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ABSTRACT. We review the ageing phenomenon in the context of simplest trap model,
Bouchaud’s REM-like trap model from a spectral theoretic point of view. We show
that the generator of the dynamics of this model can be diagonalised exactly. Using
this result, we derive closed expressions for correlation functions in terms of complex
contour integrals that permit an easy investigation into their large time asymptotics in
the thermodynamic limit. We also give a ’grand canonical’ representation of the model
in terms of the Markov process on a Poisson point process . In this context we analyse
the dynamics on various time scales.

1. INTRODUCTION

The particular properties of the long term dynamics of many complex and/or disordered
systems have been the subject of great interest in the physics, and, increasingly, the
mathematics community. The key paradigm here is the notion of ageing, a notion that
can be characterised in terms of scaling properties of suitable autocorrelation functions.
Typically, ageing can be associated to the existence of infinitely many time-scales that
are inherently relevant to the system. In that respect ageing systems are distinct from
metastable systems which are characterised by a finite number of well separated time scales
corresponding to the live times of different metastable states.

Ageing systems are rather difficult to analyse, both numerically and analytically. Most
analytical results, even on the heuristic level, concern either the Langevin dynamics of
spherical mean field spin glasses, or trap models, a class of artificial Markov processes that
in some way is to mimic the long term dynamics of highly disordered systems (see e.g.
8)).

One of the natural questions one is led to ask when being confronted with phenomena
related to multiple time scales is whether and how they can be related to spectral properties.
This relationship has been widely investigated in the context of Markov processes with
metastable behaviour (see e.g. [13, 14, 15, 21, 22, 11]), and it would be rather interesting
to obtain a spectral characterisation of ageing systems as well, at least in the context of
Markov processes. To our knowledge, this problem has not been widely studied so far.
The only paper dealing with the problem is the paper [25] by Butaud and Melin that have
tackled one of the simplest trap models and on which we will comment below, and [18] and
[24] that investigate convergence to equilibrium in the Random Energy Model (REM).

The present paper is intended to make a modest first step into this direction by analysing
the relation between spectral properties and ageing rigorously in the REM-like trap model.
While this model may seem misleadingly simple, it has in the past provided valuable
insights into the mechanisms of ageing, and it is our hope that the analysis presented here
will provide useful guidelines for further investigations of more complicated models.

The paper will be divided into two parts. In the first we analyse the REM-like trap model
in the standard formulation of Bouchaud [9]. In the second part we go a step further and
reformulate the model in a slightly different way as a Markov process on a Poisson point
process. This formulation makes the relation to the real REM more suggestive (see [3, 4]
for a full analysis), and allows in a natural way to study the dynamics of the model on
different time scales.



2. THE REM-LIKE TRAP MODEL

Let us begin to recall the definition of trap models as introduced by Bouchaud and Dean[9].
Let G = (S,€) be a finite graph: S denotes the set of vertices and £ denotes the set of
edges, E := {E;, i € S} be a random field, called energy landscape and let Y (¢) be a
continuous-time random walk on G with £-depending transition rates c; ;: i.e. ¢; ; > 0 iff
{i,j} € € and
PY (t+dt) =5 |Y(t) =1i) = ¢ jdt.

Setting 7; := Z#i ¢ij and p;; = ¢; /7, the random walk Y(t) can be described as
follows: after reaching the site 7 the system waits an exponential time with expectation
7; and then it jumps to an adjacent site j with probability p; ;. In the trap model, the
transition rates are assumed to satisfy the following properties:

eE"ci,j = eEjCj,i, V{Z,]} €€, (2.1)

E(Tl) = o0 (2.2)

where E denotes the expectation w.r.t. the random field E. Since in several physical
experiments (see [10]) the system initially in equilibrium at high temperature 7' > Ty is
quickly cooled under the transition temperature 7, and then its response to an external
perturbation is measured, it is reasonable to consider Y (¢) with uniform initial distribution.
A classical time-time correlation function is given by

(L, ) == P(Y(5) = Y (L), Vs € [twtw +1])

In order to observe ageing it is necessary to consider a thermodynamic limit, with the size
of G going to infinity, and possible a suitable time-rescaling. Rather recently, there have
been a number of rigorous papers devoted to the analysis of trap models on the lattices Z
[19, 20, 5] and Z¢ [6, 12].

In this paper we consider the simples trap model, called the REM-like trap model [9] that
corresponds to choosing G to be the complete graph on N vertices i.e.

gN:(SN;EN)) SN::{]-)2;"')N}) SN:{{Z;]}Z#JESN};

and to take as energy landscape a family £ = {E; : i € N} of independent exponential
random variables with parameter « such that 0 < a < 1. Given N € N, let Yy (¢) be
the continuous-time random walk on Gy with transition rates c; ; = e P /N for i # j.
Setting x; = e % the infinitesimal generator of the random walk is given by

(N-1)z1 _xy _xy
N N
_z (N*ﬁmz _z
Ly := N N N (2.3)
_ TN _zN (N-1zy
N N &

The dynamics can be described as follows: after reaching the state 7 the system waits an

exponential time of mean —ef and then jumps with uniform probability to another
E;

N—1
state. Although strictly speaking the mean waiting time is given by %e
T =T, ! — ePi waiting time (the discrepancy is negligible in the thermodynamic limit
N 1 00).
Note that 7; and z; have distributions respectively given by

p(r)dr = ar™ " %r (7 >1); p(z)de = az®ldz (0 <z <1),

, we call



in particular E(7;) = oo. Moreover, the equilibrium measure is given by pe.(i) =
i/ (Z;VZI 7j). We are interested in the out-of-equilibrium dynamic with uniform initial
distribution. Py denotes the law of this random walk given a realization of the random
variables FE;.

Ageing in the REM-like trap model is manifest from the asymptotic behaviour of the
time—time correlation function

N (¢ tw) == Py (YNn(8) = Y (tw), Vs € [tw, tw + t]) (2.4)
Namely, as shown in [9], for almost all £ and for all 8 > 0

: 1
lim Tim Ty (0w, t) = S0 / w1 — u)* Ldu (2.5)
twToo NToo ™ [

1+0

Our main aim here is to show that the ageing behaviour of the system, derived in [9] using
renewal arguments, can be obtained solely from spectral information about the generator
Ly . The method developed below will allow us to get further information on Yy (¢) from
the spectral properties of Ly . In particular, given a function h on (0, 00), it is possible to
describe the asymptotic behaviour of Ey (h(zn(t)) and Ex (h(7n(t)), where Ey denotes
the expectation w.r.t. Py and zx(t), 7n(t) are defined as

.'L'N(t) = Tk, TN(t) =7 if YN(t) =k.

These results will allow us to investigate the property that the system with high probability
visits deeper and deeper traps. i.e. sites with larger and larger waiting time 7; (see
subsection 2.2).

We start by giving a complete description of the eigenvalues and eigenvectors of Ly . Let
p = pn be the measure on Sy with p(i) = x;l = 7;. Note that Ly is a symmetric
operator on L?(u) and trivially Lyl = 0 where I is the vector with all entries equal to 1.
The following proposition is based on elementary linear algebra:

Proposition 2.1. Let x1,x2,...,znx be all distinct. Then, Ly has N positive simple
etgenvalues 0 = Ay < Ao --- < Ay such that

{Al,)\g,...,)\N}:{)\EC : d)()\):[)}

where ¢(\) is the meromorphic function

A
P(N) == Z I (A € Q). (2.6)
j=1

If the x; are labelled such that v1 < zy < --- < zpn, then x; < A\jy1 < Tjy1 fori=2,...,N.
Moreover, for anyi=1,...,N, the vector () € RN defined as

@ ._ _ % .

'(/)] —m, fOTJ—l,,N

is an eigenvector of Ly with eigenvalue Ai. ¥, ..., oW form an orthogonal basis of
L2 ().
Since the x; have a absolutely continuous distribution, we trivially have the

Corollary 2.2. The assertions of Proposition 2.1 hold with probability one for all N.



Proof. Let A be a generic eigenvalue and let us write a related eigenvector ¥ as ¢ =
a(l,...,1)" + w where Z;vzl w; = 0. Since (Lyv); = zjw;, we have to solve the system

Tjw; = Aa + Awj, Vj=1,...,N. (2.7)

Since z1, . ..,z are distinct, it must be true that a # 0 (otherwise we get ¢ = 0). Without
loss of generality, we set a = 1. Note that A # z; for j =1... N, as otherwise (2.7) would
imply A = 0 = z;. Therefore we get w; = ﬁ Since it must be true that Z;vzl w; =0,
J .
we get that A is an eigenvalue and %, with ; = z_z—i)‘, the corresponding eigenvector,
J

iff (A) = 0. This imply that ¢ has at most N zeros. Since ¢(0) = 0, and, for real A,
limy 4, #(A) = —o0, limyyg, #(A) = 0o, we get that ¢ has exactly N zeros. The conclusion
of the proof is trivial. O

Proposition 2.1 has the following simple corollary.

Corollary 2.3. With probability one, the spectral distribution oy = Av;-vzl&\j converges
weakly to the measure ax® ‘dx on [0,1].

Remark. The results of Proposition 2.1 are incompatible with the predictions of [25].
The discrepancy is particularly pronounced in the case of the eigenfunction. The reason
for this is an inappropriate use of perturbation expansion in [25]. We will explain this in
some detail in an appendix.

We will now show that Proposition 2.1 allows to derive the asymptotics of the autocorrela-
tion functions easily. In fact, it contains far more information on the long time behaviour
of the systems some of which we will bring to light later.

