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Abstract

We study the scaling limit for a catalytic branching particle system whose particles
performs random walks on Z and can branch at 0 only. Varying the initial (finite)
number of particles we get for this system different limiting distributions. To be more
specific, suppose that initially there are n? particles and consider the scaled process
Z7*(8) = Zni(y/ne) where Z; is the measure-valued process representing the original

particle system. We prove that Z* converges to 0 when 8 < % and to a nondegenerate
discrete distribution when 8 = %. In addition, if % < B < % then nf(w*%)Zt"
converges to a random limit while if 8 > % then n=?ZP converges to a deterministic

limit. Note that according to Kaj and Sagitov [13] nféZt" converges to a random
limit if 8 = 3.

1 Introduction

Since the early work of Dawson and Fleischmann, catalytic superprocesses have been stud-
ied by many authors. We refer the reader to the survey papers of Dawson and Fleischmann
[6] and Klenke [14] for an account of this development. Inspired by the continuous case,
many authors have studied the catalytic super random walks (CSRW) (cf. Greven et al
[11] and the references therein).

In [7], Dawson and Fleischmann introduced and studied the catalytic super-Brownian
motion (CSBM) with a single point catalyst. This process is also studied by Fleischmann
and Le Gall [10] from another point of view. Kaj and Sagitov [13] considered the discrete
counterpart of this process, i.e. the CSRW with a single point catalyst. They proved that
if the system starts with y/n number of particles at 0 (each with mass n~'/2) then under
Brownian scaling, the CSRW converges to a CSBM with a single point catalyst. The aim
of this article is to study various other limiting behavior of the CSRW under Brownian
scaling.

Now we introduce the CSRW model in more details. Consider a system of particles
performing independent standard continuous-time random walks on Z. Namely, each
particle stays at a site other than 0 for an exponential time and then moves with probability
% to the left and with probability % to the right. At its new position, it waits for another
exponential time and moves on. The behavior of a particle at state 0 is a bit different. It
stays here for an exponential time and than either moves to the left or to the right or dies
or splits into two particles. The particle selects each of these four options with probability
%. All the exponential waiting times at each site for each particles are of parameter
1 and are independent of each other. In this case the offspring generating function is
f(s) = %(1 + 52). The newborn particles appear at point 0 and move and branch in the

same fashion as their parent.

The model described is a particular case of the branching random walk in catalytic
medium. The longterm behavior of such processes with various types of catalytic me-
dia were studied by many authors (cf. Greven et al [11] and Wakolbinger [19] and the
references therein). The longtime limit of the moments of the population size process for



the current model of single point catalyst was considered by Albeverio and Bogachev [1],
Albeverio et al [2], Bogachev and Yarovaya [4],[5]. Topchii and Vatutin [15], [16] and
Topchii et al [17] studied the limiting behavior for the population size of the process as
well as the subpopulation size at the catalyst position. In this paper, we consider the
longterm behavior of this system as evolution of measures.

Let Z;(A) be the number of particles in the region A C R at time ¢, where R is the one-
point compactification of R. The aim of this article is to study the long term behavior of
Zy. Namely, we consider the scaling limit of Z;. We scale the time by a factor n and the
space by 4/n so that the scaled spatial motions of particles are approximated by Brownian
motions and define the random measures Z}*(e) = Z,;(y/ne). Let Mp(R) be the space of
finite Borel measures on R. Then Z™ is an M p(R)-valued process.

Denote the Dirac measure at 0 by dp. Let 7 be the branching time for a random walk

particle started at 0. Let G be the distribution of 7. Let 79,71, 72, -+, be i.i.d. with

common exponential distribution of parameter 1. Let 7y be the first time for a standard

continuous-time random walk starting at 1 or —1 to hit 0. Let 01, no, - - -, be independent

copies of 9. Here 11, 79, - --, are the exponential times a particle spent at 0 while 7y, 72,
-, are the time intervals which this particle spent away from 0. Then

T=T0+m+7+n+ - +ny+ TN,

where N is a random variable independent of 7;,7;, ¢ = 1,2,..., and having geometric
distribution with parameter % :

1
BN = k) = g, k=0,1,....

The following fact (cf. [17]) will be used frequently in this article: As ¢ — oo,

2
1—Go(t):=P(n >1t) = 2d—\/z+o<%> (1.1)

where d > 0 is a constant known explicitly.
First, we investigate how many initial individuals are needed for Z* to have a nontrivial

limit without extra scaling on the mass of particles. Throughout the paper we denote by
oL, -, gbk nonnegative Lipschitz continuous functions on R and for a measure p € Mg (R)

write ( = [ ¢dp.

The Brownian meander plays an important role in the description of the limits in this
paper. Let W; be a standard Brownian motion defined on [0, 1] and let sy be the first time
W reaches 0. Then

W= (1—s0) Y2|W(so+t(1—s0))], 0<t<1

is called the Brownian meander (cf. Iglehart [12] and Durrett et al [8] for its properties)
Let {Wt, 0 <t <1} be the process Wthh equals {W,", 0 < t < 1} with probablhty s and
{-W,", 0 <t <1} with probability 1.

