Global solutions to a Penrose–Fife phase–field model under flux boundary conditions for the inverse temperature

Werner Horn Philippe Laurençot Jürgen Sprekels

December 5, 1995

1991 Mathematics Subject Classification. 35K50.

Keywords. Phase transitions, phase–field models, nonlinear parabolic systems.

Global Solutions to a Penrose{Fife Phase{Field

Model Under Flux Boundary Conditions

for the Inverse Temperature^1

by Werner Horn^2, Philippe Laurençot^3 and Jürgen Sprekels^4

Abstract. In this paper, we study an initial–boundary value problem for a system of phase– field equations arising from the Penrose–Fife approach to model the kinetics of phase transitions. In contrast to other recent works in this field, the correct form of the boundary condition for the temperature field is assumed which leads to additional difficulties in the mathematical treatment. It is demonstrated that global existence and, in the case of only one or two space dimensions, also uniqueness of strong solutions can be shown under essentially the same assumptions on the data as in the previous papers where a simplified boundary condition for the heat exchange with the surrounding medium has been used.

1 Introduction

In this paper, we study the initial–boundary value problem ϕ_t − Δϕ ∈ −F^′_1(ϕ) − F^′_2(ϕ) θ , in Q := Ω × (0, +∞) , (1.1) ( ρ(θ) ) t + F^′_2(ϕ) ϕ_t = −Δ ( 1 θ ) + g , in Q , (1.2) ∂ϕ ∂n = 0 , ∂ ∂n ( 1 θ ) = θ − θ_Γ , on Σ := Γ × (0, +∞) , (1.3)

ϕ(·, 0) = ϕ_0 , θ(·, 0) = θ_0 , in Ω , (1.4)

where Ω is an open bounded subset of IR^N , 1 ≤ N ≤ 3 , with smooth boundary Γ .

1This research has been partially supported by the Deutsche Forschungsgemeinschaft (DFG), SPP ”Anwendungsbezogene Optimierung und Steuerung”.

2Department of Mathematics, UCLA, 405 Hilgard Ave., Los Angeles, CA 90025, USA 3Laboratoire de Mathématiques, CNRS URA 741, Université de Franche–Comté, Route de Gray, F–25030 Besançon Cedex, France.

4Institut für Angewandte Analysis und Stochastik (IAAS), Mohrenstraße 39, D–10117 Berlin, Germany.

The system (1.1)–(1.4) constitutes a (generalized) Penrose–Fife model of phase–field type for diffusive phase transitions with non–conserved order parameter. In this connection, the fields ϕ and θ , respectively, represent the order parameter of the phase transition and the absolute temperature, respectively, and all physical constants are normalized to unity; moreover, the local free energy density F = F (ϕ, θ) is assumed in the form

F (ϕ, θ) = F_0(θ) + θ F_1(ϕ) + F_2(ϕ) , (1.5)

where the function ρ^′(θ) = − θ F^{′′}_0 (θ) (1.6)

represents the specific heat. A typical form for the nonlinearities F_1 under consideration is given by F^′_1(ϕ) = β(ϕ) − s^′(ϕ) , (1.7)

where s is smooth and where β denotes a maximal monotone graph. For example, if the order parameter ϕ represents a phase fraction having only values in the interval [0, 1] , the graph β denotes the subdifferential of the indicator function of [0, 1] . For details of the derivation of the field equations (1.1) , (1.2) we refer to [12].

Initial–boundary value problems for the field equations (1.1) , (1.2) have been studied in a number of recent papers. Indeed, the techniques developed in the fundamental papers [14] and [15] have been extended into various directions; in this connection, we refer to [2], [4–7], and [9–10]. The presently most general results have been established in [11]. However, up to the paper [15], where only the spatially one–dimensional case has been considered, all of these works share one serious physical drawback: they do not assume the correct boundary condition for the temperature field θ . Typically, the linear boundary condition − ∂θ ∂n = θ − θ_Γ , (1.8)

or a modification thereof, has been considered. However, in the Penrose–Fife model leading to the internal energy balance (1.2) the heat flux q is (up to a constant) given by

q = ∇ ( 1 θ ) . (1.9)

We should point out at this place that the classical Fourier law, in which the heat flux points in the direction of the negative temperature gradient, does not seem to be appropriate in this model; apparently, in this case there is no maximum principle hidden in the energy balance (1.2) which could guarantee that the (absolute !) temperature θ stays positive throughout the evolution of the phase transition. On the other hand, if the heat flux is given by (1.9), then the law describing the heat exchange with the surrounding medium should have the form assumed in (1.3).

