Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Conditional Excursion Representation for a Class of Interacting Superprocesses

Zenghu Li^1, Hao Wang^2, Jie Xiong^3

submitted: May 24, 2004

1 Department of Mathematics Beijing Normal University Beijing 100875 P.R. China E-Mail: lizh@email.bnu.edu.cn

2 Department of Mathematics University of Oregon Eugene OR 97403-1222 U.S.A.

E-Mail: haowang@darkwing.uoregon.edu

3 Department of Mathematics University of Tennessee Knoxville, TN 37996-1300 U.S.A. and Department of Mathematics Hebei Normal University Shijiazhuang 050016 P.R. China E-Mail: jxiong@math.utk.edu

No. 935 Berlin 2004

W I A S

2000 Mathematics Subject Classification. 60J80, 60G57, 60J35.

Key words and phrases. superprocess, interaction, immigration, non-linear SPDE, conditional log- Laplace functional, excursion law .

1 Supported by the NSFC (No. 10121101 and No. 10131040).

2 Corresponding author. Research partially supported by the research grant of UO 3 Research supported partially by NSA and by Alexander von Humboldt Foundation. Thanks go also to the Weierstrass Institute for Applied Analysis and Stochastics.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

A class of interacting superprocesses, called superprocesses with dependent spatial motion (SDSMs), has been introduced and characterized in Wang [22] and Dawson et al. [7]. In this paper, we give a construction or an excursion representation of the non-degenerate SDSM with immigration by making use of a Poisson system associated with the conditional excursion laws of the SDSM. As pointed out in Wang [22], the multiplicative property or summable property is lost for SDSMs and immigration SDSMs. However, summable property is the foundation of excursion representation. This raises a sequence of technical difficulties. The main tool we used is the conditional log-Laplace functional technique that gives the conditional summability, the conditional excursion law, and the Poisson point process for the construction of the immigration SDSMs.

1 Introduction

Wang ([21] [22]) and Dawson et al [7] have considered a model of interacting branching particle systems in which each individual is governed by a stochastic differential equation (SDE):

dx_i(t) = c(x_i(t))dB_i(t) + ∫ R h(y − x_i(t))W (dt, dy), t ≥ 0, i = 1, 2, · · · (1.1)

where B_1, B_2, · · · are independent Brownian motions and W is a Brownian sheet or a space-time white noise which is independent of B_i’s, c ∈ C^2_b (R), h ∈ C^2_b (R) is squareintegrable with square-integrable derivative. Above C^k_b (R) denotes the set of functions that, together with their derivatives up to order k inclusive, are bounded continuous on R. The subset of non-negative elements of C^k_b (R) is denoted by C^k_b (R)^+ . Suppose that σ ∈ C^2_b (R)^+ is the branching rate for all particles in the system. Let M(R) be the space of all finite measures on R with weak topology and let W^E := C([0, ∞), M(R)). Then the corresponding limit superprocesses, which are called superprocesses with dependent spatial motion (SDSMs), of such interacting branching systems can be constructed and characterized as the unique solution on W^E of the martingale problem associated with the operator L = A + B defined as follows: AF (μ) = 1 2 ∫ R a(x) d^2 dx^2 δF (μ) δμ(x) μ(dx) + 1 2 ∫ R^2 ρ(x − y) d^2 dxdy δ^2F (μ) δμ(x)δμ(y) μ(dx)μ(dy) (1.2)

BF (μ) = 1 2 ∫ R σ(x) δ^2F (μ) δμ(x)^2 μ(dx), (1.3) where a(x) = c^2(x) + ρ(0) and

ρ(x) := ∫ R h(y − x)h(y)dy. (1.4) For more details, see Wang [22] and Dawson et al. [7]. The SDSM can also be uniquely characterized by the following simplified martingale problem: ∀ ϕ ∈ S(R), the space of the infinitely differentiable functions that, together with all their derivatives, are rapidly decreasing at infinity, M_t(ϕ) ≡ ⟨ϕ, X_t⟩ − ⟨ϕ, μ⟩ − 1 2 ∫_t 0 ⟨ aϕ^{′′}, X_u ⟩ du is a martingale with quadratic variation process ⟨M(ϕ)⟩_t = ∫_t 0 ⟨ σϕ^2, X_u ⟩ du + ∫_t 0 du ∫ R^2 ρ(y − z)ϕ^′(y)ϕ^′(z)X_u(dy)X_u(dz), where ϕ^′(x) =^d_{dx} ϕ(x) and ϕ^{′′}(x) =^{d2}_{dx2} ϕ(x). Regarding the investigation of this model in different assumptions, it was proved in Wang [21] that X_t is absolutely continuous and Dawson et al [9] derived a stochastic partial differential equation (SPDE) for the density process for the case that c(·) ≡ ϵ > 0. The absolute continuity was proved in Dawson et al [7] under the weaker assumption |c(·)| ≥ ϵ > 0. Wang [24] proved the convergence of SDSM to a super-Brownian motion in the case that c(·) ≡ ϵ > 0 and h converges to a singular function. When c(·) ≡ 0, Wang ([21], [23]) proved that X_t is purely atomic and Dawson et al [8] derived a degenerated SPDE and proved the existence of a unique strong solution. Li et al. [16] has constructed a singular, degenerate SPDE that connected to coalescing Brownian motions.

For a general term of the excursion representation of a stochastic process, we mean a construction or representation of the stochastic process in terms of excursions and Poisson point processes. The first breakthrough in the excursion representation of Brownian motion was the seminal paper of Itô [12], although some ideas were already, at an intuitive level, in the work of Lévy, it was Itô who put the subject on a firm mathematical basis, thus supplying another cornerstone to Probability Theory. Since then, there are many important progresses in this field (see Dawson and Li [6] and references therein). In the present paper the following problems are tackled: Recently Dawson and Li [6] gives an excursion representation of the immigration SDSM with c ≡ 0 (degenerate SDSM) and Fu and Li [10] gives an excursion representation of immigration Dawson-Watanabe process. This naturally raises a question: Given c ∈ C^2_b (R) satisfing c(·) ≥ ϵ > 0, can we give an excursion representation of the immigration SDSM with this non-degenerate coefficient c? In the case that c ≡ 0, the SDSM is a purely-atomic measure-valued process. The corresponding location processes of the purely-atomic SDSM are (smooth) coalescing stochastic flows which never meet each other if their initial locations are separated. Over each stochastic flow or location process, it is just one dimensional Feller branching diffusion. [6] has well used this purely-atomic property of the degenerate SDSM and transformed the question of the excursion representation into the one dimensional case. Then, the problem of the excursion representation of the degenerate SDSM is solved based on the results of the one dimensional continuous state branching processes (for more details, See Dawson and Li [6] and Pitman and Yor [18]). In the case of immigration Dawson-Watanabe process, the motions of particles are independent and infinite divisible property holds. Then, the cluster representation of the Dawson-Watanabe process gives the entrance law (See Dawson [5], Fu and Li [10]). For our case, c(·) is a strictly elliptic function (i.e. there exists an ϵ > 0 such that c(·) ≥ ϵ). This corresponds to the non-degenerate case. In this case, the SDSM has density at each t > 0. On the other hand, the motions of particles of SDSM are always dependent based on the assumption of coefficient h ≢ 0 and ρ is twice continuously differentiable with ρ^′ and ρ^{′′} bounded. Thus, to give an excursion representation for the non-degenerate SDSM with immigration, our first difficulty is how to construct the entrance law in this case. We already mentioned that in this case we don’t have cluster representation any more due to the dependency of particles’ motions. An even more challenging difficulty for us is the loss of summable property of the SDSM due to interaction. The summable property is just the multiplicative property which is the fact that a measure-valued Markov process has summable property if two such processes start at μ_1 and μ_2, respectively, then their sum is equal in law to the same process starting at μ_1 + μ_2. This is an obvious consequence of the independent behavior of the particles in the population. The summable property is the key to the successes in the study of the independent measure-valued Markov processes whatever the approaches to different problems be. In particular for the immigration and the excursion representation of the measure-valued Markov processes, even the definition of immigration process is directly given based on the summable property (See Li-Shiga [14] Definition 1.1). Nevertheless, it is obvious that an interacting particle system has lost such a property and is only allowed instantaneous perturbation of motion, branching, and immigration due to loss of independent behavior of individuals. For more information, see the counter example given in Wang [22] for the summable property of SDSM. From above analysis, this seems to us that to find the excursion representation of the non-degenerate SDSM would be hopeless. However, the following intuitive idea brought sunshine into our dull struggling with this problem. The idea is looking the common space-time white noise or the Brownian sheet as a shared random environment or a common living ground. If we freeze the shared random environment (conditioned on the space-time white noise), the individual particles are still independent and summable. This is called conditional summability. We will see that the successful realization of this plan is based on the construction of the conditional or stochastic log-Laplace functional which is a unique strong solution of a nonlinear, backward stochastic partial differential equation. This stochastic log-Laplace functional plays the role for SDSM same as the log-Laplace functional does for the super-Brownian motion. The basic idea, thus, can be intuitively explained as follows: When freezing the random environment, the SDSM becomes a generalized, inhomogeneous super-Brownian motion if condition c(·) ≥ ϵ > 0 holds. Thus, all the results are intuitively natural generalization of the classical super-Brownian motion under conditional argument. However, this is by no means that everything is straight forward copy from the case of super-Brownian motion after freezing the random environment. Actually, although the stochastic log-Laplace functional technique can provide conditional summable property, it raises lot of new challenging problems related to the nonlinear SPDE and other issues. We will see that the stochastic log-Laplace functional will serve as a basic tool for a sequence of works. (See Xiong [26], [25] and Li et al [15] for motivations and more details of conditional log-Laplace functionals).

