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Abstract

In an earlier paper, we studied the approximation of solutions V' (¢) to a class of
SPDEs by the empirical measure V™ (t) of a system of n interacting diffusions. In the
present paper, we consider a central limit type problem, showing that /n(V™ — V)
converges weakly, in the dual of a nuclear space, to the unique solution of a stochastic
evolution equation. Analogous results in which the diffusions that determine V™ are
replaced by their Euler approximations are also discussed.

1 Introduction

In [26], we considered a class of nonlinear stochastic partial differential equations (SPDE)
of the form

do(t,z) = ( Zazlaz] [a:j (2, v(t, - tx]—Zazl z,v(t,))v(t,z)] (1.1)

,7=1

+d(z,v(t, -))v(t,x)) dt

d

—/U <ﬁ(m,v(t, J,u)v(t,x) + Zaﬂ”i [ai(z,v(t, ),u)]) W (dudt) .
=1

The natural interpretation of v is as the density of a mass distribution V' evolving in time,

and in fact, since v will not have the regularity presumed in (1.1), to rigorously formulate

the equation, we must use a weak form

6,V (5) — (6,V(0)) (1.2)
- /0 ($d( V(s)) + L(V(s))é, V(s)) ds

+ / (6B(, V(s),u) + V' al-, V(s),u),V(s)) W(duds) .
U x[0,t]

where
1

Lw)(z) = 5

Za”(m )0, O, ¢ +Zb T,v)0z, ().

1,J

Equations in this class arise in a variety of settings, including nonlinear filtering with both
the Zakai and the Kushner-FKK equations being of this form. Other examples include
McKean-Vlasov equations [30] and classes of SPDEs considered by Kotelenez [23] and
Dawson and Vaillancourt [9].

In [26], we established a representation of the solution of (1.1) in terms of weighted em-
pirical measures of the form

V(t) = lim —ZA (1.3)

n—oo n



where §, is the Dirac measure at 2 and the limit exists in the weak* topology on M (R%).
To be precise, let U be a Polish space and p be a o-finite measure on U. W will be a
space-time Gaussian white noise on U x [0,00) with covariance measure pu(du)dt, namely

E(W (A x [0,)W (B x [0,s])) = p(ANB)(t A s).

For 1 <4, j < d, aij, b;, d and o4, B will be real functions on R? x M(R?) and on
R? x M(R?) x U respectively. Here M(R?) is the collection of all finite measures on R?.
Dot notation will represent a function in that variable alone. For example, d(-,v) is the
real-valued function on R? with v € M(R?) fixed. b and « will denote the vectors with
components b; and «; and a will denote the matrix ((ai;)).

The particle system {X;, A;, V'} giving the solution is governed by the following equations:

X;(t) = Xi(O)—i-/O U(Xi(s),V(s))dBi(s)—i-/O c(X;(s),V(s))ds (1.4)
+/ a(X;(s),V(s),u)W (duds)
U x[0,t]

and

t

Ai(t) = Ai(0)+/0 Ai(s)'yT(Xi(s),V(s))dBi(s)+/0 Ai(s)d(Xi(s),V(s))ds (1.5)

+/ A;(s)B(Xi(s),V(s),u)W (duds) ,
U x0,t]

where the B; are independent, standard R?-valued Brownian motions, independent of W,
and {(X;(0),4;(0))} is an exchangeable sequence of random variables in R? x R that is
independent of {B;} and W. Here o, ¢ and ~ are related to a, b, @, and 8 by

(I.’L"UZO'CL"UO'T.'L"U awvuaTxvu u
(2,0) = o(z, v) (,)+/U(,,> (2,0, w)u(du)

and
b(z,v) = ¢(z,v) + o(z,v)y(z,v) + /Uﬁ(x,v,u)a(m,v,u),u(du).

The representation of the solution given by (1.3) suggests that the solution can be approx-
imated by the weighted empirical measure

1 n
V) = -3 AN, (1.6)
=1
of a finite particle system satisfying
t t
XP() = Xi(0)+ / o (X0 (5), V™ (s))dBi(s) + / (XD (s),V"(s))ds (L)
0 0

+/ a(X](s), V™(s), u)W (duds)
U x[0,t]



fori=1,2,---,n.

In [27], it was shown that for an appropriate metric p on M(R?), {\/np(V"(t), V (t)) }n>1
is stochastically bounded, that is, for each € > 0, there is a constant K. such that

s1711p]P’ (Vnp(V*(1),V (1)) > K¢) <e. (1.9)

From (1.9), we see that the convergence rate has an upper bound of the order of ﬁ
A natural question to ask is whether ﬁ is the right order. To this end, we study the

convergence of the process S, (t) = /n(V"(t) — V(t)) and show that for an appropriate
space ®_of distributions, S, converges in distribution in Cs _[0,00). We characterize
the limit S as the unique solution of a stochastic evolution equation of the form

(6,5(6)) = (6, S(0)) + (& M(D)) + / (Fy(V(5))$, 5(5)) ds (1.10)
s [ R (6),u)8,5(5) W (duds),
U x[0,t]

where F; and Fj are linear in ¢ and M is a distribution-valued martingale.

This type of problem has been studied by various authors in the McKean-Vlasov setting,
that is, @ = 0 and A?(¢) = 1 (cf. Hitsuda and Mitoma [19] and the references therein).
Comparing the present results with those of [19], here the process V' is not deterministic
and the process S is not Gaussian. In [19], the limit S is characterized by its covariance
structure which, because S is Gaussian, uniquely determines its distribution. A stochastic
evolution equation is also derived in that paper. The uniqueness of the solution to that
stochastic evolution equation is proved by Mitoma [33].

Another new feature in this paper is that the driving martingale M in the evolution
equation (1.10) is not Gaussian and has to be defined by the particle system {X;, A;,V'}
itself. The main difficulty in establishing the uniqueness of the solution of (1.10) comes
from the addition of the last term in (1.10) which does not appear in [19] and [33].

Limits of empirical measure processes for systems of interacting diffusions have been stud-
ied by various authors (see, for example, Chiang, Kallianpur and Sundar [4], Graham [18],
Kallianpur and Xiong [22], Méléard [31], and Morien [34]) since the pioneering work by
McKean [30]. Typically, the driving processes in the models are assumed to be indepen-
dent, and the limit is then a deterministic, measure-valued function.

Florchinger and Le Gland [14] consider particle approximations for stochastic partial dif-
ferential equations in a setting that, in the notation above, corresponds to takingy = o =0
and the other coefficients independent of V. Florchinger and Le Gland were motivated
by approximations to the Zakai equation of nonlinear filtering. Del Moral [10] specifically
studies this example. Kotelenez [23] introduces a model of n-particles with the same driv-
ing process for each particle and studies the empirical process as the solution of a SPDE.
His model corresponds to taking v = 0 = d = 8 = 0, but the other coefficients are allowed
to depend on V. In particular, the weights A; are constants. Dawson and Vaillancourt [9]
consider a model given as a solution of a martingale problem that corresponds to taking
A;(t) = 1 in the current model. Bernard, Talay, and Tubaro [1] consider a system with
time-varying weights and a deterministic limit.

The paper is organized as follows: In the next section, we derive key estimates on the
magnitude of the A? and on the error in the approximation of (Xj, A;) by (X7, A?).



In Section 3, we prove that {S,} is a tight sequence of ®'-valued processes (®' being a
conuclear space defined later). Then, in Section 4, we show that the limit S of {S,} is the
unique solution of (1.10).

