ETxT i€A()
J€A(y)
and
1 .
AHp(o)==5 D, Tum(z=v) Y AL(i-5)& &)oio; (2:5)
(z,y)€ETxT i€A(a)
JEA(Y)
Using that
M(7) M(~)
Y Eboioi=> | D tlail | D toi| =)’ E my oy (0)my (o) (2.6)
i€A(e) H=1 \i€A(z) JEA(Y)
J€EA(Y)
we can write Hj as
M(v)
Hi(o)= _‘l(')') E Jyn(z = 9) Z mA(z)(a)mA(y)(a) (2.7)
(z,y)ErxT



Eq. (2.7) makes explicit that H} depends on o only through the block-variables m(;)(0) and thus
has the desired form. We will now show that the remainder AH, (o) is asymptotically negligible.

The decomposition given here was already used by Figotin and Pastur [FG3]. They also
showed, under the assumption that M(y) < M < oo, that |AHx(0)| < const.yl(y)M N, uniformly
in o and uniformly in ¢, which implies that AH is negligible if {(v) is chosen such that yI(y) | 0.
In order to obtain results for M(-y) that tend to infinity with optimal conditions on the allowed
speed of growth, we will have to improve on this bound; this will require in particular to replace

the uniform bound in £ by an almost sure one. Precisely, we show that:

Lemma 2.1: Foralle>0

P LSQIEPA #ﬁmm(an > e] < 16 exp {——(2N +1) {272—;—1(7—) —In 2] } exp {ﬂ;’)ﬁ} (2.8)

An immediate consequence of this estimate is the

Corollary 2.2: There ezists a subset ., C Q of probability one, such that for allw € .,

|AH[)(0)] < 7i(7)4v210g 2 + V27 M (7) (29)

1
lim sup su
NToop ue‘g\ 2N +1

Proof: If we choose € in lemma 2.1 as € = 4v/27((y) (log 2+ %’%%2 + 6) for some 6 > 0, we get

1
2N +1

|AHA(0)] 2 7(7)4v2(log 2 + 8) + \/57M('7)] < 16e~4CN+1) (2.10)

from which 2.9 follows by the first Borel-Cantelli Lemma. ¢

Proof of Lemma 2.1: In order to estimate AH, (o), we notice first that

.. _ v
Iy(6=3) = U0 Ty (2 = 9) = 5 {Tgizsigr-23 Lgo—si>(nen)=13 = Tgti-si>a=23 Lite—yi<rien)-21}

(2.11)
Moreover,
Tggi-gi<r-13 Lglo-yi>(ria) =1} = Llimglcr13 Li(ri(n) -t 412 o-sl>(2i)~1} (2.12)
and
Lgji- 1>y} Dfje—yi<(vitn) -1} = Tgjizii>r=13 L)) -1 2le—pl>(vi(m) -1 -1} (2.13)

We now write AH(0) = I [ATHp(o) — A2 Hy(o)] with

1
AHAO)=-5 Y ) TgicjisrLmmtezle-sstun-1y (€)oo (2.14)

' i€A(m)
(zw)€ FEA(Y)



and

1
AHNO)==5 > D Tijimjior ) L) 2le-pl>(ricn))- 1—1}(5:’51)01% (2.15)
(z,y)erxr 'GAE';

We only present the estimate of A’H) (o), A2H(0) can be treated in exactly the same way. We

have:
L—[(vi(7))"']-1
AlHp(o) = - > > Lgji-jigr—13(€is €5)oio; (2.16)
z=-L i€A(e)
F€A(e+{(71(1)) "L 141)
Let us set
o)=Y Igieggenéiéioo; (2.17)
jeA(-+[‘(€111\((:)))‘1]+1)
and
M(y)
flm)= Y =) (2.18)
u=1

Since L = [(71(7))™Y n+r with 0 < r < [(yI(y))~}] for some positive integer n, where [z] denotes

the integer part of z, we can rewrite (2.16) as

L-[(vl(v))"*]-1 [y~ (n-1)
Y fE= Y e
e=-L z=~[(yi(v))" ]n
2.19
et Hn L-[(vi() -1 (2.19)
DI (OF D DI (C)
e=-L e=[(v(7))~](n—1)+1

Let us consider the first sum in (2.19) first. In order to take into account of the independence of
(€, €5) and (¢},€) when i # i’ and j # j' we first decompose the first sum ) in (2.19) in the

following way:

(i)~ (n-1) [n/2]-1 [1/(vi(¥))]-1 1
> A= 3 3 ([ #)

z=—[(vl{7))"In k=—[n/2] 8=0 (2.20)
(n+1)/2]-2 [1/(~Y7))]}-1 1
R (e
k=-[(n+1)/2] s=0
The important point to observe here is that each of the two terms in (2.20) is now a sum of

independent random variables. Let us denote these two terms by S; and S», respectively. We have

1
IP
[:‘;lg 13152 8]

M(v) [n/2]-1 [1/(v(v))]-1 ) (2.21)
(|

< 922N+ p {Z o

] 2%k + ) > 21"1(21\1 +1)
p=1 k=-[n/2] 8=0




where the probability on the right-hand side is in fact independent of the chosen spin configuration
o. Using the exponential Markov inequality together with the independence, we get that

oeSy 2N +12 — 8]~ £>0 (2.22)
< 92N+2 5. ¢ e—t51'1(2N+1)/4 [Eetfl(o)] ML
- t>0
Thus we have to estimate the Laplace-transform of f1(0). We write
IEetfl(O) =IFexp({t Z 611 Z E; (2'23)
iEA(0)  FEAI/(rIG I+
i—jl<y~

Notice that all the £} with i € A(0) are independent of the £} with j € A([1/(v!(7))] + 1), and

that, conditioned on these latter variables, the variables E,-l Eiemn/mm)lm) 511- are independent. If
[i—jl<y™

we denote by IE; the expectation w.r.t. £}, this allows us to write

lEetfl(O):IE H _lE‘-exp tf} Z 6}

i€A(0) FEA([L/ (v1(1))}+1)
li-jl<a=1
2 (2.24)
1o 1
<IE H exp -2-t E &
i€A(0) FEA(L/ (rIA)I+1)
li-jl<y1

where we have used that Incoshz < %:1:2. Using the Holder-inequality on the last line, we arrive at

1
2 HED)
1 1
EetF ) < H IE exp 5!(7)t2 E 3 (2.25)
i€A(0) seat/(ritr+1)
i-j<r

Now

2
Bepigif| 3 g t<Bew %l(v)t"’( > 6})
(2.26)

FEAL/(vi(1))]+1) FEA([L/(vU~))+1)
li-jl<y—?

