Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Uniqueness results for an inverse periodic transmission problem

Johannes Elschner^1, Masahiro Yamamoto^2

submitted: 18th May 2004

1 Weierstrass Institute

for Applied Analysis and Stochastics Mohrenstr. 39 10117 Berlin Germany E-Mail: elschner@wias-berlin.de

2 Graduate School of Mathematical Sciences University of Tokyo 3-8-1 Komaba Tokyo, 153–8914 Japan E-Mail: myama@ms.u-tokyo.ac.jp

No. 932 Berlin 2004

W I A S

2000 Mathematics Subject Classification. 78A46, 35R30.

Key words and phrases. Diffraction grating, periodic Helmholtz equation, inverse transmission problem.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

The paper is devoted to the inverse problem of recovering a 2D periodic structure from scattered waves measured above and below the structure. We show that measurements corresponding to a finite number of refractive indices above or below the grating profile, uniquely determine the periodic interface in the inverse TE transmission problem. If a priori information on the height of the diffraction grating is available, then we also obtain upper bounds of the required number of wavenumbers by using the Courant-Weyl min-max principle for a fourth-order elliptic problem. This extends uniqueness results by Hettlich and Kirsch [11] to the inverse transmission problem.

1 Introduction

The problem of recovering the shape of periodic structures from measurements of scattered electromagnetic waves occurs in several applications of micro-optics [3], [13]. We assume the grating to be periodic in one direction and constant in the other, and consider the TE mode of polarization for the diffraction by a periodic interface between two materials. This corresponds to a two–dimensional quasiperiodic transmission problem for the Helmholtz equation. The goal of this paper is to study the uniqueness in the inverse problem of reconstructing the periodic interface. The uniqueness in the transmission problem is not solved in general, and is fundamental for reasonable numerical schemes. Here the grating is illuminated by an incident monochromatic plane wave, and data of the scattered field are taken on two lines lying above and below the grating profile, respectively.

Let the profile of the diffraction grating be given by

Λ_f := {(x_1, x_2) ∈ R^2 : x_2 = f(x_1)}

with a 2π-periodic Lipschitz function, f ∈ C^{0,1}_{per}. Assume that the regions above and below Λ_f ,

Ω^±_f := {x ∈ R^2 : x_2 ≷ f(x_1) , x_1 ∈ R},

are filled with materials of refractive indices (or wavenumbers) k^± > 0, k^+ ≠ k^−. Suppose further that a plane wave given by

v^{in}(x) := exp(iαx_1 − iβx_2), (α, β) = k^+(sin θ, cos θ)

is incident from the top, where θ ∈ (−π/2, π/2) is the incident angle. Then the diffracted field v^{sc} in the TE (transverse electric) mode satisfies the Helmholtz equations

Δv^{sc} + (k^±)^2v^{sc} = 0 in Ω^±_f (1.1) and the transmission conditions [v]_{Λf} = [∂_ν v]_{Λf} = 0 (1.2) for the total field v given by v = v^{sc} + v^{in} in Ω^+_f , v = v^{sc} in Ω^−_f .

Here ν denotes the unit normal to Λ_f , and [·]_{Λf} stands for the jump across Λ_f . Moreover, v is assumed to be α-quasiperiodic v(x_1 + 2π, x_2) = exp(2iαπ)v(x_1, x_2) , (1.3) and v is required to satisfy radiation conditions as x_2 → ±∞, i.e., the scattered field can be expanded as the infinite sums of plane waves v^{sc}(x) = ∑ n∈Z A^±_n exp{i(n + α)x_1 ± iβ^±_n x_2} ,

x_2 > max(f) resp. x_2 < min(f) ,

(1.4)

with the Rayleigh coefficients A^±_n ∈ C and β^±_n := β_n(α, k^±) defined by β_n(α, k) := (k^2 − (n + α)^2)^{1/2} , 0 ≤ arg β_n(α, k) < π .

The direct diffraction problem can be formulated as follows. (DP): Given f, k^± and v^{in}, determine v = v_f ∈ H^1_{loc}(R^2 ) satisfying (1.1)-(1.4). It is known [4] that for f ∈ C^{0,1}_{per} there is a unique solution of (DP) which satisfies v ∈ H^2_{loc}(R^2 ).

Our goal is to study the inverse problem or the profile reconstruction problem. (IP): Given the refractive indices k^± > 0 and the incident angle θ ∈ (−π/2, π/2), determine the profile function f ∈ C^{0,1}_{per} from the knowledge of the total fields v_f (x_1, b^+), v_f (x_1, b^−), 0 ≤ x_1 ≤ 2π for some b^+ > max(f), b^− < min(f).

So far the global uniqueness in problem (IP) is only known in the case of reflection gratings, i.e., for Im k^− > 0 (see [6]). On the other hand, for perfectly reflecting gratings (modeled by the Dirichlet problem), more complete uniqueness results were obtained. It was shown by Hettlich and Kirsch [11] that a finite number of incident waves are sufficient to recover the grating profile from the total field above the structure (on x_2 = b^+). In particular, one obtains the global uniqueness in the inverse Dirichlet problem if the (positive) wavenumber or the amplitude of the grating is sufficiently small. The proof is based on the Courant-Weyl min-max principle and the monotonicity of eigenvalues for the Laplacian. Global uniqueness results for any fixed wavenumber were established within the class of piecewise linear profiles [7], [8]. See also [1] and [2] for other uniqueness results in the Dirichlet problem. The purpose of this paper is to extend the Hettlich-Kirsch method to our inverse transmission problem (IP), and we now state our main theorems.