Theorem 1.1 i) If 8 < % and Z% = nPdy, then ZP converges in probability to 0 as
n — oo, for any fized t > 0.

i) If Z§ = n'/45y, then for any 0 < t; < --- <t < 00, (Z, -, Zf) converges in law on
Mp(R)* as n — oo to a tuple of measures (Z2,+ -+, Z?) whose law is determined by

[eXp< zk: (72, ¢° )] = exp (—\/ig(tl,---,tk))
i=1



with

k i—1
g2 (b, th) = Yt PR fexp | = S G (VW) | (1- e #VET) | (12)
=1 j=1

Let us give a heuristic commentary to this result. Setting ¢/ = Aj,J =1,...,k with
Aj > 0 we get

H(\,. ..., ) = [exp( Z)\Zoo )

= exp|— 2d2Zt_1/2 - ¥i= 1)‘( 1 —e )

This shows that the limiting measures Z{°(-), ¢ = 1,...,k are discrete. Moreover, one
can deduce from the results of [18] that in the limit only offsprings of a Poisson number
of the initial particles survive. Besides, associating with the branching random walk we
consider here a Bellman-Harris branching process (see, for instance, [15], [16] or [17]) and
referring to a statement from [20] one can conclude that if the population of our branching
random walk generated by a individual at time zero is nonempty at a large moment T
then the surviving members of this population had a chance to visit the origin only at
moments o(T") (see Lemma 2.5 below for analogous arguments). Since the total size of the
population in the limit is finite with probability 1, this means that all the individuals in
the limiting population described, say, by the measure Z;° were “born” at moment £ =0
and then never returned to the origin. Hence in the limit individuals surviving up to a
(scaled) moment t; perform a motion according to a Brownian meander.

Put now A\; =0, 7 < k and let Ay — 0. Then

]._H(O,...,O,Ak):]_—exp (_m> ~d /2t];1/2\/)\_k.

Hence (see, for instance, [9]) the distribution of Z{°(R) belongs to the normal domain of
attraction of a one-sided stable law with index 1/2. Clearly, the same conclusion is valid
for any Z°(R), i = 1,...,k. In particular, this means that if we have a collection of i.i.d.
random variables of Z° T( ), ”=1,2,..., N, distributed like Z{°(R) then, as N — oo

— Z (1.3)

where Z is a random variable obeying a one-sided stable law with index 1/2. It is natural
to guess that if N grows with n not too fast then something like (1.3) has to be true
for the prelimiting variables in point ii) of Theorem 1.1 as well. Our results confirm this
hypothesis.

Indeed, take 8 > %. Then n? initial particles can be divided into N = nPi groups of
independent copies of branching particle systems each of which with starting measure

Zy = n'/4§,. The following two theorems say that if 3 is not too large, then N =221
has, as n — oo, a random limit. In particular, the (scaled) total size of the population
converges to a random variable having a stable law with index 1/2 (compare with [18]).
If, however, 3 is large, then n?Z" has a deterministic limit in complete agreement with
the law of large numbers.



Theorem 1.2 Suppose that }1 < B < % If Z = nPdy and a = 23 — %, then for any
0<ty <+ <t <oo, (n~*Zf, -+ ,n"*Z) converges in law on Mp(R)* as n — oo to
a tuple of measures (Z;7,- -+, Z°) whose law is determined by

oo ) ol
=1

with

95 (b, -+t dQZt {W \/_Wl)]

Note that Kaj and Sagitov [13] proved that if Z7 = nl/2§,, then n=1/2Z" converges as
n — oo to a catalytic super Brownian motion with single point catalyst at 0. The following
theorem says that when the number of initial points is large enough a law of large number
behavior holds for our model.

Theorem 1.3 If ZI' = nP§y with 8 > %, then for any nonnegative Lipschitz continuous
function ¢ on R

Py, ¢) —

du, n — 00,

l/t E[¢(v/t — ul1)]
™ Jo u(t — u)

in probability.

These three theorems will be proved in Sections 2, 3, 4 respectively. We shall use ¢ for a
constant which can vary from place to place.

2 Limit theorem for Z without mass scaling

In this section we investigate how many initial particles are needed in order to get a
nontrivial limit without scaling the mass of the particles. It turns out that when the
initial number of points is of order n'/#, a nontrivial limit is obtained. When the initial
number of points is of order n? with 8 < %, the random measure Z* tends to 0. However,
first we establish a number of simple results related to properties of the random variables
7;,m; and the process &, 0 <t < 0o, the standard continuous time random walk on Z.

Set G1(t) := P(m1 + nmo < t), denote
=) 5 G
k=1

where G3* is the kth convolution of G with itself. Clearly, G(t) is a distribution function
and we let ¢ be a random variable such that Ga(t) = P(¢ < t).

Lemma 2.1 Ast — o

d2
1— Gl(t) = ]P’(Tl +mno > t) ~ ]P’(’I]() > t) ~—.