Recall that p(Z, j), the probability to jump from ¢ to j in an interval of time ¢, can be ex-
pressed as p¢(%,j) = (e_tH‘N )z i In particular, by writing 14 for the probability distribution
of Yy (t) and thinking of the Radon derivative ‘fl—';‘ as column vector,

dvy R dvy

dy du’
thus implying
N < o k) >

dl/t
dp ; < ) k) >

The above formulas are true for an arbitrary initial distribution. Taking vy the uniform
distribution, by Proposition 2.1 we get

e e qp(k) (2.8)

N N
dv, T
o (k) -1, (k) (k) < — J
- E 7k¢ ) where Y =< ’l:b ;":b >= E
d'u k=1 ¢ j=1 (.’,U] - )‘k)z
Then, by Proposition 2.1 and (2.8),
N XN ’yke_)‘kt’” N—1, 4
HN(tatw) = E E T — Ar e N7 (2 9)
j=1 k=1
N N _)‘kt
Y€
Ex (an (1) = 30 3 2 h(a)) (2.10)
; J

~



The above formulas (that may appear rather ugly at first sight) admit a nice complex
integral representation through the following lemma.

Lemma 2.4. Let vy be a positive oriented loop on C containing in its interior A1,...,AN.
Let g be an holomorphic function on a domain D C C with v C D. Then, for any
j=1...,N,
kg (Ak) /
—I 2 = 2.11
; Tj— g T 2mi o(A :c] — )\ ( )

Proof. Let us set X := {z1,...,zn} and A := {A1,A2,...,An}. Then ¢(A) is an holo-
morphic function on C\ X, where ¢'(\) = Z;vzl ﬁ, and in particular ¢'(};) = 'yj_l
Moreover, the function [¢(X)(z; — A)]~! that is a priori defined on C\ (X UA) can be an-

alytically continued to X to a meromorphic function with simple poles only at the points
of A. Now the conclusion follows from a trivial application of the residue theorem. O

We can obviously use Lemma 2.4 to rewrite formulas (2.9) and (2.10) in the form

1 e twk e~ ot 1
M (t, tw Av,(—— [Av,—— |d\ 2.12
( )= 271'1/1 A ( Vi xj—)\/ V]xj—)\ ( )
1 et h(z;) 1
En (h(z))) = — (Av; 22222 [ av,; )ax 2.13
N( (xt)) 27 L A Vi Tji— A Vi Tji— A ( )
where Av; denotes the average over j = 1,2,..., N.

The above integral representations of Iy (¢, t,) and Ey (h(z:)) have two main advantages.
First, the appearance of averages allows to compute their limiting behaviour as N 1 oo
easily by using the ergodicity of the random field £. Second, by means of the residue
theorem, their Laplace transform can be easily computed in order to derive the asymptotic
behaviour of Iy (¢,t,) and Ey (h(2:)) for N, t,,t > 1 (see subsections 2.1, 2.2).

A much more general derivation of the above integral representations is discussed in Ap-
pendix C.

2.1. Ageing behaviour of IIy(¢,t,).
Proposition 2.5. Let us define
1 twA ]:Ex —xt
II(t, ty) := —,/ (5= “”)dA (2.14)
2mi Y A Ex()\ :l:)

where B, is the erpectation w.r.t. the measure axz® ‘dx on [0,1] and v is any positive
oriented complex loop around the interval [0,1]. Then

]\l]i%n Iy (t, ty) = 1I(¢L, ty) Vi, ty, a.s.. (2.15)

Proof. Recall (2.12) and fix 0 < § < 1/2. Due to analyticity, we can choose the integration
contour v to have distance 1 from the segment [0, 1]. For each A € ~, the random variables
(zj — A7, j € N, are i.d.d. and bounded. Therefore, for a suitable positive constant
c >0,

1

)\—:c)

P([avl, N

‘ > N-3+H) <e oV yaey. (2.16)
.'L'j - A



Since for each z € [0, 1] and A € 7, | & (z—A)~!| < 1, a simple chaining argument allows to
deduce from the pointwise estimate (2.16) uniform control in A. With the Borel-Cantelli
lemma, one can then infer that, a.s.,

_]Eq:(

1
sup Av;-vzl )‘ < cNféJ”s, VN e N. (2.17)
—z

Similar arguments show that, a.s., given M € N there exists a constant cjs such that
e N %t

il

e—:l}]'t

A—z;

sup  sup Av;-vzl

—5+6
)‘ <emw N YNeN  (2.18)
M—1<t<M A&y

Note that, for each A € v, Avévzl(:cj —A) ! is a convex combination of points of modulus
larger or equal than 1/2, contained in a angular sector with angle non larger than a suitable
constant ¢ < 7. In particular, ‘Avévzl(mj—)\)*l‘ > ¢/ > 0 for all N. From here the assertion
of the proposition follows from Lebesgue’s Dominated Convergence Theorem. O

Given 0 > 0 we are interested in the limit of I1(0¢,,t,,) as ty T 0o. This will be done using
the Laplace transform of I1(0t,,,t,),

(0, w) := /000 et I(Oty, ty )dly, (R(w) > 0).

The computation of this Laplace transform is trivial if we use the integral expression
(2.14).

Let w € C with ®(w) > 0 and fix a positive oriented loop y around the segment [0, 1], such
that v C {z € C: R(2) > —RN(w)} as in fig. 2.1. Then, R(w + A + zf) > 0, for z € [0, 1]
and A € v, so that (2.14) implies
11(6,w) = E, ( ! / [,\(,\ —2)A+w+ 0@&(%)} 71d)\).
~ A—Z

2mi
Here E, and E; denote the expectation w.r.t. to the measure az® dz on [0, 1].

Let us consider the change of variable z = % and write 4 for the path v with inverted
orientation (i.e., positive oriented w.r.t. A = 00). Then we get

(0, w) = K, (i A [(1 —zz)(1l + 2w + z9:c)E5(1 _lzj)} _1dz).

2mi

Given z € [0,1], the integrand is a meromorphic function in C \ [1,00) that has only a
single pole of order 1 inside 4, namely at z = —(w+ z6)~!. By the residue theorem we get

. B 1 w + x0
H(o’w)_Ez(w—l-:cO—i-:c/Ei(w—i-xO—i-f))' (2.19)

Lemma 2.6. The r.h.s. of (2.19) is well defined and holomorphic for any w € C\ (—o0,0].
In particular, the function 11(0,w), defined for R(w) > 0, can be analytically continued to
the set C\ (—o0,0].



Proof. As proved in [16], Chapter 3, the Laplace transform ﬁ(@, w) is holomorphic on the
set of convergence points. Therefore, we only need to show that the r.h.s. of (2.19) is
well defined and holomorphic on $(w) # 0. Let us assume $(w) > a > 0. Then, trivially,
Vz,z € [0,1],

w + z0

— — eB:={zeC:z=|z|e¥ with0< 0 <8 z| >e¢

for suitable constants ¢,8; depending on a and such that 6, < w. Moreover, since
li wtzf 1

Mjy|too Grzo+7 )

0<ci(a) < ‘%‘ < c2(a) Va > 0,Vw: S(w) > a (2.20)

By (2.20) and the geometry of B, we have that Ez (wil—gﬁz) is well defined and has distance
c3(a) > 0 from the origin. Moreover, |w + z6 + z| > &(w). Therefore, the r.h.s. of (2.19)
is well defined and, due to the previous estimates and Lebesgue’s dominated convergence

theorem, it is continuous on {(w) # 0}, thus implying continuity on C\ (—o0, 0].

We recall Morera’s theorem: if f(w) is defined and continuous in a open set 2 C C and
if f7 fdw = 0 for all closed curves « in €, then f(w) is holomorphic in . Therefore,
using Fubini’s and Morera’s theorems, one can prove that the function Ez (wil—gﬁz) is
holomorphic on C\ (—o00,0]. The proof can be concluded by a second application of the

same theorems. O

In what follows, we keep the notation ﬁ(@, w) for the analytic continuation of the Laplace
transform. The next lemma describe the behaviour of II(#,w) near the origin. Using the

Laplace inversion formula, we then derive from this result the asymptotic behaviour of
I1(0,t,) as t, 1 co.

Lemma 2.7. For any 0 > 0 let us set

. 1
A(0) =: sin(ra) / u (1 —u)* du.
T o
6+1
Moreover, let us define
; 3
A:={re? : r>0, |4 < 7 (2.21)
Then, for a suitable positive constant ¢ > 0
(0, w)| < clw| 1, Vwe A: w| >1 (2.22)
(0, w) — A(0)/w| < clw|™®, VYweA: |w| <L (2.23)

Proof. The first estimate (2.22) follows trivially from (2.19) and (2.20). Let us prove (2.23)
for w e A and |w| < 1.