<1
JI- 2l
where we have used the Khintchine inequality and the fact that |A([1/(v!(¥))]+ 1)| < I(7). Since
for 0 <z <1/2,1//1—z < €%, for 12 < 'ZI(IT)” we can replace (2.26) by the more convenient
bound
IEeH0) < (t*Hn)* (2.27)
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Therefore, choosing ¢t = 75}(_17 in (2.22), we obtain

1
sup |5'1| ] < 22N+ exp { ———¢(2N + 1)+ EML} ‘ (2.28)

1
IP
[UESA 2N +12

1
4/21(7)y

By the same procedure, one obtains exactly the same bound for §,. It remains to consider the two
last sums in (2.19). Obviously, they are much smaller than S; or S; and can be treated in the same
manner. Finally, A2H, is decomposed in the same way, so that we end up with eight terms all of
which satisfy bounds like (2.28). Putting these together concludes the proof of Lemma 2.1. ¢

To understand the need for Corollary 2.2, let us anticipate that we may be able to treat H°
further provided () Ty ) 1 0. Then, if only yM(v) | 0, we can choose e.g. I(y) = \/j_y—)-— to achieve
that —l(i,y—)l | 0 while at the same time JA—IIIV(EH 1 0, a.s. by Corollary 2.2. If, on the other hand, we
had only the uniform bound I(y)M(y)N on AH, then we would have to demand y[M(y)]* | 0

which is a much stronger, and quite unnatural, restriction on the number of patterns.

Thus the Hamiltonian of the FHKP-model is asymptotically equivalent to a block-spin Hamil-
tonian if yM(y) | 0. But it is more or less clear that the bounds in Lemma 2.1 cannot be substan-
tially improved, and that therefore, once this condition is no longer satisfied, such an approximation
breaks down. This sheds doubt on whether in such situations (which would also include real spin-
glasses), mean field models can be seen as limits of ordinary models with diverging interaction

range!

As a simple first application of Corollary 2.1, let us give at this point a short proof of Proposition
1.1.

Proof of Proposition 1.1: By Corollary 2.2, it will be enough if we can compute the behaviour
of

Zp polw] = 27N ™ ~PHI(?) (2.29)
agESy

Using that Jzy = Jy4)(z — ¥) is a positive definite quadratic form, it follows that

- i l(q)"lj (z.—y) i e f}E}U,’U'
ZA,ﬂ.‘Y[w] > p~(2N+1) Z C’Z(-.y)erxr T E:gﬁgvg 7o
oESA
1 1 -1z _ ; . o
2"(2N+1) E ezz(n.u)el‘xr () 11y (= U)ngﬁgy;a 4
e (2.30
> 3 I Y 1 Pl Em? )
{2- 1(1)2 e ACe) oi=m}
mew,(,) z€l TESA(e)
2L+1
2 Sup [Z‘('Y)ﬁ(m)]
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where ZE¥(m)= ¥, cs 1 s Ty }e‘s"‘]‘"‘2 is the restricted partition function of the Curie-

_, oi=m

Weiss model with volume ! and W, = {-1,-1+42/l,....1—-2/l,1} denotes the set of possible values
of mi(o) =7 Ei:l o;. This yields

- 1
im i > —nz7% 2.31
liminf o7 In Zp py[w] 2 = o i(r),6(™M) (2.31)
On the other hand, using the fact that
1 2 1 2
M (@)l (0) < 5 (mhiay(9)) + 5 (il (@) (2:32)
and (2.7), we see that
M(~)
1 1 2 1 2
H(0)2 —3Uv) Y Jmﬂ@—y)E:(g(m;@w» +5(m&w0ﬂ))
(z,y)€TXT u=1 (2.33)
M(v)
=——ww§:§:(muﬂw)
€l p=1
so that ) )
Zppalw] <27 N TT PHO T ()
oES, z€T
[ Y SO () (2.34)
z€l UESA(:B)
H,
= H Zl(_;’)pé[wz]
€l
But this implies that
Hopf
hIII\lTSZup 2N 1 ———InZ g 4w] < E— (7) In Z; V5w] (2.35)

where we have used the strong law of large numbers to replace the spatial average over T' by the
expectation over £. If now I(7) is chosen such that (1) Ty ) 1 0, while I(y) T o0, by a result of Koch
(K], the right-hand side of (2.35) converges, as 4 | 0, to the negative of the free energy of the
Curie-Weiss model, as does, obviously, the right hand side of (2.31) (see [E]). This proves that

1
—1 qs .
i

T ATEON + 1

In Zp g q[w] = F§" (2.36)

Corollary 2.2 on the other hand implies immediately that for any sequence %, tending to zero as
n 1 oo,
lim |Fp 6] = Fp ] = 0 (2.37)
nloo

for almost all w (namely for those in the set N,ew ., ), from which one obtains (1.12) for the
subsequence 7,. There remains in principle the possibility that (2.37) holds with probability one

12



for any given sequence, while it fails with probability one for some (random) sequence. However,

this is excluded by the following

Lemma 2.3:

. 1
lim sup supsup sup - |Ha4[w](0) — Hau/n[w](o)] =0 (2.38)
nfoo %.‘S'YST}(-T wEN A oES) 2N +1

Proof: To prove (2.38), notice that

| Halw)(0) - HY[w)(o)]

1 M(~) M(1/n)
<5 2 |2 - oo~ Y eIl m - f)ow; (2.39)
(i,5)EAXA | u=1 u=1

< (2N +1) []M(l/(nJr 1) - M(1/n)|+ M(1/n)n (?1{ - ;%) + M%M]

The coeflicients of N in all three terms vanishe, as N T oo under our assumptions on M(vy) which
proves (2.38) and the Lemma. ¢