If one wants to use the finite system to simulate the solution of the SPDE, then the
finite system must also be approximated. The simplest approach is to use an Euler ap-
proximation. In the last section of this paper, we analyze this approximation in the
simplest setting, assuming that W is a one-dimensional Brownian motion (that is, U con-
sists of a single point). Letting V™1l/m denote the weighted empirical measure for the
Euler scheme approximating the finite system (cf. (5.1-5.3)), we consider the process
Sn(t) = V/R(V™L/(t) — V™ (t)). We prove tightness for {S,} and characterize its limit as
the unique solution of another stochastic evolution equation. Finally, we combine the two
parts and derive a stochastic evolution equation for the limit of /n(V™/™ — V).

2 Preliminaries

In this section, we state the main results of [26] and [27] needed in the present paper
for the convenience of the reader. The following assumptions were made in [26] for the
existence and uniqueness of solutions of the SPDE (1.1).

(S1) There exists a constant K such that for each z € R?, v € M(R?)
(e, )P + le(w, )P + [ Jae,v,u)Pu(du
U

(e, W) + ld(z, )2 + /U B(z,v,u)’u(du) < KZ.

(S2) For each z1, 22 € RY, vy, s € M(RY)
|o(z1,11) — (@2, 1) ” + |e(z1,11) — c(22,v2)

+y(z1,11) = Y(z1, 1) +/ |z, v1,u) — a(z2, Ve, u)|* u(du)
U

+ld(z1,11) — d(w2,v2)|* + /U B(z1, v1,u) — B(z2, vo, u)|*u(du)

< K*(lzy — m2f” + p(vi,12)?)

where
p(v1,ve) =sup{| (¢, v1) — (P, 10)|: P € By }

and

B = {¢:16(2) — o) < [z~ yl, 19()] < 1,Va,y € R}

By the same proof as in Proposition 2.1 of [26], we have the following result.

Proposition 2.1 Suppose that Assumption (S1) holds and p is a positive number.
i) If

Ee? X100 < oo, (2.1)
then

sup E sup PO < oo, (2.2)
1<n<oo 0<s<T



ii) If

E|A; (0)]P < oo, (2.3)

then
sup E sup |A7(s)|P < o0. (2.4)

1<n<oo 0<s<T
iii) If

E) A1 (0)]e" 1O < oo, (2.5)

then
sup E sup |A?(s)]e" X)) < 0. (2.6)

1<n<oo 0<s<T
Remark 2.2 If (2.1) and (2.3) hold, then (2.5) holds with r = p — 1.
A weaker form of the following assumption was used in [27].

(S3) There exist constants A > 1 and K > 0 such that for any iid sequence (&;,7;), i =

1,2,--- and z € RY,
1
o ("'E;EZ&,&W@> —O'(:D,/j,)
=1

where p(-) = E[&11,,¢.], and a similar inequality holds for the other coefficients.

22
KE‘Z

nA

Y

Remark 2.3 If o(z,p) = [oi(z,y)u(dy) or o(z,p) = oi1(z), then (S8) usually holds.
For exzample, if |o1(z,y)| < K, then (S3) holds.

The following estimate is the key for the proof of the tightness of {S,}.
Theorem 2.4 Under the assumptions (S1)-(S3), there exists a constant ci(T, m) such

that
2

Esup | XP(t Anp) — Xi(t A )P ZIA”t/\nm — At A
t<
< cl(T;\m),
n
where

nfn:inf{ ZA" > m? or hm ZA }

Proof: By Doob’s inequality and Holder’s inequality, we have

Esup | X]'(r Ank) — Xi(r A ) [?A (2.7)
r<t
o [ 22\t . . " .
<3 1 E [ |o(Xi'(s),V"(s)) — a(Xi(s), V()| Ls<yn dst
o 0

1322221 /0 t (X2 (s), V™ (s)) — e(Xi(s), V(8))[P Lo<yn ds

2A
(2 )

B[ t ( | 126,77, 0) = a( ), V(s),u>|2u(du>)A Lucop, ds.



Let

1 « ~ 1
= > Ait)dx, and  V(t) = . Ai(1)dx, -
=1 j=
Then

Elo(X]' (), V"(s)) — o(Xi(s), V() Loy, (2.8)
< 3PE|o (X (s), V(5)) — o(Xi(s), V" ()P Loy,
+37Elo(Xi(s), V" (s)) — o(Xi(s), V" (s)) [
+3Elo(Xi(s), Vi (s)) — 0(Xi(s), V()P Lo,
(

< P KPE (1X7(s) — Xi(o)P + (V™ (), 77(5))) Lucy

)

+32 K Ep(V™(s), Vi (8)) Lo,

Yo Ai(9)dx,(9) — o(Xi(s), V()W Xi]].

=1, j#i

+32E[E]|o(Xi(s

Note that, similar to the arguments in the proof of Theorem 2.1 in [26], we have
p(V"(s ) ‘7"( ) (2.9)
n ’I'L 1 S n
ZA )X ( j(3)|+EZ|Aj(3)_AJ'(3)|

<Ay aperred Z|X” 22+ Z|A" ol
j=1

Similarly,

~ ~ 1 1 -

n ot < —A; A;
A7) T (0) < ZAG) + 2oy 3 4

Let

fa(t) =Esup | X]'(r Ank) = Xi(r A ),

r<t

and

2
gh(1) = Esup ( ZIA" rAT) Aj(?"/\n?n)A) :
r<t
Then, for the right hand side of (2.8),
1st term < 3PEPA (]E|Xi” (s Aq™) — Xi(s A g )2

1 n
2P MR Y X (s M) — Xj(s A )P + 227 (s ))
i=1

18K (f7(5) + 4PmP f(s) + g7 (s) )

IN

and 1 1
2X 12X 02) 20, - a2
2nd term < 3" K*'2 <n2’\ESTI£ | Ai(r)[** + (n— 1)2Am ) )



Since, conditioning on (W, X;), (A;, X;), j # i, are iid, we have

K?)\ 32)\K2)\
< 32X 21 AR 22
3rd term < 32E (T I (Al(s) W, X)) o)

Hence, the first term on the right hand side of (2.7) is dominated by

61\ t
TA ! / 182 K2 (1 4+ 22m®)fh(s) + 229" (s) ) ds
(3im7) ™[R> )Fn(s) + 2°g0(9))

+ 6\ 2 32)\K2)\22)\ 1 E |A ( )|2)\ + 1 2\
—~Esu i(r ——m
22 -1 n?A TSI,? (n—1)2*
32/\K2/\
(n—1)A

Similar estimates hold for other terms on the right hand side of (2.7). Therefore, there
exist constants co(7,m) and c3(T,m) such that

+ EA; (3)2)‘] T,

(7, m)

t
n n n c
) < ex(Tm) [ (720 + gn(s + 203 (2.10)
By similar arguments as in (2.7) of [26] and (2.10) above, we have
n ! n n C T,m
g (®) < calTum) [ (F206) + gilo)ds + 2L,
Therefore
n n ' n n c3tcs
Fm(t) + g (t) < (c2 +ca) i (fm(8) + gm(8))ds + —5—.
By Gronwall’s inequality, we have
by taking ¢; = el2t (g tes) | |

ca2tcq

3 Tightness

In this section, we prove tightness for {S,} in an appropriate space. For simplicity of
notation, we restrict our calculations to space dimension d = 1 in the rest of this paper.