In what follows, cg,c1,... denote some suitable positive constants depending only on 6.
Moreover, given z € C we denote by foz and fzoo the integrals over the paths {sz : 0 <
s <1} and {sz : s > 1}, respectively. We extend the functions z~* and 2* !, defined on



(0,00), to C\ (—o0, 0] by analytic continuation. Then (2.19) implies

R 1/w . 1/w Y 1 -1
11(0, w) = (11 + 2(1 +0)][1 + 20 Y &) d
0.0) = [ et (e +en) [ ) s o
_ /W 2 ([1+ 21+ 0)] [1+xe]a/““”’” y* dy) da.
0 0 1 +y
Let us define
B:={(w,z) € C? s.t.wEA,ngforsomes:Ogsgl}.
Since (w(1 +x9))_1 e AN{z : |z| > ¢y}, we obtain
-1
‘/ S5 y dy‘ (2.25)
‘/ (1 + z0)|'—. (2.26)
w(14z0)
Let B(0) be defined as
oo ,a—1 1
Yy —a a—1 T
B(0) := = 1-— du = . 2.27
() /0 1 +ydy /0 v tl-w) v sin(ra) (227)

(note that the above second identity follows from the change of variable u = y(1 +y) !,

while the last one is well known in the theory of the Gamma function). By means of (2.25)
and (2.26) we obtain

1

£1(0,w) — = / ’ o
w w) — @
T BO) Jy (1121 +0)) (1+20) (2.28)
- % |:1:|°‘_1 d|:1)| l-a .
|w a/ o T < C3lw]
0 |1+az(1+0)|[1+ 0|

Since

< ca|w|

«a 1d.’17
‘/% (14+z(1+0)) (1+26)°
and, using analyticity and integrability of the singularities around z = 0 and z = oo,
@ ldzx @ ldzx

/sw:SZO (]_+£C(1 +9)) (1 +-’»C9)a :/0 (].+£C(1 +9)) (1 +.’,C9)a,

we get

ma—l

(0, 7) — =—
“" (9, ) B(e))/0 1 +2z(1+0)(1 +z0)°
Using the chance of variables v = z ! 4+ 6 and u = v(1 +v) !, we obtain

o0 o1 1 B »
/0 (1+x(1+0))(1+x9)ad$:/iu (1—u)*'du

+1

dm‘ < eslw|t .

which implies the assertion of the lemma. O

Lemma 2.7 and Proposition A.1 allow us to conclude the proof of the ageing behaviour of
1_[N (ta tw):



Proposition 2.8. For almost all energy landscapes E, given 0 > 0

. 1
lim lim Hy(0ty,ty) = sin(ra) / u™%(1 — u)* Ldu. (2.29)

twToo Ntoo s

2.2. Visiting deeper and deeper traps.

In this section we use the integral representation (2.13) in order to study the probabil-
ity that the system at time ¢ is in a deep trap, i.e. in a state with large waiting time.
In Proposition 2.9 we first prove that the probability to be in a site with waiting time
smaller than O(1) decays as t*~!, thus implying the ageing behaviour of other correlation
functions described in subsection 3. In the second part, we will investigate the random
variable tzy(t) and show that, for almost all E, it has a weak limit as N 1 oo and then
t T 0o. As consequence, with high probability at time ¢ the system is in a state of waiting
time O(t) as stated in Proposition 2.10.

Reasoning as in the proof of Proposition (2.5), we can prove, for almost all energy land-
scapes F, that, given a function h on [0, 1] that can be uniformly approximated by piecewise
C' functions,

. 1 e~ fo %mail
H(t) := I{;TIEO]EN(h(xN(t)) = 2—m/7 Lo 1dxd)‘ vt >0, (2.30)
where + is a positive oriented loop around |0, 1].
Since H(t) is a bounded function, the Laplace integral H(w) := [ H(t)e™“!dt is abso-

lutely convergent when R(w) > 0. By the same arguments we used to derlve (2.19), it is
simple to deduce from the integral representation (2.30) that

2 1f w+q: a ld'r

H(w 2.31
( ) wf(] w+$xaildm ( )

In the following Proposition we concentrate on the case h(z) := I;>5. By (2.31), we can
give precise information on the asymptotic behaviour of the probability to be at time ¢ in
a site with waiting time smaller than 1/4:

Proposition 2.9. Let

1 _a—2
d oo
B(9d) := foo — m, c(a) ::/ y* e Vdy (2.32)
f[] xl—i—:l: d.’,U 0
Then, for almost all energy landscapes E,
l#ms I{fle Py (zn(8) > 8) = B(8)/c(a). (2.33)

Finally, we show that with high probability at time ¢ the system is in a trap of depth of
order O(t). In particular, the random variables tzx(t) converge weakly to a nonnegative
random variable as NV 1 oo and then ¢ 1 0o a.s.. This result corresponds to the convergence
of expectation of bounded continuous functions and due to Lemma 2.11 such a convergence
can be extended to the larger class of bounded piecewise continuous functions, which is
more suitable in order to investigate the phenomenon of visiting deeper and deeper traps:



Proposition 2.10. Let Z be the only random variable with range in (0,00) having Laplace
transform

]E(e_ez) = sin(ra) /1 %1 — u)* du.

T [’

9+1
Then, for almost all energy landscape E, given a bounded piecewise continuous function h
on (0, 00),

—ta L hzt) a1y
! /e 0 3= o\ —B(K(2)) (2.34)
.

lim lim Ey (h(t t))) = lim —
t%g.}zvl& N (h(tzn (1)) ﬂl\g}%i Y folrlzl.a—ldx

In particular, for almost all energy landscapes E,

lim lim P2
ttoo Ntoo t

>u)=P(Z<u™t), Vu>D0.

Proof of Proposition 2.9. We have to prove that limso s'*H(s) = B(8)/c(a) where H
is given by (2.30) with h(z) := Iz>5. As in the proof of Lemma 2.6 we can show that the
r.h.s. of (2.31) is well defined and holomorphic on C\ (—o0,0]. We keep the notation A
for this extended function. By the change of variables x = wy, we get

1 xafl yafl
/ dx = wa_l/ dy (2.35)
0 Wt vo LT Y

where 7, is the oriented path {s/w}o<s<1. Let 4, be the path {s/w},>0. By analyticity
and integrability of the singularities at z = 0,z = 0o, we have

a—1 oo ,a—1
/ y dy:/ v gy
Aw1+y 0 1+y

Let us define A := {re?? : 0 < r < o0, |0] < 27}. Then, for a suitable constant ¢,
4

yafl
‘ dy| < c1lw]' e, VweA: |w| <1,
Fo\re 1+ Y
implying
1 ,a-1 oo ,a—1
/ T = wal(/ Y dy+0(|w|1*‘*)), (2.36)
0 w+T 0 ].+y

where A = B + O(1/N) is understood to mean that there exists C < oo such that
|A— B| < C/N. Trivially,

1 xafl 1
/ de = (1+ O(|w|))/ 292z, (2.37)
'] ']

w+x

Let us note that the estimate of error terms in (2.36) and in (2.37) is uniform in w € A,
|w| < 1. Then, from (2.31), (2.36), (2.37) we get

lwH(w) — B()/c(a)| < calw|'™®, VYwe A : |w| <1. (2.38)

Since trivially |H(w)| < e3|w| ! for w € A with |w| > 1, the assertion of the proposition
follows from Proposition A.1. O

10



Proof of Proposition 2.10. As discussed before (2.30), one can show, for almost all energy
landscapes E, that, given a piecewise continuous function h on (0, 00),

. L[t fy Ropet lde
By(h) := lim Ey (h(tzx () d\  Vt>0,
Y

Ntoo 2mi A fol Lozold
where v is a positive oriented loop around [0,1]. Note that ®; defines a positive linear
functional on the space of continuous functions on (0, 00), decaying at oo and satisfying
®,(1) = 1. Therefore, the Riesz—Markov representation theorem (see Theorem IV.18 in
[26]) implies that ®;(h) = p¢(h), for a unique Borel probability measure y; on [0,00). In
particular, there exists a random variable Z; on (0, 00) such that

}fle tey(t) — Zy weakly ,Vt >0 a.s..

If we take h(t) = e %, then ®;(h) = p:(h) = I1(6t,t), with II defined as in (2.14). That
means that TI(0¢t,¢) is the Laplace transform of Z;. As proved in subsection 2.1,

: 1
lim TI(0t,) = M/ u (1 — ) Ldu := f(6).
tToo s _6
6+1
We state that f(0) is the Laplace transform of a random variable Z with range in [0, co).
To this aim we apply the criterion given by Theorem 1, Section XIII.4 in [17]. By (2.27),

f(0) = 1. Moreover, f(1)() = —@0*"(1 + 0)~! thus implying (by trivial computa-
tions) that (—1)* f(¥)(9) > 0. This completes the proof of our statement.

Since the Laplace transform of Z; converges to the Laplace transform of Z as t goes to
00, we have that Z; converges weakly to Z, thus implying the limit (2.34) whenever h is
a bounded continuous functions on (0,00). Finally, due to Theorem 5.2 in [7], the limit
remains valid if h is a bounded measurable function whose set of discontinuity points has
zero measure w.r.t. the distribution of Z. Therefore, Lemma 2.11 allows to prove (2.34)
for A bounded and piecewise continuous. O

Lemma 2.11. The distribution function F(z) := P(Z < z) of the positive random variable
Z is continuous.

Proof. Trivially F' is increasing and right continuous. Therefore, it has a countable set of
points of discontinuity. Moreover, by the Laplace inversion formula (see [17], XIIL.4), if =
is a point of continuity, then
o (=a)" +(n)
Fl@)= Jim Y S0 a),

n<az

Given s = 0,1,2,... and v > 0 let ¢5(y) > 0 be such that Dja™ = (—1)%cs(y)a™ """,
Then the Leibniz formula implies

(—D)"Di(a 1 +a) ") =) cal@)en—s(l)a > *(1+a) 1" < (~1)"DFa ",
s=0

Since f()(a) = —%a‘“(l +a)~!, the above estimate implies
n—1
(~)"f™(a) = |fM @) < [tk + )™  Wn>2.
k=1

11



In particular, given two points of continuity 0 < x < z we have

a—00

n—1
F(z) — F(z) < limsupa™® Z % H(l + %) (2.39)
k=1

ar<n<az

One can prove that the sequence HZ;% e n (1+%) is convergent (see [1], Chapter 5, Section
2.4). Let us denote its limit by ¢, and let vy be Euler’s constant
yi= lim(l—l—l—i-l—l----—i-l—logn).