Combining Lemma 2.3 with (2.37) and (2.36) gives immediately Proposition 1.1. {

13



3. Large deviation results for the Hopfield model

In this chapter we provide the large deviation results for the standard Hopfield model that will
be needed to obtain the analogous ones for the FHKP-model. At a later stage, this will in turn
allow us to improve the results for the Hopfield model itself. There are two results that will be
given here. The first is a result on the self-averaging properties of the large deviation rate function

under the assumption 2(%1 1 0,as IN 1 co. The second is a large deviation theorem for the Hopfield

InN
In2"°

model under the strong assumption assumption p(N) <
3.1 Self averaging of the rate function

We will begin with the self-averaging properties of the large deviation rate function. Let
us make a few remarks on the questions of self-averaging in general. The central réle played by
‘self-averaging’ properties in disordered systems has particularly been emphasized by Pastur and
Shcherbina in their work on the Sherrington-Kirkpatrick model [PS]. Shcherbina and Tirozzi [ST],
and Pastur et al [PST] have recently performed the same analysis for the Hopfield model. Basically,
they prove two types of results:

(i) The free energy, Ff{ 5 flw) as well as its derivatives, such as the Gibbsian mean of mh(o) are

self-averaging for all choices of p(N) in the sense that their variance behaves like N 1.

(ii) If the so-called ‘Edwards-Anderson’ parameter gnfw] = + Zil(ai)i,,ﬁ,[w], where (-)n,p de-
notes expectation w.r.t. the Gibbs measure of the Hopfield model, has variance of order 1/N,
then a certain set of ‘mean-field equations’, that can be formally derived using the so-called
‘replica-trick’ (see [AGS2]), are exact.

As we will see later, here we are in need of self-averaging results on the rate functions. While
it is fairly easy to prove results on level of the variances for fixed argument, along the same lines
as in the above cited papers, such estimates would not be sharp enough for our purposes, since
we will require results that hold uniformly in the arguments. Thus, we must extend the variance
estimate to exponential estimates. Such an estimate is provided by the following Lemma. Let us

introduce, for 7 € IRP™), the functions

Hopf __1__ —-BH,
Fygplwl(m) = 5 In (2N D e "(”)1[{||mn(a)—mu§<p}) (3.1)
oESN
These are the non-normalized versions of the rate function that differ from the corresponding
normalized functions Fg‘g’ ﬁ[ w](7m) by the free energy. We remark at this point that we will be
interested in this quantity only for very small p (in fact in such p that tend to zero with N).
In this case, we need only to consider 7 with, e.g., |||z < 2. For, Fﬁgpi[w](m) can only be

different from +oo if there exists a ¢ € Sy such that N ! Y.;&ioi ~ 7. But this implies that

14



per
Il ~ 3,3 ; a, N, a, < ||B]l, where B is the random matrix with elements B;; = >_ , ~“g*.

It has been proven for instance in [ST,BG1]) that with probability larger than 1 —e™V Her I|B]| <
14 2r4/p/N.

Lemma 3.1: There ecists a constant ¢ > 0, such that for all m € IRPMN) such that ||/m||; < 2
and for all z > 0,

HFN,zpi w(m) — lEFI{lIzp;f:[“’](m)l > z} < e~ cNZ"/(pp(N)) (3.2)

Proof: For technical reasons that will become clear later, we will consider instead of ﬁ’ff, e ’f, w](m) a
slightly modified quantity in which the characteristic function Iy, A—m|2<p is replaced by a smooth

version of this function. We let x, s(z) be a sequence of infinitely differentiable functions satisfying:

(1) Xp,8(z) >0,

X, 5(x)
(2) |23 <6

—-1
’

(3) lims o Xp,6(2) = Lyjz1<p}
(4) xp5(z) = 0if |z| > p+ 6.

Let us now define

Zn() = Znppalel) = 55 3 B, 4 (Ima(o) - ) (33)
oESN
and
fn(m) = —B 1 1n Zn(m) (3.4)

We now introduce the decreasing sequence of sigma-algebras Fj, that are generated by the random

variables {¢!' }"EN and the corresponding martingale difference sequence
FP () = B [fx ()| Fe] — B [fw()| Frp) (3.5)

Notice that we have the identity
LA
fu(m) = Bfn(m) = 3 fi) () (3.6)
k=1

Let us recall that this construction was first introduced by V.V. Yurinskii [Yu] and employed in
the context of spin-glasses and the Hopfield model by Pastur, Shcherbina and Tirozzi [PS,ST].
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Our aim is to use an exponential Markov inequality for Martingales. This requires in particular

bounds on the conditional Laplace transforms of the martingale differences. Namely, we clearly

have that
v
[Zf(k) > Nz] <2 mf e N2 [E exp {tz.fz(\f)(m)}

=2inf e VI (B [ B [V 0|7y WM 7y | LRV | g

(3.7)

Therefore, if we can show that, for some function £(*)(¢), In IE [etfl(; )(’7')].7-'“1] < £%)(t), uniformly
in Fry1, then we obtain that

N
P [ 3 7P ()

k=

N
> Nz] <2jnf e ltNz 30, LX) (3.8)

To bound the conditional Laplace transforms, we introduce

HI(:)(O') = Z Z ¢ietoio; (3.9)
B (o) = —— Z Z el o0 (3.10)

and
AP (0,u) = HP (o) + vk (0) (3.11)

We also define the p(N)-dimensional vectors

1
miy (o, u) = I D bioi + ubron (3.12)
:‘;‘;h
Naturally, we set
k), ~ 1 —BEM (o k .
ZP(mu)= 5 Y e PRy, g (IImi(0,u) - ) (3.13)
ocESN
and finally

Pm,u) = -7 (2P (7, 0) - 20 (,0)) (3.14)

Since for the remainder of the proof, 7 as well as N will be fixed values, to simplify our notations

we will write simply fi(u) = f(; )(ﬁz, u). With these notations, we have that

AP () = /0 du (I8 [ £y(w)| 5] - IB [ £L(w)| Fr]) (3.15)
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Now,

o,u) —1m*) €L o
T ﬁN XP.S(”mN(U ") ]|3) E( w(
(3.16)
where £ ,, denotes the expectation w.r.t. the probability measure
1 - Y-
— iy Xps(lma(o,u) — | })ePHM " dg (3.17)
Zy’ (™, u)
We rewrite the first term in the form
v ZZ{“Eka,ak = ZmN(a u)flor — =
ok ou (3.18)
= Zﬁz"f,’:ak + Z (mh(o,u) — m*) Lok — ~
B u
Thus
f(w) =