For fixed integers m ≥ 1 and 0 ≤ k ≤ ∞, let C^k(R^m ) be the set of functions on R^m having continuous derivatives up to order k and C^k_∂ (R^m ) be the set of functions in C^k(R^m ), which, together with their derivatives up to order k, can be extended continuously to

R̄m := Rm ∪ {∂}, the one point compactification of Rm . Let Ck_0 (Rm ) denote the set of functions in C^k(R^m ), which, together with their derivatives up to order k, vanish at infinity. C^k_c (R^m ) stands for the set of functions in C^k_0 (R^m ), which, together with their derivatives up to order k, have compact support. Let B(R) denote all the Borel functions on R. L^2(R) denotes the Hilbert space of square integrable function classes with inner product ⟨·, ·⟩_0 and norm ‖ · ‖_0. If h is a function of x, we use h^′ to denote either^d_{dx} h or ∂_xh. Let H^m (R) denote the Sobolev space of classes of functions that, together with their derivatives in the sense of distribution up to m^{th} order, are square integrable on R with norm defined by ‖ϕ‖_m := m ∑ i=0 ‖∂^i_xϕ‖^2_0, ϕ ∈ H^m (R), where ‖ · ‖_0 is the norm of L^2(R). {H^m (R) : m ≥ 0} are Hilbert spaces. In particular, we have H^0 (R) = L^2(R). C^k_b (R) ⋂ H^k (R) denotes the set of functions that, together with their bounded continuous derivatives up to order k, are square integrable. For f ∈ B(R) and μ ∈ M(R), set ⟨f, μ⟩ = ∫ R fdμ. Above notations will keep same meaning throughout the paper.

To simply the statement of each theorem, here we give a statement that put several required conditions together.

Basic Condition (A): In our model, we assume that the coefficients σ ∈ C^2_b (R), h ∈ C^2_b (R) ⋂ H^2 (R), c ∈ C^2_b (R), and there exist constants ϵ > 0 and σ_b > σ_a > 0 such that c^2(x) ≥ ϵ and σ_a ≤ σ(x) ≤ σ_b.

This article is organized as follows: In section 2, we discuss the stochastic log-Laplace equation, the existence of its unique strong solution, as well as the regularity of the solution. We generalize the results discussed in Li et al. [15] based on the results of Kurtz-Xiong [13] and Rozovskii [19]. We derive the ψ-semigroup property. In section 3, the conditional or stochastic log-Laplace functionals for SDSM will be discussed. In section 4, we will investigate the conditional generalized super-Brownian motion and give some basic tools for the conditional excursion representation of the SDSM. Section 5 will discuss the construction of the conditional entrance law for SDSM. The conditional excursion law of the SDSM, and the conditional excursion representation of the immigration SDSM (SDSMI) is discussed in section 6.

2 Stochastic log-Laplace equations and ψ-semigroups

Recall that we have assumed the basic condition (A) for the model coefficients. Let W (ds, dx) be a space-time white noise. For any given initial data ϕ ∈ L^2(R), we consider the following forward non-linear SPDE:

ψ_t(x) = ϕ(x) + ∫_t 0 [ 1 2 a(x)∂^2_{xx}ψ_s(x) − 1 2 σ(x)ψ_s(x)^2 ] ds + ∫_t 0 ∫ R h(y − x)∂_xψ_s(x)W (ds, dy), t ≥ 0, (2.1) and the following backward nonlinear SPDE: ψ_{r,t}(x) = ϕ(x) + ∫_t r [ 1 2 a(x)∂^2_{xx}ψ_{s,t}(x) − 1 2 σ(x)ψ_{s,t}(x)^2 ] ds

+ ∫_t r ∫ R h(y − x)∂_xψ_{s,t}(x) · W (ds, dy), t ≥ r ≥ 0, (2.2) where “·” denotes the backward Itô stochastic integral.

In the following, first we discuss SPDEs (2.1) and (2.2) with initial data ϕ ∈ L^2(R). Although ϕ ≡ 1 /∈ L^2(R), we will need the solutions of SPDEs (2.1) and (2.2) with initial data ϕ ≡ 1. We will handle this case by a monotone convergence method. Let L^2([0, T ], P, L^2(R)) stand for the space of all classes of predictable random mappings from [0, T ] to L^2(R), which are square integrable with respect to measure ℓ × P, where ℓ is Lebesgue measure on R.

Definition 2.1 For any given initial data ϕ ∈ L^2(R), a stochastic process u ∈ L^2([0, T ], P, L^2(R)) is called a generalized solution of equation (2.1) if, for every f ∈ C^∞_c (R), the space of infinitely differentiable with compact support, it satisfies the following equation : ⟨u_t, f⟩_0 = ⟨ϕ, f⟩_0 + ∫_t 0 1 2 ( − ⟨au^′_s, f^′⟩_0 − ⟨a^′u^′_s + σu^2_s, f⟩_0 ) ds + ∫_t 0 ∫ R ⟨h(y − ·)u^′_s, f⟩_0dW (ds, dy), for any t ≥ 0, P-a.s.. (2.3)

For the case that ϕ ≡ 1, a continuous stochastic process u is called a generalized solution of equation (2.1) if, for every f ∈ C^∞_c (R), it satisfies the following equation : ∫ R u_t(x)f(x)dx = ∫ R ϕ(x)f(x)dx + ∫_t 0 1 2 ( ∫ R u_s(x)(a(x)f^′(x))^′dx + ∫ R u_s(x)(a^′(x)f(x))^′dx − ∫ R σ(x)u^2_s (x)f(x)dx ) ds − ∫_t 0 ∫ R [ ∫ R u_s(x) ∂ ∂x (h(y − x)f(x))dx ] dW (ds, dy), t ≥ 0, P-a.s.(2.4) For any r ∈ [0, T ], a stochastic process v_{r,·} ∈ L^2([r, T ], P, L^2 (R)) is called a generalized solution of equation (2.2) if, for every f ∈ C^∞_c (R), it satisfies the following equation : ⟨v_{r,t}, f⟩_0 = ⟨ϕ, f⟩_0 + ∫_t r 1 2 ( − ⟨av^′_{r,s}, f^′⟩_0 − ⟨a^′v^′_{r,s} + σv^2_{r,s}, f⟩_0 ) ds + ∫_t r ∫ R ⟨h(y − ·)v^′_{r,s}, f⟩_0 · dW (ds, dy), for any t ≥ r, P-a.s.. (2.5) For the case that ϕ ≡ 1, a continuous stochastic process u is called a generalized solution of equation (2.2) if, for every f ∈ C^∞_c (R), it satisfies the following equation : ∫ R v_{r,t}(x)f(x)dx = ∫ R ϕ(x)f(x)dx + ∫_t r 1 2 ( ∫ R v_{r,s}(x)(a(x)f^′(x))^′dx + ∫ R v_{r,s}(x)(a^′(x)f(x))^′dx − ∫ R σ(x)v^2_{r,s}(x)f(x)dx ) ds − ∫_t r ∫ R [ ∫ R v_{r,s}(x) ∂ ∂x (h(y − x)f(x))dx ] · dW (ds, dy), t ≥ r,P-a.s.(2.6) Remark: In order to use Rozovskii’s results (see [19]), above definition, we have used the divergent form of the principle term since a ∈ C^2_b (R).

For the existence, the uniqueness, and the regularity of solution of the SPDEs (2.1) and (2.2), we generalize two theorems from Li et al. [15] in the following.

Theorem 2.1 Suppose that the basic condition (A) holds. Then, for any ϕ ∈ {C_b(R)^+ ⋂ H^1 (R)}, equation (2.1) has a unique C_b(R) ⋂ H^1 (R)-valued, non-negative, strong solution {ψ_t : t ≥ 0}. Furthermore, if ϕ ≡ 1, equation (2.1) has a unique C_b(R)-valued, nonnegative, strong solution {ψ_t : t ≥ 0}. For any ϕ ∈ {C_b(R)^+ ⋂ H^1 (R)}∪{1}, ‖ψ_t‖a ≤ ‖ϕ‖a holds P − a.s. for all t ≥ 0, where ‖ϕ‖a is the supremum of ϕ.

Proof: For the case that ϕ ∈ {C_b(R)^+ ⋂ H^1 (R)}, see the proof of Theorem 4.1 of Li et al.