2Vt



Proof. It is easy to see by (1.1) that for any € > 0 there exists ¢ty = #o(e) such that for
all t >t

(1 —¢)d?
—_— P >t)<P(ri+n>t
ovi S (mo >1t) < P(ry+mo > t)
= P(rn+mn >t 1 <3lnt)+P(ry +n9 >t; 71 > 3Int)
< ]P’( 0>t—3lnt)—HP’(7'1>3lnt)
< (L +e)d® 1
T 2yt —3Int
Since € > 0 is arbitrary, the lemma follows. |
Lemma 2.2 Ast—
d2
1 —Ga(t) =P({ >t) ~ 2P(no > t) = 2(1 — Go(t)) ~ NG

Proof. This statement is a particular case of Theorem 3, Section 4, Chapter IV in [3] if
one takes v = 1/2 in the mentioned theorem. ||

Let G(t) := P(r < t) be the lifelength distribution of particles of the process.

Corollary 2.3 Ast — \
1—G(t):%+o<%>. (2.1)
Proof. It is not difficult to check that
P(r>t)=P(ro+¢ >t) (2.2)

and, to complete the proof one should repeat the arguments used in the proof of Lemma
2.1. |

The following two lemmas relate the lifelength of a particle started from point 0 at moment
t = 0 with its position & at moment ¢ > 0.

Lemma 2.4 Ast — o
P(T > t, & = 0) = o(P(7 > t)).

Proof. Clearly,

]P(T>t,§t:0) = Z]P(T>t,§t:0,N:k)
k=0

=1
= P(ry > 1) +22— (Sp <t,Sp+ 1 >t)
k=1



where Sy :=0, Sy =10 +m +711+n2+ ... +m, k=1,2,---. Therefore,

P(r >t &=0) = P(Tg>t)+kZIWA]P’(Tk>t—u)d]P’(Sk§u)

— - 1 ! —(t—u *
= e t+ZW/O e~ W dGT* (u)
k=1

¢
= et—i—l/ e W dGy(u).
2 Jo

Splitting the integral into two parts and recalling Lemma 2.2 we get

t t—3Int t
/ ef(tfu)ng(u) = / e(tu)ng(u)—i-/ e*(tfu)dGZ(u)
0 0 t—3Int
1

< 5 +Galt) - Ga(t - 3Int) = o1 — Ga(t)).

This estimate, clearly, implies the statement of the lemma. |

Let 0; :=t —sup{0 < u < t: & = 0} denote the time passed after the last visit of a
particle to zero. The next lemma shows that given {7 > t} the last visit occurred “very
long time” ago.

Lemma 2.5 Ast — o

P(T > t, 0; <t —Vt) = o(P(T > 1)), t — oco. (2.3)

Proof. In view of the previous lemma it is enough to demonstrate that
P(r >t,0 < 6; <t—t) =o(P(r >t)), t = oco.

Similar to Lemma 2.4

P(r>t0<0,<t—+vt) = > P(r>t0<0, <t—+t N=k)

k=0

= Z%P(Sk_l—i-m_l<t,Sk>t,9t<t—\/i)
k=1

= Z—k/ P(Sk 1+ 7k 1 €Edu,mp >t —u)
2 v

Vi
DI (1= Go(t — u))d(Gs » GI* " (w))
k=2

- % /\/z(l — Go(t —u))e"du
_|_% /\/z(l — Go(t —u))d(G3 * Ga(u))



Clearly,

/t (1 —Go(t —u))e “du < e Vi= o(P(Tr > t)), t = oo.
Vit

Recalling (2.2) that G(t) = G3 * G2(t) we have for any € € (0,1) :

/t (1 — Go(t — u))d(Gs3 * Ga(u))
NG
(1—e)t t
= / (1 — Golt — u))dG(v) +/ (1 — Go(t — u))dG(v)
Vit (1—e)t
< (1 —=Gy(te))(1 — G(V1)) + G(t) — G(t(1 —¢)).
By (1.1) and (2.1) we see that

(1= Go(te))(1 — G(V1)) + G(t) — G(t(1 —¢))

lim sup lim sup = 0.
e—+0  t—oo 1—G(t)
Combining this fact with the preceding estimates we easily get (2.3). ||

We have finished the preliminary estimates and are ready now to pass to the proofs of our
first main statement, Theorem 1.1.

For 0 <t <--- <t} < 00, define
- k .
Qf(d)) = EJO [1 — exp <_ Z <Zti7 ¢Z>>] .
i=1
Then

Es

k
1 —exp (— Z <Ztn,¢l>>] = Qni(n)

=1

where ¢ (x) = ¢*(n~/2z). To prove Theorem 1.1, we first prove

lim n'/4Qui(fn) = Vtg(ts, -, tr). (2.4)

n—oo

Consider the case k = 1 and take a nonnegative Lipschitz continuous test function ¢ with
¢ (0) > 0. Let

Qt(¢) = IE<50 (1 - exp{— <Zt’ ¢>}) .