BN xp6(llmn(o;u) — mll3)

—fku[Zm"f“mZ(mN(a w)— k) o k(1+ 2 Xps(llmar(ow) = m”z))} pu

N
(3.19)
From this it follows that
Fa)] < D eel| + B [ (milo,u) - m#) o (1+ 535) + & (3.20)
r B

We observe that the first term in this bound is a random variable depending only on the ;. On
the other hand, to bound the second term we can use that, under & 4,

—mH) Ebox| < mh (o, u) — m*
) € E’;I w(o,u) | (3.21)
< vrllmn(o,v) - |2 < v/p(p + é)
Defining the random variable X = 3 u mHé}, we have therefore the bound
) < (14 5%5) (Voo +8)+p/N) + Xl (3.22)
uniformly on Fj41, where the Fi\Fy41-measurable random variable X}, satisfies the bounds
P(X > 2 - (3.23)
Kl 22 SexP{——:—} 3.
2|3
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which can be proven easily by using, for instance, the exponential Markov inequality together with
the fact that Incoshz < 1";1

From (3.15) it follows immediately that f(;)('rh) satisfies virtually the same bound as f;(u),
ie.
A0 < (1+ 585) 2v/plo + ) + X (3.24)
Since, on the other hand
E [](J’)(fh)lfm] =0 (3.25)

we can now use the following
Lemma 3.2: Let X be a random variable such that
(i) IEX =0
(i) For all z > 1, IP[|X|> 2] < e
Then there ezists a constant C > 1 such that IEetX < eg'fl

Proof: Notice first that the information on X in the assumptions of the Lemma are completely
symmetric, so that it suffices to prove a bound on the Laplace transform IEe!X for t > 0. We

distinguish the cases ¢ > 1 and ¢t < 1. For t > 1 we have

©0
EetX = t/ e IP[X > z]dz

— 00

1 [
< t/ et®dz + t/ e IP[X > z|dz (3.26)
~00 1
coi?

oo 2
Set-i—t/ eCe T dr < e 2
1

for some constant CZ. For t < 1 we use

t2
B <1+ (BIX Txco] + BX%e Lrzo])

3 (3.27)
< exp [5 (EB[X*Tx<0] + IE[XzeX]IXZO])]

where in the last line we have estimated the second term in the argument of the exponential by its
value for ¢t = 1. Using the bounds (ii), it is easy to see that the expectations in the second line of
(3.27) are bounded by universal numerical constants, so that we see that there exists a universal
constant C s.t.

EetX < e forall ¢ >0 (3.28)
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By some simple rescaling this lemma yields that

2
IE |exp tf(;)(rh)|fk+1] < exp {Ctzp(p + 6) (1 + EJZW) } ) (3.29)
for some positive constant c. Choosing § = 1/N and inserting this bound in (3.8) we get easily
(3.2). ¢
From Lemma 3.1 we can now derive the following important result:

Proposition 3.3: Assume that lim 1o MNI"u = 0. Let Wy, be the set
Wnp = {m € IRP|V,m* € {-1,-1+2/N,...,1-2/N,1}n |lm|; < 2} (3.30)
Then, for almost all w,

lim  sup |F§I‘;plf/p(N)[w](7h) - IEFH""l/p(N)[w ('r“n)l =0 (3.31)
NTtoo MEWN, p(N)

Proof: First of all,

Pyt o)) = BEGEL o wl(m)| < | BT [w)(m) = BEGE i lw]()

(3.32)
+| P ] - BFyE (o)

where Fg’ 5 f = w7 1n ZHop f is the free energy of the Hopfield model. It has been shown in [BG1]
that, under the hypothes1s of the proposition,

Hopf Hopf —
11\1’1TI(1) ‘F [w] - EFy; [w]' =0 (3.33)

for allmost all w. On the other hand, by Lemma 3.1,

P [ e):;‘Vup lFNg 1/p(N)[w](7h) - IEFIS{ZI:{/P(N)[w](m)I > Z]
m N,p(N)

Hop ~Ho .
< Z [IFNﬁ I/P(N)[w](m) IEF, gp{/p(N) ](m)l > z] (334)
mEWN 5(n)
< NPN) =Nez® _ ~N(cz® —p(N)In N/N)

Since by our assumptions on p(N) for any z > 0, this bound is exponentially small in N for N
sufficiently large, the proposition follows from the first Borel-Cantelli Lemma. ¢
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3.2 Two variational formulae for the rate function

We now turn to the second result on the Hopfield model, which is a large deviation principle
under a very strong condition on p(N ), namely that p(N) < 11’;—1; This makes use of of a very nice
‘gechnique introduced first by Grensing and Kiihn [GK] and later used by Koch and Piasko [KP]
and Gayrard [G] to compute the free energy and to construct the Gibbs states of the model in this

regime.

Let us denote by I C IN a finite set; we will always assume that N is so large that I C
{1,...,p(N)} (we exclude the trivial case p(N) bounded). We denote by II; the orthogonal pro-

jection from IR™™) to IRT. Let us introduce, for m € [—1,1]%, the quantities

Zypdwl(m) =270 3 e POy Loy i<} (3.35)
oESN

We introduce the family of vectors e, € {-1,1}?, for v = 1,2,...,2P which represent a

complete enumeration of all vectors in IR” whose components take only the values £1. We set
v={ieA|t = Vu=1,...,p} (3.36)

The v, are of course random quantities depending on the ¢!, however, their volumes |v,| almost
deterministic in the sense that there exist a subset  C Q of probability one, and functions éx

tending to zero as N T oo, such that for all but a finite number of indices N
|lvy] = 277 N| < 6527 PN, Wy € {1,...,p(N)} (3.37)

provided that p(NN) satisfies the assumption of Lemma 3.4. A proof of this fact can be found in [G]
(Proposition 4.1). Let us remark further that the vectors e, have the property that

2%
2P ekek =6y, (3.38)
y=1
where é here is the Kronecker symbol. Let us denote a,(c) = Fflﬁ > igv, Oi- We then have
9P
my(0) = 277 Y ebay(0) = mp(a(0))) (3.39)
v=1