[15]. For ϕ ≡ 1, let {ϕ_n : n ≥ 1} ⊂ {C_b(R)^+ ⋂ H^1 (R)} be a monotone increasing sequence such that the following conditions are satisfied: 0 ≤ ϕ_n ≤ 1 and lim_{n→∞} ϕ_n(x) = 1 for all x ∈ R. Let ψ^n_t be the unique solution of (2.1) with initial function ϕ_n. Let u_t(x) = ψ^{n+1}_s (x) − ψ^n_s (x). Define

d_s(x) := σ(x)(ψ^{n+1}_s (x) + ψ^n_s (x)), (2.7)

which is nonnegative. Then u_t is a solution to the following SPDE:

u_t(x) = ϕ_{n+1}(x) − ϕ_n(x) + ∫_t 0 [ 1 2 a(x)∂^2_{xx}u_s(x) − 1 2 d_s(x)(u_s(x)) ] ds + ∫_t 0 ∫ R h(y − x)∂_xu_s(x)W (ds, dy), t ≥ 0. (2.8) Note that d_s(x) is not a Lipschitz function, the results of Kurtz-Xiong [13] is not directly applicable. However, the existence of a nonnegative solution given by the particle representation is still true. To prove u_t(x) ≥ 0, we only need to prove the uniqueness for the solution of (2.8). Let v_t(x) be the difference of any two solutions of (2.8). Then

v_t(x) = ∫_t 0 ( 1 2 a(x)∂^2_xv_s(x) − 1 2 d_s(x)v_s(x) ) ds + ∫_t 0 ∫ R h(y − x)∂_xv_s(x)W (dsdy). By an argument similar to the proof of Lemma 4.2 in [15], we can show that there exists a finite nonnegative K such that

E ‖v_t ‖^2_0 ≤ K ∫_t 0 E‖v_s ‖^2_0ds. Then, Gronwall’s inequality implies v = 0.

According to Kurtz-Xiong [13], equation (2.8) has a unique, non-negative solution. By direct calculation, we will see that (ψ^{n+1}_t − ψ^n_t ) is a solution of (2.8). Thus {ψ^n_t (x)} is a bounded increasing sequence for each x ∈ R. By definition 2.1, the limit is a unique solution of (2.1).

Theorem 2.2 Suppose that the basic condition (A) holds. Then, for any ϕ ∈ {C_b(R)^+ ⋂ H^1 (R)}, equation (2.2) has a unique C_b(R) ⋂ H^1 (R)-valued, non-negative, strong solution {ψ_{r,t} : t ≥ r ≥ 0}. Furthermore, if ϕ ≡ 1, equation (2.2) has a unique C_b(R)-valued, non-negative, strong solution {ψ_{r,t} : t ≥ r ≥ 0}. For any ϕ ∈ {C_b(R)^+ ⋂ H^1 (R)} ∪ {1}, ‖ψ_{r,t}‖a ≤ ‖ϕ‖a holds P − a.s. for all t ≥ r ≥ 0, where ‖ϕ‖a is the supremum of ϕ.

Proof: For any ϕ ∈ {C_b(R)^+ ⋂ H^1 (R)}, see the proof of Theorem 4.2 of Li et al. [15].

For ϕ ≡ 1, the existence and the uniqueness can be proved by an argument similar to the proof of Theorem 2.1.

Since the solution of (2.1) depends on the initial function ϕ(·), we can rewrite the solution of (2.1) as ψ_t(x) = ψ_t(x, ϕ). Based on this new notation, we say that ψ_t(x, ϕ), the solution of (2.1), defines a ψ-semigroup if there exists a set N ⊂ Ω such that P(N) = 0 and for any ϕ ∈ C(R)^+ ⋂ H^1 (R) and 0 ≤ s ≤ t,

ψ_{s+t}(x, ϕ) = ψ_t(x, ψ_s(·, ϕ)) (2.9)

holds for all ω /∈ N. Based on this definition, we have following theorem.

Theorem 2.3 Suppose that the basic condition (A) holds. Then, for any ϕ ∈ {C_b(R)^+ ⋂ H^1 (R)}, equation (2.1) has a unique {C_b(R) ⋂ H^1 (R)}-valued, non-negative, strong solution {ψ_t : t ≥ 0}. Moreover, the solution defines a ψ-semigroup.

Proof: Based on the Theorem 2.1, we only need to prove the semigroup property. Let ψ_t be the unique strong solution of (2.1). Then, for any nonnegative s, t, we have

ψ_s(x) = ϕ(x) + ∫_s 0 [ 1 2 a(x)∂^2_{xx}ψ_u(x) − 1 2 σ(x)ψ_u(x)^2 ] du + ∫_s 0 ∫ R h(y − x)∂_xψ_u(x)W (du, dy), s ≥ 0. (2.10)

ψ_{s+t}(x) = ϕ(x) + ∫_{s+t} 0 [ 1 2 a(x)∂^2_{xx}ψ_u(x) − 1 2 σ(x)ψ_u(x)^2 ] du + ∫_{s+t} 0 ∫ R h(y − x)∂_xψ_u(x)W (du, dy), s ≥ 0 t ≥ 0. (2.11) (2.11) minus (2.10). Then, we get

ψ_{s+t}(x) − ψ_s(x) = ∫_{s+t} s [ 1 2 a(x)∂^2_{xx}ψ_u(x) − 1 2 σ(x)ψ_u(x)^2 ] du + ∫_{s+t} s ∫ R h(y − x)∂_xψ_u(x)W (du, dy), s ≥ 0 t ≥ 0.(2.12) For any one-dimensional Borel set A, any 0 ≤ u ≤ v, and any fixed s ≥ 0 , define W^s([u, v], A) = W ([u + s, v + s], A) as the s-shifted space-time white noise of W . Since a(x), σ(x), h are time homogeneous, we can reform (2.12) to get

ψ_{s+t}(x) = ψ_s(x) + ∫_t 0 [ 1 2 a(x)∂^2_{xx}ψ_{s+u}(x) − 1 2 σ(x)ψ_{s+u}(x)^2 ] du + ∫_t 0 ∫ R h(y − x)∂_xψ_{s+u}(x)W^s(du, dy), s ≥ 0 t ≥ 0. (2.13) By the uniqueness of the strong solution of (2.1), for any fixed s ≥ 0, ψ_{s+t}(x, ϕ) is the unique strong solution of (2.12). On the other hand, for the same fixed s ≥ 0, just following the same idea to prove Theorem 2.1 we can prove that (2.13) has a unique strong solution which is just ψ_t(x, ψ_s(·, ϕ)) since the initial value is ψ_s(·, ϕ). This obviously gives that for any fixed s ≥ 0, ψ_{s+t}(x, ϕ) = ψ_t(x, ψ_s(·, ϕ)), t ≥ 0, (2.14) holds for all ω /∈ N with P(N) = 0. The existence of the set N comes from the continuity of the unique strong solution of (2.1) and (2.13).

Same as the forward case, since the solution of (2.2) depends on the initial value ϕ(·), we can rewrite the solution of (2.2) as ψ_{s,t}(x) = ψ_{s,t}(x, ϕ). Based on this new notation, we say that ψ_{s,t}(x, ϕ), the solution of the backward equation (2.2), defines a backward ψ-semigroup if there exists a N such that P(N) = 0 and for any ϕ ∈ C_b(R)^+ ⋂ H^1 (R) and 0 ≤ r ≤ s ≤ t, ψ_{r,t}(x, ϕ) = ψ_{r,s}(x, ψ_{s,t}(·, ϕ)) (2.15) holds for all ω /∈ N. Based on this definition, we have following theorem.

Theorem 2.4 Suppose that the basic condition (A) holds. Then, for any ϕ ∈ {C_b(R)^+ ⋂ H^1 (R)}, equation (2.2) has a unique C_b(R) ⋂ H^1 (R)-valued, non-negative, strong solution {ψ_{r,t} : t ≥ r ≥ 0}. Moreover, the solution of (2.2) defines a backward ψ-semigroup.