Theorem 1.1 Let k^± > 0 and h > 0 be such that h max(k^+, k^−) < π. (1.5) Then, for sufficiently large |b^±|, the fields v_f (·, b^+) and v_f (·, b^−) corresponding to k^± and θ determine the grating function f in problem (IP) uniquely if f(t) ∈ [0, h] for all t ∈ R.

Thus we obtain the global uniqueness in problem (IP) if both refractive indices or the amplitude of the profile are small. Furthermore, we prove that for any fixed maximal amplitude the profile function is uniquely determined by measurements for a finite number of wavenumbers k^+ or k^−. Theorem 1.2 Let h > 0 and f, g ∈ C^{0,1}_{per} such that f(t), g(t) ∈ [0, h] for all t ∈ R. (1.6) Furthermore, choose some b^+ > max{f(t), g(t) : t ∈ R}, b^− < min{f(t), g(t) : t ∈ R}. (1.7) Consider a fixed refractive index k^+ above the grating profile, and let θ be a fixed incident angle. The total fields are assumed to coincide, i.e., v_f (·, b^+) = v_g(·, b^+), v_f (·, b^−) = v_g(·, b^−) in (0, 2π) (1.8) for N distinct wavenumbers k^−_j ∈ (k^+, k_{max}], j = 1, . . . , N, with k_{max} > k^+, where the integer N satisfies N > h 2 k^2_{max} + h π √ k^2_{max} − (k^+)^2 sin^2 θ . (1.9) Then f and g coincide. Furthermore, if the total fields coincide for N distinct wavenumbers k^−_j ∈ (0, k^+) where N > h √ 2 (k^+)^2 + h π √√ 2(k^+)^2 − (k^+)^2 sin^2 θ , (1.10) then the assertion holds.

Theorem 1.3 Let θ and k^− > 0 be fixed, and assume in addition to (1.6) and (1.7) that the end-points of f and g are fixed, i.e., f(0) = g(0), f(2π) = g(2π). (1.11) Then the relations (1.8) for N distinct wavenumbers k^+_j ∈ (k^−, k_{max}], j = 1, . . . , N, with k_{max} > k^− and N > h 2 k^2_{max} (1.12) imply f = g. Moreover, if the total fields coincide for N distinct wavenumbers k^+_j ∈ (0, k^−) where N > h √ 2 (k^−)^2 , (1.13) then the assertion holds.

Remark 1.1 Assume additionally in Theorem 1.2 that the end-points of f and g are fixed. Then, as in (1.12) and (1.13), we can omit the second terms in estimates (1.9) and (1.10). In the special case θ = 0, i.e. orthogonal incidence, one can prove a version of Theorem 1.3 without the restrictive assumption (1.11). In that case, estimate (1.12) has to be replaced by N > h 2 k^2_{max} + h π k_{max} , and the bound (1.13) by N > h √ 2 (k^−)^2 + h^4 √ 2 π k^− .

The proof of the above results is based on the Courant-Weyl min-max principle for a fourth-order elliptic problem; see Sections 3 and 4. However, in contrast to the Laplacian (cf. [11]), the corresponding eigenvalue problem may have negative eigenvalues, and it is more difficult to derive appropriate bounds for the positive and negative eigenvalues (see Section 3).

Unfortunately, if θ ≠ 0 and condition (1.11) is not fulfilled, then our approach to the reconstruction problem of Theorem 1.3 leads to a nonlinear eigenvalue problem in general. In fact, one obtains an operator polynomial of degree four in k^+, and it is not clear to us whether the monotonicity principle proved in [11] (for a certain second-order operator polynomial) can be extended to this case. However, it is possible to obtain at least a uniqueness result for an interval of wavenumbers; see Theorem 2.2 in the next section.

2 Uniqueness for an interval of wavenumbers. Reduction to an eigenvalue problem

First we shall prove that measurements on the two horizontal lines {x_2 = b^±} for an interval of wavenumbers k^− uniquely determine the grating function f.

Theorem 2.1 Let k^+ and θ be fixed, and let f, g ∈ C^{0,1}_{per}. If (1.8) holds for all wavenumbers k^− ∈ [k_{min}, k_{max}] for some 0 < k_{min} < k_{max}, then f and g coincide.

Remark 2.1 The proof of Theorem 2.1 shows that it is sufficient to assume (1.8) for an infinite set of wavenumbers k^− having a finite accumulation point. A corresponding remark applies to Theorem 2.2 below, with k^− and k^+ interchanged.

Proof of Theorem 2.1. From (1.7) and (1.8) we obtain that v_f and v_g coincide in the region

Ω^∗ := {x ∈ R^2 : x_2 ≥ max(f(x_1), g(x_1)), x_2 ≤ min(f(x_1), g(x_1))}; (2.1) see, e.g., [11]. Following that paper, we assume that f ≠ g and distinguish between two cases.