It is the aim of this note to close the gap between mathematical model and physical interpretation: we are going to show that, except for the additional restriction that the source g must be non–negative, essentially the same conditions as in the abovementioned papers have to be assumed for the functions arising in the model equations in order to guarantee the global existence of strong solutions which, at least for space dimensions one and two, will also turn out to be unique.

2 Statement of the Main Results

Consider the system (1.1)–(1.4). We make the following general assumptions on the data of the system.

(A1) There exist a maximal monotone graph β on IR with domain D(β) satisfying Int(D(β)) ≠ ∅ and 0 ∈ β(0) , and a function s satisfying s(0) = 0 which is twice continuously differentiable on the closure J of D(β) , such that F^′_1 = β − s^′ . (2.1) We also assume that there exist c_1 ≥ 0 , c_2 ≥ 0 and a > 0 such that − c_1 + a ξ^2 ≤ − s(ξ) , s^{′′}(ξ) ≤ c_2 , ∀ ξ ∈ J . (2.2)

(A2) F_2 belongs to C^2(J) and satisfies 0 ≤ F^{′′}_2 (ξ) ≤ M_2, ∀ ξ ∈ J , (2.3) where M_2 ≤ 2 a , if F^′_2(0) = 0 , and M_2 < 2 a , otherwise.

(A3) ρ ∈ C^1([0, +∞)) is an increasing Lipschitz continuous function satisfying ρ(0) = 0 , and there exist constants c_3 > 0 and ξ_∞ ≥ 0 such that ρ^′(ξ) ≥ c_3 if ξ ≥ ξ_∞ . (2.4) We denote by L_ρ the Lipschitz constant for ρ , and by ρ^{−1} its inverse on [0, +∞) .

(A4) For each T ∈ [0, +∞) , the functions θ_Γ and (θ_Γ)_t belong to L^∞(Σ_T ) and it holds θ_Γ > 0 a.e. on Σ_T , 1 θ_Γ

∈ L^∞(Σ_T ) , (2.5) where Σ_T := Γ × (0, T ) .

(A5) For each T ∈ [0, +∞) , it holds g ∈ L^∞(Q_T ) and g_t ∈ L^∞(0, T, L^2(Ω)) , where Q_T := Ω × (0, T ) . We also assume that g is non–negative in Q .

(A6) ϕ_0 ∈ H^2(Ω) and θ_0 ∈ H^1(Ω) ∩ L^∞(Ω) , respectively, are such that ϕ_0 ∈ D(β) almost everywhere in Ω , β^∘(ϕ_0) ∈ L^2(Ω) and ∂ϕ_0 ∂n = 0 , a. e. on Γ , θ_0 > 0 a.e. in Ω , 1 θ_0

∈ L^∞(Ω) . (2.6)

Remark 1: If D(β) is bounded, then it suffices to postulate that s ∈ C^2(J) and that F_2 ∈ C^2(J) is convex in order to ensure that (2.2) and (2.3) are satisfied.

For some results, we will also need the additional assumption

(A3’) There exist constants c^′_3 > 0 , ν ≥ 2 and ξ_0 > 0 such that c^′_3 ξ^{ν−2} ≤ ρ^′(ξ) , 0 ≤ ξ ≤ ξ_0 . (2.7)

We now state the main results of this paper.

Theorem 1 Suppose that the assumptions (A1) to (A6) are satisfied, and suppose that in addition the following conditions hold:

(i) D(β) is open, and β ∈ C^2(D(β)) , s ∈ C^3(J) , F_2 ∈ C^4(J) , (ii) ρ ∈ C^3([0, +∞)) , and (A3’) is satisfied with ν = 2 , (iii) θ_Γ ∈ C^2(Γ × [0, +∞)) , g ∈ C^2(Ω̄ × [0, +∞)) , (iv) β(ϕ_0) ∈ L^∞(Ω) , θ_0 ∈ H^2(Ω) .

Then the system (1.1)–(1.4) has a unique global classical solution

(ϕ, θ) ∈ C(Ω̄ × [0, +∞), D(β) × (0, +∞)) ∩ C^{2,1}(Ω̄ × (0, +∞), IR^2).

The next result is a generalization of the result of Theorem 1.