Then we can write
1 n—1 _ 1 [0 n—1 o
T+ = g0 (12 tog(n-—1)) (P~ D)* e 1+ ). (2.40)
n. k n P k

In particular, in (2.40) we can substitute [J}_; e % (1 + &) with ¢, with an error term in
(2.39) bounded by

const. a~*(az — az)(az) 1T

n—1
H e % (1+ %) — Cq

k=1

n—1
< c(z,z)‘H e *(1+ %) — Cq
k=1

which is negligible as a 1 co. Therefore
F(z) — F(z) < limsupc,a %€’ Z (n—1)717* < (2% — z%) (2.41)
a—roo ar<n<az

for a suitable positive constant ¢. Since (2.41) is valid almost everywhere and F is
monotonic, we have that F' is continuous. O

3. OTHER CORRELATION FUNCTIONS

In this section we study the asymptotic behaviour of some other time-time correlation
functions Hg) (t,tw), Hg) (t,ty) for which deep traps play a special role. This section is

mainly a preparation of what is to follow in the second part of the paper.

Given § > 0, we define the set of sites with small waiting time as Dy :={i : ; > 6, i =
1,...,N}. Moreover, we set

T (¢, tw) := Py (Ya(w) € Dy YVt € (b, b + 8] 5.t Yiy(u) # Yi(u™)) (3.1)
T (£, tw) == P (Yn (1) € Dy U{V(tw)} VYt € (fu, tw + 1] sit. zy(u) # xN(u_)(). |
3.2

Given a subset A C Sy, i € A and s > 0, let ¢, 4(i,s) be defined as
QON’A(Z',S) = IPN(YN(U) € AVu € [0,3] |YN(0) = i),

then
(1) al b oxie %
1_[N (tatw) = HN(tatw) + ZPN(YN(tw) = .7)/0 ds ! N Z QQN,DN(iat - 5)7 (33)
j=1 1€Dn
N
2 .
0 (¢ tw) = Y Pa(zn(tw) = 27) @n,py o) (G:1) (3.4)
j=1

12



where the first identity can be derived by conditioning on the first jump performed after the
waiting time t,, and by recalling the following realization of the dynamics: after arriving
at the state ¢, the system waits an exponential time with parameter z; and after that it
jumps to a site in Sy with uniform probability.

The following proposition is mainly a consequence of the phenomenon of visiting deep
traps with higher and higher probability. To this aim recall Proposition 2.9 or simply, as
a consequence of Proposition 2.10, that

g{.r.} }fl& Py(zn(t) >€) =0, Ve > 0. (3.5)

Proposition 3.1. For almost all x
lim sup [T (¢,t,,) — Tn(t,2,)| =0 fori=1,2 (3.6)
twtoo ¢>0

Proof. We consider first the case i = 1.

We claim that for any v > 0 and ¢ € Dy,

¢N,Dy (4,u) < eXp(—5U(1 - %)) (3.7)

In order to prove such a bound, we introduce a new random walk Y7 (¢) having generator
L* defined as the r.h.s. of (2.3), where z; is replaced by § if ¢ € Dy. By a simple coupling
argument one gets

¥N,Dy (Za U) < QO*IKV,DN (Za U)

where the function ¢} 5, = is the analogous of pn p, (7, u) for the random walk Y3 (). At
this point, it is enough to observe that ¢} ,, = equals the r.h.s. of (3.7).

Now fix € > 0. Then, due to (3.3) and (3.7),

<Py(en(tu) =€)+ Y ]P’N(YN(tw):j)% > /0 oN.Dy (i)t — 8)ds

Jjiz;<e i€EDyN (38)

t 1Dy |
< Pn(zn(tw) >€) + e/ eiéu(l*TN)du.
0
By the law of large numbers,
lim efM(lJDNl) < 00, a.s..
NTOO 0

The proposition now follows from the fact that e is arbitrary and from (3.5).

To deal with case (ii), one proceeds in essentially the same way, decomposing the path of
the process at its returns to the point z;, and summing over the number of these returns.
One finds easily that the case when the process does not leave x; for the entire period ¢
dominates, leading to the assertion of the proposition. We leave the details to the reader.

0
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4. THE REM-LIKE TRAP MODEL ON A POISSON POINT PROCESS.

In this section we consider a slightly different formulation of the REM like trap model
that betrays more directly its connection to the REM dynamics (see [3, 4]) and that
offers a somewhat more natural insight in the role of time scales in the analysis of ageing
systems. Let us consider a Poisson point process P =, dg, on R with intensity measure
ae *FdE, where 0 < o < 1. Note that such processes arise naturally as the extremal
process of sequences of random variables. Trivially, a.s. the support of P is an infinite
set of points, whose maximum is almost surely bounded from above. Thus we can label
the points in the support of P in decreasing order: E; > Es > .... Then, the energy
landscape E is defined as E = (F1, Es,...). We want to define a random process on the
support of this point process that jumps “uniformly” from any point to any other point in
the support. To do this, we need to introduce a cut—off. Here we fix an energy threshold
FE and set
NE = max{i : E, 2 E}

Note that N is a Poisson random variable with expectation e~*¥. Moreover, the proba-
bility that Ng > 1 can be made as small as desired when FE is chosen small enough, as we
assume in what follows.

Let Gg = (Sg,€g) be the graph with
SE:{]-)2;)NE}) SE:{{Z;]} Z#]ESE}
Since here we want to investigate the effect of time rescaling, we introduce a time unit
70 = ef0. Then, the continuous-time random walk Yz(t) is the random walk on Gg
having uniform initial distribution and such that, after arriving at site ¢ € £g, it waits an
exponential time with mean NIZ £ 1eEi/To and then jumps with uniform probability to a
different site of Sg. In particular, the Markov generator Lg for the above defined random
walk is given by Ly in (2.3) with N := Ng and z; := 10e~ ¥ (since for E < 0, % ~1
N

Mg 1
YEg(t) depends on 7j, our notation does not refer to such a dependence. In what follows
we denote by Pg the probability measure on the paths space determined by Yg(-), and by
Eg the corresponding expectation.

when referring to waiting time we disregard the coefficient as in section 2). Although

Note that the physical waiting time (the absolute one) for the system at state 7 is given by
T; := eP while in the above dynamics the waiting time is 7; := T;/79, thus in agreement
with the choice to consider 7y as our new time unit. In what follows we consider, when
taking the thermodynamic limit E¥ | —oo, three different kinds of time rescaling: 7y fixed,
70 := eP (that is Ey = E) and 79 | 0 after E | —oo.

As in section 2 we are interested in the asymptotic behaviour of time-time correlation
functions. In particular, let us introduce here the correlation function

Mgt tw) :=Pr(Ye(s) = Ye(tw), Vs € [tw, tw +t]).

We will prove that when 7y is fixed the system exhibits fast relaxation, thus excluding
ageing behaviour (see Proposition 4.2). At the other extreme, the scaling 7y = ef cor-
responds to the implicit choice made in the standard Bouchaud model considered in the
previous sections. In fact with this choice the system can be thought of as a grand cenoni-
cal version of the original REM-like trap model and all the results of the previous sections

carry over. Finally, we consider the third scaling: g | 0 after £ | —oo. In Proposition 4.6

14



we show that when performing such limits the correlation function Iz (¢, ¢,,) converges to
f(0) where 8 = t/t,, and f(0) denotes the r.h.s. of identity (2.29), that is the limiting
behaviour of the correlation function I1g(t,,,) is trivial. At this point a simple consider-
ation is fundamental. If we assume that the physical instruments in the laboratory have
sensibility up to the time unit 7y, then it is natural to disregard jumps into states with
physical waiting time T; = e® much smaller than 75. Therefore, a time-time correlation
function much more interesting than I1g(¢,t,,) is the following one, where § > 0 is fixed

T8 (4 ) = P (zp(u) > 6 Vu € (bt + 1 : zp(u) #zpu’)).

where zg(t) := z whenever Yg(t) = k. In Section 5 we prove that Hg)(t,tw) exhibits

ageing behaviour: Hg)(ﬁtw,tw) converges to the above f(0) after taking the (ordered)
limits £ | —oo, 79 | 0 and t,, 1 oco.

Finally, in this section we discuss the asymptotic spectral behaviour for the above time
rescalings. We will show that ageing appears whenever the limiting spectral density has a
singularity of order O(z®~1) at 0.

Let us recall some properties of the Ppp ), d,, with intensity measure a7, Qparldg
on (0,00) which will be frequently used below. Given M > 0 the truncated Ppp
> o;<m Oz; can be realized as follows. Let njs be a Poisson variable with expectation

(M)a = fOM aty “z®* ldr and let X;, i € N, be i.i.d. random variables on [0, M] with

70

probability distribution p(X)dX = aM—X*"1dX. Then
nar
> Ga~ Y bx,, (4.1)
;<M i=1

in the sense that the above point processes have the same distribution. In particular, by
taking M = moe F, we get

ng
> b~ Y bx,, (4.2)
i<Ng i=1

where n7, is a Poisson variable with expectation e *F and X;,i € N, are i.i.d. random
variables on [0, oe ] with probability distribution p(X)dX = e*ar, *X*"1dX.

Notation It is convenient to introduce the random walks zg(t), 7(t) defined as

zg(t) :=zg, 7TE(t) =Tk if Yg(t) =k.