Case 1. There exist t_0, t_1 ∈ [0, 2π] with f(t_0) = g(t_0) and f(t_1) < g(t_1). Assume without loss of generality that t_0 = 0 and t_1 ∈ (0, 2π), and define

a_1 := inf{τ ∈ [0, t_1] : f(t) ≠ g(t) for t ∈ (τ, t_1)} ,

a_2 := sup{τ > t_1 : f(t) ≠ g(t) for t ∈ (t_1, τ)} .

Consider the domain

Ω := {x ∈ R^2 : a_1 < x_1 < a_2, f(x_1) < x_2 < g(x_1)} (2.2)

which is bounded by two Lipschitz graphs. The function

u := v_f − v_g (2.3)

belongs to H^2_{loc}(R^2 ) and satisfies the boundary conditions

u|_{∂Ω} = ∂_ν u|_{∂Ω} = 0 . (2.4)

Furthermore, u belongs to the space H̃^2(Ω), i.e., the function u extended by zero to the whole R^2 is an element of the Sobolev space H^2(R^2 ). To see this, note that the restriction of u to the strip Π = {x ∈ R^2 : a_1 < x_1 < a_2} belongs to H^2(Π) and vanishes in Π ∩ Ω^∗ (cf. (2.1)). Hence u = ∂_ν u = 0 on ∂Π, and we can extend u by zero to a function in H^2(R^2 ). Moreover, we have

Lemma 2.1 The function u defined in (2.3) satisfies u ∈ H^2_0 (Ω), where H^2_0 (Ω) denotes the completion of C^∞_0 (Ω) in the norm of H^2(Ω).

Proof of Lemma 2.1. If Ω has continuous boundary (cf. pp. 89-90 in [12] for the definition), then the assertion is a consequence of the relation H̃^2(Ω) = H^2_0 (Ω); see [10, Chap. 1.4.2] and, for a detailed proof, also [12, Thm. 3.2.9]. However, as a counter-example in [10, Chap. 1.2] shows, the boundary ∂Ω need not be continuous in general. In that case, for any small ϵ > 0, we multiply u by a suitable cut-off function χ_ϵ supported in a substrip Π_ϵ = {x ∈ R^2 : a_1 + cϵ < x_1 < a_2 − cϵ}, with some c > 0 independent of ϵ. Then each χ_ϵu ∈ H^2_0 (Ω ∩ Π_ϵ) can be approximated (in H^2 norm) by functions from C^∞_0 (Ω). Note that Ω ∩ Π_ϵ even has Lipschitz boundary.

It remains to prove that u ∈ H^2_0 (Π) can be approximated by suitable functions u_ϵ = χ_ϵu. We choose χ ∈ C^∞([0, ∞)) with 0 ≤ χ ≤ 1 in [0, ∞), χ|_{[0,1]} = 0 , χ|_{[2,∞)} = 1, and put χ_ϵ(x) = χ(ϵ^{−1}ρ(x)) with ρ(x) = (x_1 − a_1)(a_2 − x_1) ∼ dist(x, ∂Π). Then u_ϵ ∈ H^2_0 (Π) and u_ϵ(x) = 0 for ρ(x) < ϵ, so that each u_ϵ is supported in a suitable substrip Π_ϵ. Moreover, using [10, Thm. 1.4.4.4] it is not difficult to verify that u_ϵ → u in H^2(Π) as ϵ → 0.

From the transmission problems (DP) corresponding to v_f and v_g and from Lemma 2.1, we now obtain that the function u defined in (2.3) satisfies the variational equation

((Δ + l)u, (Δ + l)ϕ) = λ((−Δ − l)u, ϕ) ∀ϕ ∈ H^2_0 (Ω) , (2.5) with l := (k^+)^2 , λ := (k^−)^2 − (k^+)^2 and the pairing (u, ϕ) := ∫ Ω uϕ. Note that (Δ + (k^+)^2)v_f = (Δ + (k^−)^2)v_g = 0 in Ω , and u is a solution of the fourth-order equation

(Δ + (k^−)^2)(Δ + (k^+)^2)u = (Δ + (k^+)^2)^2u + λ(Δ + (k^+)^2)u = 0 in Ω in the sense of distributions.

Consequently, in case 1 we have the nontrivial solution u ∈ H^2_0 (Ω) of the eigenvalue problem (2.5) corresponding to the eigenvalue λ ≠ 0. (For u = 0 in Ω, we would have v_f = v_g implying λv_f = 0, hence v_f = 0 in Ω and also in R^2 , which is a contradiction.)