Theorem 2 Suppose that the assumptions (A1) to (A6) are satisfied. Then there exists a pair (ϕ, θ) such that, for each T ∈ (0, +∞) ,

(i) ϕ ∈ W^{1,2}(0, T, H^1(Ω)) ∩ L^∞(0, T, H^2(Ω)) ( ⊂ C(Q_T ) ) , ϕ ∈ D(β) a.e. in Q_T , ϕ(·, 0) = ϕ_0 ,

(ii) θ ∈ L^∞(0, T, H^1(Ω)) ∩ L^∞(Q_T ) , θ > 0 a.e. in Q_T , 1 θ ∈ L^2(0, T, H^2(Ω)) , ρ(θ) ∈ H^1(Q_T ) , ρ(θ)(·, 0) = ρ(θ_0) , (iii) (ϕ, θ) satisfies (1.1)–(1.2) almost everywhere in Q_T , and ∂ϕ ∂n = 0, ∂ ∂n ( 1 θ ) = ρ^{−1}(γ_∂(ρ(θ))) − θ_Γ , a.e. on Σ_T .

(Here, γ_∂ denotes the trace operator on Γ ).

Moreover, if also (A3’) holds, then, for any T ∈ (0, +∞) , (1.3) is satisfied almost everywhere on Σ_T , 1 θ belongs to L^∞(Q_T ) , θ to L^2(0, T, H^2(Ω)) , and both θ and 1 θ belong to W^{1,2}(0, T, L^2(Ω)) .

We supplement Theorem 2 with a partial uniqueness result.

Proposition 3 Suppose that the assumptions (A1) to (A6) and (A3’) are satisfied. If

(i) D(β) is open, β ∈ C^1(D(β)) , ρ ∈ C^2((0, +∞)) ,

(ii) β(ϕ_0) ∈ L^∞(Ω) ,

(iii) N ∈ {1, 2} ,

then the solution to (1.1)–(1.4) given by Theorem 2 is unique.

3 A Regularized System

In this section, we study the well–posedness of the system (1.1)–(1.4) under the following stronger assumptions.

(B1) There exist a maximal monotone graph β on IR with open and nonempty domain D(β) which is twice continuously differentiable on D(β) and satisfies β(0) = 0 , and a function s ∈ C^3(J) satisfying s(0) = 0 , where J denotes the closure of D(β) , such that F^′_1 = β − s^′. (3.1) We also assume that there exist γ_1 ≥ 0 , γ_2 ≥ 0 and α > 0 such that

− γ_1 + α ξ^2 ≤ − s(ξ) , s^{′′}(ξ) ≤ γ_2 , ∀ ξ ∈ J , (3.2)

and we denote by β̂ the primitive of β vanishing at ξ = 0 .

(B2) F_2 ∈ C^4(J) satisfies 0 ≤ F^{′′}_2 (ξ) ≤ μ_2 , ∀ ξ ∈ J , (3.3) where μ_2 ≤ 2 α , if F^′_2(0) = 0 , and μ_2 < 2α , otherwise.

(B3) ρ ∈ C^3([0, +∞)) is an increasing Lipschitz continuous function satisfying ρ(0) = 0 , and there exist γ_3 > 0 , γ_4 > 0 and ζ_∞ ≥ 0 such that ρ^′(ξ) ≥ γ_3 if ξ ≥ ζ_∞, ρ^′(ξ) ≥ γ_4 if ξ ≤ ζ_∞.

(3.4)

We denote by Λ_ρ the Lipschitz constant for ρ and by ρ^{−1} its inverse on [0, +∞) , and we put γ_5 = min (γ_3, γ_4) > 0 .

(B4) θ_Γ ∈ C^2(Γ × [0, +∞)) , and θ_Γ > 0 on Γ × [0, +∞) . (B5) g ∈ C^2(Ω̄ × [0, +∞)) is non–negative. (B6) (ϕ_0, θ_0) ∈ H^2(Ω, IR^2) are such that β(ϕ_0) ∈ L^∞(Ω) , min_{x∈Ω̄} θ_0(x) > 0 . (3.5)

We have the following result.

Proposition 4 Under the assumptions (B1) to (B6), the problem (1.1)–(1.4) has a unique global classical solution

(ϕ, θ) ∈ C(Ω̄ × [0, +∞), D(β) × (0, +∞)) ∩ C^{2,1}(Ω̄ × (0, +∞), IR^2) .

Proof:

The proof of Proposition 4 consists of two steps. First, employing abstract results of H. Amann [2], we prove local existence and uniqueness of a classical solution to (1.1)–(1.4), as well as a criterion for its global existence in time which requires uniform estimates for the local solution to (1.1)–(1.4); in the second step, we derive these uniform estimates, using essentially the same techniques as in [14] and [9].