As in Hitsuda and Mitoma [19], we use the modified Schwartz space ®. Let p(z) =
Cexp (—1/(1—|z[?)) 1jz/<1, where C is a constant such that [ p(z)de = 1. Let

Y(z) = /ey'p(w ~y)dy.
Then for any integer k, we have |[e(®) (z)| < ¢g(k)(1 + el*]). Let

®={¢: ¢y € S},
where S is the Schwartz space. For k =0, 1,2, ..., define

o2 = 3 /R (1+[af)?

0<k<r

2

dk
2 (B(e)(z)| de.




Let ®, be the completion of ® with respect to || - ||s. Then ®, is a Hilbert space with
inner product

o= 3 [0+ e (o)) (st ) de

0<k<k

Note that ®, D @1 and that ®y is L?(uy), where py(dz) = ¢?(z)dz. For ¢ € ® and
¢ € D,

(3,6) = ¢¢0—/¢ (2)6? (2)de

defines a continuous linear functional on ®, with norm

|<$ %)
¢e<1>n ol ’

18]l =

and we let ®_, denote the completion of ®; with respect to this norm. Then ® . is a
representation of the dual of ®,. If {gbf} is a complete, orthonormal system for ®,, then
the inner product for & _, can be written as

o0

(b1, P2)—n = Z(al,ﬁ)(amﬁbf)- (3.1)

j=1

By a slight modification of Theorem 7, page 82, of [17], these norms determine a nuclear
space, so in particular, for each s there exists a ¥ > k such that the embedding T,f' :
®,.r — ®, is a Hilbert-Schmidt operator. The adjoint T:'* :®_,, — ®_,s is also Hilbert-
Schmidt. ®" = U ,®_; gives a representation of the dual of ®. (See [17], page 59.) We
prove tightness for {S,,} in Cs__[0,00) for an appropriate k.

Theorem 3.1 Suppose that (S1)-(S3) hold and that (2.1) and (2.3) hold for
p = maz(4X, A/(A = 1)).

Then there ezists k such that {S,} is tight in Cs [0, 00).

Proof: Let
1 o 1 o n
N? = inf {t - ;A?(t)” > m? or - ; (1 + ePIXT My eP\Xi(t)l) > mp} )
Then for T' > 0, we have
2 n
supP(nP <T)<— sup [1+E sup A}(s)? +E sup ePIXT G
n mP 1<n<oo 0<s<T 0<s<T

and since by Proposition 2.1, for each T" > 0, the right side goes to zero as m — oo, it is
enough to prove tightness for {S,(- A nm?)}.

By It6’s formula, we have

(¢, V"(1)) — (¢, V"(0)) (3.2)

=—Z/A” (SN (76, 7 (6)



L (X7 (5)o (X (s), V”(s») dBy(s)

+ /0 (6d(-, V™ (5)) + L(V™(5))b, V™ (5)) ds

+/ <q5ﬁ(, V™(s),u) + ¢'al-, V"(s),u), V"(s)> W (duds)
U x0,t]

where
L)8(z) = Salz, v)d(z) + bz, 0)¢ (@),
Hence, by (1.2) and (3.2), we have
(6,5a(0) — 5.(0)) (33)

_ % 3 / A2(s) (¢(X?(s)>v(X?(s),v"(s>>
=1
L (XP())o (X2 (s), v"(s»)dBi(s)

+ [ v (dl, o) + LI (68, V7 )
0
— (@d(-,V(s)) + L(V(5))6, V (5)) ) ds
- Vi ( (88(,V™(s),u) + gal-, V" (s),u), V™(s))
U x[0,t]

— (68, V(5),u) + ¢,V (s),u), V() ) W (duds).

Note that (¢, S,(t)) = M;n(t) + Ag(t) + M;"(t) is a semimartingale with respect to the
filtration {F;} generated by W and the B;. Setting

Gyls,u) = Va( (880, V™(s)u) + Fal-, V7 (s),u), V(s))
— (98, V(s),u) + ¢al, V(s),u), V(s)) ),

we have
),
= % Zj;/ot A?(s)z(qﬁ(X?(s))v(Xl’(s), V™(s)) + ¢'(X](s))o (X (s), V”(s)))st
and _ t
(M>"], = /0 /U G (s,u)?pu(du)dt.
Let

2

H"(s) = =3 AN (ST DX (5), V™ (9) + 8 (XP () (X] (), V"(5)))
=1

1) = [ @ wlut

Hy"(s) = n((¢d(-,V™(5)) + L(V(5)$, V"(5)) — (¢d(-, V(5)) + L(V(5))$, V(5)))*



It follows, for example, that for ¢,h > 0, we have
bth 1 2 3
E[(¢, Sp (t + k) — S, (£))%|F4] < ]E[/ 3(H¢’"(s) + H¢’"(s) + hH¢’"(s))ds|.7-'t], (3.4)
¢
and, applying Doob’s inequality,

E[ss%)(qs, Sn(s) — S (0))%] < E] /0 12(H," (s) + Hy"(s) + tHy" (s))ds].  (3.5)

We need to estimate each of the Hf;’”.

Let 5 = ¢p and |$|,€ = SUD, p<k<s |(dk/dxk)$(x)| Then |$|,; < const||@||x+1- It is easy to
see that there exists a constant ¢y such that

9(2)] < erldlo (1+€*!)

and

6(z)| + |8 ()] < erlols (1 + e\w\) .

Hence

n A

3 AP (X)), V() + S (X2 (5))o (X7 (5), V™ (s))

=1

E Lignrsqy

A

sk Linper 2a)

1 i n ~
L3 AP () K ere? XN
n

i=1

w>

n

% Z": A?(s)‘l% 3 etlxee)
i=1

=1

A 712X
< K2 C7|¢|% E ]'{nfn’pz.s}

~ A

S KZ/\C¢|¢|%/\ ‘m423m4‘ >
= cs(m, A, 8) |93,

and we have

E[H," ()1 ynrs5y] < cs(m, X, 8)| 6|1 < cs(m, A, 9)]1613. (3.6)

Observing that

= Vi (9d(-, V(s))), V() = V()
+Vn (B(d(, V() = d(, V™(s)), V"(s) )
v (Bd(, V7 (5) = d(-, V(5)), V(s) )
+Vn (9d(- V(5)), V(s) = V(s)),
we have
Vi (gd(-, V™ (), V"(5) = 7(5)))|
- | o= Z (A7 ()B(X(5))A(X](5), V7(5)) — A(s)9(Xi(s))d(Xi(s), v"(s»)‘

10



<L Z B(X(5)) — SKIIXT (5), V™ ()] 47()
Z OGP (), V7 (5)) — d(Xi(s), V™ ()] 47()
Z|A" IS ()(Xi(s), V"(5)
<772 Z 6/(0X7(5) + (1 = 0)Xi(s)) | X7 (5) — Xi(9)] A7)
+—Z|¢ IIXF(s) — Xi(s)|A7(s)
Z|¢ NIIAL(s) — 4i(s)
2\/—1537( XNy XON) g1y X7 (5) - Xi(5)] 47 (5)

+—ZC76 N|@lo| A7 (s) — As(s)],
and hence
~ 22
B[V (8d(, V"(s)), V™(s) ~ 77(s )>\ Lingr
22)\ 1|¢|2)\(2\/_C7K 2AE< Z|Xn |2)\