Case 2. We can assume that f(t) < g(t) for all t ∈ R. Then the domain (2.2) has to be replaced by the periodic layer Ω := {x ∈ R^2 : 0 ≤ x_1 ≤ 2π, f(x_1) < x_2 < g(x_1)} . (2.6) The function u_f := exp(−iαx_1)v_f , which is 2π-periodic in x_1, satisfies the Helmholtz equation (Δ_α + k^2)u_f = 0 in R^2 , with k = k^± in Ω^±_f , (2.7) where we use the notation ∇_α := ∇ + i(α, 0) , Δ_α := ∇_α · ∇_α = Δ + 2iα∂_1 − α^2 , and the corresponding transmission conditions [u_f ]_{Λf} = [∂_ν u_f ]_{Λf} = 0 are included. The function u_g := exp(−iαx_1)v_g satisfies an analogous transmission problem corresponding to the interface Λ_g. Then the function u := u_f − u_g (2.8) belongs to H^2_{loc}(R^2 ) and satisfies the boundary conditions (2.4) again. Moreover, u belongs to the space H^2_{0,per}(Ω), the completion with respect to the H^2 norm of all functions from C^∞_0 (Ω) that are 2π-periodic in x_1. Here we use a periodic version of

Lemma 2.1, the proof of which is simpler since Ω has Lipschitz boundary. Moreover, analogously to (2.5), the function u defined in (2.8) satisfies the eigenvalue problem ((Δ_α + l)u, (Δ_α + l)ϕ) = λ((−Δ_α − l)u, ϕ) ∀ϕ ∈ H^2_{0,per}(Ω) (2.9) with l := (k^+)^2 and λ := (k^−)^2 − (k^+)^2.

Similarly to case 1, we have a nontrivial solution u ∈ H^2_{0,per}(Ω) of the eigenvalue problem (2.9) corresponding to the eigenvalue λ ≠ 0.

To complete the proof of Theorem 2.1, we need some properties of the variational problems (2.5) and (2.9). Let H := H^2_0 (Ω) in case 1 and H := H^2_{0,per}(Ω) in case 2, and introduce the following sesquilinear form on H × H: ⟨u, ϕ⟩ := ((Δ_α + l)u, (Δ_α + l)ϕ) , (2.10) with α = 0 in case 1. In the following ‖ · ‖ will denote the norm in L^2(Ω). 1) √ ⟨u, u⟩ = ‖(Δ_α + l)u‖ is an equivalent norm on H:

Since Δ_α + l : H → L^2(Ω) is a compact perturbation of Δ which is injective with closed range, it remains to prove that (Δ_α + l)u = 0 and u ∈ H imply u = 0. The latter follows from the boundary conditions (2.4) and the unique continuation for the operator Δ_α + l.

Consider the sesquilinear form a(u, ϕ) := ((−Δ_α − l)u, ϕ) ∀u, ϕ ∈ H , (2.11) with α = 0 in case 1, and define the operator T : H → H via a(u, ϕ) = ⟨T u, ϕ⟩ ∀u, ϕ ∈ H . (2.12) 2) T : H → H is self-adjoint and compact: The first property follows from the relation ⟨T u, ϕ⟩ = ∫ Ω ( ∇_αu · ∇_αϕ − luϕ ) = ⟨u, T ϕ⟩ , and the second using the compact imbeddings H^1_0 (Ω) ⊂ L^2(Ω) , H^1_{0,per}(Ω) ⊂ L^2(Ω) in cases 1 and 2, respectively.

Using property 1) and (2.12), we can reformulate the eigenvalue problems (2.5) and (2.9) as ⟨u, ϕ⟩ = λ⟨T u, ϕ⟩ ∀ϕ ∈ H or, equivalently, ⟨u, ϕ⟩ = λ((−Δ_α − l)u, ϕ) for any ϕ ∈ H, or T u = μu , with μ := 1/λ . (2.13) Now we can conclude the proof of Theorem 2.1. Applying the standard theory of compact operators to (2.13), we obtain that in both cases 1 and 2 the set of eigenvalues λ of (2.5) and (2.9) is a discrete subset of R. Therefore, there exists k^− ∈ [k_{min}, k_{max}] such that the corresponding function u defined in (2.3) or (2.8) vanishes in Ω, which leads to a contradiction.

Now we prove the same result as Theorem 2.1 for an interval of wavenumbers k^+.

Theorem 2.2 Let k^− and θ be fixed, and let f, g ∈ C^{0,1}_{per}. If (1.8) holds for all wavenumbers k^+ ∈ [k_{min}, k_{max}] for some 0 < k_{min} < k_{max}, then f and g coincide.

Proof. We proceed as in the proof of the preceding theorem, and in case 2 we consider the variational problem (2.9) in the domain Ω (given by (2.6)) again. However, since α = k^+ sin θ depends on k^+, we have the following nonlinear eigenvalue problem in k^+: ( (Δ + 2ik^+ sin θ ∂_1 + (k^+)^2 cos^2 θ)u, (Δ + 2ik^+ sin θ ∂_1 + (k^+)^2 cos^2 θ)ϕ ) + ( (k^−)^2 − (k^+)^2 )( (Δ + 2ik^+ sin θ ∂_1 + (k^+)^2 cos^2 θ)u, ϕ ) = 0 ∀ϕ ∈ H . Introducing the equivalent norm √ ⟨u, u⟩ = ‖Δu‖ on H, we can write this problem in the form (cf. (2.10)-(2.12))

A(λ)u := u + T_0u + 4∑ j=1 λ^j T_ju = 0 , λ := k^+ , (2.14)

where T_j are compact (and self-adjoint) operators on H. The operator polynomial A(λ) is an analytic Fredholm operator function in λ, which is invertible for λ = k^+ = k^− by property 1). Therefore, applying [9, Chap. 1, Thm. 5.1] to the operator function (2.14), we obtain that the set of eigenvalues k^+ is discrete. This finishes the proof in case 2.