Step 1: Local existence.

The local existence part of the proof is very close to that of Proposition 2.1 in [10], as well as to those of Theorems 17.3 and 17.4 in [2]. We are going to specify how problem

(1.1)–(1.4) fits into the abstract framework developed in [2]. To this end, let D := D(β) × (0, +∞) , and let w_1 := ϕ , w_2 := ρ(θ) . For any x ∈ Ω̄ and w = (w_1, w_2) ∈ D , we define

a(x, w) = 1 0 −F^′_2(w_1)

(ρ^{−1})^′(w_2) (ρ^{−1}(w_2))^2 ,

a_{jk}(x, w) = { a(x, w) if 1 ≤ j = k ≤ N, 0 otherwise,

and, for any (y, t) ∈ Γ × [0, +∞) , w = (w_1, w_2) ∈ D ,

c(y, t, w) = 0 0 0 − ρ^{−1}(w_2) − θ_Γ(y, t) w_2 . Then, a_{jk} ∈ C^2(Ω̄ × D, L(IR^2)) , and c ∈ C^2(Γ × [0, +∞) × D, L(IR^2)) , where L(IR^2) denotes the vector space of (2 × 2)–real–valued matrices. Note that, for each w ∈ D , the family {a_{jk}(·, w), 1 ≤ j, k ≤ N} is lower triangular in the sense of [2, Sect. 15]. Furthermore, for each (t, w) ∈ [0, +∞) × D , the boundary value problem (A(t, w), B(t, w)) defined by A(t, w)v = − N∑ j,k=1 ∂ ∂x_j ( a_{jk}(·, w) ∂v ∂x_k ) , B(t, w)v = − N∑ j,k=1 ν^j.γ_∂ ( a_{jk}(·, w) ∂v ∂x_k ) + c(·, t, w)γ_∂(v), is normally elliptic in the sense of [2, Sect. 4]. Here, γ_∂ and ν = (ν^1, . . . , ν^N ) denote the trace operator and the outer unit normal vector field to Γ , respectively. Finally, we define f ∈ C^2(Ω̄ × [0, +∞) × D × IR^{2N} , IR^2) by

f(x, t, w, z, z^′) = −F^′_1(w_1) −

F^′_2(w_1) ρ^{−1}(w_2)

g(x, t) + F^′_1(w_1) F^′_2(w_1) +

F^′_2(w_1)^2 ρ^{−1}(w_2)

+ F^{′′}_2 (w_1) N∑ j=1 (z_j)^2 ,

where w = (w_1, w_2) , z = (z_1, . . . , z_N ) , and z^′ = (z^′_1, . . . , z^′_N ) .

The derivative of f with respect to the pair (z, z^′) clearly satisfies assumption (14.4) of [2], that is, for each compact subset K of D and any T > 0 , there exists a positive constant c_{K,T} such that |∂_{(z,z}′_)f(x, t, w, z, z^′)| ≤ c_{K,T} (1 + |(z, z^′)|) , (x, t, w, z, z^′) ∈ Ω̄ × [0, T ] × K × IR^{2N} .

In addition, also assumption (15.12) of [2] holds.

We set w_0 := (ϕ_0, ρ(θ_0)) . By the continuity of the imbeddings H^2(Ω) → L^∞(Ω) and H^1(Ω) → L^4(Ω) , we have w_0 ∈ H^2(Ω, IR^2) . It follows from (3.5) and from the continuity of the imbedding H^2(Ω) → W^{9/8,4}(Ω) that

w_0 ∈ W^{9/8,4}(Ω, D) = { v ∈ W^{9/8,4}(Ω, IR^2), v(Ω̄) ⊂ D } . (3.6)

We may then apply the Theorems 14.4, 14.6 and 15.5 of [2] on [0, T ] for each positive T to obtain

Lemma 5 Suppose that the assumptions (B1) to (B6) are satisfied. Then the initial boundary value problem w_t + A(t, w)w = f(t, w, ∇w) , (3.7) B(t, w)w = 0 , (3.8) w(·, 0) = w_0 , (3.9)

has a unique maximal classical solution w(·, w_0) = (w_1, w_2) on [0, t^+(w_0)) , that is,

w ∈ C(Ω̄ × [0, t^+(w_0)), D) ∩ C^{2,1}(Ω̄ × (0, t^+(w_0)), IR^2) ,

and w satisfies (3.7)–(3.9) pointwise.