The following renewal equation plays a pivotal role in the proofs of all results in this
article:

Qi (¢) =Eo [1 —exp{—o (&)} 7> (1 -G (t))+/0 (1=f(1-Q:iu(0))dG (u). (25)

Set
b (2) = & (nV/20)
and
h (¢n7 nt) = o [1 - exp{—gbn (gnt)} | T > ’I’Lt] :
It is easy to check that

Eg, [1 —exp {—(Z, 9)}] = @ni(én)



satisfies the following scaled renewal equation
nt
Qui(9) = h Gt} 1 =G 0) + [ (1= (1= Qu (@) dC ). (26)

Lemma 2.6 Fort > 0, we have

h (én,nt) — Eo [1 ~exp {—q§ (\/zvvl) }] . n— oo (2.7)

Proof. Note that there is a Poisson random variable M = M (n,t) of parameter 6,; such
that

Ent — Ent—,, = S,
where Sj is the partial sum of an i.i.d. sequence of random variables of mean 0. The
condition

min £, >0
nt—0Ont<u<nt

is equivalent to that the hitting time of Sy for the set (—oo,0] is greater than M. By a
proposition in Iglehart [12], we have

bnt = Cnt—bns _, yyrt

as n — 0o.
v M
Under the condition nt — 0,; < +/nt, we have
M M2&6
L LN t, a.s.

n On: n

Therefore, the conditional probability measure

P(me-‘nt—Omgvnt, min §u>0>

\/ﬁ nt—0n: <u<nt

converges to the probability measure induced by \/EWI"' as n — oo. Evidently,
ént—em
N4

_ gnt - gnt—em gnt—Qnt
¢n(§nt)—¢< \/ﬁ + \/ﬁ ),

nt — Opy < \/nt> — 0, n— oo,

in probability. As

we have
o [1 — exp{—dn (§nt) }
+ i (o ()

Similar arguments are valid for the case maxy,; g,,<u<nt &u < 0 (with replacement of W1+
by —W,"). Since each of these possibilities happens with probability 1/2, we see that

0, > nt — \/E, min &y > 0]

nt—0nt<u<nt

o [1 — exp{—dn ({nt) }

Ous 2 it~V T>m] my [ e {0 (via)}].
(2.7) then follows from Lemma 2.5. ||

Our next lemma states that the main contribution of Qn:—u(¢n) to the integral in (2.6)
comes from those with small u.



Lemma 2.7 Let a(nt,n) be defined by the equality

_ 2 i a (nta TL)
n5/8¢
s[5 Quea (@) a6 ) (28)
0
and for fired 0 <ty <T < oo let
a(n) := sup |a(nt,n)]|.
to<t<T
Then
nl;rgo a(n) = 0.

Proof. Recalling relation (2.7) we get

h(gnynt) (1-G (nt) = (E[1—exp{—¢(viWn)}] +o(1))¢%+o<%)

— gQ(t)i +o <%> ,m— 00. (2.9)

By Theorem 1 of [17], we have

c

Qnt (¢n) < P (Zn: > 0) < i

(2.10)

Hence
c

1- f (1 - Qnt—u (¢n)) S Qnt—u (¢n) S m

Consequently, the integral term in (2.6) (taken over the range [n5/8¢,nt]) does not exceed

nt dG nt dG nt—n7/8¢ dG
/ (u) :/ () +/ EELCIC TS
ns/8t (nt —u +1)Y nt—n/8t (nt —u + 1)/ nd/8¢ (nt —u+1)Y/

Since the integrand is bounded by 1, the first term on the right hand side of (2.11) is
bounded by

d2 d2 1
1-@G (nt - n7/8t) —(1-G(nt)) = (nt o n7/8t)1/2 B (nt)L/2 o ((nt)1/2>

1
= 0(1—/2>, as n — oQ.
n

On the other hand, the integrand for the second term on the right hand side of (2.11) is
bounded by (n7/8t)~'/* and hence, the respective term is estimated from above by

1 nt—n7/8¢ 1 5/8
n1/3241/4 /nmt dG (u) n1/3241/4 (1 -G (n t))

_ 1 c 1
T pT/321/4 n5/16t1/2+0(n5/16)

_ 1
= 0 W .

IA




Plugging back to (2.11) we find that the integral term in (2.6) over the range [n%/3t,nt] is
0(n~'2) as n — co. The conclusion of the lemma then follows from (2.9) and (2.6). N

Now we define a function e (nt,n) by the equality

Qnt (Pn) =9 (1) nl—\//z (1 + %) : (2.12)

Our next lemma says that Qpni—yu(dn) in (2.8) is close to Qpni(¢y,) for 0 < u < n®/8¢.