In case 1 (the bounded domain Ω) and in case 2 (the periodic layer Ω) under orthogonal incidence (i.e., θ = 0), it is sufficient to consider the linear eigenvalue problems (2.5) and (2.9) (with α = 0), respectively. Then the proof of Theorem 2.2 follows from that of Theorem 2.1 by interchanging the roles of k^+ and k^−.

In the following we restrict the discussion to the linear eigenvalue problem where the Courant-Weyl min-max principle can be applied.

3 The linear eigenvalue problem

In the following, we need further properties of the eigenvalue problems (2.5) and (2.9) where k^+ and α = k^+ sin θ are fixed. We also consider the equivalent eigenvalue problem (2.13).

In this section, we assume (1.6). We recall that l = (k^+)^2.

3) μ = 0 is not an eigenvalue of (2.13): Otherwise we would have ⟨T u, ϕ⟩ = ((−Δ_α − l)u, ϕ) = 0 ∀ϕ ∈ H , implying the last equality for all ϕ ∈ L^2(Ω). Hence (Δ_α + l)u = 0 which gives u = 0 by property 1).

Applying the standard theory for compact operators to (2.13) again, we obtain from 2) and 3)

Lemma 3.1 For both problems (2.5) and (2.9), the infinite nondecreasing sequence of eigenvalues (counting multiplicities) takes the form . . . ≤ λ_{−n} ≤ . . . ≤ λ_{−1} < 0 < λ_1 ≤ . . . ≤ λ_n ≤ . . . (3.1) and can only have accumulation points at ±∞. Moreover, there is a corresponding orthonormal basis {u_j}_{j∈Z} ∈ H of eigenfunctions satisfying ⟨u_j, u_k⟩ = λ_j ⟨T u_j, u_k⟩ = λ_j ((−Δ_α − l)u_j, u_k) = δ_{jk} . (3.2) Here we set δ_{jj} = 1 and δ_{jk} = 0 if j ≠ k.

We now present a version of the Courant-Weyl min-max principle for the operator T defined in (2.12).

Lemma 3.2 For the positive eigenvalues μ_n = 1/λ_n of problem (2.13) we have μ_n = inf v_1,...,v_{n−1}∈L^2(Ω) sup 0≠ϕ∈H (ϕ,v_1)=...=(ϕ,v_{n−1} )=0 ⟨T ϕ, ϕ⟩ ⟨ϕ, ϕ⟩ . (3.3)

Remark 3.1 The assertion is well-known if in (3.3) elements v_1, . . . , v_{n−1} ∈ H with ⟨ϕ, v_1⟩ = . . . = ⟨ϕ, v_{n−1}⟩ = 0 are taken; see, e.g., [5, p.133].

Proof of Lemma 3.2. We proceed as in [11]. From Lemma 3.1 we have for u = ∑ j∈Z α_j u_j ∈ H

⟨T u, u⟩ / ⟨u, u⟩ = ∑ j∈Z μ_j|α_j|^2 / ∑ j∈Z |α_j|^2 . For arbitrary v_1, . . . , v_{n−1} ∈ L^2(Ω) we can choose α_1, ..., α_n ∈ C such that

û = n∑ j=1 α_ju_j , with (û, v_k) = 0, k = 1, . . . , n − 1, ⟨û, û⟩ = 1 , and obtain sup 0≠u∈H (u,v_1)=...=(u,v_{n−1})=0 ⟨T u, u⟩ ⟨u, u⟩ ≥ ⟨T û, û⟩ = n∑ j=1 μ_j|α_j|^2 ≥ μ_n .

On the other hand, there exist v_1, . . . , v_{n−1} ∈ L^2(Ω) such that ⟨T u, u⟩/⟨u, u⟩ ≤ μ_n for all u ∈ H with (u, v_1) = . . . = (u, v_{n−1}) = 0 . Indeed, for v_j := (−Δ_α − l)u_j we have (u, v_j) = (u, (−Δ_α − l)u_j) = μ_j⟨u, u_j⟩ , so that (u, v_j) = 0 is equivalent to α_j = ⟨u, u_j⟩ = 0. Thus we obtain ⟨T u, u⟩ ⟨u, u⟩ = ∑ j∈Z\{1,...,n−1} μj|αj| 2 ∑ j∈Z\{1,...,n−1} |αj | 2 ≤ μ_n , and (3.3) is proved.

Remark 3.2 For the negative eigenvalues μ_{−n} = 1/λ_{−n} of problem (2.13) we have analogously

μ_{−n} = sup v_1,...,v_{n−1}∈L^2(Ω) inf_{0≠ϕ∈H} (ϕ,v_1)=...=(ϕ,v_{n−1})=0 ⟨T ϕ, ϕ⟩ ⟨ϕ, ϕ⟩ . (3.4)

The min-max principle from (3.3) and (3.4) can easily be reformulated for the positive and negative eigenvalues of (2.5) and (2.9):

Lemma 3.3 The eigenvalues (3.1) satisfy

λ_n = sup v_1,...,v_{n−1}∈L^2(Ω) inf ϕ∈H, ⟨T ϕ,ϕ⟩>0 (ϕ,v_1)=...=(ϕ,v_{n−1} )=0 ⟨ϕ, ϕ⟩ ⟨T ϕ, ϕ⟩ , (3.5)

λ_{−n} = inf v_1,...,v_{n−1}∈L^2(Ω) sup ϕ∈H, ⟨T ϕ,ϕ⟩<0 (ϕ,v_1)=...=(ϕ,v_{n−1})=0 ⟨ϕ, ϕ⟩ ⟨T ϕ, ϕ⟩ , (3.6)

with ⟨T ϕ, ϕ⟩ = ((−Δ_α − l)ϕ, ϕ) and α = 0 in case 1.