Proof: Based on the Theorem 2.2, we only need to prove that the C_b(R)^+ ⋂ H^1 (R)-valued strong solution {ψ_{r,t} : t ≥ r ≥ 0} defines a backward ψ-semigroup. Let ψ_{r,t}(x) = ψ_{r,t}(x, ϕ) be the unique strong solution of (2.2). Then, for any nonnegative t, s, v, we have ψ_{t−s−v,t}(x) = ϕ(x) + ∫_t t−s−v [ 1 2 a(x)∂^2_{xx}ψ_{u,t}(x) − 1 2 σ(x)ψ_{u,t}(x)^2 ] du + ∫_t t−s−v ∫ R h(y − x)∂_xψ_{u,t}(x) · W (du, dy), t ≥ s + v, (2.16) and ψ_{t−s,t}(x) = ϕ(x) + ∫_t t−s [ 1 2 a(x)∂^2_{xx}ψ_{u,t}(x) − 1 2 σ(x)ψ_{u,t}(x)^2 ] du + ∫_t t−s ∫ R h(y − x)∂_xψ_{u,t}(x) · W (du, dy), t ≥ s ≥ 0. (2.17) That (2.16) minus (2.17) gives ψ_{t−s−v,t}(x) − ψ_{t−s,t}(x) = ∫_{t−s} t−s−v [ 1 2 a(x)∂^2_{xx}ψ_{u,t}(x) − 1 2 σ(x)ψ_{u,t}(x)^2 ] du + ∫_{t−s} t−s−v ∫ R h(y − x)∂_xψ_{u,t}(x) · W (du, dy), t ≥ v + s,(2.18) In (2.18), for fixed t and s, let v change in t − s ≥ v ≥ 0. Then, ψ_{t−s,t}(x) is treated as the initial value. Since the upper limit of the integrals in the right hand side is t − s and the stochastic integral is backward, t − s must be the backward initial time for the solution. Then, without loss any generality, we can reform (2.18) to get ψ_{t−s−v,t−s}(x) − ψ_{t−s,t}(x) = ∫_{t−s} t−s−v [ 1 2 a(x)∂^2_{xx}ψ_{u,t−s}(x) − 1 2 σ(x)ψ_{u,t−s}(x)^2 ] du + ∫_{t−s} t−s−v ∫ R h(y − x)∂_xψ_{u,t−s}(x) · W (du, dy), t ≥ v + s,(2.19)

By the uniqueness of the strong solution of (2.2), for any fixed s ≥ 0 and t − s ≥ 0, ψ_{t−s−v,t}(x, ϕ) is the unique strong solution of (2.18). On the other hand, for the same fixed s ≥ 0 and t − s ≥ 0, just following the same idea to prove Theorem 2.2 we can prove that (2.19) has a unique strong solution which is just ψ_{t−s−v,t−s}(x, ψ_{t−s,t}(·, ϕ)) since the initial value is ψ_{t−s,t}(·, ϕ). This obviously gives that for any fixed s ≥ 0 and t − s ≥ 0 ψ_{t−s−v,t}(x, ϕ) = ψ_{t−s−v,t−s}(x, ψ_{t−s,t}(·, ϕ)), t − s ≥ v ≥ 0, (2.20) holds for all ω /∈ N with P(N) = 0. The existence of the set N comes from the continuity of the unique strong solution of (2.2) and (2.19).

3 Conditional log-Laplace functionals

In order to construct conditional entrance laws and conditional excursion laws, we need some conclusions and notations from conditional log-Laplace functional. Same as log- Laplace functional for Dawson-Watanabe processes, it will be demonstrated that conditional log-Laplace functional is a very powerful tool to handle the models in which Brownian branching particles move in a random medium.

First, let us characterize the SDSM as a unique weak solution of a SPDE.

Theorem 3.1 Assume that c ∈ C^2_b (R), c^2(x) ≥ ϵ > 0, σ ∈ C_b(R), h ∈ C^2_b (R) ⋂ H^2 (R).

Then, for any given μ ∈ M(R) and any ϕ ∈ C^2(R), the following SPDE has a unique, continuous weak solution {X_t : t ≥ 0} : ⟨ϕ, X_t⟩ = ⟨ϕ, μ⟩ + 1 2 ∫_t 0 ⟨aϕ^{′′}, X_s⟩ds + ∫_t 0 ∫ R ϕ(y)Z(ds, dy) + ∫_t 0 ∫ R ⟨h(y − ·)ϕ^′, X_s⟩W (ds, dy), (3.1) where W (ds, dx) is a space-time white noise and Z(ds, dy) is an orthogonal martingale measure which is orthogonal to W (ds, dy) and has covariation measure σ(y)X_s(dy)ds.

Proof: See the proofs of Theorem 1.2 of [9] or Theorem 3.1 of [15] for the construction of the weak solution of the equation (3.1). The uniqueness follows from the duality argument and the continuity of the solution follows from the Proposition 2 of Bakry-Emery [2]

It is obvious that above {X_t : t ≥ 0} also solves the (L, δ_μ)-martingale problem.

Let (G_t)_{t≥0} denote the filtration generated by {W (ds, dy)}, {Z(ds, dy)} and {X_s(dy)}. By Theorem 2.4, for any ϕ ∈ C_b(R)^+ ⋂ H^1 (R) the backward equation (2.2) has a unique strong solution ψ_{r,t}. The following are two main results of the conditional log-Laplace functionals.

Theorem 3.2 Suppose that the basic condition (A) holds. Then, for any t ≥ r ≥ 0 and ϕ ∈ C_b(R)^+ ⋂ H^1 (R), we have a.s. ⟨ϕ, X_t⟩ = ⟨ψ_{r,t}, X_r⟩ + ∫_t r ∫ R ψ_{s,t}(x)Z(ds, dx) + 1 2 ∫_t r ⟨σψ^2_{s,t}, X_s⟩ds. (3.2)

Proof: See the proof of the Lemma 5.3 of [15].

Theorem 3.3 Suppose that the basic condition (A) holds. Let E^W denote the conditional expectation of {X_t : t ≥ 0} given the space-time white noise W (ds, dy). Then, for t ≥ r ≥ 0 and ϕ ∈ C_b(R)^+ ⋂ H^1 (R), we have a.s. E^W {e^{−⟨ϕ,Xt⟩}|G_r} = exp { − ⟨ψ_{r,t}, X_r⟩ } . (3.3)

In particular, if ϕ ≡ 1, we have a.s. E^W {e^{−⟨1,Xt⟩}|G_r} = exp { − ⟨Υ_{r,t}(x), X_r ⟩ } , (3.4)

where Υ_{r,t}(x) is the unique, nonnegative, C_b(R)-valued solution of (2.2) with initial data ϕ ≡ 1. Consequently, {X_t : t ≥ 0} is a diffusion process with Feller transition semigroup (Q_t)_{t≥0} given by ∫ M(R) e^{−⟨ϕ,ν⟩}Q_t(μ, dν) = E exp { − ⟨ψ_{0,t}, μ⟩ } . (3.5)

Proof: For ϕ ∈ C_b(R)^+ ⋂ H^1 (R), see the proof of Theorem 5.1 of [15]. For ϕ ≡ 1, the conclusion follows from a monotone convergence sequence method.

4 Conditional Generalized Super-Brownian Motion

In this section, we derive some new properties of the conditional SDSM which are similar to that of super-Brownian motion. These properties are necessary for the conditional excursion representation of the SDSMI. First, let us consider the following backward SPDE: T_{r,t}(x) = ϕ(x) + ∫_t r [ 1 2 a(x)∂^2_{xx}T_{s,t}(x) ] ds + ∫_t r ∫ R h(y − x)∂_xT_{s,t}(x) · W (ds, dy), t ≥ r ≥ 0, (4.1) where “·” denotes the backward stochastic integral. (4.1) is just (2.2) with σ(·) ≡ 0. Thus, according to Theorem 2.4, for any ϕ ∈ C_b(R)^+ ⋂ H^1 (R), the backward equation (4.1) has a unique C_b(R)^+ ⋂ H^1 (R)-valued strong solution {T_{r,t} : t ≥ r ≥ 0} which is continuous in t. Moreover, the solution of (4.1) defines a backward ψ-semigroup. In order to give a better estimate of the solution of (4.1) by using the results of Rozovskii [19], here we introduce some new notations. Let {h_j : j = 1, 2, · · ·} be a complete orthonormal system of L^2(R). Then

W_j(t) = ∫_t 0 ∫ R h_j (y)W (ds, dy), t ≥ 0 defines a sequence of independent standard Brownian motions {W_j : j = 1, 2, · · ·}. For ϵ > 0 let W^ϵ(dt, dx) = [1/ϵ]∑

j=1 h_j (x)W_j (dt)dx, s ≥ 0, x ∈ R.

Let L^2([0, T ], P, H^k ) denote the space of H^k -valued, predictable, square-integrable stochastic processes and C([0, T ], P, H^k ) denote the space of H^k -valued, strongly continuous stochastic processes. Assume that c ∈ C^2_b (R), c^2(x) ≥ ϵ > 0, h ∈ C^2_b (R) ⋂ H^2 (R). For any ϕ ∈ {C_b(R)^+ ⋂ H^1 (R)}, by Rozovskii ([19] p133, Theorem 2), the equation T^ϵ_{r,t}(x) = ϕ(x) + ∫_t r [ 1 2 a(x)∂^2_xT^ϵ_{r,s}(x) ] ds + ∫_t r ∫ R h(y − x)∂_xT^ϵ_{r,s}(x) · W^ϵ(ds, dy), t ≥ r ≥ 0, (4.2) has a unique solution T^ϵ_{r,t}(x) ∈ L^2([0, T ], P, H^2 ) ⋂ C([0, T ], P, H^1 ) and the following inequality E sup s∈[r,T ] ‖T^ϵ_{r,s}‖^2 ≤ KE‖ϕ‖^2 holds. By a limit argument similar to the proof of Rozovskii ([19] p111, Theorem 2), we can get that T_{r,s}(x), the solution of (4.1), satisfies

E sup s∈[r,T ] ‖T_{r,s}‖^2 ≤ KE‖ϕ‖^2 . (4.3)

In the following, in order to emphasize some special points, we use T_{r,t}(x) = T_{r,t}(x, ϕ) and ψ_{r,t}(x) = ψ_{r,t}(x, ϕ) to denote the unique solution of (4.1) and (2.2), respectively. Similar to the super-Brownian motion case, for any ϕ ∈ C_b(R)^+ ⋂ H^1 (R) we consider the following stochastic equation: Ψ_{r,t}(x) = T_{r,t}(x, ϕ) − 1 2 ∫_t r T_{r,s}[σ(x)(Ψ_{s,t}(x))^2]ds, (4.4)

where T_{r,t}(x, ϕ) is the unique strong solution of (4.1). From the inequality (4.3), we can prove that the equation (4.4) has a unique solution by the Picard iterative scheme. Then, we have following theorem.