We denote by g the positive oriented loop having support
supp(ye) = {z +i: z € [-1,0e B} U{~1+4bi: |b| <1} U{roe T4+ 1+bi: |b| <1}.
Moreover, we call v, the infinite open path, oriented from oo+ to oo — 4, having support

supp(Yoo) = {w i : > -1} U{—1+bi : [b| < 1}

Finally, for given F, 0 = )\EE) < )\éE) << )\5\2 , are the Ny distinct eigenvalues of the
infinitesimal generator Lg (see Proposition 2.1).
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4.1. 1y fixed.

Let us first observe that Y ;> 7; < oo for almost all E. In fact, since the Ppp Y, §,, has
intensity measure a7t~ dr on (0, 00),

oo 1
E({i: > 1}|) = / ardr (1Fdr < oo, E( Z Ti) = / ary'T *dT < 00.
1 0

<l

Whenever Y :°, 7; < 00, it is simple to derive the asymptotic spectral behaviour of the
system from Proposition 2.1 and to show its fast relaxation, thus implying the absence of
ageing:

Proposition 4.1. For almost all E,

Ng oo
lim 6/\(_;,;) = Z O, vaguely in M([0, 0)), (4.3)
1 7 j=1

El—oc £
]:

where M([0,00)) denotes the space of locally bounded measure on [0,00) and

{0=X<X<M<..}={reC: Z .
— Lk

Proof. In what follows we assume that ) >°; 7; < 0o, which is true a.s.. Then the function
Poo(A) == D 5oy ?’\7)‘ is well defined on C\ {z; : ¢ > 1} and has non negative zeros
0=A1 < X <...,such that ;1 < A\; < x; for any ¢ > 1. At this point it is enough to
show that

lim )\ —)\,-, Vi=1,2,....
El—o

The assertion is trivial for ¢ = 1. Suppose that Ng > ¢ > 1 and set ¥g()) := Zk | zk — -

Due to Proposition 2.1, )\EE) is the unique zero of ¥g(\) in the interval (z;_1,z;). In

particular,
Ai

Ye(\) = Ye(N) —Ye(\”) = (B Pr(A)dA

Since 1z(A) > ﬁ for all A € (zi_1,z;), we get

(zi
A = N < (@i — 2im1)? [ (M))
and therefore the assertion follows by observing that the identity ¢oo(A;) = 0 implies

o0
1
[vE(N)| < Z p—— 10 as E | —oo.
k=Ng-+1

O

Proposition 4.2. For almost all E,

T

lim lim P t) = = Vi=12,... 4.4
lim lim Pp(zp(t) =2;) = = 5, W=L2 (4.4)
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thus implying
lim lim Ig(6ty,tw) =0 VO >0, (4.5)

twToo El—o0
> e Tt
lim lim Ig(t,ty) = 2y Tie ™

vt > 0. 4.6
twtoo El—oo Z;’il T; (4.6)

Proof. In what follows we assume that E satisfies ) ; 7; < co. By setting h(z) = I;—; in
(2.13) we get the integral representation

oM Ng
Palen() =) = o [ s (O oy) i (47)
YE J k

27 — Tk — A

By applying the residue theorem (see the arguments used in order to derive (2.19)), it is

simple to compute the Laplace transform Fg(w = [y Pg(zs(t) = z;)e “dt for R(w) >0
. Neo o1 1
Fp(w) = (w(w+xj)zw+z ) (4.8)
k=1 k

We note that, almost surely, there exists ¢ > 0 such that

FE(w)‘ < ci

jw|’

This follows easily from the bound below where w = a + ib and N is any positive integer:

VE, Ywe A:={re? : 0<r < oo, |0] < %n} (4.9)

Let us now introduce the path 4 consisting of the parabolic arcs {—t £ t? : ¢t > 1} and
the circular arc of radius v/2 around the origin connecting (in anti-clockwise way) —1 — i
to —1+4. The orientation of 7 is such that —14 ¢ comes before —1+¢. Then, by means of
(4.9), the inverse formula of Laplace transform and the dominated convergence theorem,
we get

Eljinoo]PE(xE(t) =r;) = /?et“’ls’(w)dw, F(w):= (w(w + z])ki ! )71.

ﬂw—l—:ck

Note that F(w) is the limit of Fg(w) as E | oo, in particular it satisfies (4.9). Moreover,
F(w) is the Laplace transform of lim}ﬁ,oo Pg(zg(t) = x;) and trivially

lwF(w) ‘ < clw|, Viw <1: we A

Z,

At this point (4.4) follows from Proposition A.1. Moreover, from (4.4) and the identity

_Ng-1

N zjt
E Pe(ze(te) =j)e ~E

it is simple to infer (4.5) and (4.6). O
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4.2. 15 = €e~.

Note that by choosing 79 = ef, the random variables X1, X»,... introduced in (4.2) are
i.i.d. with distribution p(X)dX = aX* 'dX on [0,1]. Therefore, due to (4.2), we can
think of Yg(t) as the grand canonical version of the Bouchaud’s REM-like trap model. In
particular, it exhibits the same asymptotic spectral density and the same ageing behaviour:

Proposition 4.3. For almost all E,

lim — Z 6A(E) = ar® ldz weakly in M([0, 1]).

Proof. By approximating continuous functions on [0, 1] with step functions having rational
values and jumps at rational points, it is enough to prove that, given 0 <a < b < 1,

1
EIEEnOON—E‘ {5:1<j<Ng, A\? €[a,b]}[ =b"—a” as.

We set
Ap=[{j: 1<j<Np, zj€la,b}[ = [{j : 2 Le ™ €le Pa,e Pb]}.

Then, due to Proposition 2.1, we only need to prove that

To this aim observe that Ng and Ag are Poisson variables with expectation (or equivalently
variance) respectively equals to e~*F and e *F(b* — a®). Given a positive integer n we
set E(n) = —% Inn, i.e. e ®E(M = p2 Tt is simple to derive from Chebyshev inequality
and Borel-Cantelli lemma that

Ngm
lim E(n)

. Agm)
im B~ 1, lim

_ o
im B ~ b* —a a.s.

By a simple argument based on monotonicity, one can extend the first limit to
limg| o efv% = 1 a.s. In order to extend the second limit to general E we observe
that, whenever E(n + 1) < E < E(n),

Agp — AE(n)‘ < H] s e Ficlae P ge PO U e B peBntl) }‘

Since the r.h.s. is a Poisson variable with expectation of order O(n), by means of Cheby-
shev inequality and Borel-Cantelli lemma we obtain

Ag — Agm
lim sup w =0 a.s.
1o B(nt1)<E<E(n) € P
thus allowing to prove that limg| efl% =b* —a” a.s. O

Proposition 4.4. For almost all E,

1
li Iz (¢, t = —
A st te) = 5=

d\, Yty (4.10)

1e—2t
—ta A e a—1
/e v fU Az’ dz
v

A fol l_poa-ldy

A—z
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In particular, for almost all E, given 6 > 0

lim Tim Tp(0ty, ty) = S0 / u (1 — u)* Ldu. (4.11)
twToo El—o0 ™ 13;9

Proof. Our starting point is (4.2) and the following inequality, valid for any bounded
function f with E(f(X;)) = 0:

k62
4| floo

In particular, by conditioning on n}, (see (4.2) we get

P([AVi_; f(X;)[ > §) < 2exp(-

)s V6 >0k=1,2,....

P(|AVE f(X;)| > 6) < 2exp{—e*aE(1 - e—ﬁ)} (4.12)

It is simple to derive (4.10) from the above estimate, Borel-Cantelli lemma and the integral
representation

Ng e %it
1 e~ tw AV]‘:1£._>\

Mgt ) = _,/ 132X gy (4.13)
2mi Jy, A Avj:El zjl_)\

where v is a positive oriented closed path around [0, 1] (see 2.12). Note that the r.h.s. of
(4.10) corresponds to the function II(¢,t,) introduced in Proposition 2.5. Therefore, the
conclusion of the proof follows from Propositions 2.5 and 2.8. O

4.3. 79| 0 after £ | —oc.

In this scaling regime, we show that the vague limit of the suitably rescaled spectral
density is given by the measure az® 'dz on [0,00) and we recover the ageing property of
the correlation function as before. What is more, however, is that due to the fact that
we are effectively already at ’infinite times’ on the microscopic scale, we get a pure ageing
function even before taking ¢ and ¢, to infinity:

Proposition 4.5. For almost all E,

Ng
lim lim &) § = az® ld ly in M([0,0)).
r;i% E¢1£nooT0 ; /\](_E) ax z vaguely in M(]0, 00))

Proposition 4.6. For almost all energy landscape E, given positive t,t,,,

o
1 Sted 16305
lim gt ty) = —/ ¢ S L RN (4.14)
and
lim lim Tp(t, t,) = SoU) /1 (] —g)lg here 6 — (4.15)
m 1im = — u —Uu U wnere = —. .
1040 El—00 BL% tw s _0_ tw

1+6

Remark The integral in (4.14) exists due to Lemma 4.8.

Due to Proposition 2.1, Proposition 4.5 follows if one is able to prove that 7§ Z;V:EI Oa;
converges vaguely to az® 'dz on [0,00) when taking the (ordered) limits E | —oo, g | 0.
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This is the content of Lemma 4.7 below concerning the self-average property of Poisson
point processes with finite intensity measure (compare it with Lemma 4.16 in [4]). Finally,
the proof of Proposition 4.6 is based on (and given after) the technical Lemmata 4.7, 4.8.