Lemma 2.8 Let

et (n):= sup e(nt,n) ande (n):= inf e(nt,n).

to<t<T 1o <t<T

Then €t (n) and e~ (n) are finite. Further, there exist functions r*(n,u) such that for
firted 0 <tg <T < 00

limsup sup sup  (|r (n,u)| + | (n,u)|) =0 (2.13)
n—00 to<t<T 0<u<n5/8t

and there ezists a constant ny(to,T) such that for all n > ng(ty, T) and to <t <T
R (nt,u;n) < Qui—u (¢n) < R (nt,u;n)

where

o V2 )\,
R (nt,u;n) := g (¢) (”m( )>+ . (2.14)

nl/4 nt+1 nl/2

Proof. Since ¢ (0) > 0 and ¢ is continuous it follows that

toisrng(t) > 0. (2.15)
By ( 2.12) and (2.10) we have
e(nt,n) _ Qni(dn) 1/4
m(nt+1)  v2g(t) (2.16)
< P(Zn > 0) ﬂ; (t)n1/4 <e

It follows from (2.15) and (2.16) that €' (n) < oo for each n > 0. Since Qnt(¢n) > 0,
we have e(nt,n) > —In(1 + nt). Thus, e~ (n) > —oo for each n > 0. Recall that g(¢) is
defined in (1.2) such that

tH4g(t) = d\/IE (1 — e—¢(\/iW1)).

Note that the density of the Brownian meander W," (cf. [12]) at ¢ = 1 is given by

72
p(z) = zexp —5 ) x> 0.

It is easy to show that for t) < s <t < T,

Ee—¢(ViIWi") _ Ee—‘f’(\/;WlJr)‘ < c(to,T)|t — 3]

10



where ¢(ty,T) is a finite constant. Then

11/4g(8) — M/ 4g(s)| <

By (2.15) and (2.17) we have for 0 < u < n%/8¢,

_u\ M4 _
1 (1) — (nt u) g (nt u)
n n

11 1
(nt—u)1/4  (nt)t/t e ni/?

ln(nt—1u+1) B ln(m}+ 1) (1+0<#>> '

Clearly,

and

By (2.12) we have

Qui-u($n) = ¢ (”tn_ “) ﬁ (1 * lf((:f — ﬂ)) |

Using (2.18)-(2.20) in (2.21) we get

Que-aln) =00 55 (14 S m)) o (1)),

Hence the conclusions of the lemma follows easily.

Remarks 2.9 Since Qui(dn) < c(nt)~Y*, we have

e(nt,n)

1 7
+ In(nt +1) —

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

and, therefore, e*(n) < clnn. This, in view of (2.14) implies R*(nt,u;n) — 0, n — oo.

Clearly,

00205 (14 550) < Qulon

%) e (n
< g() 1/ (1 T (nt(—i-)l)) .

e (n)
li — <0
e In(nt 1) =

Our aim is to show that

and B
lim infsi(n) >
n—oo In(nt 4 1)

Since the function

11

(2.22)

(2.23)

(2.24)



is monotone increasing in z € (—oo, 1), we have by Lemmas 2.7 and 2.8, for all sufficiently
large n:

2 L 7a(nt,n) . — — R (tn,u;n U
B0 gt o [ g (- R )6
n5/8¢
< g%t)%%—%—i—/o (1—f(1—R"(tn,u;n))) dG (u).
Lemma 2.10

lim sup n'/4 Qs (fn) < V2g(2).

n— 00

Proof. Clearly, if limsup,_,,, " (n) < oo then (2.23) is valid and hence, Lemma 2.10
follows from (2.22). Thus, we assume that

limsupe™ (n) = oo.
n—oo

Let np =1 and nj+; = min{n > n; : et (n) > ' (n;)}. Under our assumption

lim 7 (n;) = oo.
J—00

Evidently, for each j = 1,2, 3, ... there exists ¢; € [ty,T] such that

1
e (tjnj,nj) > et (n;) — — (2.25)
j

It is easy to see that
5/8y .

n;' "t V2 et (n;) 5
it w: s = )2 - V) /84 .
/0 R7(njtj,u;n;)dG (u) = g(t;) 174 (1 + In (nyt, 1)> G (n] t])

L /0 S i (ng, w)dG (u) (2.26)

V2 et (n; 1
= g(tj)ﬁ(l—i_m)—i_o(F),

where we took into account (2.13), (2.14) and (2.1). By the same argument, we have

5/8,

l/nj t; (R+( - -))ZdG( )_ Z(t-) 1 . g+(n]-) 2 Y L
J

" 227)

Recalling (2.25) we get

Qnt; (¢n;) = 9(t)) —/24 (1 + M)

n; n(n;t; + 1)
2 + .
Z g(tj)% <1+%> _i_
n; In (n;t; + 1) n;



Therefore, by (2.8), (2.26) and (2.27), we have

V2 (1+ln6+("j) )_ c

t.
9 (t;) nl/4 (njtj + 1)

1 a(njtj,n;) V2 et (n) 1
< ¢%(t; 1700 770 tj) —— 1+ —L— 172
< g°(t) 172 + (njt;)1/2 +9(t;) n;/4 < + In (n;t; + 1) o nl/?

J J
1 et (n;) 2
2 J
e (1 2 )
( ‘7) TL;/Z In (’)’L]‘t]’ + 1)

After cancellations and evident transformations, Lemma 2.7 implies
2%t (n.s +(n. 2
2 () () —o(1), k- oo
In (njt; + 1) In (n;t; + 1)

inf g2 (t) > 0
oof g (t) > c>0,

nj

Since

we get
et (nj) =o(n(nit; +1)) =o(Inn;), j — oo.