Theorem 4.1 Suppose that the basic condition (A) holds. Then, for any ϕ ∈ C_b(R)^+ ⋂ H^1 (R), (4.4) has a unique strong solution that defines a ψ-semigroup for all ω /∈ N with P(N) = 0. Let {ψ_{r,t} : 0 ≤ r ≤ t} denote the unique strong solution of the equation (4.4). Then, for each μ ∈ M(R) and given space-time white noise W there is a unique conditional probability measure Q^W_μ on W^E ≡ C([0, ∞), M(R)) such that ∫ W^E e^{−⟨ϕ,wt⟩}Q^W_μ (dw) = exp { − ⟨ψ_{0,t}, μ⟩ } ω /∈ N, (4.5) holds and the coordinate process {w_t : t ≥ 0} on W^E under the system {Q^W_μ : μ ∈ M(R)} defines a conditional diffusion process, called conditional generalized super-Brownian motion, with transition semigroup {(Q^W_{r,t}) : t ≥ r ≥ 0} given by ∫ M(R) e^{−⟨ϕ,ν⟩}Q^W_{r,t}(μ, dν) = exp { − ⟨ψ_{r,t}, μ⟩ } , ω /∈ N. (4.6) Furthermore, (4.4) is equivalent to (2.2). Thus, {ψ_{r,t} : 0 ≤ r ≤ t} in (4.6) is also the unique strong solution of (2.2).

Proof: The existence of the unique measure Q^W_μ on W^E and the conditional transition semigroup {(Q^W_{r,t}) : t ≥ r ≥ 0} such that (4.5) and (4.6) hold follows from the construction of the conditional log-Laplace functional for SDSMI with b = 0 = m given in the section 5 in [15]. Let T_{r,t}(x) = T_{r,t}(x, ϕ) be the unique strong solution of (4.1), which is just the strong solution of (2.2) with σ(·) ≡ 0. By Theorem 2.4, we know that {T_{r,t} : t ≥ r ≥ 0} is a backward ψ- semigroup.

To complete the proof of the theorem, it suffices to prove that (4.4) is equivalent to (2.2). To this end, in the following we prove that given a solution of (4.4), we can change the form of (4.4) into that of (2.2) by a stochastic Fubini theorem (See Theorem 2.6 of Walsh [20]) as follows: For any ϕ ∈ C_b(R)^+ ⋂ H^1 (R), let ψ_{r,t}(x) be a solution of (4.4). Thus, we have ψ_{r,t}(x) = T_{r,t}(x) − 1 2 ∫_t r T_{r,s}[σ(x)(ψ_{s,t}(x))^2]ds (4.7) = ∫_t r [ 1 2 a(x)∂^2_{xx}T_{u,t}(x)]du + ∫_t r ∫ R h(y − x)∂_xT_{u,t}(x) · W (du, dy) − 1 2 ∫_t r [σ(x)(ψ_{s,t}(x))^2]ds − 1 2 ∫_t r {∫_s r 1 2 a(x)∂^2_{xx}T_{u,s}[σ(x)(ψ_{s,t}(x))^2]du + ∫_s r ∫ R h(y − x)∂_xT_{u,s}[σ(x)(ψ_{s,t}(x))^2] · W (du, dy) } ds + ϕ(x) = ∫_t r [ 1 2 a(x)∂^2_{xx}T_{u,t}(x)]du − 1 2 ∫_t r {∫_t u 1 2 a(x)∂^2_{xx}T_{u,s}[σ(x)(ψ_{s,t}(x))^2]ds } du +ϕ(x) − 1 2 ∫_t r [σ(x)(ψ_{s,t}(x))^2]ds + ∫_t r ∫ R h(y − x)∂_xT_{u,t}(x) · W (du, dy) − 1 2 ∫_t r ∫ R {∫_t u h(y − x)∂_xT_{u,s}[σ(x)(ψ_{s,t}(x))^2]ds } · W (du, dy) = ∫_t r [ 1 2 a(x)∂^2_{xx}ψ_{u,t}(x)]du − 1 2 ∫_t r [σ(x)(ψ_{s,t}(x))^2]ds + ∫_t r ∫ R h(y − x)∂_xψ_{u,t}(x) · W (du, dy) + ϕ(x), which gives (2.2) and the proof is complete.

Theorem 4.2 Suppose that the basic condition (A) holds. For any ϕ ∈ C_b(R)^+ ⋂ H^1 (R), let Q^W_{r,t}(μ, dν) be the transition semigroup constructed from theorem 4.1 and T_{r,t}(x) = T_{r,t}(x, ϕ) be the unique strong solution of (4.1). Then, we have ∫ M(R) ⟨ϕ, ν⟩Q^W_{r,t}(μ, dν) = ⟨T_{r,t}, μ⟩, ω /∈ N (4.8) and ∫ M(R) ⟨ϕ, ν⟩^2Q^W_{r,t}(μ, dν) = ⟨T_{r,t}, μ⟩^2 + ∫_t r ⟨T_{r,s}[σ(x)(T_{s,t}(x))^2], μ⟩ds, ω /∈ N (4.9)

Proof: For any non-negative real number λ, let ψ^λ_{r,t}(x) be the unique strong solution of the following equation: ψ^λ_{r,t}(x) = T_{r,t}(λϕ(x)) − 1 2 ∫_t r T_{r,s}[σ(x)(ψ^λ_{s,t}(x))^2]ds (4.10) which is just the equation (4.4) with initial value λϕ(x) and where T_{r,t}(λϕ(x)) or T^λ_{r,t}(x) is the unique strong solution of the equation T^λ_{r,t}(x) = λϕ(x) + ∫_t r [ 1 2 a(x)∂^2_{xx}T^λ_{s,t}(x) ] ds + ∫_t r ∫ R h(y − x)∂_xT^λ_{s,t}(x) · W (ds, dy), t ≥ r ≥ 0, (4.11) where “·” denotes the backward stochastic integral. From (4.11) and (4.10), we have ψ^λ_{r,t}(x)|_{λ=0} ≡ 0. Now we prove that T^λ_{r,t}(x) and ψ^λ_{r,t}(x) are differentiable with respect to λ in the norm ‖·‖_0. First, we can directly check that T^λ_{r,t}(x) = λT_{r,t}(x) is a solution of (4.11). Since (4.11) has uniqueness, it is obvious that T^λ_{r,t}(x) is differentiable with respect to λ and^∂_{∂λ} T^λ_{r,t}(x) = T_{r,t}(x) and^{∂2}_{∂λ2} T^λ_{r,t}(x) ≡ 0. Let Z^λ_{s,t}(x) = λ^{−1}ψ^λ_{s,t}(x) − T_{s,t}(x). According to (4.10) and (4.11), we have Z^λ_{r,t}(x) = −(2λ)^{−1} ∫_t r T_{r,s}[σ(x)ψ^λ_{s,t}(x)^2]ds

= − 1 2 ∫_t r T_{r,s}[σ(x)λ^{−1}ψ^λ_{s,t}(x)^2 − σ(x)ψ^λ_{s,t}(x)T_{s,t}(x) + σ(x)ψ^λ_{s,t}(x)T_{s,t}(x)]ds

= − 1 2 ∫_t r T_{r,s}[σ(x)ψ^λ_{s,t}(x)Z^λ_{s,t}]ds − 1 2 ∫_t r T_{r,s}[σ(x)ψ^λ_{s,t}(x)T_{s,t}(x)]ds

(4.12)

Since ‖ψ^λ_{s,t}(x)‖_a ≤ λ‖ϕ‖_a, ‖T_{r,s}(x)‖_a ≤ ‖ϕ‖_a, Gronwall’s inequality yields

E ‖Z^λ_{r,t} ‖^2_0 → 0 as λ → 0. Let u_{r,t}(x) = − ∫_t r T_{r,s}[σ(x)T_{s,t}(x)^2]ds and u^λ_{s,t}(x) = λ^{−2}[ψ^{2λ}_{s,t}(x) − 2ψ^λ_{s,t}(x)] − u_{s,t}(x). According to (4.10) and (4.11), we have u^λ_{r,t}(x) = λ^{−2} { − 1 2 ∫_t r T_{r,s}[σ(x)ψ^{2λ}_{s,t}(x)^2]ds

+ ∫_t r T_{r,s}[σ(x)ψ^λ_{s,t}(x)^2]ds } + ∫_t r T_{r,s}[σ(x)T_{s,t}(x)^2]ds

= ∫_t r T_{r,s} σ(x) T_{s,t}(x)^2 + [ ψ^λ_{s,t}(x) λ ]_2 − 2 [ ψ^{2λ}_{s,t}(x) 2λ ]_2 ds

(4.13)

Since ‖ψ^λ_{s,t}(x)‖_a ≤ λ‖ϕ‖_a, ‖T_{r,s}(x)‖_a ≤ ‖ϕ‖_a, and E ‖Z^λ_{r,t} ‖^2_0 → 0 as λ → 0,

we get E ‖u^λ_{r,t} ‖^2_0 → 0 as λ → 0.