We now establish appropriate bounds for the positive and negative eigenvalues (3.1). In case 1 (the bounded domain Ω), let (Λ_n) denote the nondecreasing sequence of the Dirichlet eigenvalues (counting multiplicities) of the negative Laplacian in Ω, whereas in case 2 (the periodic layer Ω), (Λ_n) stands for the corresponding sequence of the Dirichlet eigenvalues of the periodic operator −Δ_α. We have

0 < Λ_1 ≤ . . . ≤ Λ_n ≤ . . . , Λ_n → ∞ ,

and according to the Courant-Weyl min-max principle (see [5, Chap. 6])

Λ_n = sup v_1,...,v_{n−1}∈L^2(Ω) inf_{0≠ϕ∈H} (ϕ,v_1)=...=(ϕ,v_{n−1})=0 ‖∇_αϕ‖^2 ‖ϕ‖^2 , (3.7)

where α = 0 and H = H^1_0 (Ω) in case 1 and H = H^1_{0,per}(Ω) in case 2.

Lemma 3.4 We have λ_n ≥ Λ_n − l and λ_{−n} ≤ l −^1_l Λ^2_n for all n ∈ N.

Proof. We first prove the inequality ‖∇_αu‖^2 ≤ ‖Δ_αu‖ ‖u‖ , u ∈ H , (3.8) with α = 0 in case 1. In that case, (3.8) is an immediate consequence of Parseval’s equality and the obvious estimate ∫ R^2 |x|^2 |û(x)|^2 ≤ ( ∫ R^2 |x|^4 |û(x)|^2 )_{1/2} ( ∫ R^2 |û(x)|^2 )_{1/2} , u ∈ C^∞_0 (Ω) , where û denotes the Fourier transform of u. In case 2, the domain Ω defined by (2.6) is contained in the periodic cell [0, 2π] × (0, h), and it is sufficient to verify (3.8) for any infinitely smooth function u which is 2π-periodic in x_1 and h-periodic in x_2. Since

∇(exp(iαx_1)u) = exp(iαx_1) ∇_αu , Δ(exp(iαx_1)u) = exp(iαx_1) Δ_αu ,

it is enough to prove the estimate ‖∇v‖^2 ≤ ‖Δv‖ ‖v‖ for any infinitely smooth function v which is α-quasiperiodic in x_1 and h-periodic in x_2. This estimate follows easily by expanding v into the Fourier series v = ∑ m∈Z^2 c_m exp(i(m_1 + α)x_1 + im_2(h/2π)x_2) , c_m ∈ C , m = (m_1, m_2) ,

and using the Cauchy-Schwarz inequality.

Looking for the positive eigenvalues λ_n, we now choose ϕ ∈ H such that ((−Δ_α − l)ϕ, ϕ) = ‖∇_αϕ‖^2 − l‖ϕ‖^2 > 0 and estimate the quantity

A(ϕ) :=

((Δ_α + l)ϕ, (Δ_α + l)ϕ) ((−Δ_α − l)ϕ, ϕ) (3.9)

using (3.8):

A(ϕ) = ‖Δ_αϕ‖^2 − 2l‖∇_αϕ‖^2 + l^2‖ϕ‖^2 ‖∇_αϕ‖^2 − l‖ϕ‖^2 ≥ 1 ‖ϕ‖^2 ‖∇_αϕ‖^4 − 2l‖∇_αϕ‖^2‖ϕ‖^2 + l^2‖ϕ‖^4 ‖∇_αϕ‖^2 − l‖ϕ‖^2

= ‖∇_αϕ‖^2 − l‖ϕ‖^2 ‖ϕ‖^2 = ‖∇_αϕ‖^2 ‖ϕ‖^2 − l =: A_0(ϕ) − l . (3.10)

From (3.10), Lemma 3.3 and (3.7) we then obtain

λ_n = sup v_1,...,v_{n−1}∈L^2(Ω) inf ϕ∈H, ⟨T ϕ,ϕ⟩>0 (ϕ,v_1)=...=(ϕ,v_{n−1})=0 A(ϕ)

≥ sup v_1,...,v_{n−1}∈L^2(Ω) inf_{0≠ϕ∈H} (ϕ,v_1)=...=(ϕ,v_{n−1})=0 A_0(ϕ) − l = Λ_n − l .