For nj <n < nji1, we have e™(n) < e™(n;) and consequently,

et (n) _ et (ny)

Inn — Inn;
This implies
+
lim sup e (n) =0
n—»00 nn
and, in particular, (2.23) is valid. Hence the statement of the lemma follows. [ |
Note that (n)
e (n
0<1+—<e.
st In(nt + 1) =

Now similar to Lemma 2.10 we have

Lemma 2.11

linrg'géfnl/‘lQnt (pn) > \/ig(t).

From Lemmas 2.10 and 2.11 it follows that
Qnt (n) ~ V20 g (1). (2.28)

Thus, we have finished the proof of (2.4) for k£ = 1.

Next, we consider finite-dimensional distributions. For simplicity of notation we treat the
case k = 2 only. The general case is similar to that at the end of the next section where
the notation is relatively simpler, so we have treated the general k there.
Let

Qt17t2(¢1’ ¢2) = E50 [1 — €Xp (_ <Zt1a¢1> - <Zt2a ¢2>)] .

13



Then
Quu(dh,¢?) = 1-E [e—¢1(st1)—¢2(st2)1 {T>t2}}
“E[e @ f(1 - Qi (") <rein
—E[f(1 — Quy—rpy—r (9", ¢2))1{T§t1}]-
Hence,
Quty s (94, 82) = 1—F [e ) =i6dy )] (2.29)
—E [e ) (1= Quiy 7(82) L fnty <rnts) |
~2(£(1 = Quis—rntsr (8L, 82D Lr<un))
_ E[ (1 _ equ;(sntl)—ﬁ(zntz)) 1 {T>m2}]
4E Kl _ e—d’i(fm)) Lty <r Sntz}]
+E[e 460 (1= f(1 = Quiy—+(62))) Lnts <r<n |
‘HE[ (1= f(1 = Qnts—rnts—r(dm, 92))) 1{T§nt1}j|
_ E[e—¢;(6nt1) (1 _ e—¢2(§m2)) 1 {T>m2}]
+E [(1 - e*¢i(fnt1)) 1{T>m1}]
+E[€_¢}L(§"‘1) (1= f(1 = Qni—r(2))) ]‘{nt1<'r§nt2}:|
+]E[ (1= f(1 = Qnts—rynts—r (Hm, 92))) 1{T§nt1}:|
As for the case k = 1 we have by Lemma 2.5 and Iglehart [12], as n — oo

E[e—dhl,(ﬁntl) (1 _ e—¢i(§m2)) ‘T > nt?} N E[e—wmmm) (1 _ e—¢2(x/EW1)) }

and
E [1 _ e_¢}z(‘fnt1)

T> nt1] —E [1 — e“ﬁl(‘/ﬁwl)} .
Similar to the proof of Lemma 2.7, we get

]E[e_d’}t(g"‘l) (1 —f(1- Qntz—’r(d)i))) 1{nt1<'r§nt2}:| =0 (%) :

Therefore, (2.29) yields

1+0(1)
vn

By arguments similar to those leading from (2.8) to (2.28) one can show that

nty
Qntl,ntz( rln ¢12’L) = 92(t1at2) + /0 (1 - f (1 - Qnt1*u,nt2*u( rln ¢12’L))) dG('u,)
04 Qnty it (D1, 82) = V29 (11, 12), n — oo

Thus, we have finished the proof of the convergence of the Laplace transforms of the
measures in question. To pass to the convergence of the finite dimensional distributions
of these measures themselves, we need the following two lemmas.

14



Lemma 2.12 Suppose that E is a Polish space with compactification E. Suppose that
Ky, is a sequence of compact subsets of E increasing to E and Kn, C K;, ,{ for all m,
where K° denotes the interior of K. If p, — pu in P(E) and u(E) = 1, then p, — p in
P(E).

Proof. According to the conditions of the lemma for all € > 0, there exists m such that
p(Km) > 1 —e. In particular, u(Kp, ;) > 1 — € for the same m. Since

limsup pn(Kp, 1) > #(Kpyq) > 11—k,

n—oo

there exists N such that for any n > N,

pn(Kmi1) > pn(Kpp1) > 1€

Therefore, {un} is tight in P(E). Clearly, p is the only limit for this sequence. |

Lemma 2.13 E := Mp(R) satisfies the conditions of Lemma 2.12.

Proof. Clearly, Mp(R) ~ P(R) x R; under the map v (VLR),V(]R)). Therefore,
Mp(R) has a compactification P(R) x Ry. Let

K= {n€ Mp(B): u(R) < m}.