Lemma 3.4: Assume that limn1eo %ﬁ = 0. Then there ezists a set ) C Q with IP(Q2) = 1,

such that, for all w € Q, for all but a finite number of indices N,
1 Z Pz

—1In Z§ 5 Jw]() = 51 27P ejoyll — —=— I(ay) + o1 3.40

ﬂN N;ﬁ»e[ ]( ) aE[_I.u}:p(N) ‘; vy ﬂ2p ‘yzz:l ( 7) ( ) ( )

"H[?ﬂ,(ﬁ)-ﬂt"%ﬁl

L
2
2
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Proof: We have

. - Ni|m, H
Zl‘{f,ﬂ,e(m)=2 N Z H{]l’l;m,(a)—rﬁ"%ﬁc}eﬁ 3lms()lz z H{a,(a):a,,'y:l,...,h}
ay EWpy, 7=1,00,27 ocESN .

(3.41)
where W, | = {~1,-1+2/|v,],...,1 — 2/|v,|,1}. The last sum over the o is easy to compute.
Namely

|v4]
2” N I[ ‘1(‘7— yi¥=1,.. »2p} 2_N ( 14a
2?:’" feale)zen H oy =5 (3.42)
—e 2,’.__1””1“(0‘7)'*‘0(1“ lvy 1))
with I the well-known entropy function
I()= { H2Im(1+2)+ 352 n(1-a) ,if || <1 (3.43)
+o00 , otherwise

The term Z:P:l O(In |v,|) is of order 2P In N and therefore totally negligible. Using (3.42) we obtain

N BN Imy (@)= 57 (Jv K ety }+O(1n [v,]))
Zhpdm)= D, Lym(a-mizs® e (3.44)

ay,v=1,...,2?

Observe now that the a, take values in the set W), | so that the total number of terms in the sum
E"“v 4=1,...,2» is bounded by H —1 lvy] < €21V Therefore, it suffices to use the upper and lower

bounds

1 1 &
sup Py Hmp(a)||§ - Z (lvylI(ey) = O(In |vy]))
» 2 BN 2

oy GW“" | r=1,...,
|[H1mp(a)—m||2<(

< 6 N —1n Zy g (1) < (3.45)
1 1 2P ln N
sup 5 lImp(e)ll; - AN Z (lvylI(ey) + O(In |vq])) + B
a7€W|v7|,1=1,...,2” =1
pmp(a)-mliZ<e

Since we have assumed that l%‘}—ly- 1 0as N T oo, and using (3.37) we see that on {1 both the
upper and the lower bound in (3.45) only differ by terms that converge to zero as N T oo from the
quantity

Suadm= o gl g LY e (3.4
"I'Itm.p(a) ﬂt"2<l‘

But this proves the lemma. ¢

If p(N') were bounded, we would now be done. For in such a case, the limit as N tends to

infinity of @ g,(7) clearly exists and yields the desired large deviation rate function in terms of
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a variational formula. In our situation, since the dimension of the space over which the a vary
diverges, it is not a prior: evident that the limit exists and can be expressed through a variational
principle. To prove it we need some notation. Let us first observe that the vectors e* can be chosen

in the following explicit form,
et = (-1 (3.47)

where [z] denotes the integer part of z. Let us define the sets
Al = {a €-1,10%|Vy ay= a,,_na} (3.48)

Obviously,
ABC AP C...c AP cAR=[-1,1]" (3.49)

The points to notice are now the following: If a € A%, with d < p, then

(i) my(a) =0,if v > d and

(i) m#(a) =mh(a),if p < d.

P
Let us set ’
0u(e) = L fmp(a)lf - 2 3" I(ay) (3.50)
P - 2 mP 2 ﬁzp = Y :
and |
Tpe(m) = sup O,(a) (3.51)
aEA:

||n,m,,(a)-m||§5‘

Then, for a € A}, Oy(a) = O4(a), while at the same time the constraint in the sup is satisfied

simultaneously w.r.t. m, or mq, as soon as d is large enough such that I C {1,...,d}. Therefore,
Tpe(h) > sup Op(a) = sup O4(a) = Tg,(m) (3.52)
clE.A: aGA:
||n,md(a)—m||§5. "II_{md(a)—vh"gSc

Hence T, () is an increasing sequence in p and being bounded from above, converges. With

these preparations, we are ready to prove the following proposition.
Proposition 3.5: Assume that lim n1oo = 0. Then for almost all w, the induced mea-

sures Qg:g’f [w] satisfy a large deviation principle with rate function Fgf orf ’I('rh) gwen by the fol-

2?Min N
— N

lowing variational formula
2

o - 1
Fgf PhI(R) = — sup sup -
pEIN a€[-1,+1)2F 2

ny2-e Y :” "
Co Oty =
I y=1 5127

+ sup (E;-—ﬁ“lI(z)>

z€[—-1,1]

1 &
- ﬁzl(a'y)

2 7=1

21’
-p 2 :
2 €y0Ly
r=1

(3.53)

22



IfT, denotes the set
T, = {m € IR! IEI,,,E( 1,1y I mp(a) = }

F;bpf'l(ﬁz) +oo if m ¢ Tyq. F, °p'f () is

lower-semicontinuous, and uniformly Lipshitz continuous on T'jj.

then Fé{ P5 (1) is uniformly bounded on Ty and

Proof: We have shown above that T, ¢(77) converges for fixed ¢, from which we obtain immediately

that Fj Horf () exists and is given by the variational formula

Hopf,If ~\ _ 1 2 _ L g
Fgiophi () sup Wi 5 lIma(e)ll; ﬂ2p;I(a'y)
s 5 el (354
232
b o (2 -p70)
z€[-1,1] \ 2
Hopf,

From this it is obvious that F, converges, as € | 0 to a lower-semicontinuous function and that

lim FyioPh (i) = inf  Fglo"h(m) (3.55)

510 m:||m—r||2<e
with Fé{ P1:I(m) understood to be defined by (3.53). This will imply

lﬁgF}f""f’( ) = Fg P9 (i) (3.56)

whenever F}f opf:T is continuous in a neighborhood of 7.