We now consider the negative eigenvalues λ_{−n} and choose ϕ ∈ H such that

((−Δ_α − l)ϕ, ϕ) = ‖∇_αϕ‖^2 − l‖ϕ‖^2 < 0 . (3.11)

We have ⟨ϕ, ϕ⟩ = ‖Δ_αϕ‖^2 − 2l‖∇_αϕ‖^2 + l^2‖ϕ‖^2 > 0; see property 1) in Section 2. Therefore, using (3.11) and (3.8), we can estimate the quantity A(ϕ) (cf. (3.9),

(3.10)) as A(ϕ) = ‖Δ_αϕ‖^2 − 2l‖∇_αϕ‖^2 + l^2‖ϕ‖^2 ‖∇_αϕ‖^2 − l‖ϕ‖^2 ≤ ‖Δ_αϕ‖^2 − 2l‖∇_αϕ‖^2 + l^2‖ϕ‖^2 −l‖ϕ‖^2

= − ‖Δ_αϕ‖^2 l‖ϕ‖^2 + 2 ‖∇_αϕ‖^2 ‖ϕ‖^2 − l ≤ − ‖Δ_αϕ‖^2 l‖ϕ‖^2 + l ≤ l − ‖∇_αϕ‖^4 l‖ϕ‖^4 = l − 1 l (A_0(ϕ))^2 .

Together with Lemma 3.3 and (3.7), the last estimate implies

λ_{−n} = inf v_1,...,v_{n−1}∈L^2(Ω) sup ϕ∈H, ⟨T ϕ,ϕ⟩<0 (ϕ,v_1)=...=(ϕ,v_{n−1})=0 A(ϕ)

≤ l − sup v_1,...,v_{n−1}∈L^2(Ω) inf ϕ∈H, ⟨T ϕ,ϕ⟩<0 (ϕ,v_1)=...=(ϕ,v_{n−1})=0 1 l (A_0(ϕ))^2

≤ l − sup v_1,...,v_{n−1}∈L^2(Ω) inf_{0≠ϕ∈H} (ϕ,v_1)=...=(ϕ,v_{n−1})=0 1 l (A_0(ϕ))^2 = l − 1 l Λ^2_n .

We conclude this section by presenting well known bounds for the Dirichlet eigenvalues (3.7); see [5], [11]. Let N(c) denote the number of these eigenvalues which do not exceed c > 0. Recall that

Ω ⊂ Ω̃ := (0, 2π) × (0, h) and Ω ⊂ Ω̃ := [0, 2π] × (0, h) ,

where Ω is given by (2.2) and (2.6) corresponding to the cases 1 and 2, respectively.

Lemma 3.5 (i) The smallest Dirichlet eigenvalue always satisfies Λ_1 ≥ π^2/h^2. (ii) We have the estimates N(c) ≤ h 2 c and N(c) ≤ h 2 c + h π √ c − α^2 in the cases 1 and 2, respectively.

The proof of Lemma 3.5 is based on the classical monotonicity principle (e.g., [5]) which gives that the eigenvalues Λ_n corresponding to Ω are not less than those of Ω̃ denoted by Λ̃_n. In both cases, by separation of variables one can find the eigenvalues Λ̃_n explicitly, which then implies the assertions (i) and (ii) (cf. the proof of Theorem 3.2 in [11]). In particular, in case 2 these eigenvalues are given by Λ̃_{pm} = (p + α)^2 + m^2π^2/h^2 for all p ∈ Z, m ∈ N.

Then N(c) is bounded by the number of gridpoints (p, m) ∈ Z^2 in the upper half of the ellipse with axes √ c, h √ c/π and centre (−α, 0), and the number of the gridpoints is bounded by the area plus the number of the gridpoints (0, m) on the vertical axis lying inside the ellipse. Thus we obtain the second estimate of (ii).

4 Proof of Theorems 1.1 to 1.3

Proof of Theorem 1.1. Arguing by contradiction, we assume that there are two profile functions f ≠ g such that the relations (1.6) - (1.8) hold, where k^± > 0 are fixed refractive indices satisfying condition (1.5). Let first k^− > k^+. Then λ := (k^−)^2 −(k^+)^2 is a positive eigenvalue of problem (2.5) or (2.9) with the corresponding eigenfunction u defined in (2.3) or (2.8); compare the proof of Theorem 2.1. On the other hand, from Lemmas 3.4 and 3.5 (i), we obtain the estimate

λ_1 + (k^+)^2 ≥ Λ_1 ≥ π^2/h^2

for the first positive eigenvalue λ_1 of (2.5) or (2.9). By λ = (k^−)^2 − (k^+)^2 ≥ λ_1, this implies the inequality

(k^−)^2 ≥ λ_1 + (k^+)^2 ≥ π^2/h^2 ,

which is a contradiction to condition (1.5).

Let k^− < k^+. Then the function u defined in (2.3) or (2.8) also satisfies the variational equation (2.5) or (2.9) with l := (k^−)^2 and λ := (k^+)^2 − (k^−)^2 > 0, i.e., with k^+ and k^− interchanged. (Note that k^+ and k^− are fixed.) Since λ is a positive eigenvalue of that problem, we obtain a contradiction as above. Proof of Theorem 1.2. We first consider case 2, i.e., the periodic layer Ω defined in (2.6). Assume that (1.8) holds for N distinct wavenumbers k^−_j ∈ (k^+, k_{max}]. Following the proof of Theorem 2.1, we have to estimate the number N^+ of eigenvalues of (2.9) satisfying

0 < λ := (k^−)^2 − (k^+)^2 ≤ k^2_{max} − (k^+)^2 .

By Lemma 3.4 the nth positive eigenvalue λ_n of (2.5) can be estimated as

λ_n + (k^+)^2 ≥ Λ_n ,

where Λ_n is the nth Dirichlet eigenvalue of the periodic operator −Δ_α in Ω. Therefore, the number N^+ does not exceed the number of Λ_n bounded by k^2_{max}. Now it follows from Lemma 3.5 (ii) that N^+ is not greater than N(k^2_{max}) ≤ h 2 k^2_{max} + h π √ k^2_{max} − α^2 , α = k^+ sin θ , (4.1)

which proves the bound (1.9).

We now consider the case k^−_j ∈ (0, k^+) and have to estimate the number N^− of eigenvalues of (2.9) with

−(k^+)^2 < λ := (k^−)^2 − (k^+)^2 < 0 . (4.2)

Because of Lemma 3.4, the nth negative eigenvalue of (2.9) satisfies the inequality

|λ_{−n}| + (k^+)^2 ≥ 1 (k^+)^2

Λ^2_n . (4.3)

From (4.2) we see that N^− is equal to the number of |λ_{−n}| which are smaller than (k^+)^2. Consequently, by (4.3), N^− does not exceed the number of Λ_n bounded by √ 2 (k^+)^2. Applying Lemma 3.5 (ii) again, we obtain the estimate N^− ≤ N (√ 2 (k^+)^2 ) ≤ h √ 2 (k^+)^2 + h π √√ 2(k^+)^2 − α^2 , (4.4)

which implies (1.10).

In case 1 where Ω is given by (2.2), we apply Lemma 3.4 to the eigenvalue problem (2.5). Moreover, we use the first estimate of Lemma 3.5 (ii) to obtain the bounds (4.1) and (4.4) without the square root terms, so that the second terms in estimates (1.9) and (1.10) can even be omitted. This finishes the proof of Theorem 1.2 and that of the first assertion of Remark 1.1.

Proof of Theorem 1.3. Let θ and k^− be fixed, and consider a refractive index k^+ for which the relations (1.8) hold. By condition (1.11), the two profiles Λ_f and Λ_g intersect so that only case 1 can occur; see the proof of Theorem 2.1.

Moreover, the function u defined in (2.3) is an eigenfunction of the problem (2.5) with l := (k^−)^2 and λ := (k^+)^2 − (k^−)^2, where the domain Ω is given by (2.2). Interchanging the roles of k^+ and k^−, we can now proceed as in the proof of Theorem 1.2 in case 1.

Finally, we note that the second assertion of Remark 1.1 can be proved as Theorem 1.2 in case 2.

Acknowledgements. The first author gratefully acknowledges the support by the Department of Mathematical Sciences of the University of Tokyo through the 21st Century COE Programme. The second author was supported partly by Grant 15340027 from the Japan Society for the Promotion of Science and Grant 15654015 from the Ministry of Education, Cultures, Sports, Sciences and Technology.

References

[1] H. Ammari, Uniqueness theorems for an inverse problem in a doubly periodic structure, Inverse Problems 11 (1995), 823–833.

[2] G. Bao, A uniqueness theorem for an inverse problem in periodic diffractive optics, Inverse Problems 10 (1994), 335–340.

[3] G. Bao, L. Cowsar, W. Masters (eds.), Mathematical Modeling in Optical Science, SIAM, Philadelphia, 2001.

[4] A.-S. Bonnet-Bendhia, F. Starling, Guided waves by electromagnetic gratings and non-uniqueness examples for the diffraction problem, Math. Meth. Appl. Sci. 17 (1994) 305-338.

[5] R. Courant, D. Hilbert, Methods of Mathematical Physics, vol. I, Interscience, New York, 1953.

[6] J. Elschner, G.C. Hsiao, A. Rathsfeld, Grating profile reconstruction based on finite elements and optimization techniques, SIAM J. Appl. Math. 64 (2003) 525-545.

[7] J. Elschner, G. Schmidt, M. Yamamoto, An inverse problem in periodic diffractive optics: global uniqueness with a single wavenumber, Inverse Problems 19 (2003) 779-787.

[8] J. Elschner, G. Schmidt, M. Yamamoto, Global uniqueness in determining rectangular periodic structures by scattering data with a single wave number, J. Inv. Ill-Posed Problems 11 (2003) 235-244.

[9] I.C. Gohberg, M.G. Kreĭn, Introduction to the Theory of Linear Nonselfadjoint Operators, AMS Translations of Mathematical Monographs, vol. 18, Providence, 1969.

[10] P. Grisvard, Elliptic Problems in Nonsmooth Domains, Monographs and Studies in Mathematics, vol. 24, Pitman, Boston, 1985.

[11] F. Hettlich, A. Kirsch, Schiffer’s theorem in inverse scattering for periodic structures, Inverse Problems 13 (1997) 351-361.

[12] W. McLean, Strongly Elliptic Systems and Boundary Integral Equations, Cambridge University Press, Cambridge, 2000.

[13] R. Petit (ed.), Electromagnetic Theory of Gratings, Springer, Berlin, 1980.