Therefore, we have^{∂ψλr,t(x)}_{∂λ} |_{λ=0} = T_{r,t}(x) and ∂^2ψ^λ_{r,t}(x) ∂λ^2 |_{λ=0} = − ∫_t r T_{r,s}[σ(x)(T_{s,t}(x))^2]ds. Then, the conclusion follows from taking derivative with respect to λ in the following equation ∫ M(R) e^{−⟨λϕ,ν⟩}Q^W_{r,t}(μ, dν) = exp { − ⟨ψ^λ_{r,t}, μ⟩ } , ω /∈ N, (4.14) and then set λ = 0.

5 Conditional Entrance Laws for SDSM

Before we start to construct the conditional entrance law for SDSM, we first give a required lemma which gives the monotonicity of the solution of the SPDE (2.1) in the coefficient σ(·). Lemma 5.1 Suppose that h ∈ C^2_b (R) ⋂ H^2 (R), c ∈ C^2_b (R), σ_i(x) ∈ C^2_b (R), i = 1, 2, and 0 ≤ σ_1(x) ≤ σ_2(x). For i = 1, 2, let ψ^i_t(x) be the unique strong solution of the following equation:

ψ^i_t(x) = ϕ(x) + ∫_t 0 ( 1 2 a(x)∂^2_xψ^i_s(x) − 1 2 σ_i(x)ψ^i_s(x)^2 ) ds + ∫_t 0 ∫ R h(y − x)∂_xψ^i_s(x)W (dsdy). Then ψ^1_t (x) ≥ ψ^2_t (x).

Proof: Let u_t(x) = ψ^1_t (x) − ψ^2_t (x). Then

u_t(x) = ∫_t 0 ( 1 2 a(x)∂^2_xu_s(x) − 1 2 d_s(x)u_s(x) ) ds + ∫_t 0 ∫ R h(y − x)∂_xu_s(x)W (dsdy) + ∫_t 0 c_s(x)ds, (5.1) where d_s(x) = σ_1(x)(ψ^1_s (x) + ψ^2_s (x)) ≥ 0, and c_s(x) = 1 2 (σ_2(x) − σ_1(x))ψ^2_s (x)^2 ≥ 0.

Similar to (2.8) we can show that (5.1) has at most one solution. For ϕ ≥ 0, we consider equation

y_t(x) = ϕ(x) + ∫_t r ( 1 2 a(x)∂^2_xy_s(x) − 1 2 d_s(x)y_s(x) ) ds + ∫_t r ∫ R h(y − x)∂_xy_s(x)W (dsdy). (5.2)

Denote the solution to (5.2) by T^c_{r,t}(x, ϕ). By Kurtz-Xiong [13], we know that T^c_{r,t}(x, ϕ) ≥ 0. Now we claim that θ_t(x) = ∫_t 0 T^c_{r,t}(x, c_r)dr ≥ 0 (5.3) is a solution to (5.1). From (5.2), we have

T^c_{r,t}(x, c_r) = c_r(x) + ∫_t r ( 1 2 a(x)∂^2_xT^c_{r,s}(x, c_r) − 1 2 d_s(x)T^c_{r,s}(x, c_r) ) ds + ∫_t r ∫ R h(y − x)∂_xT^c_{r,s}(x, c_r)W (dsdy). Hence

θ_t(x) = ∫_t 0 c_r(x)dr + ∫_t 0 ∫_t r ( 1 2 a(x)∂^2_xT^c_{r,s}(x, c_r) − 1 2 d_s(x)T^c_{r,s}(x, c_r) ) dsdr + ∫_t 0 ∫_t r ∫ R h(y − x)∂_xT^c_{r,s}(x, c_r)W (dsdy)dr = ∫_t 0 c_r(x)dr + ∫_t 0 ∫_s 0 ( 1 2 a(x)∂^2_xT^c_{r,s}(x, c_r) − 1 2 d_s(x)T^c_{r,s}(x, c_r) ) drds + ∫_t 0 ∫ R ∫_s 0 h(y − x)∂_xT^c_{r,s}(x, c_r)drW (dsdy) = ∫_t 0 c_r(x)dr + ∫_t 0 ( 1 2 a(x)∂^2_xθ_s(x) − 1 2 d_s(x)θ_s(x) ) ds + ∫_t 0 ∫ R h(y − x)∂_xθ_s(x)W (dsdy). This finishes the proof of the claim, and hence, the proof of the lemma.

Let {Q^{∘,W}_{r,t} : t ≥ r ≥ 0} be the restriction of {Q^W_{r,t} : t ≥ r ≥ 0} on M(R)^∘ := M(R) \ {0}.

Theorem 5.2 Suppose that the basic condition (A) holds. For any ϕ ∈ C_b(R)^+ ⋂ H^1 (R), let {ψ_{r,t} : 0 ≤ r ≤ t} be the unique strong solution of the backward equation (2.2) which defines a ψ-semigroup for all ω /∈ N with P(N) = 0. Then, for each x ∈ R, any t > r ≥ 0, and for all ω /∈ N, there is a unique finite random measure L^W_{r,t}(x, dν) on M(R)^∘ such that ∫ M(R)^∘ (1 − e^{−⟨ϕ,ν⟩})L^W_{r,t}(x, dν) = ψ_{r,t}(x) = ψ_{r,t}(x, ϕ) (5.4) holds. Furthermore, L^W_{r,t}(x, dν) is an entrance law for {Q^{∘,W}_{r,t} : t ≥ r ≥ 0}, i.e. for each x ∈ R, any t > s > r ≥ 0, and for all ω /∈ N, we have L^W_{r,t}(x, dν) = L^W_{r,s}(x, ·) ∘ Q^{∘,W}_{s,t} (·, dν), (5.5) where the right hand side is the convolution measure defined by L^W_{r,s}(x, ·) ∘ Q^{∘,W}_{s,t} (·, dν) = ∫ M(R)^∘ Q^{∘,W}_{s,t} (μ, dν)L^W_{r,s}(x, dμ). Proof: Recall that {Q^{∘,W}_{r,t} (μ, dν) : t ≥ r ≥ 0} is the transition semigroup of the conditional generalized super-Brownian motion given space-time white noise W and restricted on M(R)^∘ . First, we prove the tightness of {^1_ε Q^{∘,W}_{r,t} (εδ_x, ·)}. Note that, for any real positive number η > 0, {μ ∈ M(R) : ⟨1 + |x|, μ⟩ ≤ η} is a compact subset in M(R). We only need to show that

E lim_{η→∞} sup_{ε>0} 1 ε Q^{∘,W}_{r,t} (ϵδ_x, {μ ∈ M(R) : ⟨1 + |x|, μ⟩ > η}) = 0 (5.6) and sup_{ϵ>0} 1 ϵ Q^{∘,W}_{r,t} (ϵδ_x, M(R)^∘ ) < ∞, for t > r ≥ 0. (5.7) Let {γ_n} be a sequence of functions in C_b(R)^+ ∩ H^1 (R), which increasingly converge to 1 + |x|. From Theorem 4.2, we have

LHS of (5.6) = lim_{η→∞} E sup_{ε>0} 1 ε Q^{∘,W}_{r,t} (ϵδ_x, {μ ∈ M(R) : ⟨1 + |x|, μ⟩ > η}) ≤ lim_{η→∞} E sup_{ε>0} 1 η ∫ M(R) ⟨1 + |x|, μ⟩ 1 ε Q^{∘,W}_{r,t} (ϵδ_x, dμ) = lim_{η→∞} lim_{n→∞} E sup_{ε>0} 1 η ∫ M(R) ⟨γ_n, μ⟩ 1 ε Q^{∘,W}_{r,t} (ϵδ_x, dμ) = lim_{η→∞} lim_{n→∞} E 1 η T_{r,t}(x, γ_n) = lim_{η→∞} 1 η E_x (1 + |ξ_t|) = 0,