Now recall that I(z) is uniformly bounded on [-1, 1}, and uniformly continuous with bounded
derivative on (—1,1). Therefore, ©,(a) enjoys the same properties on [—1,1]P and (-1, 1)?, respec-
tively. Moreover, a straightforward computation shows that on its domain of continuity, ©; is in

fact uniformly Lipshitz with constant C27P/2, i.e. for ,a' € (-1,1)P,
05(a) - 0,(e')] < C272la — o' (3.57)

Now it is clear that if there exists p and a € [—1,1]? such that I[;my(a) = 7, then F;I ?hlm) <
+0o0. This shows that F;Iopf T is bounded on T 7. But it is not difficult to see that I'jyy D T, for
all p > |I|, so that T'|7| is the domain of finiteness of Fgopf'l.

Notice that if @ € [~1,1]? is such that I[ymp(a) = m then o' defined through ol = ay +
2 per ey (¥ — m#) satisfies IIymp(a) = m. Clearly |ja — o/||; = 27/2||7n — m||;. Using this fact
and (3.57), we find that Tpo is actually uniformly Lipshitz continuous on I'|; with constant C,
independent of p. But this implies by a simple three epsilon argument the Lipshitz continuity of

FﬁH °pf:I o the interior of its domain of finiteness. This concludes the proof of Proposition 3.5. {
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Remark: From the rate functions for the marginal distributions one can of course, by standard ar-
guments construct the rate functions for the infinite dimensional distributions through an inductive

limit, as in the Dawson-Gértner Theorem [DG] (see e.g. [DS]).

It may be of interest to give an alternative expression for the variational formula (3.53) which
allows to obtain some interesting bounds. To this end, we notice that the function I(z) is the

Legendre transform of the function In cosh(t), i.e. that

I(z) = sup (tz — In cosh t) (3.58)
teR
Let us first rewrite
. 1. o, 1 &
twpdm)= swp o swp o clmlp - @;I () (3.59)

— |2 P
ity m vhll,s‘ 2°°P 22 €qEqy=m
1=1

To find the suprema under the constraints 277 E:;l eyay, = m, we introduce the corresponding

Lagrange multipliers ¢,, p = 1,...,p. The resulting function

2?
L(m,a,t) = % lm|)? - ﬁ2P Z I{ay) + Zt (2“’ E ehoy — m") (3.60)
=1

is quadratic in m”, and 3 —d_ 3o L(m,a,t) = 0 if and only if t* = m*. Thus for the component v, with

v € I° over which the supremum over m” is taken unconditioned, we must have that t, = m”.
Therefore

@ n,6,(Th)

= sup inf  sup Z (% (m")2 - t,,m"‘) ﬂ2P Z (Z ayelt, I(a'y))

me[-11]p tER? a€[-1,1]2"
Mrm-mliZ<e
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1 2 w1 1

= su sup inf —(w*—1,) - ) =24+ — ) Incosh ebt (3.61)
we[-lp;y tem?u tERIZI 2( ») ; 2v  por -yz=:1 (ﬂ; v “)
hw—mii2<e

sup sup inf Z (w"—t,‘) +2pz¢5 Ze"t +Z l’t

er-1,117 re tcIRT
e, R

where ¢p(2) = —%- ~ 41 5 In cosh(fBz) and where to get the last line we have used the orthogonality
relations (3.38). '

From (3.61) we can derive the following alternative variational formula for the rate function
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Fé{"”f’l(ﬁz):

F;I"pf'l(rh): sup sup inf Z (* —t,) +2pz¢ﬂ Ze“t + E exty

I
PEN jc R{Ls-PI\I telR el vels

22
— inf (3- — B 'In coshﬂ:c>

z€R
(3.62)
In fact, to obtain (3.62), we have to show, like in the proof of Proposition 3.5, that the limit
of (3.61) as N tends to infinity exists. To do this, let us define, in complete analogy to the proof of
Proposition 3.5,

= (7 . 1 vy
Ep(t,w) = térgl 5( -t,) + 5 E¢5 Zefy‘t,, + Z ety (3.63)
HerI uel vele
Note that &5 g (w) depends on N only through p(N). This suggests to define
Tpo(w)=  sup  Ep(f,w) (3.64)
iem{l ..... PI\T

Now to compute this supremum, we can first compute the suprema over subspaces in which only
the first d components of { are allowed to take non-zero values, and then take the supremum over
d < p. But notice that for such £, Zp(f,w) = Z4(f, w), where obviously in the second function £ is

understood to be the projection of the original £ onto the subspace IRMIN | Thys

Tp(w)=sup sup Zp(f,w)
d<p fem{li---,P}\I
I, =0vu>d

=sup sup Zg(f,w) (3.65)
d<p fem{l ..... dI\I

= sup Tu(w)
d<p

But this implies that T,(w) is a monotone increasing sequence in p. Since it is bounded from above
(see e.g. (3.68), it therefore converges to a finite limit. Thus
lim @npe(m)= sup lim Tp(w) (3.66)
NTtoo

wel-1,1F PToo
llw—mil2<e

From this it is obvious that the expression (3.62) represents the rate function.

From (3.61), it is possible to derive two bounds that involve suprema in a finite number of
variables only. First we obtain the obvious lower bound

21l

1
éN,,@ e( ) > sup . tggl z '2- (w“ - |I| E ¢ﬁ z e#t# (3.67)
||1:e[;]|.l21]<t €I pel
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by bounding the sup over f by its value for f = 0. On the other hand, we get an upper bound

2?
1 2, 1 ;
. . 2+ B =+ I v
®npe()< sup - sup inf > 5w — 1)’ + 5y Concs | D ehtu+ ) el
"we[#jl.;L feR wel = Py, ey
W - 2_(

olIi
1 1
< sup inf Z 3 (w* —t,) + o Z Concgg Z ehty,
€I v=1

n‘fue—[;ln'gﬂ_i« s uel
(3.68)
Here Concf denotes the concave hull of the function f, i.e. the smallest concave function that is
pointwise larger or equal to f. To obtain (3.68) we used two facts: First, the sum of the concave
hulls of the functions @g is in fact the concave hull of the sum, as a function of the ¢ and i.
Moreover, the function appearing in the first line of (3.68) is symmetric in £. Being also concave in

t, its supremum must be taken on at zero.