The conditions in Lemma 2.12 can be verified easily. [ |

Completion of the proof of Theorem 1.1. Recall that Q,,;(¢y) is given at the begin-
ning of this section. Note that

k
lim /45, [exp (— > <Zg,¢i>>] = lim (1 Qui(@a)"” (2.30)

4 n—o00
=1

= lim exp (n1/4 log (1 — an(én)))

= 1an: exp (—n1/1Qye(Gn) )
= exp (—v2g(ts, -, 1))

It is trivial that (Z;,---, Z} ) is tight in the compactification of Mp(R)®. Thus, there
exists a subsequence nm; — oo, j — oo, such that (Z,Z",---,Zgj) converges to a limit
(Z2,+ -+, Z£2)- By (2.30) the limit is unique and hence (Z7},---, Zp) — (Z5°,--+, Zg°) in
distribution on the compactification of Mg (R)*. Applying Lemmas 2.12 and 2.13, we see
that (Z,---, 2y ) — (Z2,+ -+, Z57) in distribution on Mp(R)®. This proves point ii) of
Theorem 1.1. Point i) of Theorem 1.1 then follows easily. ||

3 Random limit for rescaled processes

This section is devoted to the proof of Theorem 1.2. The major steps of the subsequent
proofs are similar to those of Section 2 and for this reason we only indicate those parts
of the proofs which are essentially different. First, we give an estimate for the population
size. Let

Ry(N) = Fy, [1 —exp {=A (Z, )}], A€ [0,00).

15



Lemma 3.1 There ezists a constant ¢ such that for all X € [0, 00)
Ri(\) <ceV1—e /1 -G(1).

Proof. By (2.5), we have

Ry = (1—e™M)(1—G®) + /0 (1= F(1 = Riu(N)dG(w)

Applying the renewal theorem gives

Ri(\)=1—e*— % /0 B2, (\)dU(w),

where

Ut ) = 3 @),
k=1

and G** is the k-multiple convolution of G with itself. It is known (see, for instance,
[3], Ch. IV, Section 3, Theorem 1) that R; () is monotone decreasing in ¢ for each fixed
A > 0. Hence

[ vt = 5 0y )
0

R < /201 —e_)‘)\/%(t).

By (2.1) and a statement in Section 14.3 of Feller [9],

UL () (1 — G(t)) — % £ oo.

and, therefore,

From this we get

R (M) < eiy/2(1— e 2)V/1—G()

as needed. [ |

Now we proceed to proving the convergence of the Laplace transform:
k

Jim 1744, exp <— > (nzp, ¢,>> = exp (—\/igo(tl, e ,tk)) : (3.1)

=1
We start with the case k = 1. Let @ be the same as in Section 2. Then

Es, (1 —exp {— (%2}, ) }) = Qui(n *¢n).
Lemma 3.2 Lety:= 5 + %. Let b(nt,n) be defined by equality
Qne (N™%¢n) = n g} (t) +b(nt,n)n~>’
nvt
+ /0 (1= 7 (1 Quiu (n %)) dC (). (3.2)

For fited 0 <ty < T < oo let

Then

16



Proof. Let h, G be as in the previous section. By (2.6) we have

Qut (n6n) = h (-, nt) (1 — G (nt)) + /0 = F (1= Qi (n%60))) G (u).

(3.3)
Similar to (2.7) we have by means of Lemma 2.5 and Iglehart [12])

n®h (n"“¢n,nt) - E [gb (\/ZVT/])] , N — 00. (3.4)
Observe that
Qs(n_a¢n) < “¢||oon_a-
Therefore, the integral term in (3.3) (taken over the range [nt(1 —€),nt]) does not exceed

c/j(1 )n*adG (u) = en (1 —-G(nt(l —¢€))) — (1 — G(nt))

(e~ o o)
- " \Umice  Vmt o OUm
YV p L LR

By Lemma 3.1, we have

Qu(n %dn) < cy/n=2(1 — G(u)). (3.5)

Then the integral term in (3.3) (taken over the range [n7¢,nt(1 — €)]) does not exceed

nt(l—e¢)
/ Qui—n(n=6,)dG() < cy/n=a(l — G(nte)(1 — G(n'2))

vt
= cn % (nte) VAi(nVt) /2
_ o (@/241/447/2)

— o(nf(a+1/2)).

The conclusion of the lemma then follows from (2.1) and (3.2). ||

Now we define a function ey (nt,n) by the equality

Que (17°80) =0 () Vo~ (14 LR (3:5)

The following lemma says that Qpn:—w(n™“¢y) in (3.3) is close to Qni(n™%¢y,) for 0 < u <
n7t.

Lemma 3.3 Let

eg (n) == tossligT go (nt,n) and g, (n) = toigr;éT go (nt,n).

Then e (n) and ey (n) are finite. Further, there exist functions ry (n,u) such that for all
t € [to, T), we have

limsup sup (|ry (n,u)| +|rg (n,u)|) =0 (3.7)

n—oo 0<ulnt

17



and there ezists a constant ny(to,T) such that for all n > ng(to,T)

Ry (nt,u,n) < Qnt—u (n_"‘gbn) < R(T(nt,u,n),

where i( ) i( )
RE(t —go(t)vV2n P (14 S0\ o 1, 4)

Proof. Since ¢ (0) > 0 and ¢ is continuous it follows that

inf t) >0
in<TgO( )>

to
and, in view of the inequality

€0 (nt; TL) < Qnt (n_a¢n)nﬁ
(i 1) = vag ()

we conclude that ej (n) < oo for each n > 0. Similarly, ¢, (n) > —oo for each n > 0.
Similar to (2.18), for 0 < u < n”¢ we have

f1/4 ) nt —u 1/4 nt —u ( 771) (3.8)
— =o(n . .
g0 n g0 n
Note that as n — oo
! L ( *ﬁ) (3.9)
= oln .
(nt —u)?  (nt)P
and )
= 1 ). 3.10
In(nt —u+1) ln(nt+1)( +o(n) (3:10)
The conclusions of the lemma then follow easily. |

With these preparations, the proof of the following lemma is similar to that of Lemma 2.3.
We omit the details.