Moreover, t^+(w_0) = +∞ , provided that there exist functions

a_1, b_1 : IR → D(β), a_2, b_2 : IR → (0, +∞),

such that

a_1(T ) ≤ w_1(t) ≤ b_1(T ) , 0 ≤ t ≤ T < +∞, t < t^+(w_0), (3.10) a_2(T ) ≤ w_2(t) ≤ b_2(T ) , 0 ≤ t ≤ T < +∞, t < t^+(w_0) . (3.11)

Step 2: Uniform estimates.

In order to complete the proof of Proposition 4, it remains to check the validity of (3.10) and (3.11), respectively. For this purpose, we have to establish L^∞–estimates for w_1 and for β(w_1) (implying (3.10)), as well as positive upper and lower bounds for w_2 . To derive the latter estimates, we follow the idea of [14] and try to obtain some L^∞–estimate for the function u := 1 ρ^{−1}(w_2) . Let T > 0 . We are going to prove estimates for w_1 in W^{1,2}(0, T, H^1(Ω)) and in L^∞(0, T, H^2(Ω)) , for β(w_1) in L^∞(Q_T ), for w_2 in H^1(Q_T ), in L^2(0, T, H^2(Ω)) and in

L^∞(Q_T ) , and for u in L^∞(Q_T ) , which depend only on the global data Ω, T , α, μ_2, γ_1, γ_2, γ_3, γ_4, ζ_∞ and on constants R_0(T ) and R(T ) satisfying

|g|_L∞_{(QT )} + |g_t|_L∞_{(0,T,L}2_{(Ω))} + |θ_Γ|_L∞_{(ΣT )} + |(θ_Γ)_t|_L∞_{(ΣT )} + | | | 1 θ_Γ | | | L^∞(Σ_T )

+ |ϕ_0|_H2_{(Ω)} + |β(ϕ_0)|_L2_{(Ω)} + |s^′(ϕ_0)|_L2_{(Ω)} + |F^′_2(0)|

+ |F_1(0)| + |θ_0|_H1_{(Ω)} + |θ_0|_L∞_{(Ω)} + | | | 1 θ_0 | | | L^∞(Ω)

+ ρ(1) + ζ_∞ ≤ R_0(T ) , (3.12)

R_0(T ) + |β(ϕ_0)|_L∞_{(Ω)} ≤ R(T ) . (3.13) For later use, we will pay much attention to how these estimates depend on γ_4 and R(T ) . In the sequel, we denote by C , C̄ any positive constant depending only on Ω , T , the constants α , γ_1 , γ_2 in assumption (B1), μ_2 in assumption (B2), γ_3 , ζ_∞ , Λ_ρ in assumption (B3), and R_0(T ) satisfying (3.12); moreover, any positive constant depending not only on the above mentioned constants but also on the constant γ_4 in assumption (B3) and on R(T ) satisfying (3.13), will be denoted by D or D̄ , respectively. The required uniform estimates will now be proved in several steps, each stated in the form of a separate lemma. To begin with, we recall that the pair w = (w_1, w_2) given by Lemma 5 is a solution to the initial–boundary value problem

w_{1t} − Δw_1 = − F^′_1(w_1) − F^′_2(w_1) u , (3.14) w_{2t} + Δu = g − F^′_2(w_1) w_{1t} , (3.15) ∂w_1 ∂n = 0 , ∂u ∂n = 1 u − θ_Γ , (3.16) w_1(·, 0) = ϕ_0 , w_2(·, 0) = ρ(θ_0), (3.17)

where u = 1 ρ^{−1}(w_2)

. We have

Lemma 6 There exists a constant C > 0 satisfying

|w_1|_L∞_{(0,T,H}1_{(Ω))} + |w_{1t}|_L2_{(QT )} + |∇u|_L2_{(QT )} + |u|_L1_{(0,T,H}1_{(Ω))} ≤ C . (3.18)

Proof:

From (B1) it follows that

F_1(ξ) = F_1(0) + β̂(ξ) − s(ξ) ≤ F_1(0) + ξ β(ξ) − ξ s^′(ξ) + γ_2 2 ξ^2 ,

whence, using (3.12), ∫ Ω F_1(ϕ_0) dx ≤ C̄ + |ϕ_0|_L2_{(Ω)} ( |β(ϕ_0)|_L2_{(Ω)} + |s^′(ϕ_0)|_L2_{(Ω)} + γ_2 2 |ϕ_0|_L2_{(Ω)} ) ≤ C . (3.19)