Remark: In the case |I| = 1 one can easily show that this upper bound coincides with the concave
hull of the lower bound (3.67), and one may think that this could be true in general, but we cannot
prove this.
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4. A Lebowitz-Penrose theorem

Having reduced the FHKP-model effectively to an interacting local mean field model in Section
2 we will now use the results on the rate function for the Hopfield model obtained in Section 3 to
show that the large deviation properties of the total overlap parameters m, of the FHKP-model
can be found in terms of those of the usual mean field Hopfield model. This is an anologue of the

Lebowitz-Penrose theory [LP] of the Kac-model.

As usual, we need to proof upper and lower bounds on the non-normalized versions of the

quantities Qp g [w](7n), that is we define for 7 € IR’

Zp gy, elw](f) = 27N+ Z ]I{;|n,mA(a)—m|1;ge}e_ﬂH“"[wl(”) (4.1)
oESA

Using Corollary 2.2, we see immediately that, for almost all w, for all but a finite number of indices
N, this quantity differs from

5 - - a0
Zp gy elw](iin) = 27N+ Z Tt ma(e)-ml2<e}€ RHY 4 1wl(2) (4.2)
ocESH

only by a factor et(2N+1)7U()4v21082+v2YM(%) which under the assumptions Yl(y) | 0and yM(y) |
0 will give a negligible contribution in the limit v | 0. We thus have only to get bounds on

Z~A,ﬂ,—y,6[w](fh)'

Let us begin with the lower bound. For this, we write, using (2.7)

Zn B lwl() = 27N N Ty o (o) -mize)

TES)
1 M(~)
X exp ﬂil(')') Z Ty (z - 9) Z mX(z)(a)mX(y)(U)
(-"-‘.U)EFXP y.:]_
> 9-(2N+1) 1 (4.3)
- MSBVI;)M Z H {llmace)(e)-mll2<p}

Ity m— kU2 < o) 7€S54 z€l

M(v)
X exp {ﬂ I(y) Z Iyiin) (2 = 9) Z mA(.-p)(U)mA(y)(")}

(z,y)er’xT

where &(p) = (Ve - VP ) (4.3) holds for arbitrary p but we will later choose p = p, that tends to
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zero with < in a suitable way. Since under the characteristic functions in the last expression

M(v)
Z Toin)(z — ) Z mA(z)(o.)mA( )(U) =
(z,y)erxr
M(‘r) ,
Z vy (= 9) Z ((m“) + m# (mX(z)(") - m“) + m# (mx(y)(a) — m“)
(z,y)erxr pu=1 (4.4)

+ (mx(x)(”) - ”"“) (mx(u)(") - m“>)
> ) limli3 - 2v/lmll2 — p

z€el

we get from (4.3)
Zp,p v elw]() 2

sup  []27 Y Ty, (a)—mu<p}exp{ﬂ 1) lImll2 - 2B1(v)/p — ﬂl(v)p} (4.5)

meEW M
: s
Ty m—miZgito) ZET 7SN

In the last line we recognize the function

Ho, P -BH, "’f( a)
Ziyp pl@l(m) = 2700 S T PR O My oy miz <) (4.6)
TESi(v)

so that our lower bound can be expressed in the form

. ) o _ _
Zp By elw](n) > mes:}v?M H Zl(:)l’}; P[w,,.](m)e( 28U(v)v/P—BY~)P) (4.7)
Iy m—miZ<iCo) ZEF

where w; is defined, in a slightly abusive way, through the relation that for ¢ € {1,...,l(v)},
€i(wz) = &igy)ori(w). (Sorry!) Thus, using Kolmogorov’s strong law of large numbers, we see that
for fixed «, for almost all w,

1 |1‘l 1 Hop_f
m) 2 ln m) — 28+/p — Bl

1T m—mli2 < éCp)

_ 1 Hopf
= [mz,(y,,ﬁ,,[w I(m)] - 26/28()
ITpm—mli2<iCo)

(4.8)
Furthermore, we can write
1 Hopf Hopf
mss&?M l_(—’;—)IE [l n 2y B, p[w](m)] >IE mgllv?,,., 1(7) T InZy P lw](m)
IIHjm—-vﬁII';St‘(p) iy m—mli2<i(p) (4.9)

Hopf _ HOPf
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The first term in (4.9) is what we want. To control the second, we can use Lemma 3.1. By the

bound provided there, a simple calculation shows that

Ho Ho; In I(y)M(4
B sw e gl lelm) - B 2l i) | < o/ iy (410

Ny m—mli2 <é(p)
for some positive constant ¢. At this point we can choose reasonably p = —ﬁlm To sim-
plify the notation we will set &é = é(1/M(y)). Taking furthermore advantage of the fact that

imNteo Eﬁl_ﬁ— In Z g,,lw](7h) is necessarily a concave function, we arrive at the lower bound

Hopf

11}%1010 oW 1 In Zp g 4,[w](7) >ConclE m:}:’EM e )ln Zl(_y) 3, 1/M(1)[ w](m) o1)
||nIm-m||§<. ( .
—c Inl(v)M(y) ﬂ ]
i(v) M('v ~ M@)

(recall that we exclude the trivial case of bounded M(7y) from our considerations. If M(-y) grows
much more slowly than I(-y), this bound can of course be improved by making a different choice of
p). Finally, by using the trivial bound

Hopf, N o— OP!
Zigphiwl(m) =270 N PR Dy o) mppce
TES(4)

4.12)
M(¥)Inl(v) Hopf (
S MO w2 e @)(m)
Iym—mi2<é
this becomes
H 1 Hopf:
i, S0 2 del() 2Concl 2 1n 2 )| s
—c lnlg'y!M!’y! _ﬁ 1 _ M(y)Inl(~) __B
() M(v) iI() M()
This is in fact the desired form of the lower bound.
We now derive the upper bound. Here we use the simple fact that
1 2 1 2
My (0)m (0 < 5 (mx(z)(cr)) +5 (mx(y)(a)) (4.14)
to write
~ . _ 1 2
Znpondwl() < 27N 7 Ty o) -mizcey exp {65’(‘1)2 ||mA(m)(0)H2}
oESA z€el
< Z ]I{Ilﬂrsz”n 2eer Mo —mll3<e}
m‘,f',mEI‘,pEI
1 \ (4.15)
X H 2—1(7) Z I[{Htmg(.,)(a')=M¢} exp {ﬂ51(7) Z “m3”2}
z€el UES;(.,) zel