Lemma 3.4

nlg{.lo ”ﬂQnt (n®¢n) = \/590 (t).

Now we consider the multidimensional case and introduce additional notations. For a fixed
tuple 0 =ty < t; < -+- < t} < tx41 = oo and Lipschitz continuous functions ¢!, - -, ¢* set

Qij,k (q_s) = Qtj!'"!tk (¢7’ e ’¢k)’ 1 S .7 S k’ a’nd ka,k+1 (q_s) = 0
For a fixed u € [0,¢;) we use the notation ng,k_u(qz) = Qtj,u’___,tk,u(qﬁj, -+, #*). Note
that

Qtr oty (@1, %)
k
ot o (i)
=1

(2

k+1 T k )
= 1- ZIE exp (— Z <Zti,¢l>> 1{tj_1<rstj}]
j=1 L i=1

k+1

- -1
= 1- ZE (exp <_ Z ¢Z(§tl)>> f (1 - ij’k—T((E)) ]-{tj_1<T§tj})] :
j=1 L i=1

18



Then

Qn{l,k ((EH)

= Qnth"',"tk (niaqsirln T ’niaqsfl
k+1

= 1—2E[<exp _D‘qul €nt;) )
i—1
k1 g
= ZIE <l—exp 70‘205; €nt;) )
i—1
Z+1 j-1
— ZE (1—exp 7QZ¢Z (ént;) ) Lint; <r<nt; }]
=2
(1-

f anj,k—T(n_aén)) 1{nt]-_1<T§nt]-}

) f anj,k—T(niaén)) 1{nt]-_1<T§nt]-}

k+1

—ZE (

+E [(1 - f (1 — Qni, o —r (1 n, ))) 1{Tgnt1}] :

(1 - Qnt-j,ka(n_"‘q—Sn))) 1{ntj—1<T§”tf}]

Similar to the proof of Lemma 3.2, we have as n — oo

k+1

ZE [(1 —f (1 — Qngj,k_T(n*aén))) 1{nt,-,1<fgnt,-}] = o(n~ %)
j=2

k1 it
Z [(1 — exp (—n_a Z ¢;(§ntz)> ) 1{nt]-_1<r§nt]-}]
= i=1

_ i1
= IE: (1 — exp (—n_a Z (ﬁ;‘L(&nti))) (1{T>nt]-_1} - ]-{T>nt]-})]
: L =1

j=2
ET i1 y
= Z E |exp (_n—a Z ¢;(§ntz)> (]- —e" ¢n(§ntj))1{r>ntj}] .
j=1 L =1
The same as before, we have

n® [exp ( Z ¢n ént ) 1-— C_nia(ﬂ;(gmj)) ‘ T > ’I’Lt]‘

Therefore,

and

—E [q&j(\/t_le)} :

anl,k (niaén) = n Zﬁgg (tl; e atk) + 0(n72ﬁ)

- /Oml (17 (1= Quypmuln™60)) ) dG(u),

Similar to the arguments leading from (3.3) to Lemma 3.4, we see that (3.1) holds. Then,
proceed as at the end of the last section, we finish the proof of Theorem 1.2.
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4 A law of large number type theorem

In this section, we show that when the initial system is rich enough, a law of large number
type theorem holds. Denote Q,:(nP¢,) by g.(t). By (2.6), we have

n(t) = h (n’ﬁgbn,nt) (1— G (nt)) + /Ot (qn(t —u) - %qn(t - u)2> dG™(u)

where G"(u) := G(nu). By renewal theorem (cf. Feller [9]), we then have

i) = [ B (n it =) (1= G nlt = w)) a0 (w) — 5 [ ault—wPdU7 ) (41

2
where -
Ut => (G")* and Ur =U"«G.
k=0

We know that
B (n P gn,nt) < lI@lloon .

This estimate combined with (4.1) gives
t
qn(t) < ||¢“oonﬁ/0 (1= G (n(t—u)) dU"(u) = [|g]on*.

Therefore,
c

t
| e —upavr ) < (alln 2070 <

We know from (2.1) that as n — oo

d2

Va1 = G(nt) =
and that (cf. [9]) Y
%U"(t) R %.

Hence, recalling (3.4) we get as n — o0

b n 2 [TE[@(v/T—ulr)]
nﬂ/o b (P n(t —w) (1 G (n(t — ) dU"(w) - ;/0 =l ava.

This proves Theorem 1.3.
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