where the fourth equality follows from (4.1) and ξ_t is the driftless diffusion process with diffusion coefficient √ a(x). Recall that we have assumed that 0 < σ_a ≤ σ(x) ≤ σ_b < ∞, where σ_a and σ_b are constants. Let ψ^a_{r,t}(x) and ψ^b_{r,t}(x) denote the unique, non-negative solution of (2.2) with σ(x) replaced by σ_a and σ_b, respectively. By Lemma 5.1, we know that 0 ≤ ψ^b_{r,t}(x) ≤ ψ_{r,t}(x) ≤ ψ^a_{r,t}(x). Let Q^{W,σa}_{r,t} (μ, dν) denote the conditional transition probability of the SDSM with branching rate σ_a given Brownian sheet W . Since 0 < σ_a ≤ σ(x), we have ∫ M(R) e^{−λ⟨1,ν⟩}Q^W_{r,t}(μ, dν) ≤ ∫ M(R) e^{−λ⟨1,ν⟩}Q^{W,σa}_{r,t} (μ, dν), 0 ≤ λ. (5.8) Let ψ_{r,t}(λ) be the unique solution of (2.2) with ϕ(·) ≡ λ and ψ^{σa}_{r,t} (λ) be the unique solution of (2.2) with ϕ(·) ≡ λ and σ(·) ≡ σ_a. Then, Q^W_{r,t}(μ, {0}) = lim_{λ→∞} ∫ M(R) e^{−λ⟨1,ν⟩}Q^W_{r,t}(μ, dν) = lim_{λ→∞} e^{−⟨ψr,t(λ),μ⟩} ≥ lim_{λ→∞} e^{−⟨ψσar,t (λ),μ⟩} = Q^{W,σa}_{r,t} (μ, {0}) (5.9) since σ_a ≤ σ(x) and ψ_{r,t}(λ) ≤ ψ^{σa}_{r,t} (λ). From (5.8), we get ∫ M(R)^0 e^{−λ⟨1,ν⟩}Q^W_{r,t}(μ, dν) ≤ ∫ M(R)^0 e^{−λ⟨1,ν⟩}Q^{W,σa}_{r,t} (μ, dν), 0 ≤ λ. (5.10)

Since the right hand side of (5.8) is the Laplace transformation of a continuous state branching process with generator Gf = σ_a 2 ∂^2 ∂x^2 f. From the theory of continuous state branching process (see [1]), we can get that ∫ M(R)^∘ e^{−λ⟨1,ν⟩}Q^{W,σa}_{r,t} (μ, dν) = ∫ M(R) e^{−λ⟨1,ν⟩}Q^{W,σa}_{r,t} (μ, dν) − ∫ {0} e^{−λ⟨1,ν⟩}Q^{W,σa}_{r,t} (μ, dν) = exp{− ⟨1, μ⟩λ 1 + σ_aλ(t − r)/2 } − exp{− 2⟨1, μ⟩ σ_a(t − r) }. (5.11)

Thus, we have

lim_{ϵ↓0} ∫ M(R)^∘ e^{−λ⟨1,ν⟩} 1 ϵ Q^{W,σa}_{r,t} (ϵδ_x, dν) = lim_{ϵ↓0} 1 ϵ [ exp{− ϵλ 1 + σ_aλ(t − r)/2 } − exp{− 2ϵ σ_a(t − r) }] = lim_{ϵ↓0} 1 ϵ [ −ϵλ 1 + σ_aλ(t − r)/2 } + 2ϵ σ_a(t − r) ] = − λ 1 + σ_aλ(t − r)/2 + 2 σ_a(t − r) . (5.12)

This proves (5.7) and hence, the desired tightness. For any convergence sequence^1_{ϵk} Q^{∘,W}_{r,t} (ϵ_kδ_x, ·), we have ∫ M(R)^∘ (1 − e^{−⟨ϕ,ν⟩}) 1 ϵ_k Q^{∘,W}_{r,t} (ϵ_kδ_x, dν)

= ∫ M(R) (1 − e^{−⟨ϕ,ν⟩}) 1 ϵ_k Q^W_{r,t}(ϵ_kδ_x, dν)

= 1 ϵ_k − 1 ϵ_k ∫ M(R) e^{−⟨ϕ,ν⟩}Q^W_{r,t}(ϵ_kδ_x, dν) = 1 ϵ_k − 1 ϵ_k exp{−ϵ_kψ_{r,t}(x)} −→ ψ_{r,t}(x) as k → ∞,

(5.13)

and especially (5.13) implies the limit is independent of choice of the convergent subsequences.

Thus, by Theorem 25.10 and the Corollary of [4], the unique limit of (1/ϵ)Q^{∘,W}_{r,t} (ϵδ_x, dν) exists, which is denoted by L^W_{r,t}(x, dν). Especially, for any t > r ≥ 0, L^W_{r,t}(x, dν) is a finite random measure by ([3] p.94 Theorem 2). Then, for any x ∈ R, t ≥ r ≥ 0, and ω /∈ N, L^W_{r,t}(x, dν) is a σ-finite measure on M(R)^o such that ∫ M(R)^∘ (1 − e^{−⟨ϕ,ν⟩})L^W_{r,t}(x, dν) = ψ_{r,t}(x) = ψ_{r,t}(x, ϕ). (5.14) The uniqueness of L^W_{r,t}(x, dν) comes from (5.14).

Now we are going to check that L^W_{r,t}(x, dν) is an entrance law of Q^{∘,W}_{r,t} . Since for any t ≥ s > r ≥ 0, and for all ω /∈ N, ∫ M(R)^∘ ∫ M(R)^∘ (1 − e^{−⟨ϕ,ν⟩})Q^{∘,W}_{s,t} (μ, dν)L^W_{r,s}(x, dμ) (5.15) = ∫ M(R)^∘ ∫ M(R) (1 − e^{−⟨ϕ,ν⟩})Q^W_{s,t}(μ, dν)L^W_{r,s}(x, dμ) = ∫ M(R)^∘ (1 − e^{−⟨ψs,t,μ⟩})L^W_{r,s}(x, dμ) = ψ_{r,s}(x, ψ_{s,t}(·, ϕ)) = ψ_{r,t}(x, ϕ) = ∫ M(R)^∘ (1 − e^{−⟨ϕ,μ⟩})L^W_{r,t}(x, dμ). Thus, (5.5) is proved.

Remark: Another way to prove this theorem is using the property that {Q^W_μ : μ ∈ M(R)} is conditionally infinitely divisible. Then, by the canonical representation (See Dawson((1993) Theorem 3.3.1 and Section 11.5), for each x ∈ R there exists a set of σfinite random measures L^W_{r,t}(x, dν) for t ≥ r ≥ 0 on M(R)^∘ and there exists a set N such that P(N) = 0 and ∫ M(R)^∘ (1−e^{−ν(f)})L^W_{r,t}(x, dν) = ψ_{r,t}(x), t ≥ r ≥ 0, x ∈ R, f ∈ C_b(R)^+ ∩H^1 (R) (5.16) holds for each ω /∈ N.

6 Excursion representation for the SDSM with immigration

Immigration processes associated with the SDSM were studied in [17, 15]. Based on the results on conditional entrance laws developed in the last section, we here give a representation for the sample paths of the immigration SDSM.

Let W denote the totality of continuous path w ∈ C((0, ∞), M(R)) that takes values from M(R)^∘ := M(R) \ {0} in some interval (α(w), β(w)) ⊂ (0, ∞) and takes the value zero elsewhere. Let (B(W ), B_t (W )) stand for the natural filtration of W . For a ≥ 0 let W_a denote the subset of W consisting of path w with α(w) = a. Let us fix a typical sample of W out of a null set so that the corresponding semigroup (Q^W_{s,t})_{t≥r} is defined by (4.6). By Theorem 5.2, (L^W_{a,t}(x, ·))_{t>a} is an entrance law for the Markov semigroup (Q^{∘,W}_{s,t} )_{t≥r} at a. Then there is a unique σ-finite Borel measure Q^x_a on C((a, ∞), M(R)) such that Q^x_a(w_{t1} ∈ dν_1, · · · , w_{tn} ∈ dν_n) = L^W_{a,t1} (x, dν_1)Q^{∘,W}_{t1 ,t2} (ν_1, dν_2) · · · Q^{∘,W}_{tn−1,tn} (ν_{n−1}, dν_n) (6.1) for a < t_1 < t_2 < · · · < t_n and ν_1, ν_2, · · · , ν_n ∈ M(R)^∘ . The existence of this measure follows from a result proved in [11] in the setting of right processes. In particular, for t ≥ a we have ∫ W_a (1 − e^{−⟨ϕ,wt⟩})Q^x_a(dw) = ψ_{a,t}(x, f). (6.2)

Roughly speaking, under Q^x_a the coordinate process {w_t : t > a} is a conditional diffusion process with transition semigroup (Q^W_{r,t})_{t≥r} and one-dimensional distributions (L^W_{a,t}(x, ·))_{t>a}. We may and do regard Q^x_a as a σ-finite measure on W supported by W_a . Now we fix μ, m ∈ M(R). By considering an extension of the original probability space, we may define the random objects N^W_μ (dx, dw) and N^W_m (ds, dx, dw) that, conditioned upon the white noise W , are independent Poisson random measures with intensity measures μ(dx)Q^x_0 (dw) and m(dx)Q^x_s (dw)ds, respectively.