Hopf,I
S Z {"HI 2L +1 znel‘ Mg -—m"2<€} exp {Z 1n Zl(.{)’:ﬁ [wx](mm)}

mb ,zel,uel €l
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. lnl!'y[
Since the number of terms in the sum over the m# is bounded by [{(7)]L+VHI = N SGy H

we can bound (4.15) by the number of terms in the sum times the maximal term. This gives

Zp gy ew](ii) < PNFVEGTI

X sup exp {Zln Zf;{;’)pé’ [we] (mx)} (4.16)

mE €T, nel z€l

2
Iy gy D, o ™o~ 13S0

Therefore
R - B
€ - —=|I
<l ZHop_f I m
a0 amnAssldr

W 5g8T ), o ™o IS

1 Hopf Iy 1/~
< Conc——IEIn ZHP, " [w]()
I(v ) {16, (4.17)

Ho?fo _ Hopf,I
T 2L +1 Z 1(7) s o 228 we(ma) - B1n Z P H e (me)

< Conc—— IE In ZHP1 1))

I(7) U(7),8.¢
] 1
i 7 | [ 5 i) - B 535 )|
mb,ue

almost surely, by the Kolmogorov law of large numbers. Moreover, using Lemma 3.1 and the

ineqality (4.12), we can bound the expectation of the supremum in the last line just as in the case

of the lower bound by ¢,/ Mll)(—,l:—;-l-(ﬁ Thus, we have that almost surely,

In Zp g ,elw](7) <Conc— G )lEln Ze P w (i)

M(~)Inl(~) 1nl('r)
Ty ) i |

A consequence of these bounds will be the following

lim — L
N1oo 2N + 1 (4.18)

Lemma 4.1: Assume that M(vy), I(7) are such that lim., o M(;Yll(%_’(ll = 0. Then, for all € < €

and for almost all w,

lirg sup lim Fi pyelw](i) < HIE sup ConvIEF ! (i) (4.19)
and
hmlxonf k% Fp gy lw](in) > hm mf ConleFlIf;”e’f I(7) (4.20)
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Z!\..ﬂn.l[w](ﬁ‘)
Zaprislw]

where FA,ﬂ,‘y,e[w](m) =-f7! 21\;+1 In

In particular, if the limit lim;o0 ConvIEng’f () = ngp HI() exists and s continuous in
€, then, for almost all w,

Hopf,I( -~ 2
im lim £ p,,w]() = Cg &7 () (4.21)

If in addition lim. o vI(7) = 0 then for almost all w,

Hopf, I/ ~
lim Yim F p,y,elw]() = Cp,c™"" () (4.22)

Proof: Let us first remark that due to Lemma 2.3, if the statements concerning the limits v | 0
hold for subsequences v, = 1/n with probability one, then they hold for with probability one for
all subsequences. By this remark, Eqs. (4.19) and (4.20) follow directly from the bounds (4.18)
and (4.13). (4.21) is a direct consequence of (4.19) and (4.20) under the additional assumptions
on the existence and continuity of CHop $I(%). Finally, the use of the estimates of Section 2, in
particular Corollary 2.2 allows to replace F' by F and thus to obtain (4.22) under the additional

assumption on (7). ¢
We will now use this lemma to prove Theorems 1 and 2.

Proof of Theorem 1: We consider the situation where M(y) = 1}—:—;11 If we choose [(7y) such that
I(7)|Ini(y)| = v, then (4.22) relates this FHKP-model to the Hopfield model with p(l) = l—'l%l—;‘—ll =
l“—l'l’;l—’:;l—“l. But this function satisfies the assumption of Proposition 3.5, so that

FH°”f’ ()= inf  Fg'""(m) (4.23)

b mi||lm—|3<e

where Fé{ ophl is given in Proposition 3.5. In particular, the continuity of this function on T
implies immediately the continuity of the left hand side of (4.23) in € for all 7 € T'|;. Thus, under

these assumption, (4.22) holds and, moreover,

r HOpf,I "
Fy(im) = limlim lim Fi p,0)() = ConvF£ " () (4.24)

exists and is given by the convex hull of the function (3.53).

Now the left hand sides of (4.22) and (4.24) do not depend on the choice of I(y). Therefore,
we can make a different choice of I(7y), to relate the same FHKP-model to a Hopfield model with
different p(!). For any function p(l), such that p(l) = ﬁq(l), where g(1) | 0, we just have to choose

I[(7) in such a way that
i(r)

In i(y)

(i) = o1 = M(v) (4.25)



Then the assumption of Lemma 4.1 on M(y) and I(v) are still satisfied, but the rate functions of
the FHKP-model with this M(7y) will be related to those of the Hopfield model with the chosen
p(l). Now, instead of (4.19) and (4.20), we can derive from (4.13) and (4.18) that, for all €’ > ¢,
for almost all w, '

. HopfJ (= < lim I -
].lIgil’lp ConvIEF, g?% (1) < Ei% %1% Fp gy,elw]() (4.26)
and
. . Hopf, I/ ~ . . N -
hrlr%glf ConvIEF, g'¢’ () > l‘ﬁ% kg FA 8y, [w](m) (4.27)

But the right hand sides are continuous in ¢, and so the limit

« Hopf,Ir ~\ __1: . ~
lim Conv B2 (1m) = lm lim. Py, de]() (4.28)

actually exists, almost surely, and is a continuous function of €. In fact,

leiﬂ)l ﬁrg ConleF,{zfgf'I('rh) = ConvF;I"pf'I(rh) (4.29)

with the left hand side independent of the function p(!). This concludes the proof of Theorem 1.
2%

Proof of Theorem 2: We have actually just established that the requirements for (4.20) are
in fact satisfied as long as p(I) = t7q(l), with g(l) tending to zero arbitrarily slowly. Making
the choice I(7) = 4/ M’—’%'—"ﬂ, we see that (4.21) and thus (4.25) hold as long as M(y) satisfies
4|1Inq|M(v) | 0. But this proves Theorem 2. {<
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