Next, let ρ̃ : (0, +∞) → IR denote the function defined by

ρ̃(ρ(1)) = ρ(1) , ρ̃^′(ξ) = 1 ρ^{−1}(ξ) , ξ > 0 , that is, ρ̃(ξ) = ρ(1) + ∫ ξ ρ(1) 1 ρ^{−1}(σ) dσ . Then ρ̃(ξ) ≤ ξ , for ξ ∈ (0, +∞) . (3.20) Next, note that (B1) implies that β̂ is non–negative. Therefore, by virtue of (3.1)–(3.3), F_1(ξ) + F_2(ξ) ≥ F_1(0) + α ξ^2 − γ_1 − μ_2 2 ξ^2 − |F^′_2(0)| |ξ| ≥ − C̄ , whence ∫ Ω (F_1(w_1) + F_2(w_1)) dx ≥ − C . (3.21) We now take the scalar product in L^2(Ω) of (3.14) with w_{1t} , of (3.15) with 1 − u , and add the resulting equations to obtain d dt ∫ Ω ( |∇w_1|^2 2 + F_1(w_1) + F_2(w_1) + w_2 − ρ̃(w_2) ) dx + ∫ Ω ( |w_{1t}|^2 + |∇u|^2 ) dx + ∫ Γ ( 1 u + θ_Γ u ) dσ = ∫ Γ (1 + θ_Γ) dσ + ∫ Ω g (1 − u) dx . Owing to Poincaré’s inequality, we find upon integrating over (0, t) , t ∈ [0, T ] , ∫ Ω ( |∇w_1|^2 2 + F_1(w_1) + F_2(w_1) + w_2 − ρ̃(w_2) ) dx + ∫ t 0 ∫ Ω ( |w_{1t}|^2 + |∇u|^2 2 ) dxds + C̄ ∫ t 0 |u|_H1_{(Ω)} ds ≤ C + ∫ Ω (F_1(ϕ_0) + F_2(ϕ_0) + ρ(θ_0) − ρ̃(ρ(θ_0))) dx . (3.22) It follows from (3.19) and from (B2) that ∫ Ω (F_1(ϕ_0) + F_2(ϕ_0)) dx ≤ C̄ + ∫ Ω ( |F^′_2(0)| |ϕ_0| + μ_2 |ϕ_0|^2 ) dx ≤ C . (3.23) We also infer from (B3) and from (B6) that ∫ Ω (ρ(θ_0) − ρ̃(ρ(θ_0))) dx ≤ ∫ Ω ( Λ_ρ θ_0 − ρ(1) + |ρ(1) − ρ(θ_0)| 1 + sup_{ξ∈Ω} |1/θ_0(ξ)| ) dx ≤ C . (3.24) Combining (3.20)–(3.24), we conclude that 1 2 ∫ Ω |∇w_1|^2 dx + 1 2 ∫ t 0 ∫ Ω ( 2 |w_{1t}|^2 + |∇u|^2 ) dxds + C̄ ∫ t 0 |u|_H1_{(Ω)} ds ≤ C , which implies (3.18), since |w_1|_L∞_{(0,T,L}2_{(Ω))} ≤ C + √ T |w_{1t}|_L2_{(QT )} . ⊓⊔

Next, we are going to improve the estimates obtained in Lemma 6.

Lemma 7 There exists a constant C > 0 satisfying

|w_{1t}|_L∞_{(0,T,L}2_{(Ω))} + |∇w_{1t}|_L2_{(QT )} + |u|_L∞_{(0,T,H}1_{(Ω))} + ∫ T 0 ∫ Ω ρ^′ ( 1 u ) | | | u_t u | | | | 2 dxds ≤ C , (3.25) |w_1|_L∞_{(0,T,H}2_{(Ω))} + |F^′_1(w_1)|_L∞_{(0,T,L}2_{(Ω))} ≤ C . (3.26)

Proof:

We follow the lines of the proof of Lemma 3.2 in [14]. To this end, we differentiate (3.14) with respect to t , take the scalar product in L^2(Ω) of the resulting equation with w_{1t} , and add the result to the L^2(Ω)–scalar product of (3.15) with − u_t . Using Lemma 6, the positivity of u , the continuity of the trace operator from H^1(Ω) into L^1(Γ) , as well as the assumptions (B1), (B2), (B4), (B5), we find that d dt ∫ Ω ( |w_{1t}|^2 2 + |∇u|^2 2 + g u ) dx + d dt ∫ Γ (θ_Γ u − ln u) dσ + ∫ Ω ( |∇w_{1t}|^2 + ρ^′ ( 1 u ) | | | u_t u | | | | 2) dx = ∫ Ω g_t u dx + ∫ Γ (θ_Γ)_t u dσ + ∫ Ω (−F^{′′}_1 (w_1) − u F^{′′}_2 (w_1)) |w_{1t}|^2 dx ≤ C .