For t ≥ 0, let F^0_t be the σ-algebra generated by the P-null sets and the random variables {N^W_μ (J × A) : J ∈ B(R), A ∈ B_t(W )}, (6.3) and let F^1_t be the σ-algebra generated by the P-null sets and the random variables {N^W_m (J × A) : J ∈ B([0, r] × R), A ∈ B_t(W_r ), 0 ≤ r ≤ t}. (6.4) Define Ḡ_t := F^0_t ∨F^1_t which is the σ-algebra generated by F^0_t ∪F^1_t . We define the measurevalued processes

X_t := ∫ R ∫ W w_tN^W_μ (dx, dw), t ≥ 0, (6.5) and I_t := ∫ (0,t] ∫ R ∫ W w_tN^W_m (ds, dx, dw), t ≥ 0. (6.6)

Theorem 6.1 Let Y_t = X_t + I_t. Then, for any h ∈ C_b(R)^+ ⋂ H^1 (R) we have E^W ( exp (− ⟨h, Y_t⟩) | | |Ḡr ) = exp { − ⟨ψ_{r,t}(·, h), Y_r ⟩ − ∫_t r ⟨ψ_{s,t}(·, h), m⟩ds } . (6.7)

Therefore, {Y_t : t ≥ 0} is a diffusion process with transition semigroup (U_t)_{t≥0} given by ∫ M(R) e^{−⟨h,ν⟩}U_t(μ, dν) = E exp { − ⟨ψ_{0,t}(·, h), μ⟩ − ∫_t 0 ⟨ψ_{s,t}(·, h), m⟩ds } (6.8)

and {Y_t : t ≥ 0} is just the immigration SDSM constructed as (J , D(J )-martingale problem in [17].

Proof: Let t ≥ r ≥ 0 and E^W denote the conditional expectation given W . For nonnegative f ∈ B(R) × B_r(W ), and nonnegative g ∈ K_r, where K_r is the σ-algebra σ{J × A : J ∈ B([0, s] × R), A ∈ B_r(W_s ), 0 ≤ s ≤ r}, and h ∈ C_b(R)^+ ⋂ H^1 (R) we can use an expression for the Laplace transforms of Poisson random measures and Theorem 4.1 to get

E^W exp { − ∫ R ∫ W f(x, w)N^W_μ (dx, dw) − ∫ (0,r] ∫ R ∫ W g(s, x, w)N^W_m (ds, dx, dw) − ⟨h, Y_t⟩ }

= E^W exp { − ∫ R ∫ W [f(x, w) + ⟨h, w_t⟩]N^W_μ (dx, dw) − ∫ (0,r] ∫ R ∫ W [g(s, x, w) + ⟨h, w_t⟩]N^W_m (ds, dx, dw)

− ∫ (r,t] ∫ R ∫ W ⟨h, w_t⟩N^W_m (ds, dx, dw) }

= exp { − ∫ R μ(dx) ∫ W (1 − exp[−f(x, w) − ⟨h, w_t⟩])Q^x_0 (dw) − ∫_r 0 ds ∫ R m(dx) ∫ W (1 − exp[−g(s, x, w) − ⟨h, w_t⟩])Q^x_s (dw) − ∫_t r ds ∫ R m(dx) ∫ W (1 − exp[−⟨h, w_t⟩])Q^x_s (dw) }

= exp { − ∫ R μ(dx) ∫ W (1 − exp[−f(x, w) − ⟨ψ_{r,t}(·, h), w_r ⟩])Q^x_0 (dw) − ∫_r 0 ds ∫ R m(dx) ∫ W (1 − exp[−g(s, x, w) − ⟨ψ_{r,t}(·, h), w_r ⟩])Q^x_s (dw) − ∫_t r ds ∫ R ψ_{s,t}(x, h)m(dx) }

= E^W exp { − ∫ R ∫ W [f(x, w) + ⟨ψ_{r,t}(·, h), w_r ⟩]N^W_μ (dx, dw) − ∫ (0,r] ∫ R ∫ W [g(s, x, w) + ⟨ψ_{r,t}(·, h), w_r ⟩]N^W_m (ds, dx, dw) − ∫_t r ⟨ψ_{s,t}(·, h), m⟩ds }

= E^W exp { − ∫ R ∫ W f(x, w)N^W_μ (dx, dw) − ∫ (0,r] ∫ R ∫ W g(s, x, w)N^W_m (ds, dx, dw) −⟨ψ_{r,t}(·, h), Y_r ⟩ − ∫_t r ⟨ψ_{s,t}(·, h), m⟩ds } , which yields (6.7) and (6.8).

By (6.8), Theorem 5.1 of [15], and the uniqueness of immigration SDSM, {Y_t : t ≥ 0} is just the unique solution of (5.1) of [15] with b ≡ 0, which is just the immigration SDSM constructed as (J , D(J )-martingale problem in [17] and the proof is complete.

Acknowledgement: Part of this work was done when the third author visited WIAS. He would like to thank WIAS for the hospitality.

References

[1] Athreya, K. B. and Ney, P. E. (1972). Branching Processes. Springer-Verlag, 1972. [2] Bakry, D. and Emery, M. (1985). Diffusions hypercontractives. Lecture Notes in Math, 1123:177–206, 1985.

[3] Bergström, H. (1982). Weak Convergence of Measures. Academic Press, 1982. [4] Billingsley, P. (1995). Probability and Measure. John Wiley and Sons, New York, 1995.

[5] Dawson, D. A. (1993). Measure-valued Markov processes. Lecture Notes in Math., Springer, Berlin, 1541:1–260, 1993.

[6] Dawson, D. A.; Li, Z. (2003). Construction of immigration superprocesses with dependent spatial motion from one-dimensional excursions. Probab. Th. Rel. Fields, 127,1:37–61, 2003.

[7] Dawson, D. A.; Li, Z. and Wang, H. (2001). Superprocesses with dependent spatial motion and general branching densities. Electron. J. Probab., V6, 25:1–33, 2001.

[8] Dawson, D. A.; Li, Z. and Wang, H. (2003). A degenerate stochastic partial differential equation for the purely atomic superprocess with dependent spatial motion. Infinite Dimensional Analysis, Quantum Probability and Related Topics, Vol. 6, No. 4:597– 607, 2003.

[9] Dawson, D. A.; Vaillancourt, J. and Wang, H. (2000). Stochastic partial differential equations for a class of interacting measure-valued diffusions. Ann. Inst. Henri Poincaré, Probabilités et Statistiques, 36,2:167–180, 2000.

[10] Fu, Z. F. and Li, Z. H. (2004). Measure-valued diffusions and stochastic equations with poisson process. Osaka Journal of Mathematics. To appear. (Available at: math.bnu.edu.cn/~lizh), 2004.

[11] Getoor, R.K. and Glover, J. (1987). Constructing Markov processes with random times of birth and death, in Seminar on Stochastic Processes, E. Cinlar et al eds. Birkhauser Boston, Inc., Boston, MA, 1987.

[12] Itô, K. (1970). Poisson point processes attached to Markov processes. Proc. Sixth Berkeley Symp. Math. Stat. Prob., University of California, Berkeley, 3:225–239, 1970.

[13] Kurtz,T.G. and Xiong,J.(1999). Particle representations for a class of nonlinear SPDEs. Stoch. Proc. Appl., 83:103–126, 1999.

[14] Li, Z. H. and Shiga, T. (1995). Measure-valued branching diffusions: immigration, excursions and limit theorems. J. Math. Kyoto Univ., 35:233–274, 1995.

[15] Li, Z. H., Wang, H. and Xiong, J. (2003). Conditional Log-Laplace functionals of immigration superprocesses with dependent spatial motion. Submitted.

[16] Li, Z. H., Wang, H. and Xiong, J. (2004). A degenerate stochastic partial differential equation for superprocesses with singular interaction. Probab. Th. Rel. Fields To appear, 2004.

[17] Li, Z., Lu, G., and Wang, H. (2004). Immigration superprocesses with dependent spatial motion and non-critical branching. Chinese Annals of Mathematics Ser. A. To appear.

[18] Pitman, J. and Yor, M. (1982). A decomposition of Bessel bridges. Z. Wahrsch. verw.

Geb., 59:425–457, 1982.

[19] Rozovskii, B. L. (1990). Stochastic Evolution Systems – Linear Theory and Applications to Non-linear Filtering. Kluwer Academic Publishers, 1990.

[20] Walsh, J. B. (1986). An introduction to stochastic partial differential equations.

Lecture Notes in Math., 1180:265–439, 1986.

[21] Wang, H. (1997). State classification for a class of measure-valued branching diffusions in a Brownian medium. Probab. Th. Rel. Fields, 109:39–55, 1997.

[22] Wang, H. (1998). A class of measure-valued branching diffusions in a random medium.

Stochastic Anal. Appl., 16(4):753–786, 1998.

[23] Wang, H. (2002). State classification for a class of interacting superprocesses with location dependent branching. Electron. Comm. Probab., 7:157–167, 2002.

[24] Wang, H. (2003). Singular spacetime Itô integral and a class of singular interacting branching particle systems. Infin. Dimens. Anal. Quantum Probab. Relat. Top., Vol.6, N 2:321–335, 2003.

[25] Xiong, J. (2004). Long-term behavior for superprocesses over a stochastic flow. Electron. Comm. Probab., Vol.9: 36–52, 2004.

[26] Xiong, J. (2003). A stochastic log-Laplace equation. Ann. Probab. To appear, 2003.