Lemma 4.7. Let M > 0 and let f be a bounded continuous function on [0, M]. Then
there exists § > 0 such that for almost all energy landscape E

M
‘7'61 Z f(fEi)—/ f(z)ox® tde SCTg, V7 >0 (4.16)
0

z, <M

for a suitable positive constant c.

Proof. Let X1, X5,... and nps be as in (4.1). Due to (4.1) and since Var(nys) = E(ny) =
(M/70)%,

{j : &j < M}| ‘ 2
- = - 1| > ) < M)“
(M2 ) < (o
In particular, given v,s > 0 with 2s — ya < —1, by means of Borel-Cantelli lemma we
obtain that for almost all energy landscape E there exists ¢ > 0 such that

‘l{j : z; < M}

—l‘gck_s, Vk=1,2,... where 19 := k™.
(M/m)° '

Due to the above estimate,

T Z fzi) = M*Avg, <y f(zi)| < ck™*| flloos Vke€1,2,... where p:=Fk 7

(4.17)
where Avg, <y denotes the average over the set {z; < M}. As done for (4.12), if0 < p < 1,

]P’(‘szist(mi) —M“ /()Mf(x)axaldz‘ > p)

S 2eXp{_(¥0)a(1 _ e_CpZ)} S 2e_clp2,r0—a

In particular, by Borel-Cantelli lemma, for almost all F,

M
Avg<mf(z;) — Ma/ f(x)a:cafldx‘ <ck?, Vk=1,2,... where 1o ;== k™"
0

(4.18)
if s is chosen small enough. At this point (4.17) and (4.18) imply the assertion of the
lemma, if 79 = k=7 for some k = 1,2,... The general case 7y > 0 follows easily from the
uniform continuity of f. 0

Lemma 4.8. For almost all energy landscapes E, there are positive constants 73, c1,co
having the following properties. If o < 75, N> |{j : j <1}| and A € yoo (0r A =a +ib
with [b| <1 and a > z; + 1 for all j < N) then

N

T{f‘zx 1_

Jj=1

)\‘ > e1 |72, (4.19)
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Moreover, if 1o < 75 and M > 1, then

> 1
& EoY < e A* n(1 + |N)), if A € Yoo (4.20)
7j=1
Z < coM* ' InM,  if A€ e or R(\) =M +1 (4.21)
< .7

where szgM means ijl:w,—SM'

Proof. 1t is convenient to introduce the non rescaled Ppp ), dy,, with y; := e i, having
intensity measure ay® 'dy on (0,00). Moreover, we fix here 3 > 2 and 0 <y < 3/2 — 1
and we define

={i : 0" <yi < (n+ 1)/},

for n positive integer. Then a simple application of Borel-Cantelli lemma implies that,
for almost all energy landscapes FE,

Nn

——1‘< . Wn=1,2,... 4.22
‘(n+1)ﬁ—nﬁ =cen n (4.22)

In fact, by Chebyshev inequality and since N,, is a Poisson variable with Var(N,) =
E(Ny) = (n+ 1) —n”,
P(INu/E(Ny) — 1| > n™7) < en®'H1P

Moreover, by Borel-Cantelli lemma and a simple argument based on monotonicity, it is
simple to prove that there exists § > 0 such that, for almost all E,

<
‘M 1‘ <kud  Vu>l (4.23)

for a suitable positive constant .

In what follows we write A = a + ¢b. Then

N
‘Zx]—x ( m) O e +,,2) (4.24)

J=1

In order to prove (4.19) we assume (4.22) and (4.23) to be valid and let 0 < 79 < 7§ <1
where 7§ is such that u* —ku™ > 0 for all w > 1/7§. In particular, {z; : z; < 1} # 0.
By (4.24),if N > |{j : z; < 1}| and A € 7o

N b _ .
A3 T8 Y ay<t e 2 C ATy e < 1Y i b 2 4
0 41 .

= 1%—)‘ 76 Yay<1 e = c76 e - @ <1} if [b] < 3

At this point, (4.19) for A € 7 follows from (4.23). The case A = a + @b, with |o| < 1 and
a>x;+ 1 for all § < N, can be treated similarly.

It is simple to derive (4.20) and (4.21) from estimates (4.25), ..., (4.31) below valid for
almost all E:
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ifa <100, 1 < M and A = a + ib € Y then

=1
S — < 4.25
TO.Z|1,‘]'—)\|_C’ ( )
J=1
(o7 1 a—
5 Z — <eMel (4.26)
|2; |
z;>M

1
o a—1
Ty Za m S ca (427)
5%
1 _
ny Z %5 —a] <ca®* 'lna (4.28)
$<z;j<a—1
1 _ . .
7'61 Z mgcaa 1 lf)\:a+lb6’yoo (429)
a—1<A<a+1
1 _
DY 7 —a| < ca® 'Ing, (4.30)
a+1<z;<2a
a 1 —2a g ra—1 :
75 EM r]‘ s <eca **M* ", if M >2a (4.31)

Let A € 7 with a < 100. Then, due to (4.23),

DY

, 1
<ergl{j :y; < —O}I <

= i = Al T
while, due to (4.22),
1 1
Y oy Sem . st Y e )
ij]. J ﬁﬂjZ]. J n> LTO_Q/BJ

thus proving (4.25). The proof of (4.26) follows the same arguments of (4.32). (4.27) is
a simple consequence of (4.23). The Lh.s. of (4.29) can be bounded by 7§'|{j : a —1 <
10y; < a + 1}| and (4.22) allows to conclude the proof of (4.29).

The proof of (4.28), (4.30) and (4.31) can be easily derived from the following estimate.
Let 1< A< Bwith B<a—1or A>a+ 1, then (4.22) implies

1 n=ny nﬁ—l ) v .'L'ﬁfl
a —<eTy - <& A
' A<zz-<B |zi —a| ~ ’ n:ZTL |ronBle — 1| ~ 0 /u la — TozP/|
0ya/8 _
=cal™® /U( ) y’ 1_dy
u(2)ese [1—yble|
where n_ = L(A/TO)a/ﬁJ -1, ny = L(B/To)a/ﬁJ +1l,u=n_—1,v=n, + 1 (we assume

To small enough in order to exclude the singular point in the above intervals of sum and
integral). O
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Proof of Proposition 4.6. In order to avoid confusion we underline here the dependence
on 79 = ef by writing IIg g, (t,tw) in place of IIg(t,t,). Our starting point is given by
the integral representation (2.12):

g g, (t, tw) = dA. (4.33)

2mi

Ng e mj‘
1 / —twA TU Z] 1 :1:]
YE A Z] 1 :l:]

Let us choose E satisfying Lemma 4.8. Then, due to the exponential decaying factor e
and to Lemma 4.8, if ) < 7§ and E is small enough such that oe=® > 1, the path integral
vE in (4.33) can be substituted with v.. At this point, (4.14) follows from Lemma 4.8
and the Dominated Convergence Theorem.

—twA

In order to prove (4.15), given a positive integer M, we set

—m]-t

o] e
1 / et TG D m <M oox
INY)

guM,Ey(t, tw) 1= — dA

AT Zx,-gM z; A
where I'y; is the positive oriented path having support

supp(I'ns) ={A € C : |]A —z| =1 for some z € [0, M]}.

2m

Then, by applying Lemma 4.8, whenever 7y < 7
Elfm g 5 (ttw) — 9,5 (t tw)| < cM* HIn M, VM € N,.

Let us assume that E satisfies (4.16) for all M € Ny and for f(z) = ’;:z; or f(z) = 15,
for all A in a countable dense set of ['y; and for all rational positive ¢. Then, by a chaining
argument, we get

lim gM,Eo(t;tw) = gM(t,tw), Vt,tw >0
Egl—o0
where

dX, (4.34)

gM(t7 tw) =

1 / e twA fOM %ma_ld:c
2mi Tu A fUM ﬁx"“ldm
thus implying

limsup‘ lim Ig g, (¢, tw) — gM(t,tw)‘ < M*'lnM, VM € N;.
Egl—oo El—o0

At this point let us observe (see the proof of Lemma 4.8) that there exist ¢,c’ > 0 such
that for all M € N, :

/ p’f m|dm§c', VA € Tar U oo (4.35)
Ay

ds‘>c|)\| VAeTl'm U

0© o 1 1
/M |)‘_x|d:c§c'M°‘_ In M, YA € Yoo

From the above estimates we infer

g (t,tw) — gt tw)| < cM* tin M (4.36)
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where

1 e*twA OOO eA_Tmtxafldx
tty) = — d dX 4.37
9(t, tw) 271'1'1, A e lde (4.37)

Using the analytic properties of the integrand in the r.h.s. of (4.37), one can show that
9(t,ty) = g(t/tw,1). In order to compute g(#,1), we observe that for a suitable positive
constant c |g(0s,s) — gar(0s,8)] < cM® 1In M, for any s > 1 (in fact, the constant c in
(4.36) can be chosen uniformly if ¢,, > 1). By the results of Subsection 2.1 (compare (4.34)
with II(¢, ¢, ) in Proposition 2.5) we get

lim gpr(0s,s) = r.h.s. of (4.15)

sToo

thus concluding the proof. O

5. OTHER CORRELATION FUNCTION WHEN 73y | 0 AFTER E | —00

As stated in Proposition 4.6, the standard time-time correlation function Ilg(¢,t,) has
trivial behaviour after taking the limits £ | —oo, 79 | 0. For physical reasons, it is more
natural to disregard jumps into states with physical waiting time T; = e” much smaller
than 7y, since we assume that the physical instruments in the laboratory have sensibility
up to the time unit 79. Therefore, let us fix § > 0 and consider here the more natural
time—time correlation function

T8 (4 tw) = P (zp(u) > 6 V€ (tu,tw +1: zp(u) #zpu’)).
The main result of this section if the following one:

Proposition 5.1. For almost all E

lim sup lim lim ‘H tw) —HE(t, ty ‘ =0. (5.1)
twToo ¢0 Eol—oo El—o0

In particular, for almost all E,

: 1
lim lim lim 0% )(9tw,tw) = M/ u %1 —u)* du, Vo >0. (5.2)

tw TOO EO\L_OO ~Ir_ T L

1+6

Note that the correlation function Hg)(t, ty) is the analogous of H%) (t,ty) of Proposition
3.1. As for the proof of Proposition 3.1, a useful observation is that, given ¢ > 0,

limlim lim PP t =0 5.3
B i Fr(es() > 0) =0 as 9)

We can prove a stronger result concerning to the phenomenon that with high probability
the system visits deeper and deeper traps. In fact, note that by (2.13)

IPE( ()>5) d)\.

z >4
1 / e tA Z] 1 :l:]
27i e A Z] | q:]

Then, by reasoning as in the proof of Proposition 4.8 and using the results of Section 2.2,
one can easily show the analogous of Proposition 2.9:
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Proposition 5.2. For almost all energy landscapes E,

o - B(d)
limlim lim ' °Pg(zg(t) >4) = 5.4
ttoo 1940 El—o0 E( E( ) ) c(a) ( )
where )
oo a— d oo
BO) = T )= [Ty
fo Tz 0 0

Proof of Proposition 5.1. Trivially, (5.2) follows from (5.1) and Proposition 4.6. Since
Ey | —oo after E | —oo, we assume that ¥ < FEy and define

DE',E'O = {7, B S E, S EO}

This set corresponds to the small traps where we allow the particle to jump in. By (5.3)

and the same arguments used in the proof of Proposition 3.1 for ¢ = 1 (with exclusion of

the last step since here limpg|_ % =1 a.s.) it is simple to derive the assertion of the

proposition from Lemma 5.3. O

Lemma 5.3. For almost all energy landscapes E there exist positive constants p,c (inde-
pendent of E, Ey) satisfying the following property. Whenever |{i : E; > Ey}| >0,

1
lim sup > e m(it) <ce P, VE>0, (5.5)

El—oo E iEDE,EO

where Dg g, :={i : E < E; < Ey}, for E < Ey, and the function ¢g g, is defined as
$E,E(i,u) == Pg(Yg(u) € Dg g, Yu € [0,5] | YE(0) = i), (5.6)

Proof. Let us assume that E < Ey, |{i : E; > Ep}| > 0 and, without loss of generality,
6=1.
We fix £ > 0 such that e % < % and define

Wl,E = {Z : E<E; < E—FE}, NI,E' = |W1’E|

WQ,E = {7, : E+/ <E; < E()}, N2’E’ = |W2’E|
Note that Dg g, = Wi g U W g and that Ng, N1 g, No g are Poisson variables having

expectations e ¥, e B (1 — e?¢) and e *F~ _ ¢=2Fo_ In particular, for almost all E,
N, N. N. 1
lim B _ 1, p1:= lim “LE g e %, p := lim 2B gt o
El—oco e~ E El-co Ng El-co Ng 2

(5.7)

We observe that n := N — N1y g — Na g is a positive integer independent of E and

z; > efoE-tif; e Wi g, while z; > 1 if i € Wy g. Let us introduce a new random walk
Yz (t) on Sg whose infinitesimal generator L}, is defined as Lg with z; replaced by z}
defined as

ZL; ifi Q DE',E'O,
:L‘;k = Ag = elo—E—-t if; € WI,E;
1 ifi € WZ,E

We denote by P}, the probability on path space associated to Y7(¢) when having initial
uniform distribution and we set

©z,m, (1 u) .= Pp(Ye(u) € Di,g, Yu € [0, 5] [Y5(0) = i) (5.8)
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By a simple coupling argument, one gets ¢g, g, (i, u) < ¢% g (4, u). In particular

— Y o) <®:=—— Y @hgi,t), VicDgpg,Vt>0. (5.9)

lEDE o lEDE o

At this point it remains to estimate ®. In order to simplify notation we write simply
D, N, Ny, No, A, by dropping the index E. Moreover, we consider the following realization
of the dynamics of Yp: after arriving at a site ¢, the system waits an exponential time of
parameter z; and the it jumps to a point of Sg with uniform probability. In particular,
jumps can be degenerate, i.e. initial and final sites can coincide.

We claim that
=0+ Py + Dy

where
D 5P (a [CORTEOL T T e A e
q)l'_klz::mz::o< k1 >(N) S T k!
(5.10)
xR (Nivkit (Novks ey [0, —aut™ gy (E—u)2 !
¢y = Z Z( Ky >(W) ! (W) 2A 1/ due k—lle (¢ )W (5.11)
k1=0ko=1 0
N
B3 == - exp{~ At(l——)}+— p{- (1——)} (5.12)

The above identities can be derived from the probabilistic interpretation of kq, ko as
k; = |{ jumps performed before time ¢ having starting point in W;}|

and from the following simple identities:

n—1
]P’(Tl +To+---+T, €[z,2+ dz)) = e*”/ﬁ"ﬁdz
n—1)!
n
P(Ti+ T+ +Tpa<zand Ty + To+ -+ Tp+ Tpy1 > 2) :e_“ﬁ"z—'
n!
where z > 0 and 17,75, ... are independent exponential variables with parameter .
Finally, we only need to prove that, for suitable positive constant ¢,p > 0,
lim sup ®; < ce P, Vi=1,2,3. (5.13)

El—o
We give the proof in the case i = 1, the case i = 2 is completely similar while the case
i = 3 follows directly from (5.7).
We fix v:a <y <1, set kg := A7 and write
By = o0 4 o7k

where <I>1§k° is the contribution to ®; of addenda in the r.h.s. of (5.10) with 1 < k1 < kg
and ko > 0.
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If k1 > ko then
()" = (52 (- ) = () - )
N N N — N, - N N
thus implying that

N—N. 147 147
<1>1>’“0§<I>1( N2,N2)(1—N) 5(1_N) 10 as E | —oo.

where @1(NYVN2,N2) is defined as in the r.h.s. of (5.10) with Nj replaced by N — Nj.

Note that is does not exceed 1 since it corresponds to the probability of a certain event.

Let us now consider the term <I)1Sk°. To this aim, since (klljlkz) < kit
ko oo
2AN7 \k, ,2tNo\ & 1(0,t)
@Sko < 1 2 ?
1 - Z Z ( N ) ( N ) (kl — 1)'k2'

k1=1ko=0

where
w2
I(wy,ws) ::/ e (tru)—Auyki-lg,,

wy
Fix m > 0 with 2ps + 2mp; < 1 (recall that 2py < 1). Then trivially
mt 1 t(l_m) mt.\ k,
100, —) < — A)(— 5.14

From such a bound, one gets immediately

> 2AN1 k1 2t Ny | k 1 mt
Z 2 N )" (k1—1)!k2!l(0’7)SCGXP{_t(l_Z_QWm_2W
k1=1ka=0
(5.15)
The last expression, when E | —o00, converges to cexp(—t(l —2pim — 2p2)), in agreement
with (5.13).

In order to estimate the integral I (mT -t f e e~ (A=Duyk1=1 e observe that

d e—ZS _ e—zw e—ZS 1 e—zw

/ e ““u"du = (—1)"— < (s+-)"+

ln
— v >0
dzn z z z z (w+z)’ 5,2 =5

thus implying the bound

—t) < ce TATF (mt +1)F T e (A - 1)Lt + H)’“l*1
The contribution of ce *A=*1(mt + 1)k~ to <I)1>k° can be treated by means of estimates
similar to the ones leading to (5.15).

In order to conclude we only need to show that

AY oo

_ At 2AtN1\ k-1 ,2tNo\ £, 1 B

e k§1k§1( ~ ) ( ~ ) (kl_l)!kQ!w, as E | —o0. (5.16)
1— 2=
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To this aim observe that
N. A7
rhs. of (5.16) <e 42N 3 (
k1=0

< c(t)e AAT(4tA)Y = c(t) exp{—At +vnA+ A7 ln(2tA)}

2AtN; ) k1
N

Since 0 < v < 1, we get (5.16), thus concluding the proof. O

APPENDIX A. LAPLACE TRANSFORM

Proposition A.1. Let G(t) be a bounded measurable function on (0,00) and let us con-
sider the Laplace transform

Glw) = / Gt)edt
0
well defined if R(w) > 0. Let us define

; 3
A:={re? : 0<r<oo, 0] < Z’/T} (A.1)

Suppose that G can be analytically continued to C\ (—o00,0] and that there are positive
constants vy, 3,a,c and B € R such that

|G(w)] < elw|™ Yw e A, |w| > 1, (A.2)
WPG(w) — B| <clw|* VYwe A, |w| <1. (A.3)
Then,
B oo
lim s' PG(s) = — where ¢(8 ::/ P=le=vdy.
lim () 7o) (8) v y
Proof. If we set H(s) := C(%) sP~1 with s > 0, then the Laplace transform H(w) is well

defined for R(w) > 0, H(w) = Bw™ and trivially H(w) can be analytically continued to
C\ (—o0,0].