Lo o\ 221
x <Ez‘(exr(s)| velSi) An(s) 2**) 1{,731,%})
=1
n 2

+22A71|$|2AHAK2ACZ,\E l Z |An(3) _ A'(s)|)‘

’ ! n i=1 z z

1 n A—1

21 X;(s

(i) e

=1
< cy(m, A, 8)| |2

Vi (9d(, V"(5)) — d(-, 7" (5)), 7" (s))

Xi(s))(d(Xi(s), V"(s)) — d(Xi(s), V"(s)))

< —ZA NIKp(V"(s), V(s)),
we have

E| v (9(d(, V7(s)) = d(-, 7™(s)), 7" (s))

2\
Lignrs gy

11



n 2

> Ad)ere S Glop(V (), 77 ()

i=1
1 — 1 — *
- (s)2 = 2|X;(s)|
(n;A,(s) nZe )

=1

< K”n'E Linnir>s)

< KA

n n

x92A-1 (M(% S IXE(s) ~ Xi(@)P) + (= D AR (s) Ai(s)|)2*> 1{n:;v2s}]

n

< K”n"c%’\|q3|§’\ (mzc(m, 2))/\ 92A-1

. n 2
xE |:m2’\:l Z | X7 (s) — Xi(5)|2)\ + (% Z | A (s) — Ai(s)P) 1{nr’¢£">s}]

i—=1 =1

As
[V (6(d(, 77 (5)) = d(, V()), 7(9))|
= |52 2 A X (s), T (6)) = d(Xi(a), V().
i=1
we have

_ ~ 21
E ‘ vn <¢(d(-, V™(s)) —d(-, V(s)), V"(3)>‘ L >s)

A—
R NINE AT R
—ZAi(s)”\*le”\*l i
n
i—1

‘2)\

< PRI

xS [d(Xils), 7)) — d(Xi(s), V(s) 1{,,:,;p>s}]
=1

< ecp1(m, A, 8)|83*,

where the last inequality follows by arguments similar to the estimate for the third term
on the right side of (2.8).

Let
No =Y (Ai(s)g(Xi())d(Xi(s), V(s)) — (¢d(-, V(5)),V(s))), n>1.
i=1

Then {N, : n=1,2,---} is a discrete-time P(-|W)-martingale with, using the notation of
Burkholder [3],

n

Sn(N)? = (Ai(8)B(Xi(9))d(Xi(s), V(5)) — ($d(-,V(5)), V(s)))* .

=1

(Do not confuse Sy, (N) here with our process S,.) By Theorem 3.2 in Burkholder [3],
there exists a constant C) such that

E(N W) < CAE(Sn (N)|W).

12



Therefore

| v (d(, v (s)), 7(s) ~ V(s))|

= E(E(NA W)

n

< %CAEUE[( Y (Ai()d(Xi())d(Xi(s), V(s)) = (@d(-, V (9)), V()))* ) |W]]

=1
= CaE (|41 (8)(X1 (5))d(Xi (s), V(5)) — (9d(-, V (s)), V() *)

< Cl?(m’ A S)|$|g)\
and we have
Bl v/n ((¢d(-, V(5)), V"(5)) — (@d(-, V (), V() [ 1pymr s3] < c1s(m, A, 5)[ B[,
Similar arguments give
E[(va [(L(V™()), V"(5)) = (L(V ()¢, V (5))])** Ly sy] < c1a(m, A, 5)[ B3

where the estimate in terms of the higher derivatives is required because of the differential
operator, and we have

EHS" ()M (v ay] < c15(m, A, )|813 < c15(m, A, 9)l|]12. (3.7)

Finally, again applying similar arguments, we can show
E[H;"™ () L(rss] < c16(m, A, 8)|83* < ci6(m, A, 5) 10115 - (3.8)

Without loss of generality, we can assume that all of the ¢;(m, A, s) are nondecreasing in
s. Applying (3.6), (3.7), and (3.8), (3.5) gives

BP0, S2(s A ) = Su(0))°) < exr(m, p, )01

For & sufficiently large, the embedding T2 , : ®, ; — ®, is Hilbert-Schmidt and hence,
if {¢x} is an orthonormal basis for ®,_1, > ro, [|#k]|? < oo. (See [17], Lemma 1 and
Theorem 2, pages 33-34.) Consequently,

]E[Slilzllsn(s/\ﬂ?r;p)—Sn(o)llz_(n_l)] < ngltwﬁk, (5 AmpP) = 8a(0))%]

< 617(m7p7 t) Z ||¢k||421 < 00.

It follows that for each ¢ > 0 and € > 0, there exists k; > 0 such that

supP{SIiPIISn(s/\n P (e—1) > kte} < e
n s<t

But {t) € ® , : [|9||_(s—1) < kt,c} is a compact subset of ®_, so {Sn(- A nm’)} satisfies
the compact containment condltlon in® .

13



Similarly, by (3.4), fort <t+h <T, h <1,
IS (¢ + ) Am®) — St AP oy |

00 t+h
<> u—z[/t (HY™ (5) + H2™(5) + RH2()) Lo oy )
k=1

T
< RODAEY( /0 (HZ"(s) + Hy"(8) + hH™ ()M gy g ds) | 7).

k=1
Then
00 T
B ([ () + B3 (5) 4 RHE (6) Loy d)
k=1 70
. T 3,n 2 A 1/A
=E[Zu¢kui(/0 (" () + B3 (s) + RHE () /16815) Lo ayds)/]
k:ol .
<EY llowlii( /0 (" (5) + 2 () + RS )/ [0015) Lpyprsagds) )
k=1
< (3 IgwlH*-A
k=1
1/A
(Zu«skru / (3 (6) + B2 (5) + REEM ) /100]) 1 p>s}1ds)
< 0.
Since

1Sn((t + B) AmpP) = Sn(t A )12 < [1Sa((t+ h) AnpP) = Sn(t AnP)Z (o),
we have verified the conditions of Theorem 4.20 of [24] (Theorem 3.8.6 of [13]) with

o (6) = mz / (8) + H2"(5) + SHE™(8) Lyprs oy ds) .

Note that since the S, are continuous, tightness of {S,} in Dg [0, 00) implies tightness
in Cq>_k[0,00). [ |

The same argument gives tightness for {M 1"}, and we have the following additional result.

Lemma 3.2 Under the conditions of Theorem 3.1, {M,} is tight in Cs__[0,00).

4 Characterization of the limit

We need the following additional assumptions.
(S4) There exists § > 0 such that
(a5l = [ 12 ale,vyu) Putdu) > 0
U

Vz,z € RY, v e M(R?).

14



(S5) The coefficients o, ¢, d, a, b, v, a, and B are differentiable with respect to the
measure in the sense that, for example, there exists a bounded, continuous function
dd on R x M(R?) x R? such that for vy, s € M(R?),

1
d(z,ve) —d(z,11) = /0 » ad(z, (1 — r)vy + rve, y)(va(dy) — v1(dy))dr.

(S6) For k given by Theorem 3.1, ¢ € @140, v1,v2 € M(R?), and u € U,

Fl(Vl, V2)¢ (4.1)

1
+/Rd/0 z)od(x,rve + (1 — r)ve, )
YOL(rvs + (1 — P, -)¢(:c))dru1(d:c)

and

Fy(v1,va,u)¢ (4.2)
_¢ﬁ y V2, U +V¢T ( r2,u )

/Rd/ z)0B(z,rve + (1 —r)v,u,-)
+V ol (2)0a(x, vy + (1 — r)vy, u, -))drul(d:c)

are in @, for 0 <1< 2.
For ¢ € &2, the mappings
(v1,v2,v) € M(R?) x M(R?) x @, — (Fy(v1,)d,v) € R (4.3)
and
(v1,v2,v) € M(R?) x M(R?) x @, — (Fy(v1,vs,-)¢,0v) € L2(U, ) (4.4)
are continuous.