Since w_{1t}(0) = Δϕ_0 − F^′_1(ϕ_0) −

F^′_2(ϕ_0)

θ_0 , the above inequality yields, after integration over (0, t) , t ∈ [0, T ] , ∫ Ω ( |w_{1t}|^2 2 + |∇u|^2 2 + g u ) dx + ∫ Γ (θ_Γ u − ln u) dσ + ∫ t 0 ∫ Ω ( |∇w_{1t}|^2 + ρ^′ ( 1 u ) | |u_t u | | | 2) dxds ≤ C ,

which implies (3.25), since the function ξ → min θ_Γ 2 ξ − ln ξ is bounded from below on (0, +∞) . Next, note that w_1 satisfies

−Δw_1 + γ_2 w_1 + F^′_1(w_1) = γ_2 w_1 − w_{1t} − F^′_2(w_1) u , ∂w_1 ∂n = 0 . (3.27)

Thus, we can infer from (3.25) and from the continuity of the imbedding H^1(Ω) → L^4(Ω) that |γ_2 w_1 − w_{1t} − F^′_2(w_1) u|_L∞_{(0,T,L}2_{(Ω))} ≤ C .

By assumption (B1), the function ξ → γ_2 ξ + F^′_1(ξ) is non–decreasing. Therefore, (3.27) and the last estimate yield

|Δw_1|_L∞_{(0,T,L}2_{(Ω))} + |F^′_1(w_1)|_L∞_{(0,T,L}2_{(Ω))} ≤ C , whence (3.26) follows. ⊓⊔

Next, we note that (3.26) and the continuity of the imbedding H^2(Ω) → L^∞(Ω) imply that |w_1|_L∞_{(QT )} ≤ C . (3.28) Therefore, putting h := g − F^′_2(w_1) w_{1t} , we can conclude that |h|_L2_{(0,T,L}6_{(Ω))} ≤ C . (3.29) Now, recall that w_2 is a solution to the problem w_{2t} + Δu = h , ∂u ∂n = 1 u − θ_Γ . (3.30) We are going to prove the following result. Lemma 8 There exists a constant C > 0 satisfying |θ|_L∞_{(QT )} + |w_2|_L∞_{(QT )} ≤ C , (3.31) where θ = ρ^{−1}(w_2) .

Proof:

The proof makes use of Moser’s technique (cf. [1]). To this end, consider the functions ρ_{p+1} : [0, +∞) → [0, +∞) defined by ρ_{p+1}(0) = 0 , ρ^′_{p+1}(ξ) = (p + 1) ρ^′(ξ) ξ^p , for ξ ≥ 0 , for any p ∈ [0, +∞) . We then infer from (B3) that ρ_{p+1}(ξ) ≤ Λ_ρ ξ^{p+1} , for ξ ≥ 0 , (3.32) γ_3 ξ^{p+1} − (γ_3 + Λ_ρ) ζ^{p+1}_∞ ≤ ρ_{p+1}(ξ) , for ξ ≥ ζ_∞ . (3.33) Let p ∈ (2, +∞) . We take the scalar product in L^2(Ω) of (3.30) with θ^p . It follows 1 p + 1 d dt ∫ Ω ρ_{p+1}(θ) dx + 4 p (p − 1)^2 ∫ Ω | |∇θ^{p−12} | | 2 dx + ∫ Γ θ^{p+1} dσ ≤ ∫ Γ θ_Γ θ^p dσ + ∫ Ω |h| θ^p dx . Using Young’s and Poincaré’s inequalities and the continuity of the imbedding H^1(Ω) → L^6(Ω) , we obtain d dt ∫ Ω ρ_{p+1}(θ) dx + C̄ (∫ Ω θ^{3(p−1)} dx ) 1_3

≤ CR_0(T )^{p+1} + (p + 1) ∫ Ω |h| θ^p dx . (3.34)