By the inverse formula for Laplace transform (see Chapter 4, Section 4 in [16]), we have

z+iK R
G(s) = lim —/ e*“G(w)dw, Vs >0, x > 0, (A.4)
z—iK
where w runs over the vertical path connecting z — ¢K and z + iK. The above formula
remains true if substituting G with H. Therefore,
1-p
s .

B c+iK .
1-38 . — 1 sw .
s PG(s) @ Klgnoo ol /ziK e (Gw) — Hw))dw, Vs>0,z>0, (A.5)

Let p := min(v, 8)/2. Fix a positive number z and, given K and s, define the following
paths (see figure below).

vk is the vertical path from x—iK to z+iK. v 1 is the segment from —s 14slito —1+4i.
Y2,+ is an arc from —1+4i to —K*”+iK given by the parametrisation z(t) = —t+4t'/? with
t € [1, KP]. 73 4 is the horizontal segment from —K” +iK to z +iK. For i = 1,2,3 we
define the path ~; _ by considering the reflection of v; . w.r.t. the real axis and inverting

the orientation. Let g be the positive-oriented circular arc of radius s ! from —s 1 —s71;

28



to —s~! 4 s~ 14 crossing the axis of positive real numbers.
Note that the above paths depend on s and/or K.

~K* +iK z+iK
3.+
V2, +
TK
Mt TN
—KP —iK r—1K

FIGURE 1. The integration paths

Because of analyticity, the integral over yx of es“’é(w) is equal to the sum of the integrals

OVET Y3, ¥2,—5 V1,—> Y05 V1, 4> V2,+, V3,+- Lhe same is valid with G replaced with H.
By (A.2) we have that
/ e’ G(w)||dw| < ce**KP™ |0 as K 1 oo (A.6)
V3,+
and, for a suitable rational function f,

s [ e G) el < st [ Gt it o)1 )
V2,4 1 . (A.7)
< csl_ﬁ/ e s f(t)dt < ds'Pe"3 |0, as s T oo.
1

Similarly, it can be proved that the corresponding integrals with G substituted with H go
to 0 by taking the limits K 1 oo, s 1 oc.
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Let us now estimate s'—# fsl_l e~*'t*~Adt by dividing the path of integration in two paths.
Choosing 0 < 4§ < 1,

s—1+6
slﬁ/ e P < cslfﬁ‘s(fH‘s)(Ha*ﬁ) — sf(Ha*ﬁ)‘ <ds 4+ c'sfaJ”s(Ha*ﬁ),
s—1

1
slﬁ/ e 12 Pdt < slfﬁefssg(s)
g—1+6

for a suitable rational function g(s). In particular, choosing § small enough, the above
upper bounds imply

1
lim sl_ﬁ/ e "2 Pdt = 0.
sToo s—1
This result, together with (A.3), implies
1 N N
lim s' P — / e (G(w) — H(w))dw = 0.
T Sy, 2

sToo

Trivially, by (A.3),
Sl_ﬁ‘/ e (G(w) — fI(w))dw‘ <s %10 as s 1 00.
Y0

The Proposition now follows from the estimates above and (A.5). O

APPENDIX B. PERTURBATION THEORY

In this appendix we comment on a paper by Melin and Butaud [25] where the eigenvalues
and eigenfunctions of the generator of our model were computed using perturbation theory.
As pointed out earlier, these results are at variance with our exact results, and it may be
worthwhile to point out the flaw in their arguments. Melin and Butaud write the generator
L defined in (2.3) as L =T + %T(I) where

L1 0 SN 0 —T1 —I1 N —I1
0 ro ... 0 —xI9 —I9 N —I9

T:=\|. . . I I QS . . (B.1)
0 0 ... IN —rN —IN ... —IN

The factor 1/N in front of the second term encourages them to consider this term as a small
perturbation. Both 7" and T() are symmetric operators on L?(u) where (i) := z;*. We
denote < -,- > the scalar product in L?() and assume z1,...,zy to be distinct positive
numbers.

Given an operator A : L?(u) — L?(,u) we write ||A]| for its operator norm. Because of
symmetry, || T|| and ||[T()| are given by the maximum of |\|, with X eigenvalue. Trivially,
T has eigenvalues z1,...,zy and T'(e;) = x;e; where ey,..., ey is the canonical basis of
RN | while T(!) has eigenvalues 0, —(z1 + z2 + - -- + zn).

Given z € C we can define the holomorphic function T'(z) = T+2zT("). A natural condition
in order to apply perturbation theory to T'(z) (see [23], chapter II) is

d
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where
1+ T2+ -+ 2N

2

d= ;25 lzi —zjl,  ap:= min IT® — af| =

In this case, we can conclude that T'(z) = T + 2T(") has N eigenvalues \;(2),...,A\n(z)
with Ag(2) = 522 A2 AW < an(2/d)"! and

1 < T(l)ek,ek >
Ay = ——
< eg,er >

1 2
I <TWey, e; >
k ]Z;ék Yo < e, e ><ej,ej >

Similar series exist for the perturbed eigenvectors.

However, the crucial condition (B.2) is hardly satisfied when z = %, since it reads

Av;-vzlccj < gélﬂxz —zj (B.3)

while a.s. the Lh.s. of (B.3) has non zero limit and the r.h.s. converges to 0 like 1/N.

The fact that the conditions for the application of perturbation theory are violated explains
why its predictions are incorrect. This discrepancy happens not to be too obvious as far
as the eigenvalues are concerned (which are caught between the diagonal elements of the
generator and thus are somewhat similar to them, but the shape of the eigenfunctions is
sharply different).

Namely, by of Proposition 2.1, when j # 1 and z;_1,z; are very near each other, the
eigenvector 1) related to the eigenvalue Aj i xj—1 < Aj < x; has two main peaks of
opposite sign given by 1/)](]3 , and ¢J(-j ), this is very different from the predictions of [25] (see
their Figure 4).

APPENDIX C. COMPLEX INTEGRAL REPRESENTATION

Let L be a Markov generator on the state space S := {1,2,..., N}, reversible w.r.t. a
positive measure . We can think of L as a linear operator on RY, symmetric w.r.t. to
the scalar product (-,-), where

N

(a,b), = 3 ui)aib

=1

In what follows we endow RY with the scalar product (-,-), (and not with the standard
Euclidean scalar product). Since L is symmetric, we can orthogonally decompose RY as
RY =W, @We®---®W,, such that . = > 1 A Pw, , where Py, denotes the orthogonal
projection on Wy and A\; # Aj if i # j. Given A € C\ {Aq, ..., A\n}, we write R(\) for the
resolvent

|
RO\ :=A-L) ' =>" }\_}\kPWk.
k=1
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Then, the Residue Theorem implies the integral representation

1
el=_— [ e R(\)dX (C.1)
27 Jy
where v is a positive oriented loop containing in its interior A1, Ag, ..., Ap-

Given a probability measure v on S, we denote by P, the probability measure on the path
space associated to the continuous—time random walk Y'(¢) on S with generator ]L and
initial distribution v. Fix j € S and let v € RY be such that v; = §; ;. We wrlte & for

the Radon derivate, i.e. g—:(i) = ZEZ; Then the symmetry of L. w.r.t. the scalar product

(+,-)u implies

N
P (Y(t)=j) = Zy(k)(eftﬂl)k,j = u(@,e*tmv) = ,u(etJLZ_:,v)
(C.2)

N
_ . ot v(k)
—M(J)g( )j,ku(k)'

—

k
By plugging (C.1) in the r.h.s. of (C.2) we get the integral representation

N
P(Y(t)=j)= %/e_t)‘{z u(j)Rjk()\)%}d)\. (C.3)
Y k=1

In particular, given h function on &

N N 1
Ee, ( :ZZ%

j=1k=1

(

thus allowing to get an integral representation for II(¢,t,) := P, ( no jump in [ty, t, +t]).
If we set (i) = 7; = z; * and v(i) = N~! (uniform initial probability), then

BV =0) = 5 [ ¢ My 5 ZRa(}ax (C4)
Y k J

~—'

t

v(k) / e P Rix(N)dA
7

Let us consider now the special case given by the Bouchaud’s REM-like trap model where
L := Ly is defined in (2.3) and v is the uniform distribution on S. Note the all the integral
formulas obtained in Section 2 can be derived from the following one:

1 1
P,(Y(t) = j :—,/et’\idk C.5
(r0=9)= 5 [ 5o (©5)
where ¢(A) = Zk L o~ In what follows we prove that (C.5) corresponds to (C.4).

We know already that det(Al — L) has distinct zeros given by the N distinct zeros of ¢()).
In particular, it must be

det(AH—L):%qS(A)H( - :—)\Z T A== (C.6)

J k j:i#k
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Given a matrix A we write [A]; ; for the determinant of the matrix obtain from A by
erasing the i—th row and the j— column. Since

(AL — Lk,
det(Al — L)
and due to (C.6), in order to derive (C.5) from (C.4) we only have to show that

Z(—l)”"’“%[)\ﬂ ~ L= [[ 3~ (C.7)

k J s:sF£J

Rji(X) = (—1)7+++1

In order to prove the above identity observe that [Al -] ; is a polynomial of degree N —1
if k = j, otherwise it has degree N — 2. The Lh.s. of (C.7) is a monomic polynomial of
degree N — 1. At this point we only have to verify that =z, s # j, are zeros of the lL.h.s.
of (C.7). This is trivial if one observes that the Lh.s. of (C.7) is the determinant of the
matrix obtain from Al — Ll by replacing the j-column with the vector w with w; = 7= for

J
i1 =1,2,...,N. It is simple to verify that, if A = z, for some s # j, the j—th row and the
s—th row in such a matrix are proportional, thus implying the thesis.
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