(S7) For each v € M(R?), the mappings from z € R? to a;j(z,v), bi(z,v), d(z,v) € R
and o;(z,v, ), B(z,v,-) € L?(U, 1) have bounded derivatives with respect to z up to
order ¢ = k+2. Foreach z € R?, u € U and v € M(R?), da;j(z,v,-), Ob;(z,v,-), 8d(z,v,-),
daj(z,v,u,-), 06(z,v,u,-) are in &4, and there exists a constant K such that

leaau z,v,)|3 +Z||3b z,v,)3 + 10d(z, v, )IIg

7.7

+/U (leaai(r,v,u, )2 +1108(z, v, u, .)y|g> u(du) < K.

Remark 4.1 If vy = vy, = v, we write F;(v) rather than F;(v,v).

Condition (S6) implies smoothness and growth conditions on the coefficients of the differ-
ential operators. Continuity of the mapping

(V1,V2) S M(Rd) X M(Rd) — FI(VI,V2)¢ € (I)k

would imply (4.3).

15



Continuing to restrict the calculations to dimension d = 1, by (3.3),

(¢, Sn(t)) = (¢,5n(0)>+<¢,M1’"(t)>+/0 (F1(V(s),V"™(s))9, Sn(s)) ds
+/ (Fo(V(s),V"™(s),u)d, Sn(s)) W(duds), (4.5)
U x[0,t]
where
My"(t) = <¢,M1"( )

_ *1/22 /A" ( (XD (s), V()
1 (X7 (5)o (X7 (s), V”(s») dBy(s)

v ((¢d(-, V™ (5)) + L(V"(5)), V" (s)) — (¢d(-, V(s)) + L(V (s)), V (5)))
= (@d(-,V"(s)) + L(V"(5))9, Sn(s
+f<¢d( (s)) + L(V"(s)

"(8)) + L(V"(s)), Snl

)
/ / z)od(z,rV"(s)+ (1 —r)V(s),")
+OL(rV"™(s) + (1 — )V (s),")d(z), Sn(s))drV (s, dz)
= (F1(V(s),V"(s))¢, Sn(s))

)
)¢ — ¢d(-,V(s)) + L(V(s))¢, V(s))
= (¢d

and
v ( (68(: )+¢'a(- V™(s), ), V™(5)) = (9B(- V (s),u) + ¢'a(, V(s),u), V(s)) )
=<¢ﬁ( V(s),u) + ¢,V (s),u),sn(s»
// z)0B(z,rV"(s) + (1 —r)V(s),u,-)
+¢'(z)0a(z,V (8),u,-), Sn(s))drV (s,dz)
= (Fy(V (s), V"(s),u)$, Sn(s))

Let H = L?(U,u). In the terminology of Kurtz and Protter [25], we define a R x H#-
semimartingale Y by setting

Y (a,h,t) = at + B"(t) = at + / h(u)W (duds),
U x0,t]

fora € R and h € H. Let
Un(t) = Sn(o) + Ml’n(t)a

and for ¢ € @9, let (F(V(s),V"™(s))d, Sn(s)) denote the R x H-valued process given by

(F(V(s),V"(5))¢, Sn(s)) = ((F1(V(s), V"(s)) ¢, Sn(s)) , (F2(V (s), V"(s), u)¢, Sn(s))) -

Then (4.5) can be rewritten in the notation of Kurtz and Protter [25] as

(¢, Sn(t)) = (¢, Un(t)) + (F(V(-), V" (), Sn) - Y (2).
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Note that for each ¢ € C1(R), h € H, and 1 < i < n, [M;” Bh} —0,
t

M B) =2 / (AP () ($(XT () V(X (5), V7(5)) + ¢ (X](8)) o (XT (5), V" (s))) ds,

n
and t

0
where V3*(s) = %Z;‘L:I A?(S)Z‘SX]’-’(S)'

] = [ (@1 V) + S, V)R V) ds,

We should emphasize that we are proving convergence in distribution for {S,}. The limit
will not “live” on the original probability space. To be precise, for a countable dense
subset {h;} C H, the sequence

{(Vna Ml’n; Sns {Y(hj)}a {Bl}a {Xi}a {AZ})}
is relatively compact in Cuqgr)x(@_,)?x(r=)[0, 00). Denoting a limit point by

(even though these are not the V, Y, {B;}, {Xi}, {4} on the original probability space,
they will have the same distribution), M (and hence S) will not be adapted to the filtration

{.7-"2/’{3"}} generated by Y and {B;}. Note that {Y(h;)} determines Y (h) (and hence B")
for all h € H and the Y (h) determine W.

For any limit point, M will be a ® _,-valued local martingale with [M¢, Bh] , = 0 for every
¢ € ® and h € H and

35, = [ (@ V(6) + o, V) Valo)) d,
where

1 2
Va(t) = lim — ;Ai(t) 8x,()-

Lemma 4.2 For ¢ € ®,,
E[eX(®SO)+M ) |py/]
= eXp{—%(@ﬁz, V2(0)) — (¢, V(0))* + /0 (PY(, V(8) + ¢ (-, V(5)))? Va(s))ds) }
and

E[e(-M ) =MO) |5 (W) v FM]
1 t+r
= eXp{_E/ ((&7( V() +d'a(-, V(s)))?, Va(s))ds)},
t
which determine the joint distribution of W and M.

Proof: Define
Mp(t) = (4,M"(1))



and observe that

1,n e
My — My,

= o3 [ (AT X (6), V() + 6 (X ()X (5), V()
=1

2
—Ai(s)p(Xi(8))y(Xi(s), V(s)) — ¢'(Xi(s))o(Xi(s), V(S))) ds
converges to zero. It follows that M'"™ and M™ must have the same limit. Again, to be
precise, one should say that any limit point of
{(vr, Mb, M™, 5o, {Y (hy)}, {Bi}, { X}, {Ai)}

will be of the form
(V, M, M, S,{Y (hi)}, {Bi},{Xi}, {A:}).

For a o(W') measurable random variable Z, exchangeability implies

E[ei(6:S0)+ (1) 7)
= lim E[e/(®5n (0)+J\7"(t)>z]
= lim BlBlexp{i—=(4:(0)0(X1(0)) ~ (6,V/(0) + My HW]"2]
— Blexp {5 (¢, V2(0)) ~ (6. VO)? + [ (#1(.V(6) + 6o,V (s), Va(e))d)) 2

where
My (t) = /0 Ay (s) <¢(X1(8))7(X1(3), V() + ¢'(X1(s))o(X1(s), V(S))) dBy(s).
The proof of the second identity is similar. |

Let U(t) = S(0) + M(¢t) and

(F(V(s))g, S(s)) = ((F1(V (5)), S(5)) , (F2(V (5), u)$, 5(s))) -

Then (S,, Uy,) is relatively compact in Cs_,_x3_,[0,00), and by the continuity assumptions
on F} and Fy and Theorem 5.5 in [25], for any limit point (S,U), we have

(9, S(t)) = (o, U)) + (F(V(-))8,S) - Y(2).
Specifically, any limit point of {S,,} satisfies (1.10).

To prove uniqueness for the solution to (1.10), suppose that S; and S are solutions and
set £ = 57 — S9. Then £ satisfies

(6,£(1)) = / (F1(V(5))6, E(s)) ds + /U (Ea(V(s),u)b,E(s)) W (duds).  (4.6)

x[0,¢]

We adapt arguments of Rozovskii [36] to establish that £ = 0 is the unique solution to
(4.6) and hence establish uniqueness for (1.10).
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Lemma 4.3 Suppose that the assumptions (S1)-(S7) hold. Then £ =0 a.s.

Proof: Let ¢ = & + 2, and for v € M(R), define p, = [ ¥(z) 'v(dz) < co. By Lemma
A6,

2 (v, F{ (v)v) _, + /U 175 (v, w)ol|? gu(du) < ersppllv]l?, (4.7)

forallv e ®_.

Note that £(t) takes values in ®_, C ®_,. Let {qﬁg-} be an orthonormal basis for ®,.
Applying It6’s formula, we have

< ?’i(t)>2 = /0t2< ;’-,é(t)> <F1(V(s))¢§,§(s)>ds
+/UX[0 ﬂ2< 1,6(1)) (Fa(V (5), u)6l, €(5) ) W (duds)
+/0t/U<F2(V(s),u) 3,§(s)>2u(du)ds.

By Lemma 2.1, if (2.1) and (2.3) hold, then (2.6) holds giving E[sup,<r py ()] < oo. Let
7y = inf{t : py(y) > k}. Stopping the processes at 73, taking expectations, and summing
over j, (4.7) gives

ElEE A2, = E/O ! (2 (6(8),Ff(V(8))§(8)>q+/UIIFS‘(V(S),U)S(S)IIZqu(dU)> ds

t
< / c1sk?E€(s A i) |2 ds.
0

Then uniqueness follows from Gronwall’s inequality and the fact that 7, — oo as k — oo.

Finally, we have our main result.

Theorem 4.4 Under assumptions (S1)-(S7), we have S, = S and S is the unique solu-
tion to the stochastic evolution equation (1.10).

5 CLT for Euler scheme

Now we consider the CLT for the Euler scheme used in [27]. Let ns(s) = [£] 6, and for
some partition {Ux} of U and uy € Uy, define &5(u) = ug, u € U, k = 1,2,.... Let
{(X?’J,A?"s),i =1,...,n} satisfy

XPO = X0)+ [ ol (), V" ()i (o) (5.1)

4 / (X1 (ns(s)), V™ (15(s)))ds
0

n / (X (ns(5)), V™ (ns(s)), € ()W (duds)
U x[0,t]
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AP() = Ai(0)+ / AP ()7 (X[ (ms(8)), V™ (ns(5)))dBi(s) (5.2)
+ / AP (5)d(X [ (ms(s)), V™ (s (s)) ) ds
+/ AP (5)B(XT (n5(5)), V™ (15(5)), €5 (w)) W (duds),
U x[0,t]

where
n

n,(s 1 n,(S
V) ==Y A] (68 xn - (5.3)

n < i
=1

In this paper, we only analyze the simplest case in which W is a one-dimensional Brownian
motion, that is, U consists of a single point.

Modifying Theorem 3.3 in [27] in a way similar to the proof of Theorem 2.3 of the current
paper, we have the following result.

Theorem 5.1 Under the assumptions (S1)-(S5), we have

0<t<T

2
2) 1 <&
0 0
E sup (Xi" (t) —Xi”(t)‘ + (nZA;f (t) A?(t)") ) Ly s < (T, m)é*
j=1
where
n,J_-f lnAn 2 2 1nAn,5 2 2
Ny’ =in t;Z (t)* > m* or EZ JOt) >me .
i=1 =1
Applying the same arguments as those in Section 3, we can prove that the sequence
S, = /n(V™/" — V") is tight. Now we characterize its limit points.
Note that S,(0) = 0. As in (3.3), we have

(6,8a(1))
- 7 > / | {A?’” "(s) [¢(Xi"’” "X s (5)), V(3 (5))
ni=1 /o " "
FE ) 1y (9,7 ()
— A2(s) [BUXE ()X (3), V() + 6/ (K7 (5)) (X2 (5), V()] }de-(s)
=3 J | {An’” "(s) [‘WX-"’” " (8))d(X " (s (), VI (2 (5))
vn i=1 Y0 l ' ' e "
L (SO 0 00

— A7 (s) [p(X7(8))d(X' (), V"(s)) + L(V"(5))p(X7' (s))] }ds

L - [ ml/n (g i/ (g /(s m/n(ny (s
=2 f {A, (9) |6 BT (14 (6, V1 (6)
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+¢'(X?’1/"(8))G(X?’l/"(17;(8)),V”’l/”(n;(S)))]

— A7 (s) [$(XT())B(XT (5), V"(5)) + ¢' (X7 () (X' (5), V" (5))] }dW(S)

= Il+12+13.

Lemma 5.2 Let £'(t) be processes satisfying
1 . n 2
LS eur <k, v, v
n
i=1

Then
=3 [ Bits) — Bitny (5))Pds
=1

=3 [ -m@ras o,
=1
1 < [t ,
=X [ @) - Wy e))2ds o,
i=1
- i /t &'(m1(s))(Bi(s) — Bi(n.(s)))ds — 0
\/ﬁ i:l 0 ¢ E ; )
1w [,
2 [ &m0 —ny s o,

n

2= [ )0V (e) = Wny ()ds 0
=1

n

2= [ o) B:06) = Bitn (D) (s) o
i=1
=Y [ @m0t - ny)aw(s) o
i=1

Proof: Note that
2

1 < b on (s) — B $)))2ds
o %Z/O €7(5)(Bi(s) — Bi(n. (s)))"d

t 1 n 1 n
< nE / =3 €)Y (Bils) - Bilna (5)))*ds
=1 =1
noont
< KZ/ 3(s —n1(s))%ds
i=1 70 "
[nt} it1 .7
< P AY:
< 3KnZ/L (s n) ds
]:0 n
1
= Kn[nt]$—>0.
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This proves (5.5). (5.6), (5.7) and (5.9) can be proved similarly.
For k=1, 2, ---, let

(s)))ds.

1
n

1 & [
V=23 | ety (B~ Bitn

Then My, is a discrete-time, square integrable martingale with quadratic variation process

J

k n i 2
M) =" (% S ertns(s) [ (Bits) - Bi(n%(s)))ds) .
=1

j=1 i= -

Hence

EM2, =

[nt]
[nt]

i n . . 2
" LS ed =B — BT ds
E(/ﬁgjg( ) (Bils) - Bil— ))d)

n

ﬁl ﬁl n ZE (fi (T)2> (s1 A\ sg— T)dSldSQ
j=1""" Y% =1
[nt]

1 1
KZ/n /" 81 N\ sads1dss
— Jo Jo
]_
1

= 2K]|nt] /on 31(1 — 81)dsy

n
K
_ K,
3n3

j=
[nt]

IA

This proves (5.8). (5.10) can be proved similarly.

Finally,
1 «— [t 2
E %;/0 &' (n1(s))(Bi(s) — Bi(n1(s)))dW (s)
= k[ (e () Ee) - Bl (o)) s
= o \/ﬁ - i 77% i i\n1
S > S (RO RO
=1
[nt] i+1
< K . " (s — l)ds
7=0 % n
= K(nt] +1)5 5 0,
which proves (5.11). (5.12) can be proved similarly. ||

Lemma 5.3 Let .
W(t) = /0 VZR(W (5) — W (1a(5)))dWV (5).

Then W™ = W and W is a one-dimensional Brownian motion independent of W .
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Proof: It is clear that W™ is a sequence of martingales and

t

W] = /Ot2n(W(s)—W(nn(s)))2ds

By (5.10), we have

— / V(W (s) — W (na(s)))ds — 0,

and the lemma follows by the martingale central limit theorem | |

Note that
XPH™Ms) = XM (s) = o (X" (0 (5)), VR (1 (5))) (Bils) — Bima (5))
+e(X (1 (9), V(1 (8))(s — ma(s)  (5.13)

n

Fa(X (s (), V7 (1 () (W () — W (3 (s))

3

and
APT™Ns) = AP (s) exp (v(X?’”"(n;(s»,V"’I/"(ni(s»)(Bz-(s)—Bi(n;(s»)
DX (11 (5)), V(11 (5))) (5 = 2 (5))
B 1 (5)), V™ (1 () (W () = W(nl(S)))>,

n

where D = d — 3(v% + 3%). (5.5)-(5.7) then justify the replacement of A 1/n(s) and
X" 1/"( ) by A}" 1/"(771 (s)) and X;* /n(’l']l (s)) in the calculations below, where the nota-

7
tion &~ means that the difference converges to zero in probability.

Lemma 5.4 Let ¢ : R2 — R be bounded and continuous and have bounded, continuous
first derivative Oxt with respect to the second variable. Then

/0 % S AP (s () (R (X[ (11 (), ), VI (s) = V(1 (5)) ) W (s)
i=1
~ /0 (- V(5))a8(x, ) + B(, V(9))(#, ), V(s) @ V(s)) A" (s).
Proof: Note that

[ 7 D ATy () (O (), VI8) =V (51 AW ()

L n,l/n L(s))= " r.L,l/ns
/oﬁ;“‘z (nn(»n;AJ (5
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(X" (01 (5)), X (5)) = (X (1 (), X717 (m ()))d WV (s)

n

n n

ti n,1/n s l T.L’l/ns — T-l’l/n 1(8
+/0 \/ﬁ;Ai (n2 () D (A7 (s) = A7 (11(9))

j=1
1/)(X,~"’1/"(n%(8)),X}L’1/n(n%(8))dW(8)

/ Z A” l/n : Z A?,l/n(s)(??w(Xin,l/n(n% (s)), X;’,I/"("]%(S))
=1

o X ””(m (5)), V(1 (5)))dW ™ (s)

[ S ATy )5 X Ay (6B (), VP (5)
i=1 j=1
YO (2 (), X" (12 () AW (s).

(2 7 n

The conclusion of the lemma then follows. [ |

Theorem 5.5 For ¢ € ®,., define
My(t) = (6, M(1))
= [ (s V6, V) ()
(a0, V (51, + B0V ()05, V (5), DOV (5) & V(o) T o)
+ [ (Catna) e V(s)6, V(o) i)
[ (el V()tsale, V61, + 5V (6)hals, V() )64, V(6) @ V(o) AT ),
where &y and d5 are derivatives with respect to the corresponding variables and y refers

to the operator deﬁned in (85). Then My is a martingale satisfying [W, M¢]t =0. Let S
be a limit point of {S’ }. Then S is the unique solution of

(8,50 = (8,50 + [ (R(V(6.50) ds+ [

Proof: Recall that I;, I, I3 are defined by (5.4). It is easy to see that I; — 0. Note that

o i - ¢ n,l/ns .n,l/ns
I = \/EX::/A (5)6(X[/(s))

[d(X-"’l/"(n%(S)),V”’l/”(n%(S))) - (8, V) ds

)

Z / AmUn [ (V™G ()X (11 (5))

t

<F2(V(s))¢, §(s)>dW(s). (5.14)

—L(V"’””(s»qb(X?’”"(s»] ds
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i [ ({d V(600 L), 77 6))

—(d(, V™(5))p + L(V™(s)6, V"(s)) ) ds
= Iy + Iop + Iz,

By Lemma 5.2, it is easy to show that I3y — 0 and Iy — 0, and by the definition of F}
in (4.1),

Iyg = /Ot <F1(V"(s),vn,1/n(s))¢, §n(s)> ds

which converges to the second term on the right of (5.14).
Similarly

n= [ fiA””” (" (s))
B3 (), V740 (1) = BOXE (0,161 ()
+f fznjA" ) (4 (5)
X714 (), V(14 (6) ~ a(X (), V()| )

t o~
+ [ (B (6), Vim0, 5,(9)) W (s)
0
= I3+ I3g + I33.
By (5.13) and Lemma 5.4, we have

n

I ~ / t % ;A?’””(sw X (s )(a BXT (), V() (X" (1 (s)) = X7/ (s)
(DB (s), VI (s), ), VI (a (5))) = V1(s) ) )dW(s>
= [ (s V)6, V() (e
- /0 (@l V()00 V(5), ) + B V()80 V(s), D)6(:), V (5) @ V() dIT"()

and

Iy ~ / (adra) (-, V (5)), V (5)) dW"(s)

+ / (a(, V(3))Badsa(x, V(s), )
0 P —
LB(, V() Baalx, V(s), ) (+), V(s) ® V(s))dIT" (5).

Then I3; + I3 converges to <¢, M> and I33 converges to the third term on the right of
(5.14).

Uniqueness of the solution follows from Lemma 4.3 giving the desired result. |

Finally, we combine the results of Sections 4 and 5.
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Theorem 5.6 Let Si(t) = /n(V™Y/"(t) — V(t)). Then S = S* where S* is the unique
solution of the stochastic evolution equation

(6,5'(0) = (6.50) + (M0 + TO) + [ (RVE)6.5 @) ds (519

+ / (Ea(V (3), §*(s)) WV (),
0

¢ € By

A Appendix: Proof of monotonicity

We can represent ®_, as the space of equivalence classes of (¢+1)-tuples v = {(vo, v1,---,vq)},
where v; € L, = L?(R, (1 + z2)?%dz), such that

q k
0.0) = Y [+ ) 0u(e) L (7)o (A1)
k=0

The (¢ + 1)-tuples u and v are equivalent if the right side of (A.1) does not change when
v is replaced by u. Then

q
||v||%q = inf {Z ||uk||%q cu=(ug,...,uq) ~ v} . (A.2)
k=0

By the Riesz representation theorem, for each v € ®_, there exists a unique ¢ = 0,v € ®,
such that

(0, ) =, f)g =D _((¢)®), (f)*)),.
k=0

It follows that
v~ {($0, (9), -, (¢9) (D)}

and .
ol = I(ev) ™3,
k=0
In particular, the infimum in (A.2) is achieved. For each u = {(uo, u1, -, uq)} € ®_,
- (k)
_ k
(o) =3 (us: (00)®))

does not depend on the choice of the (g + 1)-tuple in the class of u. Note also, that since
40 is dense in @4, {v € ®_;: 0w € Pyy2} is dense in .