Next, we infer from Hölder’s and Young’s inequalities that

(p + 1) ∫ Ω |h|θ^pdx ≤ C̄ 2 (∫ Ω θ^{3(p−1)}dx ) 1_3

+ C(p + 1)^2|h|^2_L6_{(Ω)} (∫ Ω θ^{34 (p+1)}dx

) 4_3

, (3.35) (p + 1) ∫ Ω |h|θ^pdx ≤ C̄ 2 (∫ Ω θ^{3(p−1)}dx ) 1_3

+ C(p + 1)^2|h|^2_L6_{(Ω)} (∫ Ω θ^{p+1}dx ) . (3.36) We first take p = 3 in (3.34). It follows from (3.29), (3.33), (3.34), (3.36), and from Gronwall’s lemma that |θ|_L∞_{(0,T,L}4_{(Ω))} ≤ C . (3.37) We now consider the sequence (p_k) of real numbers defined by p_0 = 4, p_{k+1} = 4 3 p_k, k ∈ IN . Let k ∈ IN , and take p = p_{k+1} − 1 in (3.34). In view of (3.12), (3.32), (3.33), and (3.35), we can conclude that sup t∈(0,T ) ∫ Ω θ^{pk+1} (t) dx ≤ C p^2_{k+1} max { R_0(T )^{pk+1} , sup_{t∈(0,T )} (∫ Ω θ^{pk} (t) dx ) 4_3 } . Hence, invoking (3.37) and [9, Lemma A.1], we find that sup t∈(0,T ) |θ(t)|_Lpk_{(Ω)} ≤ C , ∀ k ∈ IN . Taking the limit as k → +∞ , we obtain (3.31), since ρ is Lipschitz continuous. ⊓⊔ The following result is a straightforward consequence of (3.15), Lemma 7 and Lemma 8. Corollary 9 There exists a constant C > 0 satisfying

|θ|_L∞_{(0,T,H}1_{(Ω))} + |w_2|_L∞_{(0,T,H}1_{(Ω))} + |w_{2t}|_L2_{(QT )} + |u|_L2_{(0,T,H}2_{(Ω))} ≤ C . (3.38)

Next, we recall that u is a solution to the problem ρ^′ ( 1 u ) u_t − u^2 Δu = −h u^2 , ∂u ∂n = 1 u − θ_Γ . (3.39) We are going to prove the following result. Lemma 10 There exists a constant D > 0 satisfying |u|_L∞_{(QT )} ≤ D. (3.40)

Proof:

The proof of Lemma 10 again relies on Moser’s technique. For further use, we introduce the function σ_p : (0, +∞) → IR , p ≥ 1 , by

σ_p(1) = 1 , σ^′_p(ξ) = p ρ^′ ( 1 ξ ) ξ^{p−1} , for ξ ∈ (0, +∞) .

Owing to (B3), σ_p satisfies 1 − γ_5 + γ_5 ξ^p ≤ σ_p(ξ) ≤ Λ_ρ ξ^p + 1 − Λ_ρ , for ξ ∈ [1, +∞) . (3.41) Let p ∈ (1, +∞) . We take the scalar product in L^2(Ω) of (3.39) with u^{p−1} . It follows d dt ∫ Ω σ_p(u) dx + 4 p p + 1 ∫ Ω u | | |∇ ( u^{p+12} )| | 2 dx + p ∫ Γ θ_Γ u^{p+1} dσ = p ∫ Γ u^p dσ + p ∫ Ω |h| u^{p+1} dx . (3.42) By (3.31), u(x, t) ≥ C̄ > 0 , ∀ (x, t) ∈ Ω̄ × [0, T ] . Therefore, by virtue of Young’s and Poincaré’s inequalities, d dt ∫ Ω σ_p(u) dx + C̄ | | |u^{p+12} | | | 2 H^1(Ω) ≤ C R0(T ) p + p ∫ Ω |h| u^{p+1} dx . Since H^1(Ω) is continuously imbedded in L^6(Ω) , we find, after integration over (0, t) , t ∈ [0, T ] , that ∫ Ω σ_p(u(t)) dx + C̄ ∫ t 0 (∫ Ω u^{3(p+1)} dx

) 1_3

ds ≤ CR_0(T )^p + p ∫ t 0 ∫ Ω |h| u^{p+1} dxds . (3.43) Next, Hölder’s and Young’s inequalities yield p ∫ t 0 ∫ Ω |h| u^{p+1} dxds ≤ p ∫ t 0 |h|_L6_{(Ω)} (∫ Ω u^{3(p+1)} dx

) 1_6 (∫ Ω u^{34 (p+1)} dx

) 2_3 ds ