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A functional law of large numbers for
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systems
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Abstract. A large system of particles is studied. Its time evolution is
determined as the superposition of two components. The first component
is the independent motion of each particle. The second component is the
random interaction mechanism between pairs of particles. The intensity of
the interaction depends on the state of the system and is assumed to be
bounded.

Convergence of the empirical measures is proved as the number of parti-
cles tends to infinity. The limiting deterministic measure-valued function is
characterized as the unique solution of a nonlinear equation of the Boltzmann

type.
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1. Introduction

The basic equation of the kinetic theory of dilute (monatomic) gases is
the Boltzmann equation (originally published in [5])

2 p(t,,9) + (0, 9:2)p(t,2,0) + (B(2,9), V) plt, 2,0) = (1.1)
[, dw [ deBv,w,e) [p(t, 2, v") p(t, 2,w") = plt, 2, )ty ,w)].

This equation describes the time evolution of a density function p(%,z,v) that
depends on a time variable ¢ > 0, on coordinates ¢ € G C R representing
the possible positions of the gas particles, and on coordinates v € R? repre-
senting the possible velocities of the gas particles. The function B is called
the collision kernel, and the function £ describes an external force acting on
the particles. The symbol V denotes the gradient (the vector of the partial
derivatives), and (.,.) is the scalar product in three-dimensional Euclidean
space R3. The symbols de and dw denote the uniform surface measure on the
unit sphere S? and the Lebesgue measure on R?, respectively. The objects
v* and w* are defined as

v* =v+te(e,w—v), w=w+tele,v—w), (1.2)

where v,w € R®, e € §?. They are interpreted as the post—collision veloci-
ties of two particles with the pre-collision velocities v and w. The transforma-
tion (1.2) preserves momentum (v*+w* = v+w) and energy (||v*||®+|w*||® =
[v]1>+ ||w||*). We refer to [7] concerning more information about the Boltz-
mann equation.

To turn to the discussion of stochastic models related to the Boltzmann
equation, we introduce a Markov process

(X)), 20, (1.3)

with the infinitesimal generator of the form

n

A(3)(2) = 3 (v, V) + (B(zi,:), Vi) | (8)(2)+ (1.4)

1=1

-2Ln Z [gz [‘I’(J(Z,i,j, e)) — @(5)] azs, v, zj,v;5,€e) de,

1<i#i<n



where ® is an appropriate test function, z = (z;,v:)%,, z; € G, v; € R3,
and

(mk,vk) y lf k 75 ’I:,j,
[J(zaiyj7e)]k: (a:;,v,--i—e(e,'uj —’U,')) it k=1, (15)
(zj,v; +e(e,vi —v;)), if k=7,

is a collision transformation based on (1.2). The function § is the external
force appearing in Eq. (1.1), and the function a is related to the collision
kernel B.

Stochastic particle systems of the form (1.3)-(1.5) have been investi-
gated for a long time. The first reference seems to be the paper by Leon-
tovich [17], which was brought to the author’s attention by Ivanov and
Rogazinskij [12]. Among other things, Leontovich pointed out the problem
that has become known later as the problem of propagation of chaos. Let
Pn(t, 21,1, ..., Zn, Un) be the n—particle distribution function of the process
(1.3), and let p,j denote the corresponding marginal distributions. What
Leontovich found was the following: If (in the limit n— co)

Pn|2(t,$1,1’1, :122,’1)2) = pn]l(t) €D1,’01)pn|1(t,$2,'02)
and
a(z,v,y,w,e) = k(z—y) B(v,w,e), (1.6)

where £ denotes Dirac’s delta—function, then (in the limit n— oco) the func-
tion pny; (¢, z,v) solves the Boltzmann equation (1.1).

In his famous paper on the mathematical foundation of kinetic theory of
gases [13], Kac gave a precise notion of the problem: if a certain factorization
property (the ”chaos” property) holds at time zero, namely

k
,}LIEO pﬂlk(()) T1,V1y-- -y mk)”’C) = H nll{{lo pn|1(07 :E,;,’U,') ) (17)
=1

then this property remains true at any time (it "propagates”), i.e.

k
Ji_{{)lapnlk(t,fﬂlavl, cety Tk, V) = I_Il’}i_'r&pnll(t,a:i,v;), Vit >0,



and the function limp e Paji(%, z,v) solves the Boltzmann equation (1.1).
Kac also proved propagation of chaos for a specific model (Kac’s caricature
of a Maxwellian gas, cf. [19]). ‘

However, Kac considered only the so—called spatially homogeneous case
(more precisely, the case when both gradient terms in Eq. (1.1) disappear).
This fact influenced the development of the theory of stochastic particle
systems related to the Boltzmann equation quite strongly. Research in this
field was restricted to the spatially homogeneous case during a long period
after Kac’s paper [13]. We refer to [14], [15], [20], [28], [25] ,[26], [24], [29],
[9], [3] (cf. [11], [27] concerning up to (that) date reviews and additional
reference lists). The spatially inhomogeneous case has been treated during
the last decade in [23], [6], [10], [1], [21], [18], [16], [2].

Skorokhod [23, Ch. 2] considered a Markov process Z(t) = (Zi(¢))™,
(describing it via stochastic differential equations with respect to Poisson
measures) with the generator

AB)(2) = Z (B(z), V1) (B)(2)+ (18)
= 3 [ [20(z5,9) - 8()] x(a9),

1<i#j<n

where ® is an appropriate test function, z = (2)%,, z; € Z, and

2k , if k # 1,,] ,
[J(Z)i)j: e)]k = z; + f(ziazj719) ) if k= i; (19)
z,--t-f(zj,z,-,z?),if k=7.

The symbol Z denotes the state space of a single particle, © is a parameter
set, f is a function on Z X Z X ©, and 7 is a measure on ©.

This model is more general than the Leontovich model (1.4)—(1.5) as far as
the gradient terms and the jump transformation J are concerned. However,
the distribution 7 of the jump parameter ¥ does not depend on the state z.

Let

n 1 “
p(t) = ~2_ 8z (1.10)
=1

be the empirical measures associated with the Markov process Z(t), where
the symbol é, denotes the Dirac measure concentrated in z.
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Skorokhod proved that the empirical measures (1.10) converge (for any
t) to a deterministic limit A(¢) which satisfies the equation

2 [ ()Mt d) = [ (o), Vo)) Mt d)+ ”n

/Z /Z {/@ [ﬁo(a + f(21,22,9)) — cp(zl)] W(dﬂ)} A, dz1) A, dz2),

for appropriate test functions ¢.

It turns out (cf., e.g., [26]) that the chaos property (1.7) (i.e., the asymp-
totic factorization) is equivalent to the convergence in distribution of the
empirical measures (considered as random variables with values in the space
of measures on Z) to a deterministic limit. In this setup, it is natural to
study the convergence not only for fixed ¢, but also in the space of measure—
valued functions of ¢ (functional law of large numbers) (cf. [22], [25], [29],
[1]). |

In a recent paper [2], the authors considered a Markov process (1.3) with
the infinitesimal generator

A@)(z) = 3 (v, V) (@)(2)+ (1.12)

1 _ e e o~ -~ _ _ .
ﬂ 1Si§;§n /’RS _/';33 [@(J(z7 1,70, 'Uz)) - (D(Z)] Q(’U{, Uj) dvl) d’Uz) ,
where ® is an appfopriate test function, z = (z;, )%, , = € R®, v; € R?,
and

(wk:vk)) if k # i).ja
[J(Z.i, 5,01, 8)] = { (mi,81) i k=14, (1.13)
(z;,72),if k=3j.

The symbol @) denotes a generalized collision kernel.

Under the assumption that the velocities belong to a bounded set, a
functional law of large numbers was proved.

As compared with the Leontovich model (1.4)-(1.5), the case

a(z1,v1, Te, V2, €) = B(v1,vs, €)

is covered by the above model. But still the distribution of the jump pa-
rameters 7y, 7, does not depend on the coordinates that perform a drift (i.e.,
z;,z;, in this case).



In the present paper, we prove a functional law of large numbers for a
model, which includes both the Leontovich model (1.4)-(1.5) and the Sko-
rokhod model (1.8)-(1.9). The paper is organized as follows.

The main results are formulated in two theorems in Section 2. The first
theorem is concerned with the description of the limiting equation showing
existence and uniqueness of the solution. The second theorem studies the be-
haviour of the empirical measures showing convergence to a measure-valued
function determined by the limiting equation.

Section 3 contains some technical preparations concerning random vari-
ables with values in metric spaces.

Section 4 is devoted to the study of the limiting equation. In particular,
existence and uniqueness of the solution are proved. In the spatially homo-
geneous case, this solution reduces to the so—called Wild’s sum (cf. [30], [19],
28]).

Section 5 concerns some properties of the basic Markov particle system.
Relative compactness of the empirical measures is proved.

In Section 6 we give the proof of the convergence theorem. The main idea
is (as in [23]) to approximate the Markov process by a pure jump process, to
study the convergence of the approximate system, and to control the error
resulting from the approximation.

Finally, Section 7 contains some remarks concerning the results and their
possible or rather desirable generalizations.

2. Main Results

In the first part of this section we introduce what we call a Boltzmann type
stochastic particle system. This is a Markov process, which is determined
by two basic components. The first component is a transition function Up
describing the independent motion of the particles (called the "free flow” in
the Boltzmann context). The second component is a generalized collision
kernel @) describing the pairwise interaction among the particles (interpreted
as ”collisions” in the Boltzmann case). In the second part of this section we
consider an equation that determines the limit of the empirical measures and
give a theorem concerning existence and uniqueness of the solution. This
result is valid for rather general Uy and (bounded) @ . In the third part we
introduce several restrictions concerning Uy and @, and give a convergence



theorem.

Let (Z,7) be a locally compact separable metric space (r denoting the
metric) and Bz denote the Borel-o—-algebra. Let B(Z) be the Banach space
of bounded Borel measurable functions on Z with ||¢|| = sup,z |¢(2)|, and
let C(Z) denote the subspace of continuous functions vanishing at infinity.
Furthermore, let M(Z) be the space of finite, positive measures on (Z,Bz)
and P(Z) denote the space of probability measures on (Z,Bz).

Let Uo(t, z,I") be a transition function on [0, 00) X Z x Bz with the prop-
erties (cf. [8, Ch. 4, Sect. 1])

Uo(t,2z) € P(Z), V(t,z)€[0,00)x Z, (2.1)
Uo(0,2) = §,, VYzeZ, (2.2)
Uo(.,.,T) is measurable, VT € By, (2.3)
Uo(t +5,2,T) = /z Uo(s, 2, T) Uo(t, 2, d5), (2.4)

Vs,t € [0,00), VzeZ, VI €B;z.
Let @Q(21,22,T'1,T2) be a function on Z X Z x Bz x Bz with the properties
Q(Zl,ZZ,.,I‘) s Q(Zl,ZZ,F,.) € M(Z), Vzl, 29 € Z, T c Bz, (25)

Q(.,.,I'1,T;) is measurable, VI, T, € Bz. (2.6)

Using Up and @, we introduce a Markov process Z(t) = (Z;(t))~, with
the state space Z™ and the generator

A(B)(2) = éAo,z;(<I>>(z>+ (27)
> [ [ [80Gi.5,5,2)) - 8(2)] Qoiy 25,851, d52)

1<i#s<n

where z = (z;),, 2 € Z, Ao denotes the generator corresponding to the
transition function Uy, ® is an appropriate test function, and

Zk,if k;’éz’j,
[J('Z-,'I:,j, 21)22)],: = %l ’ li Z = 7:.) (28)
29,1 =17.

7



We call the process Z(t) a Boltzmann type stochastic particle system. Some
basic properties of this process will be studied in Section 5.
We assume

Q(zl;zZaZaZ) < Comaz, Vz1,22€ Z, (29)
and introduce a kernel

Qmam(zly 22,F17F2) = Q(21,22,P1,F2)+ (210)
[Coimaz — Q(21,22, 2, 2)] 6, (1) 65,(T2), z,22€ Z, T'1,T2€Bz.

Furthermore, we define a function
Tot) (W)(T) = [ w(dz)Valt,2,T), weM(Z), TeBz, (211)

and a function
Komaa(pir, p2)(T) = fz /z (Qmas(21,22,T, 2)+ (2.12)
Qmas(21, 22, Z,T)| pa(der) pa(dz), a2 € M(Z), T €Bgz.
It is easy to realize that (2.11) defines an operator
Tot)* : M(Z) - M(2),
and that (2.12) defines an operator
Kmaz : M(Z) x M(Z) = M(Z),

justifying the notations. Some additional properties of these operators will
be established in Section 4.
Using the operators To(t)* and Kpnez , We introduce the equation

Ne) = e Tty 0o) + [ €I Tofs = o) Konaa(A(s), A(5)) s, (213)

where t € [0,00), Ao € M(Z), and

Cyp = 2 CQ,ma.a: Ao(Z) . (214)



Theorem 2.1 Assume the generalized collision kernel Q satisfies (2.9). Sup-
pose Ao € M(Z), and let ¢y be given in (2.14).
Define, fort € [0,00), k> 1,
I/l(t)()\o) = e—°°t To(t)t(Ao) , (215)
and

ki (1)) = (2.16)
; /Ot e~ (=) To(t — 8)* Kpmaz(vi(5)(Xo), ves1-i(s) (o)) ds

Then the series
) (Ro) = Y_ wk(t)(Xo), t €0, 00), (2.17)
k=1

converges in M(Z) in the total variation norm.

The function A(t) = W(t)(Xo) is the unique solution of Eq. (2.13).

Example 2.2 (Wild’s sum) Consider the case, when the free flow degen-
erates, i.e. Ug(t,z)=46,, Vi >0, Vz € Z. Notice that

[, 9(2) Eomasl, 1)(d2) = 2 Capmas w(2) [, 0(z) ulde)+
/ f {f f o(21) + 0(2) = o(21) = o(2)] x (2.18)

Q(zl,22,dzl,dzz)} p(dz1) p(dzz), Ve € B(Z), Vpe M(Z).
Thus, Eq. (2.13) takes the form
dt/ z) Mt, dz) = f / {/ / (1) + p(22) — p(z1) — @(z2)] %
Q(21, 22,51, d%2) } At dz1) A(t,dz2),  A(0) = Do, (2.19)

where ¢ is an arbitrary bounded measurable function. Eq. (2.19) is a weak
version of the spatially homogeneous Boltzmann equation (cf. [28], [25],

[11]).



The solution A(t) given in (2.17) has now the representation

A(t) = Z e—co t (1 _ e—Co t)k—l i;k , t c [0’ OO), (2.20)
k=1
where Uy = Ao, Ugy1 = C%k Z:‘___l Kooz (Ui, Uk41-i), k=1, andcyis

defined in (2.14). The series on the right-hand side of (2.20) is called Wild’s
sum (cf. [25], with Xo(Z) =1, Comaz = 3)-

We introduce now certain restrictions on the basic components Uy and @
of the generator (2.7)—(2.8).

Let To(t) denote the semigroup of operators on B(Z) associated with the
transition function Uy. We suppose that To(t) is a Feller semigroup (cf. [8,
Ch. 4, Sect. 2}), i.e.

To(t)(¢) € C(2), Vee C(Z), (2.21)
and
lim | To(t)(¢) — ¢l =0, Vp € C(2). (2.22)
Furthermore, we assume that the transition function Up is determined as
Uo(t,2,T) = bpu,)(T), T € Bz, (2.23)
where F(t,z) is a mapping from [0, c0) X Z into Z such that
F(0,2)=2, VzeZ, (2.24)
and
F(t+s,z) = F(s,F(t,2)), Vt,s€[0,00), VzeZ. (2.25)
Concerning the free flow F', we assume

r(F(t,2),F(s,2)) < Cr [r(2,2) + [t — | (1 +ro(2) +mo(2))] ,  (2:26)
Vt,s € [0,00), Vz,2€ Z,

where the function ry is defined as

ro(z) =7(2,20), 2z € Z, forsome 2z € Z, (2.27)

10



and r is the metric in the space Z .
We suppose that the collision kernel @) has the form

Q(zla z2,d2, di?) :/C:)‘Sfx(h ,zzyﬁ)(d‘gl) 51‘2(21 122 ﬁ)(d22) q(zh 22, "9) W(dﬂ) ) (2'28)

where § is the Dirac measure, © is a parameter set, ¢, f;, fo are appropriate
functions on Z X £ x O, and 7 is a o—finite measure on ©O.
Concerning the function g, we assume

9(21,22,9) < gmaz(9), V21,2, € Z, V€O, (2.29)
where
. mas(®) 7(d9) = Coymas < 0, (2.30)
and

[ la(z21,9) = (3, 50,9) m(d9) < Cou [r(z,2) + 7, 20)], (231
VZ,21,2,§1 € Z.

Concerning the functions f;, 2=1,2, we assume

L T(fi(z) 21, 19)) fi(éy 21; 19)) qma:r('ly) W(dﬂ) < Cf,L [T(Z, 5) -+ 7‘(21, 51)] s
VZ,Z},Z,}% € Z, (232)

/@ r(fi(Fo, Z0,9), %) Gmae(¥) T(d9) < 00, for some 5o € Z,  (2.33)

and

L o(fs ) amacD)n(@0) € C(Z x 2), Vo€ C(2).  (238)
Theorem 2.3 Let Z(t) = (Zi(t))~, be a Markov process with the generator
(2.7)-(2.8), where Uy is defined in (2.23) and Q is defined in (2.28). Let

p(™)(t) be the empirical measures defined in (1.10) and A(t) be the solution
of Egq. (2.13).

11



Suppose that the assumptions (2.21), (2.22), (2.26) concerning the free
flow F and the assumptions (2.29)-(2.84) concerning the functions g, f1, f2
are satisfied.

If
lim £ o(u™(0), 2(0)) =0, (2.35)
then
lim £(7) sup. o(u™(s),A(s)) =0, Vt>0, (2.36)

where g 1s any bounded metric equivalent to weak convergence in P(Z), and
E™) denotes mathematical expectation.

Finishing this section, we consider two examples.
With @ defined in (2.28), the generator (2.7)—(2.8) takes the form

A(@)(2) = 2 Aox(@)(2)+ (2.37)
S S [ (#0559 - #(2)] gl 2, 9) w(d9),
1<i#7<n
where z = (2;,),, z € Z, and
2k y if k 75 i,j ,
[J(Zi:jaﬂ)]k = { fl(zi:z.’iaﬂ)7 if k=1, (238)
fg(z,',zj,ﬁ) 5 lf ]C = j .

Let the free flow F' be defined as the solution to a system of ordinary
differential equations

%F(t, z)=b(F(t,z)), te€(0,00), F(0,2)=z,

where b is a mapping from Z into Z , and Z =R% (r is the Euclidean metric).
Then the free flow generator A, takes the form

Ao(p)(2) = (b(2), V) - (2.39)

12



In this case the properties (2.21), (2.22) of the semigroup To(t) are conse-
quences of assumption (2.26) (assuming zo =0, without loss of generality).
To show this, we consider ¢ € C(Z) and note that To(t)(p)(z) = @(F(t, 2))
by (2.23).

The function To(t)(¢p) is bounded and continuous, because of (2.26) with
s=t. Thus, (2.21) is fulfilled if

! lﬁm |F(t,2)|| =00, Vi>D0. (2.40)
It follows from (2.26) and (2.24) that
|F(t,2)—z|| < Crt(1+2]|2]). (2.41)

Consequently,
|F(t,2)|l 2 ll2ll = Crt(1+2]|2]]) = ||2]| (1 = 2CFt) - Crt,

and

1 1 1
12N 2 5lel g, V2€2, Vi< (2.42)

Thus, (2.40) follows, for small ¢, from (2.42) and, for arbitrary t, from the
semigroup property.
To establish (2.22), we estimate

1To(t)(e) — el < Sup ITo(t)()(2) — ¢(2)|

+ sup |To(t)(e)(=)| + sup [(2)].
llzl|>R llzll>R

The third term on the right-hand side is small for large R, the second term
is small for large R uniformly in ¢ because of (2.42), and the first term tends
to zero as t — 0 for fixed R, because of (2.41). Thus, (2.22) follows.

Example 2.4 (Skorokhod model) The generator (1.8)-(1.9) has the form
(2.87)-(2.88) with Ao given in (2.89), q(21,22,9)=73, and

fi(z1,22,9) = 21 4 f(21,22,9), fa(21,22,9) = 22 + f(22,21,9). (2.43)
Condition (2.26) is fulfilled if b satisfies the global Lipschitz condition
5(2) = b(Z)|| < oz - 2|, Vz,2€ Z. (2.44)

13



Example 2.5 (Leontovich model) The generator (1.4)-(1.5) has the form
(2.87)-(2.88) with Ay given in (2.39),

Z= Rs X Ra: zZ= (:E,'U), 25 = (mlavl)a 22 = (:Ez,’l)g),
b(z) = (v,B(z,v)), ©=8% =(dd)=de,

1

q(z1, 22, €) = za(z1,v1, Ty, V2, €)

2
and fi, fo gwen in (2.43) with

f(zly 22, e) = (0) e(e)v2 - Ul)) : (245)

Condition (2.44) is fulfilled if B satisfies a global Lipschitz condition, in
particular, if 3 =10.

Conditions (2.82) and (2.33) are fulfilled for the functions fi, f2 defined
in (2.48) and (2.45). Condition (2.84) is a consequence of the energy conser-
vation property of the Boltzmann collision transformation defined in (1.2).

3. Technical preparations

In this section we introduce some notations and prove several technical
assertions concerning random variables with values in metric spaces.

Let (S, d) be a metric space (d denoting the metric) and Bs denote the
o-algebra of Borel subsets of S. Let B(S) be the Banach space of bounded
Borel measurable functions on S with || f|| = sup,¢g |f(z)|, and C(S) be the
subspace of bounded continuous functions. For f € C(S), we denote

Il = o (supl ), swp LEZLWN)

=,Y€S ,z#y

Furthermore, M(S) is the space of finite, positive measures on S, and
P(S) is the space of probability measures on S. We denote

(f,v) = /S fy)v(dy), where f € B(S), v € M(S).

14



On M(S), we consider the distance induced by the total variation norm on
the space of finite signed Borel measures (cf. [8, p. 495]),

o1 = vall = sup  [(f,w) — (f,v2)|. (3.2)

feB(S):]1fll<1

On P(S), we consider the bounded Lipschitz metric

QL(PI:-Pz): _ sup I(f)Pl)_(f7P2>|7 (33)
feC(S):|Iflln<1

which is equivalent to weak convergence (cf. [8, p. 150]).

Let (¢£(™) be a sequence of random variables with values in S, i.e. of mea-
surable mappings from a probability space (2™, F(™, Prob{™) into the space
S . Let (P(™) denote the associated probability distributions on (S, Bs). The
sequence (£(™) is said to converge in distribution to the S-valued random
variable ¢ if the sequence (P(™)) converges weakly to the probability distri-
bution P associated with {. Weak convergence (as n — c0) is denoted by
P™) = P and convergence in distribution (as n — oo) by ¢ = ¢. Mathe-
matical expectation with respect to Prob(™ is denoted by £(™ .

Lemma 3.1 (extension of the space) Let S, S; be metric spaces such that
S C 8, and S has the relative topology. Let £ ¢ be random variables with
values in S .

Then €™ | ¢ are random variables with values in S; and

E™ = tin S ifand only if €™ = ¢in 5. (3.4)
Proof. It can be checked easily (cf. [4, Add. II]) that
Bs={'NS: Ty eBs}.
Consequently, we have
{w: W el}={w: éMw) el;NS}eF™, VI eBs,.

Assertion (3.4) is proved in analogy with [8, Ch. 3, Cor. 3.2], where the

case S € Bs, was considered. Let P, P and Pl("), P, denote the measures
associated with €, ¢ on S and S, respectively. Obviously,

PM(r) = POy N S), P(Ty)=PT:nS), VI1€Bs,. (3.5)

15



We use the criterion (e) from [8, Ch. 3, Th. 3.1}, which reads P(™) = P on
S if and only if liminf, .. P™(G) > P(G), for all open subsets G C 5.

Let P(® = P on S and G; be an open subset of ;. Then G;N S is open
in S. Using (3.5), we obtain

lim 1an1 "G) = hmlan(")(Gl NS)>P(GiNS)=P(G).

Let Pl(") = P, on S; and G be an open subset of S. Then G =G, NS,
for some open subset G; C S;. Using (3.5), we obtain

liminf P™)(G) = liminf P™(G1 N §) =

n—oo

1ﬂglfp§")(cl) > P(Gy) = P(G, N S) = P(G).

This completes the proof. O

Lemma 3.2 (convergence in distribution to a constant) Let (¢() be
a sequence of random variables with values in a metric space (S, d) and (P(™)
be the sequence of the associated probability distributions on (S,Bg). Let
y € S be a fized element and d = min(d, 1).

Then

P™ = 6, if and only if Jim EM(¢™ y) = 0. (3.6)

Proof. Suppose P(™) = §,. Since the function f(z) = d(z,y) is bounded
and continuous on S, one obtains

lim £Md(¢™,y) = TLim (f, P™) = (£,6,) =0

n—oo

The second part of the assertion follows from [8, Ch. 3, Cor. 3.3]. O

Corollary 3.3 Let (S,d) be a metric space and d; be a metric inducing the
same topology. Let (£() be a sequence of random variables with values in S
and y € S be a fized element.

Then limp e EMd(E™,y)=0 if and only if lim,_.co £Md; (€™, y)=0.

Proof. The assertion follows immediately from Lemma 3.2, since the left—
hand side of (3.6) depends only on the topology in S. O
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Corollary 3.4 Let (S,d) be a separable metric space. Let (£M)(t)) be a se-
quence of stochastic processes with indez set A and state space S. Let y be a

deterministic mapping from A into S .
Then

(EM(w),..., €M) = (), y(te) » Yty ) CA,  (3.7)
if and only if
M) = y(t), VieA. (3.8)

Proof. Notice that (f(")(tl), . ,f(")(tk)) is a random variable with values
in S* (cf. [8, p. 50]). According to Lemma 3.2, (3.7) is equivalent to

im £ T EM (4 (e =
lim £ max d(¢™(t:), y(t:)) = 0.

n—Cco

This is fulfilled if lim,_,o EMd(EM(4),y(t)) = 0, Vi = 1,...,k, which is
assured by (3.8) and Lemma 3.2. O

Let Dg[0,00) be the space of right continuous functions from [0, o) into
a metric space (E,p) having left limits (cf. [8, Ch. 3, Sect. 5]), and let
CEg[0, ) denote the space of continuous functions from [0, 0) into E. The
space Dg[0, ) is topologized with the Skorokhod metric dg . Furthermore,
let § = min(1, p), and

du(ay)= [ & sup 2(a(s), y(s)dt (3.9)

be the uniform metric on Dg[0, c0).

Corollary 3.5 Let (E,p),(E1, 1) be metric spaces such that E C E; and
o is the restriction of py. Let €™ ¢ be random variables with values in
Dg[0,00).

Then €™ | ¢ are random variables with values in Dg, [0,00), and

¢ = ¢ in Dg[0, 00) if and only if €™ = ¢ in D [0, 00).
Proof. The assertion follows immediately from Lemma 3.1, since
S = DE[07OO) - DEL[())OO) =51,

and the topology in S is equivalent to the relative topology induced from S .
O
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Lemma 3.6 (uniform convergence) Let (E,p) be a metric space, and
o = min(1, p). Let (¢%) be a sequence of random variables with values in
Dg[0,00) and y € Cg[0, ).

Then the following are equivalent

Jim £7dg(¢™,y) =0, (3.10)

lim £Md,(¢,y) =0, (3.11)
lim £™ sup g(¢™(s),y(s)) =0, Vt>0. (3.12)
n—o0 0<s<t

Proof. It follows from definition (3.9) that (3.12) implies (3.11). It is easy to
see from the definition of the Skorokhod metric (cf. [8, p. 117]) that dg < d,, .
Consequently, (3.11) implies (3.10). It remains to show that (3.10) implies
(3.12).

We introduce a real-valued function f(z) = supgyc,<; 8(z(s),y(s)) on
Dg[0,00), and notice that the function f is continuous at the point . This
is a consequence of [8, Ch. 3, Lemma 10.1]. \

The function f is also measurable on (Dg[0, 00),dg) . Really, the function
o(z(s),y(s)) is measurable for any fixed s, because it is the superposition of
a measurable mapping (7,(z) = z(s)) from Dg[0,) into E, and a contin-
uous function (fi(z) = 8(z,y(s))) from E into R. The supy,<; equals the
supremum over a dense set because of the cadlag—property of « .

Since (3.10) is equivalent to P(™ = §,, according to Lemma 3.2, we
obtain from [4, Ch. 1, Th. 5.2] that

lim £ f(£M) = lim (f, P™) = (£,6,) = 0.

n—oo

This completes the proof. 0O

Let Z be a locally compact separable metric space and C(Z) C C(Z)
denote the subspace of continuous functions vanishing at infinity. We intro-
duce

M(Z)={veM(Z): v(Z)<c}, c€(0,00).
Let (¢x) be a dense subset of C(Z). On M(Z), we consider the metric

o]

LONOEDY oz min (1, (k) — (e, 22} (3.13)
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Remark 3.7 Notice that lim,_ ., 5(v(™,v)=0 if and only if

lim (0, ¥™) = (p,v), Vg€ C(2),

n—oco

where v(™, v € M(Z). The space (M (Z), 5) is separable and complete. On
P(Z), the metric p is equivalent to weak convergence.

Corollary 3.8 Let £ ¢ be random variables with values in Dyp(2)[0, 00).
Then €™ | ¢ are random variables with values in D, (2)[0,0), and

¢ = ¢ in Dp(2)[0,00) if and only if f(") = £ in D, (2)[0,00).
Proof. The assertion follows from Corollary 3.5 and Remark 3.7, since
P(Z) =FECE, = Ml(Z) .0

Lemma 3.9 (empirical measures as random variables) Let¢ = (&),
be a random variable with values in Dgn[0,00), for somen =1,2,... .
Then the mapping v defined as

1 n
v(t) = ;Z‘S&(t), t€[0,00),
=1

is a random variable with values in Dyp(z)[0,00).

Proof. Consider the mapping ¢ : Z* — P(Z) defined as
I - n
v = Lya, 2= (e,
1=1

and the associated mapping 1 : Dz [0, o0) — Dp(2)[0,00) defined as

¥(z)(t) = ¥((t)), =€ Dzn[0,00), t€[0,00).
The mapping ¥ is continuous. If limy_,co 2¥) = Z, then limy_co z,(N) =
zi, Vi =1,...,n, and é v = 6. Thus, Y(2M)) = (2). Therefore, the

mapping 9 is continuous too (cf. [8, p. 151]), and the mapping v = 9(¢) is
measurable. O
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Lemma 3.10 (relative compactness criterion) Let (£(™) be a sequence
of random variables with values in Dy, (2[0, 00).

The following condition is sufficient for the relative compactness of the
sequence (£(™) :

gim limsupE™ max  sup (€M (s), ™)) =0, VT >0, (3.14)

n—oo P geti i)

where t; =t At, 1=0,1,..., and § is defined in (3.13).

Proof. We apply (8, Ch. 3, Cor. 7.4]. The first condition (compact contain-
ment) is fulfilled because the space M;(Z2) itself is compact. The second
condition is

Vn>0, VI'>0 3e>0: limsupProb™(w(¢™ e, T)>n) <7,

n—oo

where (cf. [8, p. 122])

w(y,s,T) = ln_f, max sup é(y(s)ay(t)): RS DM1(Z)[O: OO) )
(B)EEe,r  * steftstiyr)

and

EC’TZ {(t,’) : O=t0<t1<...<tn_1<TStn, 1I£Li<11(ti—ti_1)>6, n > 1}

From Chebyshev’s inequality, it follows that the condition
limlim sup EMw(¢™,e,T) =0, VI>0, (3.15)

is sufficient. Note that w becomes larger if one chooses a concrete partition
(t;), in particular, t; =1At, 1=0,1,..., At > ¢, instead of the infimum.
From the obvious inequality

sup  3(y(s),y(¢)) <2 sup a(y(s),y(t)),

8,t€[Ei,ki41) 8E[L;tit1)

we obtain

w(y, e, T) <2 max ~ sup é(y(3)1 y(ti)) .
1:4<T s€ltitiz1)

Consequently, (3.15) follows from (3.14). O
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4. Properties of the limiting equation

In this section we study Eq. (2.13), which is to characterize the limit of
the empirical measures. First we show some properties of the operators To(t)*
and Kpme, and check that the definitions (2.15)—(2.16) are correct. Then we
prove Theorem 2.1. Finally, we study an approximation to the solution of
the limiting equation.

Lemma 4.1 (integration of measure—valued functions) Let E,, E,,
and S be metric spaces. Let p(z1,z,T') be a function on E; X E; X Bg
such that p(z1,z2) € M(S), Vo, € Ei, V2o € E,, and p(z1,z2,T) is
measurable in (z1,2,), VI' € Bs. Let o be a measure on E; such that

/1-5' p(z1, 2, S)a(dze) £ Cue, Vzi € E;. (4.1)

2

Then the function i on E; x Bs defined as

o, T) = [z, 2,T) a(das) (4.2)
E;
has the properties
ﬁ(ml) c M(S), V.’II]_ € E1 , (43)
ﬂ(ml; S) < C#,OH le € El ’ (4'4)
i(z1,T) is measurable in z,, VT € Bs. (4.5)

Proof. Using the definition (4.2), we prove (4.3) showing o—additivity:

©o

Mo, UZaTa) = [ plm:,22,U2,Tn) a(des) =
E, E.

2 n—

/.L((E]_, T, Fn) Ot(dmz)
1

= 3 [ we1,22,T) aldzs) = Y iz, T).
n=1"E2 n=1
Assertion (4.4) is an obvious consequence of (4.1). Assertion (4.5) follows

from the definition and Fubini’s theorem. O
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Lemma 4.2 The function To(t)*(Xo)(I') defined in (2.11) has the properties

To(t)*(Xo) € M(Z), Vie[0,0), VAo € M(Z), (4.6)
To(t)* (A)(Z2) = X(Z), Vte[0,00), VAo € M(Z), (4.7)
To(t)*(Ao)(T) is measurable int, VI € Bs, VAo e M(Z), (4.8)

1 To(2)* (1) — To()*(w2)ll < |1 — vl Vi1, v2 € M(Z). (4.9)

Proof. Properties (4.6) and (4.8) follow from Lemma 4.1, with p = Up and
a = Ag. Here, assumptions (2.1), (2.3) concerning U, are used. Properties
(4.7) and (4.9) follow from the definitions (2.11) and (3.2). O

Lemma 4.3 The function Kmaz(v1,v2)(T') defined in (2.12) has the proper-
ties

Kmaz(v1,v2) € M(Z), Yiv,v, € M(Z2), (4.10)

Kmaz(Vl,Vz)(Z) = QCQ,maz Vl(Z) Ug(Z), Vlll, vy € M(Z), (4:11)

1K omaa(v1, v3) = Kmas (91, 52)|| < [llv1 = 1 + [Jva = 52]]] % (4.12)
2C9,maz max(11(2),v2(2),n(2),2(2)), Vii,ve,in, vy € M(Z).

Proof. Property (4.10) follows from Lemma 4.1, with
1((21,22),T) = Qmaz(21, 22,1, Z) and adz1,dz;) = v1(dz1) va(dzs) .

Here, assumptions (2.5), (2.6) concerning @ are used. Properties (4.11) and
(4.12) follow from the definitions (2.12), (2.10), and (3.2). O

Next we consider the functions vk(t) defined in (2.15)-(2.16). Their prop-
erties are studied by means of the following lemma.
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Lemma 4.4 (measurability) Let E, S;, S, be separable metric spaces, and
@ € B(ExS51%52). Let pi(z,T'),2=1,2, be functions on E x Bs; such that
pi(z) € M(S;), pi(z,5)<C., Vze€kFE,and

pi(z,T') 1s measurable inz, VI € B, . (4.13)

Then the function

f_/90(73,31;22)N1($;d21)#2($,d22)
S, Js;

is measurable in z .

Proof. We apply [8, App., Th. 4.3]. Consider the set of functions

H={p € B(ExS5:%x85,) : -/sz /51 o(z, 21, 22) pa(z, dz1) pa(z,dzs) € B(E)}.

The set H is linear and contains constants because of (4.13). Furthermore,
we consider the system of sets

S={FXF1XP22F€BE,P1€BSI,P26352}.

We have A; N A, € Sif A;, A, € §. Furthermore, §, € Hif A€ S, and
the set H is closed with respect to bp—convergence.
Therefore, H contains all bounded o(S)-measurable functions. Since

o(S) = Bg X Bs, X Bs, = Bexs, xs,
because of the separability, we obtain H = B(E x §; x S;). O

Lemma 4.5 The integration in (2.16) is well-defined in the sense of ({.2).
The functions v(t)(Ao), k>1, t€[0,00), defined in (2.15)-(2.16) have
the follounng properties:

v(t)(Xo) € M(Z), (4.14)
v () A)(Z) = et (1 — e7@ )1 )\(2), (4.15)
ve(t)(Ao)(T') s measurable int, VI € Bg. (4.16)
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Proof. The proof is performed by induction on k. For k = 1, the assertions
follow from the properties (4.6)—(4.8) of the operator To(t)*.

Suppose the properties (4.14)—(4.16) are fulfilled for some k > 1. Consider
u(s,t) = To(t — s)*(a(s)), where fi(s) = Kmaz(¥i(3)(Xo), Ykt1-i(5)(Ao)) and 2
is fixed.

First we notice that fi(s) € M(Z) and the function fi(s,I') is measurable
in s. This follows from the definition (2.12) of K, ., and Lemma 4.4 with

(,0(21, 22) = Qmam(z11221F7 Z) + Qmaa:(zlx zZ)Z)F)’
pi(s) = wi(s)(Xo), pa(s) = vhr1-i(s)(Xo)-

Then we see that u(s,t) € M(Z) and the function p(s,t,I') is measurable in
(s,t). This follows from the definition (2.11) of To(t)* and Lemma 4.4 with

o((t,8),21) = Uo(t — 5,21, T),  ma((¢,8)) = B(s), pa((t,s),Z)=1.

Therefore, Lemma 4.1 can be applied to the function u(s,t), and the prop-
erties (4.14) and (4.16) follow for k£ + 1.
Using (4.11) and the induction hypothesis, we obtain

E ot
wn(to)2) = 2 /c; e (") 2 Cg mac i(8)(Z) vh1-i(s)(Z) ds
=1
kst
= Z/{; e o (t—s) 2 CQ,max Ao(z)2 e_2°°‘ (1 _ e"¢oa)lc—1 ds
=1

t
= X(Z2) e_c°t/ kcpe™™@* (1 — e @*)14s.
0

Thus, property (4.15) follows for k+1. O

Lemma 4.6 Define, for k=1,2,... ,t € [0,00), and Ao € M(Z),
k

M(t) = 3 vi()(ho) (4.17)

=1

and
Su(t) = To(t) )+ | [0 =) Tyt — ) Komae (M), Me(s)) ds . (4.18)
Then
Mesn () < Ae(t) < Agil(t). (4.19)
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Proof. It follows from (4.18) and (4.17) that
M) = e To(t)"(do) +

kE ko
X /0 ™ (=) Ty(t — 5)* Kma(v:(s)(D0), vi(s)(Ao)) ds.

=1 5=1

Omitting in the double sum the terms with 2 4+ 7 > k4 1, and changing the
summation variables (¢ + j = [), we obtain

Me(t) > e To(2)* (o) +
k+11-1

2.2 [ I Toft — 5 Kmaali()o), 14(s)(ho)) ds
_ o T () + z n()00) = esalt),

according to (2.15), (2.16), and (4.17). The other inequality in (4.19) is
proved in an analogous way. O

Proof of Theorem 2.1. First we show the convergence of the series
(2.17). Since ¥;(t)(Xo) € M(Z), Vi, it is sufficient to prove convergence of
the masses. This follows from Lemma 4.5 via the estimate

sup [1A(s) = M(s)ll < Ao(Z) (1 - . (4.20)

It remains to prove that A(t) satisfies Eq. (2.13). It follows from Lemma 4.6
and the obvious inequality Ax(t) < A(t) that

M) = A < Ak (2) = A -
Thus,

lim sup ||Ax(s) — A(s)]| =0, V¢>0,
k—"”OSaSt

according to (4.20). Taking the limit k— oo in (4.18) shows that A(t) satisfies
Eq. (2.13). Uniqueness of the solution follows from the Lipschitz properties
(4.9) and (4.12) of the operators To(t)* and Kmas , respectively, and from
Gronwall’s inequality. O
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In the remainder of this section, we will study an approximation to the
solution of Eq. (2.13).
To this end, we introduce an approximation fl((JN) to the free flow generator

Ao, defined as
AgN)zN{TO(%,-)—I], N=12,.... (4.21)

Here, To(t) is the semigroup of operators on B(Z) associated with the tran-
sition function Uy, and I denotes the identity operator.

Lemma 4.7 Let ¢ € B(Z) be such that

lim | To(t)() — ]l = 0. (4.22)
Let T, N)(t) be the semigroup corresponding to the generator A( ) defined in
(4.21).
Then

lim [TV ()(0) - To(&)(w)] =0, Vt>0. (4.23)
Proof. Since flgN) is bounded, the corresponding semigroup has the form

70 = exp(t A7) =ex(-N0) 3= TRy, e

Therefore, we obtain the estimate

1T (@) (@) ~ To(t)(so)ll<k
< exp(— Nt)Z Nt)

I1To( )(80) To(&)(e)ll

< em(-N) Y Eynckye) npes

k:lk—Nt]>apn

ap(-vt) Y Iymkye) - me)

k:lk—Nt|<an

IN

2||<,on(—’5%+ sup, ITi(s)e) = To0)o)]

le—t|<F

IA

2”90“( )2 s HTO(h)(‘P)—SOH-

N
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Now assertion (4.23) follows from (4.22) for an appropriate choice of ay .
O
Let AN )(t) denote the solution of Eq. (2.13) with Tp replaced by TéN),

le.
A1) = = EM (1) )+ (425)
t . _ .
/ e ¢ (t-s9) TO(N)(t — S)* Kmaw(A(N)(3)7 )‘(N)(s)) ds.
0

Lemma 4.8 (approximation of the solution) Suppose
Kmaz 18 continuous on M (2) x M(Z), c=X(Z2), (4.26)

and To(t) satisfies (2.21) and (2.22).
Then  limy_e on(A(2),A(2)) =0, Vte[0,00).

Proof. According to Theorem 2.1, we have

3™z = 355 ), (827)

=1

where D§N)(t)()\o) = e @t TéN)(t)*()\o), and, for k > 1,

70 (£) (o) = (4.28)
k t -
3 /0 e VTt — 5) Konaa(5(8)(Mo), Phai-i()(P0)) ds
=1

Since the masses are identical, it is sufficient to show
Jm (0, X)) = (0, A1), Ve € C(2).

It follows from (4.27) that  (p, A\M)(2)) = 2, (o, D,(N)(t)(ko)) . Since there

is a majorant uniformly in N, it is sufficient to show
Jim (6,500 = (o, u(B)), Vi, Veel(Z).  (4.29)

We proceed by induction on z. For 7 = 1, assertion (4.29) follows from
Lemma 4.7. The function under the integral in (4.28) is uniformly bounded.
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The masses of the measures D,(N)(s)()\o) are bounded by the constant ¢ be-
cause of (4.15). According to assumption (4.26), to perform the induction
step, it is sufficient to show

(0, T3 (&) (7)) = (0, To(£)' (7)),
for any sequence vy converging to 7 in M (Z). We have

[, TSVE) (o)) — (0, To(2)*(7))] < (4.30)
(TEM(@) (), ) — (To(2)(@), o) + [ To(£) (), o) — (To(t)(), 7).

The second term on the right-hand side of (4.30) tends to zero because of
assumption (2.21). The first term can be estimated by the term

eI TEM () () - To(t)(@)Il,

which tends to zero as N — oo according to Lemma 4.7. O

lIim
N—oo

5. Properties of the Markov process

In this section we study some properties of the Markov process with the
generator (2.7)—(2.8). In particular, we establish relative compactness of the
empirical measures defined in (1.10).

Let Y be a locally compact separable metric space. Let So(t,y,T") be a
transition function on [0, 00)xYxBy (cf. the properties (2.1)~(2.4)), and So(t)
denote the corresponding semigroup on B()). Suppose H(y,I') is a function
on Y x By such that H(y) € M(Y), H(y,Y) < CHmaz, Yy € Y, and
H(.,T') is measurable, VI' € By . Let H denote the operator on B()) defined

He)w) = [ le(@) - o)) H,d7), ve V.
Lemma 5.1 Suppose
So(t)p) € C(Y), Vi=0, VYpel(d), (5.1)

and

limSo(t)(¢) = ¢, Vo€ C(Y). (5.2)
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Suppose
H(p) € (), Ve el(d). (5.3)
Then

t—y

S(t)(e) = So(t)() + 2 fo ‘it /0 diy (5.4)
So(t - tl) H... So(;l—l - tl) H SO(tl)(‘P) )

defines a Feller semigroup on C(Y) (cf. [8, Ch. 4, Sect. 2]). The generator of
S(t) has the form Go+ H , where Gy is the generator corresponding to So(t).

Proof. Let ¢ € C()), and denote %,(t) = So(t)(p),

Yen(t) = Solt)p) + [ Solt— ) He(s))ds, k1. (55)

The function 4, (t) is continuous in C() because of (5.1) and (5.2). It is easy
to show that the function So(t — s) H(+k(s)) is continuous with respect to s,
provided that 9, (s) is continuous. Thus, the integration in (5.5) is defined as
the integration of continuous Banach-space-valued functions (cf. [8, Ch. 1,
Sect. 1]). Furthermore, the function [ So(t — s) H(k(s))ds is continuous
with respect to ¢ so that the definition (5.5) is correct.

_ One obtains that S(t)(¢) = limg_.eo ¥x(t), and S(t) is an operator in
C(Y). The estimate

15(t)(@) — ll < lISo(t)(@) — || + e%rmest —1 (5.6)

yields continuity at ¢t = 0.
To prove the remaining properties of the operators S(t) (positive contrac-
tion semigroup), we use the approximation result established in Lemma 4.7,

dim [I55(t)() = So(t)(@)l = 0, Ve € C(D).

Using (5.4), we derive an analogous result for S(¢),

lim [E™M(t)(e) ~ SE)@) =0, Ve e ().
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Now, the remaining properties of S(t) follow from the corresponding proper-
ties of SM(2).

Finally, we calculate the generator of S(¢). Since S(t)(¢) satisfies the
equation

S(H)e) = Su(t)p) + [ St —5)HS(s)(w)ds, (5.7)

one obtains
S[S6)e) — 0] = F[Sst)e) — ] + Solt) Hl) + (5.8)
> [ 5ot = )R S(3)(0) = Solt) H(w)] ds.

The first term on the right-hand side of (5.8) tends to Go(p), the second
term tends to H(y), because of (5.2) and (5.3). The third term is estimated
as follows,

S [ [ote — ) HS(s)() — Su(t) H(e)] ds]| <
< 1 [ ISo(t = ) S(s)e) — Sult = ) M)l ds +

2 [ lSa(t = ) M) = Sale) H() ds (5.9)
< 2Cumas sup S()() — ol + sup [1Se(s)Hlp) — H(o)]

The right-hand side of (5.9) tends to zero as ¢ — 0, because of (5.6), (5.2),
and (5.3). O

Remark 5.2 According to [8, Ch. 4, Th. 2.7], there ezists a process Y (t)
with sample paths in Dy[0,00) corresponding to the semigroup S(t). This
process can be considered as a random variable with values in Dy[0,00) (cf.

/8, p. 128]).

Lemma 5.3 (martingale representation) Let Z(™(t) be a Markov pro-
cess with the gemerator (2.7)-(2.8). Suppose Q satisfies (2.9). Let u™(t)
denote the empirical measures as defined in (1.10).

Let o € C(Z) be such that ¢, ¢® € D(Ao) (the domain of the generator
Ao).
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Then the following representation holds,
‘ t (%) g). ,()
(0, 17(1) = [ {Aole), k() ds + [ 10, Kmaa(W(s), 1 (s))) ds
t
~2C e [ (,0(e)) ds + R0, 8) + Mg, 1), (5.10)
0
where Kpmaz 15 defined in (2.12),
1
|R™ (g, 1) — R™ (g, 5)| < — 4ol Comas(t —s) as., (5.11)

and M™ is a martingale such that
EMM™ (@, 1) — M™) (g, 5)]* < (5.12)
2 1 1 , }
L2 o Aol + = 4ol + 16 il Carmas } (- 5).

Proof. If & € D(.A), then the process
M(t) = 2(2(1) - [ CA(®)(Z(s)) ds (5.13)

is a martingale (cf., e.g., [8, Ch. 4, Prop. 1.7]). Moreover, if ®* € D(A),
then one can show that

EM(E) - M(s)? = £ | TABY) — 20 A@)(Z(w)du.  (5.14)
We introduce the notations
A (@)(z) ZAo +(2)(2), (5.15)
and

QM(8)(3) = / / $(J(2,5,5,51,52)) — B()] x (5.16)
1<t¢_7<n
Q(z:, 25,d21,d2,), z=(2)r,, z € Z,

where J is defined in (2.8).
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We apply (5.13)—(5.14) to the generator (2.7)-(2.8), which, with the above
notations, takes the form

AP = A 4 o) (5.17)
and to the function
3™)(z) Z(,o(z, (5.18)
Notice that
227 (2)) = (i, u(2)). (5.19)

Taking into account (2.8), we obtain

B J(2,1,,50,22)) = BHE) +  [p(8) + () — (=) — (=), (5.20)
and

[®™12(J(Z,4, 7, 21, 22)) = [@™]2(2) + 28™)(3)x (5.21)

[z + 0(22) = (=) = plz3)] + =5 [(E2) + () — 9(5) — 9(23)] "

By (5.16), (5.20), and (5.21), we have

QM(8™)(z) = (5.22)
- 2 L+ ) — o) o] Qe 45 82
and
Q(n)([q)(n)]z)(g) =9 q)(ﬂ)(g) Q(")(@("))(g)_;r (5.23)
=) [ [ o) + elz2) = olz) - o(z)] Qi 23,451, d).

Furthermore, it follows from (5.18) and (5.15) that
(M)(z) = X
Ao (2)(2) = ;AO(W)(ZJ
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and

A (8™)(z) = 12:'; Ao()(z:) - (5.24)

3

Since [®™]%(2) = 5 X0, T 0(2i) 0(25) + = T, ¢*(2i), we have

Ao (BMP)(2) = — ;AO(‘P)(zk) (z) + (5.25)

;L; %‘P z;) Ao(p)(2x) + ﬁAO(‘PZ)(Z")’

and, by (5.15),

32 i > Ao(p)(zk) w(z5) + = = Z Ao(*)(2x) (5.26)

k=1 j#k

= 280(3) AP (@) (2) - Z Ao(i)(2k) #lan) + — }: Aol?)(z).

AP([@™)2)(2) =

Consequently, by (5.17), (5.22), and (5.24), we obtain

AR(@)(Z7(5)) = [ Ao()(2) (5, d2) (5.27)
[ LAL L e +ez) - olan) - oz)] x
Q(21, 22, dil,déz)}p,(")(s, dz;) ™ (s, dz;)
= 2 L L o)+ elz) - 20(2)] Qe 2, d2n, ) Ju(s, d2).
Furthermore, by (5.17), (5.23), and (5.26), we have

[A(")([@(")]z) —924M A(")(@("))](Z(")(u)) = (5.28)
= [ — 280 AP () +
QM([3™]?) — 2 6™ Q(ﬂ)((p(n))] (Z™(u))

= —% /z w(Z)Ao(w)(Z)u(")(u;dZH% /z Ao(#*)(2) it (u, dz) +
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%/; /z { /3' -/Z [(P(zl) +¢(22) — (=) = Sa(zz)]z X
Uz, 72, din, déz)}“(n) (v, dz1) p™ (u, dzp) —

;;13 _/;, { ./z /z [90(51) + (Z) — 2</J(z)]2 Q(z, z,dz, dig)}#(")(u, dz).

The representation (5.10) follows from (5.13), (5.19), (5.27), and (2.18),
with

R(n)((P: t) =
t]
= ; ) — 5 dz,)
/0 - /z{ /2 /z [0(21) + (%) 20(2)] Q(z, 2, dz, dz) }u™)(s, dz) ds.
The estimate (5.12) follows from (5.14) and (5.28). O

Lemma 5.4 (relative compactness) Let Z(")(t) be a Markov process with
the generator (2.7)-(2.8) and sample paths in the space Dz=[0, c0). Suppose
Q satisfies (2.9). Let p™(t) denote the empirical measures as defined in
(1.10).

Suppose (i) is a dense subset of C(2) such that

0k, pi € D(Ao), VE>1. (5.29)

Then the sequence p(™ is relatively compact as a sequence of random
variables with values in the space D(a,(z)z[0,00), where § is defined in

(8.13).
Proof. According to Lemma 3.10, it is sufficient to check condition

Alitrn limsupEM™ max sup p(u™(t), ™) =0, YT >0, (5.30)

0 nooo 1:4;<T tE[ti,ti+1)

where t; = 1At, 1 =0,1,... . One obtains from (5.10)—(5.11)

e, k() = (k, p™M(E:))] <
o [l Ao(e)l + llgell] (¢ = ) + 1M i, ) — My, 1),
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where ¢; = 1 4 8 Cg mqez and k > 1. Consequently,

sup  p(p™(t), (L)) <

tE[ti,tig1)

< s 3 min (L Mool + el (6 - ) +

et t+1) k=1

sup 3 o min (1, MO, 1) — MO, 1))

te[tut:-ﬂ. ) k=1

< Atclz—mm( [l Ao(ee)l + lloxlll) + (5.31)

k1

<1
Z % min ( , sup |M(")(<,0k,t) — M(n)(<Pk,ti)|> .

tE€[tistiv1)

The first term on the right-hand side of (5.31) does not depend on i,w,n
‘and, therefore, disappears when At — 0. Consequently, to establish (5.30),
it is sufficient to show

lizm £ max Z min (L, swp |MO(pr,) ~ Mg, 2)]) =0,

n—o0 i: t.<T tE[ti,ti+1)

VAt >0. (5.32)

Since the maximum is taken over a finite set, (5.32) is fulfilled if

lim £ )Z — min (1, sup | M™ (i, 1) — M(")(gok,t,-)l) =0,

n—oe teltitiv1)

Vi, VAt>0. (5.33)
To establish (5.33), it is sufficient to show

lim £M sup  |[M™) (g, t) — M™ (@, )| =0, Vk, Vi, VAt>0.

n—oo tE[t,,t‘.H)

Moreover, according to Doob’s inequality, it is sufficient if

lim ™M™ (pp, ti1) — M™(@r, t)? =0, Yk, Vi, YAt>0.

n—00

This is fulfilled because of (5.12). O

35



Lemma 5.5 Suppose Ay corresponds to a transition function U, determined
via (2.23) by a deterministic flow F and such that the properties (2.21)-
(2.22) are fulfilled.

Then there ezists a dense subset (1) of C(Z) such that (5.29) is fulfilled.

Proof. Let (1;) be a dense subset of C(Z). Since To(t) is strongly continuous
on C(Z), according to (2.21), (2.22), the set D(Ao) is dense in (Z). Hence,
for any k, there exist functions g € D(Ao) such that ¥ = lmy_,e Y.
Obviously, the set 1, is dense in C'(Z ).

Thus, it is sufficient to show that ¢? € D(Ap) for any ¢ € D(Ap). From

()~ 92(2)] — 26(2) Aol)(z) =
[STe(F(t,2)) = (N o (F(t, ) + ()] — Ao(0)(2) [o(F (2, 2)) + (2]
+Ao(0)(2) [o(F (2, 2) + 9(2)] ~ Aolo)(2) [o(z) + (2]
one finds the estimate
1500 ~ 971~ 20 Aol <
2] 15 [To(2)() — @] — Aolo)l + 1ol ITo(2)() — ]

The right-hand side of the above inequality tends to zero ast — 0. O

6. Proof of the convergence theorem
In this section we prove Theorem 2.3. Assertion (2.36) is equivalent to
#™ = X in Dp(g)[0, 00),
according to Lemma 3.6 and Lemma 3.2. This convergence is equivalent to
p™ = X in Dy ()0, 00),

according to Corollary 3.8. Weak convergence of u(™ to ) follows from rela-
tive compactness and convergence of the finite-dimensional distributions (cf.
[8, Ch. 3, Th. 7.8]). Relative compactness has been established in Lemma 5.4
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and Lemma 5.5. By Corollary 3.4, it is sufficient to show convergence of the
one—dimensional distributions. According to Lemma 3.2 and Corollary 3.3,
this is equivalent to

lim £ or(u™(2), M#)) =0, Vi€ [0,00), (6.1)

where gy, is defined in (3.3). Thus, to prove Theorem 2.3, it is sufficient to
check condition (6.1).

We introduce an approximation Z(™¥)(t) of the process Z()(t), given by
the generator

AmNa)(0) = 3 ALY(@)(0)+ (62)
v 2 (2@~ 00)] a6 0) (@),

where { € Z", and J is given in (2.38). Notice that the difference of the
generator (6.2) with the generator (2.37) of the process Z(")(¢) is that A, is
replaced by its approximation A{" defined in (4.21). Let a™N)(t) denote
the empirical measures corresponding to the process Z(™¥)(z).

The processes Z(™(t) and Z(™¥)(t) are coupled in such a way that their
joint generator takes the form

A = jmN) 4 5 (6.3)
where
APM(8)(z,8) = 3 AW (3)(5,0), (6.4)
1=1
AN = Ao+ AP, (6.5)
and

OM(@)(z0) = - T / / 8(J(2,3,4,9,7), J(C,4,5,9,m))

1<1¢J <n

_CI)(Z)C)} qmam("?) d777r(d19), (6'6)
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where

) q(z‘,z_., ,9)
J(277:)j179)77) = J(z Z’J”ﬂ) it = = q"‘“(’s) ’ (67)
z , otherwise,

(2,{) € 2" x Z™, and J is given in (2.38).

Lemma 5.1 and Remark 5.2 (with )= Z"x Z™) are applicable to the pro-
cess (Z()(t), Z(™N)(¢)), since the assumptions (5.1), (5.2), and (5.3) follow
from (2.21), (2.22), and (2.34). Note also Lemma 3.9 concerning the proper-
ties of the empirical measures. Furthermore, the distribution of the process
Z™)(t) does not depend on N so that

EPMor(u™(t), A(2)) = EMor(W™(2), A1), VN,
The triangle inequality yields
lim sup £ r, (u™(2), A(2)) < 2 (A™(2), M)+
lim sup £™Mgp (AM)(2), XM (2)) + lim sup £ Mo (u™ (8), A™M)(2))
Thus, (6.1) is a consequence of Lemma 4.8, assumptions (2.29)-(2.34), and
the following two assertions.

Lemma 6.1 (approximation of the process) Let the assumptions of
Theorem 2.8 be fulfilled. Then

hm 11msup¢€'(n Mor(p™(2), B™M(t)) =0, Vte[0,00).

—'Wn

Lemma 6.2 (convergence of the approximate process) Let the
assumptions of Theorem 2.8 be fulfilled. Then

Lim £ oy (A1), AM(2)) =0, VN, Vie[0,00).
The following three lemmas prepare the proof of Lemma 6.1.
Lemma 6.3 Let i be a function on [0,0) such that
P(z) >0, Pp(y+z)29(y), Vz2>0,y>0.

Let ¢ € C(Z) be such that |||l <1 (cf. (3.1)).
Then

- 2 . .
lp(2) — @(2)] < e+ Zb—(—éjz/)(r(z,z)), Ve>0, Vz,3¢€2Z2.
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Proof. If r(z,2) < g, then |p(z) — ()| < €.
If r(z,2) > €, then 'gb(r(z,é)) > 9(e) and consequently

lp(2) —p(2)| <2 = ¢() (E)“W (r(2,2)). O

Lemma 6.4 The function ¥(z)=min(l,z), z€[0,00), has the properties
Y(cz) <cyp(z), Yz €[0,00), Vc>1, (6.8)

P(z+y) <Y(z) +4(y), Vz,y€0,00). (6.9)
Proof. Elementary. O

Lemma 6.5 Consider the function

BO(2,8) = = 3 [Wlr(a () + plawll +ro()+ro(G]) + a],  (6.10)

=1

where Y(z) = min(1,z), = € [0,00), ro is defined in (2.27), and ay = N75.
Let TN )(t) denote the semigroup corresponding to the gemerator At
defined in (6.3)-(6.7). Let the assumptions of Theorem 2.8 be fulfilled.

Then there ezists a constant ¢ such that
TN (@™M)(z,0) < c®™V)(z,(), V(z{)eZ"x2Z*. (6.11)

Proof. We use the series representation established in Lemma 5.1:

7 N)(t — 1) O .To(" N)(tz—l — 1) QI (wy),

where 'fa("’N)(t) denotes the semigroup corresponding to the generator ./i(()"'N)
defined in (6.4)-(6.5). We proceed in two steps showing

TN () (@) (z,0) < ¢, ®8™V)(2,), Vz, (e 2" x Z°, (6.13)
and

OO@)z,0)] < 0 8"V(,0), VH{E€Z x 2. (6.14)
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Then assertion (6.11) follows from (6.12), since
TeM(E)(@™M)(z,0) < e @Mz, )+
S [t [ e 80 (5,0) = ot 30N,
1=170 0

Step 1. First we show (6.13). We have 7™™(t) = [T, T(N)c (t), where

T(,U;’)C(t) denotes the semigroup corresponding to the generator A(()'z’)(; defined

in (6.5), because of the independence of the components. Consequently, it is
sufficient to show

Toet()en)(2,€) < erow(2, (), (6.15)
where
on(z,¢) = P(r(z, ) + plan[l + ro(z) + ro({)]) + an . (6.16)
Since the operators Ag,, and AS¢ act on different variables, we have
T (8) = To,.(8) TEN(2) - (6.17)
It follows from (4.24), (2.23), and (6.17) that
tN)’c

T @) (o), c>—e-”vz on(F(t,2), P, ).

Thus, we have

T3 (£)(ew)(2,¢) = an+
+ e—tN Z (t N)k

k|k—t N|>vN

PenlL + o(F(t,2) + ro(F(ae, O))]

et Y (tN) [¢( r(F(t,z), F(N:C)))+

k:|k—t N|<vn

$lanll + ol F(t,2)) + rol Fe, O]

[Br(F (), g, ) +
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where vy is a sequence of positive real numbers. Using Chebyshev’s inequal-
ity, assumption (2.26), and the monotony of the function 1, we obtain the
estimate

B (E) (o) (2, 0) < ay +2

(v )? +¥(Crlr(z,() + jﬂ(l + 7o(2) + 7o(())])

+(an(l + Cr [ro(2) + #(1 + mo(2))] + Crlro(C) + (t + 1 )(1 +7o(O)])-

Using Lemma 6.4, we obtain

T8 (w2, ) < o + o

(v )2
(Cr+1) [9(r(z c))+¢< A L+ mo2) + o)) +

1+ Cr(+2¢+ TD)] $lanll +ro(z) + ro(O)]).

Choosing ¥ = ay and (71;? = an, i.e. v = N% and ay = N‘%*T, and
remembering the definition (6.16), we obtain (6.15).
Step 2. Next we show (6.14). From (6.6) and (6.10) we find that

|Q‘(n)(a,5(nN))(— 0| =
= /f ‘PN( J(Za"':]ﬂ-’;"])]n[ (C) a.77"9 77)])

1<1;é_1<
‘PN([J(Z)'L:]a 177)]]" [J(C)Z)]) )n)]j)—
saN(z.-,co soN(z,-,c,-)] Grmaz(#) dn (dD)|

n1<;é i< / -/(‘) n (PN( J(z Z’J"ﬁ 77)]’7[ (C7 ).7;"9 7’)])
on([J(Z,4,5,9, 7)), [F(C, 5, 5,9, 7)]5)] Gmaz(8) dy 7(d9) +

2 n
— Comas Y on(z,6).

=1

IA

Thus, it is sufficient to show

L[ 6 090,5,8,m0 UG 5,9, )+ (6.18)
P(r([F(2,5,5,9,m))> [F(C,3,5,9,7)]5))] Gmaa(®) dn (d9)
< o [B(r(z, G)) + (25, 6))]
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and

L[ [ton 14 mo(lGz,6,5,9,m00) + rolI@ig, 0l (6.19)
Blaw [+ ol (5,5,3,9,)3) + oI, 3,3, m15)])] grmacl(P) d ()
< ca [(anlL + ro(z) + ro(G)]) + Ylenll + roz) + ro(&))] -

Step 2a. First we show (6.18). We distinguish between the cases
max(r(z4, 6), (25, ;) > 1 (6.20)
and
max(r(z;, (:),m(2, () < 1. (6.21)

In the case (6.20), we obtain

L[ et G,6,5,9,m0 W59, i)+
W(r([J(2,5, 3,915, [T 3,3, 8,1)]5))] Gmae(S) dn 7(d9)
S 2 CQ,ma:r: S 2 CQ,maa: ["/)(T'(Zb Ct)) + ")b(r(zj) CJ))] .
In the case (6.21), we denote
q(zi) zjﬂ?) q(Ci; ij'ﬂ)) Mo = max (‘Z(Zi,zja'ﬁ) q(Ci7 CJ)ﬂ))
Qma:n('ﬁ) ’ qma:n('ﬁ) ’ 2 qma:n('ﬁ) ’ qmaz('ﬂ) '

By dividing the integral with respect to 7 into three parts and using the
definition (6.7), we obtain

™m; = min (

L[ 3G, 5,9,m0 (G i, 9,mi)+
$(r([J(2,3,5,9,m)5, [F(C,4,5,9,1)1))] Gmas(#) d 7(d9)
< [ (5 9 (0,5, 9)) +
DT (Z5,5, 95> [T(C 5,5, 9)]3))] M1 Grmae(9) 7(d8) +
[ 2(ma = 1) Gmaa(9) 7(d8) + Carmas [$(r(z:,6)) +(r (25, :)
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< [ (e z9), 4G G +
V(r(fals,23,9), FolGo G5 9)))] e () m(d0) +
2 [ la(z5,23,9) = (G, G )] m(d9) +
Camas [¥(r(2i; &) + $(r(2:, )] - (6.22)

Using the assumptions (2.32) and (2.31) concerning the functions fi, f» and
q, the right-hand side of (6.22) is estimated by the term

Camas [$(7(2, G)) +9(r(25, )] +2(Crp + Cor) [r(20, G) +7(23, G5)] -

Consequently, (6.18) follows from (6.22) and (6.21).
Step 2b. It remains to show (6.19). Now we distinguish between the
cases

max (e [1 + ro(2:) + ro(G)], aw [1 +7o(25) +mo(¢)]) > 1 (6.23)
and
max (aw [1+ ro(z:) + ro()], aw [1 +7o(2;) +o(()]) 1. (6:24)

In the case (6.23), we obtain

/O /01 [W(aw [+ ro([J(2,5, 5,9, 1)) + ro([F(, 5, 5,9, M)+

'ﬂb(aN [1 + TO([j(z:iaj:'o)n)]j) + TO([j(C’iaj""’ 77)]1)])] X
qmaz('ﬂ) d’l7 W(d’lg) S 2 CQ,ma:z:

< 2Cqmas [Wlan(l +ro(z:) +ro(G:)]) + $an(l +7o(25) + mo(G)])] -

In the case (6.24), we obtain from (6.7) and (2.38) that

/@ / [b(ew [+ ro([J(Z,4, 5,9, ) + ro([J(C, 4, 5,9, m)])])+

d"(aN [1 =+ TO([j(27 i$ j; 791 77)].’1) + TO([j(E7 i;j: '191 77)].7)])] X
Gmaz(¥) dn 7(dY)
< /0 [¢(aN (14 ro(2:) + ro( f1(2i, 2,9)) + 1o(&) + ro(F1(Gy G, 9))]) +
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P(an [1 +ro(25) + ro( folzi, 25, 9)) + 7o(G) + ro( f2(Gir G )] %
qma:z('ﬂ) W(d’l’)
< Cgmaz [aN [14+7o(2) +70(G)] + an [1 4+ 70(25) + To(Cj)]] +  (6.25)

[ o [rol fa(zi, 23,9)) + rol ful, €5, 9)) +
o f2(2i, 2j,9)) + ro( f2(Gi, (5, ‘9))} Gmaz(F) T(dY).

Now, one applies (2.32), (2.33), and (6.19) follows from (6.24) and (6.25).
(]
Proof of Lemma 6.1. Let ||¢||z < 1. It follows from Lemma 6.3 that

(e, K@) ~ (0, AN < %Xﬂjiso(z.-(")(t))—¢(Zf"’N)(t))l

< e+———z¢< (2, ZEN(t))) .

1.-"1

Thus, we have
o (p(t), ™M (8)) < & + -~ ¢( Zw z‘"’(t> ZMN(w))),

and it 1s sufficient to show that

Jim lim sup Mg Zzm)(3), ZN)(4)) = 0, (6.26)

N—ooo nooo

where &) is defined in (6.10). According to Lemma 6.5, assertion (6.26)
follows from

Jim lim sup NN Zm)(0), ZN)(0)) = 0. (6.27)

N—co n—oo

Suppose Z(™(0) = Z»¥)(0), then (6.27) takes the form

lim lim sup £<"'N)-17; i [b(an(l +270(Z(0))) + an] = 0.  (6.28)

T n—oo i=1

Since the function ¥n(z) = P(an([l + 270(z)]) is bounded and Lipschitz—
continuous, we obtain from (2.35)

lim £N) /Z bn(2) g0, dz) = fz ¥n(2) X0, dz).

n—oo0
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Now it remains to take the limit N — oo and to remember that limy_,o any =
0, and (6.28) follows. O
The following lemma prepares the proof of Lemma 6.2.

Lemma 6.6 Let ¢ € C(Z2) be such that ¢ € D(A,) and Aq(p) € C(Z). Let
assumptions (2.29)-(2.84) be fulfilled.
Then the mapping ¥, : D, (2)[0,00) — Dg[0,00), defined as

t

To(w)(t) = (p,w(t)) — (p,w(0)) — [ (Ao(p),w(s))ds — (6.29)

0

[ 40, Koman(i(5),(5))) ds +2 Caumas [ (p,(s) ds,

is continuous.

Proof. First we notice that limp—e wn(0) = w(0) in M;(Z), if limy e wn =
w in D, (2)[0, 00), according to [8, Ch. 3, Prop. 5.2], since 0 is a continuity
point for any w. Thus, the mapping

T (w)(8) = (v, w(0)) (6.30)

is continuous.
Next, we use the fact (cf. [8, p. 153]) that the mapping

f(2)t) = [ als)ds

from Dg[0,00) into Dg[0,0) is continuous. Therefore, it remains to show
that

TOW)(E) = (p,w(t), TEw)(E) = (Ao(p), w(?)),
and
VE(w)(t) = (0, Kmas(w(t), (1))

are continuous mappings from Dy, (2)[0, 00) into Dz [0, 00). This is fulfilled
(cf. [8, p. 151]), if

YOw) = (ev), TD() = (Aole),v), THv) = (9, Kmas(v,v))
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are continuous mappings from M;(Z) into R . These properties are assured
by the assumptions concerning the function ¢ and the properties of the op-
erator K4z, which follow from the assumptions (2.29)-(2.34). O

Proof of Lemma 6.2. Notice that A(¥)(t) is continuous in ¢. According to
[8, Ch. 3, Th. 7.8], it is sufficient to show that

i) = AV in Dp(5[0,00), (6.31)

when n — oo and N is fixed. According to Corollary 3.5, it is sufficient
to show this convergence in D x4, (£)[0, o) . The relative compactness follows

from Lemma 5.4 (with A replaced by AE,N)). Let P(™¥) denote the measures
on D, ([0, 00) corresponding to g™ Let P(=¥) be any limiting point

of the sequence P(™¥) It remains to prove that P(*¥) is concentrated on
A

Consider the function
P(w) = dr(¥y(w),0), wE€ DMI(Z)[O, ), (6.32)

where ¥, is the mapping defined in (6.29) (with Ao replaced by AE,N)) and
dg is the Skorokhod metric in Dg[0,00). The function (6.32) is bounded
and continuous because of Lemma 6.6 and the obvious inequality |dz(z,0) —
dr(y,0)| < dr(z,y). Therefore, we obtain

lim (4, PO) = (3, By (6.33)

n—oo0

On the other hand, it follows from Lemma 5.3 (with Ao replaced by A(()N))
that

T (A™)(t) = R™N(p,1) — BN (e, 0) + MM (i, 8) = M™(,0)

and

n—co

lim &™) sup |, (Z™"))(s)| =0, Vi>0. (6.34)
0<s<t

According to Lemma 3.6, (6.34) implies limy,_o0 E™NM)dp (¥, (3(™M),0) = 0,
or

lim (3, PNy = 0, (6.35)

n—oo
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where the function v is defined in (6.32).
From (6.35) and (6.33), one obtains

PN ({y : ¥, (w)=0})=1. (6.36)

Next, we use the assumption (2.35). Since the mapping \Iff:) defined in (6.30)
is continuous, we obtain

PN ({w : (p,w(0)) = (9, 20)}) = 1. (6.37)

Remembering the definition (6.29) of ¥, (note that Ay is replaced by AM)
and denoting

Q= {w : T,(w) = 0 and {p,w(0)) = (v, Xo)}, (6.38)

we obtain from (6.36) and (6.37) that

t
0

(p,0(8) = (9, 20) + [ (A7), (5)) ds — 2 Comas [ (pruo(s)) ds +

/:W, Kmaz(w(s),w(s)))ds, Vi>0, VYwe,, (6.39)

and P(>N)(Q,) =1.

Let (¢x) be a dense subset in €(2) . Then Eq. (6.39) is fulfilled for any w €
Ng21 82y, and for all @i . Since the operator A(()N is bounded, we obtain that
the equation is fulfilled for all functions ¢ € C(Z). Eq. (6.39) is equivalent
to Eq. (4.25). From the uniqueness, it follows that N2, Q,, = {A™}, and
PN ({XN)}) = 1. Therefore, there is only one limiting point, namely
53( . O

7. Concluding remarks

The class of stochastic particle systems, for which convergence has been
established in Theorem 2.3, includes the Leontovich model (cf. Example 2.5).
In this sense, it generalizes the Skorokhod model (cf. Example 2.4). However,
the class studied by Skorokhod [23, Ch. 2] contains also Vlasov terms, which
have not been considered in this paper.
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The assumptions of Theorem 2.3 should be compared with the assump-
tions of Theorem 1 in [23, Ch. 2, Sect. 4]. Our assumptions (2.21), (2.22),
(2.26) concerning the free flow process reduce in the case (2.39) to the as-
sumption (2.44), which corresponds to assumption (1) in [23]. The Lipschitz
property (2.32) of the functions f; and f, is also included in assumption (1)
in [23].

Our assumptions (2.33), (2.34) replace assumptions (2a)-(2f) in [23]. As-
sumptions (2.33) means that two particles being at the same state are not
allowed to jump too far away. In models with the Boltzmann collision trans-
formation (2.43), (2.45), such particles will not jump at all so that the left—
hand side of (2.33) is simply zero. Assumption (2.34) is fulfilled for the
Boltzmann collision transformation (2.43), (2.45). In this sense, it general-
izes the property of conservation of momentum and energy. Note that any
moment assumptions (like assumption (2e) in [23]) have been avoided. In ad-
dition, there are assumptions (2.29)—(2.31) concerning the function ¢, which
is an additional parameter of our model.

Finally, some remarks concerning the relation between the stochastic par-
ticle system considered in Theorem 2.3 and the original Boltzmann equation
(1.1).

We did not discuss the problem of boundary conditions associated with
Eq. (1.1) (cf. [7, Ch. 3]). They enter the stochastic particle system via the
free flow transition function Uy . The present results cover periodic boundary
conditions, since they are equivalent to considering a torus as the position
space. However, in the case of specular reflection at the boundary, the conti-
nuity assumption (2.26) is violated, because there is a jump in the velocity.
If the boundary conditions are of stochastic nature (e.g., diffuse reflection),
then even assumption (2.23) will not be fulfilled. Moreover, in realistic prob-
lems from rarefied gas dynamics, there is a flux at some part of the boundary.

To discuss the restrictions concerning the collision kernel @ , we consider
the Leontovich model (cf. Example 2.5), with the function a of the form

a(z1,v1, T2, s, €) = h(z1,z2) B(v1,v2,€).

Assumptions (2.29)-(2.31) are fulfilled if the functions » and B are bounded
and Lipschitz—continuous. This is a severe restriction, which is not valid for
realistic collision kernels B (e.g., B(v1,v2,€) = |(e,v2 — v1)|, in the hard
sphere case).
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Thus, two problems arise. The first is to weaken the assumptions con-
cerning the function B . There are many results how to do this in the spatially
homogeneous case (cf. the references cited in Section 1). It does not seem
to be very hard to adapt them to the spatially inhomogeneous case, if the
function h remains smooth and bounded. The limiting equation obtained in
this case turns out to be a mollified Boltzmann equation (with A called the
mollifier) (cf. [7, Ch. 8, Sect. 3]).

The second problem is to remove the mollifier, i.e. to consider a function
R (z,,x,) tending to the delta—function in the limit n — oco. This fun-
damental problem corresponds to the original conjecture by Leontovich (cf.

(1.6)).
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