Lemma A.1 Suppose that f and its derivatives up to order q are bounded. Then for
Y, ¢ € Pgy1,

q
> /R (1 +22)2(f+'9) ") (¢py)Fdz = /R (1 4 2220 £ (v9p) D (¢p) Ddz + O(||v]l4 1|9l 4)
k=0

= - /R(l +22)2 f (v9) D (¢p) T dz + O[]l 8lly),
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and hence for v = ¢,

3 /R (1+ 222 (1 ¢'9)® ($) Pz = O(|lg]]2).

k=0
In addition
q 2\2 N (k)
oy Sheo Ja(1+ 2P 0) ) (69) Ve

YER, ||7||q

\// 1+ 22)2|f(¢p) @D [2dz 4 c19 Z

1<4,7<q

(A.3)

\//(1+w2)2‘1|f(“(¢¢)(")|2dx
R

Proof: Let f; = szp’ and note that if f and its derivatives are bounded, then f; and its
derivatives are bounded. Then

,, (1 + 2%)22(f~'4) ) (¢p) P dee
> Jaeeiin
= 3 [ - i) (ep)®
k=0 "R
-y / (1 + 220 (F (1)) ($) P — Z / (1 + 222 (f1y9) B ($p)®
k=0 "R
q—1
- 22)21 (a+1)( - z?)% (I+1) (9)
/R(” 220 £ (1) (@ +1) () d+§<>/l+ £ () 4D ()
q—1
+ (14 22)2(f (yp)")® () )
>/ :

- /R (1+ 222 (f19)®) ($p)®

- / (1+ 2227 ()@ (66) D + Ol I ly).

Integrating the first term in the fourth expression above by parts gives

- [ a6 (@0 + 225600 do
(1+2%) [ (7))@ (6) D dx

R

+

() 1+m )2 1D () D) ()@

~

o

[ay

(]
=~

q—

+ (1 +23)22(f(v)")® (¢9) P dz

ES
Il

0

(1 4 22)2(f1y9)® (p3)®

M=

=

k=0

- /R(l +22)2 f (v9) D (¢p) T dz + O(||v ]l 8llg)-
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Since [|v|lq > ||('y7,b)(j)||Lq, (A.3) follows by the Cauchy-Schwartz inequality.
Finally, if v = ¢, we can add the two identities to obtain

3 / (1+ 2221 ¢'9)® ($0) W dz = O(||g]]2).
k=0“R

||
Write Fy = Fi1 + Fis and Fy = Fy1 + Fyy, where
Fug=ad' +b¢,  Fné=ag. (A.4)
For v € M(R), let p, = [ ¥(z) 'v(dz).
Lemma A.2 For v € ®_; such that ¢ = 0qv € ®gy9,
2(v, Ff1v)_, = — /Ra(w, v)(1+2%)*|(¢9) " (@) *de + O([[v]1%),
where |O(|[v]|?,)| < exollv]|?, with ey independent of v.
Proof: By definition,
(v, Fi1v)_, = (&, F1v) = (Fui¢,v) = (Fu19,9), (A.5)

q
= 3 [+ e Gas'y) Vs
k=0

q
+30 [ W at60)® bg's) Y,
k=0 /R

where the third equality follows from the fact that Fi1¢ € ®,. By Lemma A.1, the term

involving b is bounded by a constant times ||¢]|2 = [|v]|,.
For the term involving a, let a1 = %” and as = Z'f/j//. Then

q (1+2%)*(¢35) ¥ (ag"yp) M da
>
= 3 [+ 0P a(6n)? — ar(wg) - 0w Do
k=0 YR

q
= -2 /R(l +2)%1(¢)* Da(g9) - da + O(|]7)
k=0

- / a1+ 22)%| () @D Pde + O([|g]]?),
R

where the second equality follows by integrating by parts and applying Lemma A.1. N
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Lemma A.3 There exists a constant co1 such that for ¢ > 0, v € ®_, such that ¢ =
Ov € g2, and v € M(R),

/ |75y (v, w2 ypu(du)
U

< (1+¢) /R(l +2?)* /U (-, vy w) P () | (¢9) T Pda + o (1 + €71 [oll2,-

Proof: Noting that

*
|5y (v, w)ol] -4 = sup b |

YER, “'7“!1 YER, “'7”!1

by (A.3),

15 (ol < (J [+ w2)2a(a,v,u)(w) 00 2
R

+c19 Z \//R(l+:1)2)2q|a(i)(;1;’V’u)(¢¢)(]‘)|2dm)2‘

1<i,j<q

Consequently, there exists a constant c2 such that
1B wel?, < (149 [ (1 +a)ale,, w(68) ") Pds
R

+C22(1 + 6_1) Z ./R(l + x2)2q|a(i)(z, v, u)(¢¢)(])|2dl‘27

1<i,j<q

and integrating with respect to y, the boundedness of a(¥) in L?(U, 1) implies the existence
of C21. l

Lemma A.4 Forve ®_,,
2 (v, Fiyv)_y < caspu|lv]2,.
Proof: Assume that ¢ = 0,v € ®;,2. As in Lemma A.2,

(v, Fi3v)_, = (F120,9), -

Write
(Fi2(v)¢, §)q = (d(-, V)9, ¢)q + (G1(¥)$, B)q (A.6)

where
1 7 /
Gr(v)8 = [ (0d(z,1,)6(2) + 300(z,1, )6 (2) + Oz, v, )0 (a) (o).

The boundedness of the derivatives of d implies that the first term on the right of (A.6)
is O(]|¢|lq) uniformly in v. Note that

|6(2)p(2)® < /RI(¢(y)1/)(y))'l2(1 +1%)%dy /R(l +y?)%dy,
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SO

[¢(z)¥ ()] < O([l¢]l1)-

Similarly, letting K7 = sup, ‘?p’((zz)” and Ks = sup, ‘f/:’((zz))‘,

|6/ (@)(2)] < |(d(2)¢(2))'| + Kilg(z)v(z)]| < O([|4ll2)

and

16" (2)3(2)| < ($(2)9(2))"] + 2K1|¢' (2)¥(z)| + Kald(z)y(z)] < O([|8lls)-
Consequently,
1G1(W)oll, = /(Ilad(w,v, gle(@)p ()] + %Ilaa(w,v, WMqld" ()9 ()|
R

+]18b(z, v, ) lq|¢' ()9 (2) )9~ (2)v (dz)
c3100)|9l3 < 3100 (|@llq = ca1pul|v]|—g-

IN

Combining this inequality with the estimate on the first term gives the result. | |

Lemma A.5 There erists coq such that for v e &_,,
/U“Fékz(V;U)UHZ—q#(dU) < caapi|lv)l?, (A7)

Proof: To bound ||F3,v||—q, note that

<7a FZ*ZU> — su <F2277 ¢>q < ||F22'Y||q

1lg-

[ F320]| g = sup =
R S ] PRSP (1] vedqgrs  7lg

Then || Faoyl|lq < c25(uw)pv||7]lq by the same argument used to estimate G; in Lemma A.4,
and co5 can be selected to be integrable with respect to p. |

Combining the previous lemmas we have
Lemma A.6 Forve ® ,,

2(v, FY(v)v) ,+ /U 175 (v, u)v|| gu(du) < erspp o]l (A.8)
Proof: Selectin € > 0 so that (1 + €)% < (1 + §) for § in (S4),

2<v,F1*(V)v>q+/U||F§(V,U)v||2_qu(dU)

< 2(u, Fi(v)v)_, + (1 + f)/U 1F5 (v, w)vl |2 p(dw)
+2 (v, Fi(v)v) 4+ (1 +€ ) / | Foa (v, u)ol|? p(du)
U
< —/R (a(x,u) —(14¢)? /U |a(x,u,u)|2u(du)> (1+ 2°)%|(¢p) ™) ()| *d
+(c20 + cor(L+ €)(1+€7") + caspy + (1 + € easpl)v]1%,
< 618P12/||U||2—q’
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since the first term in the third expression is less than or equal to zero by (S4). [ |
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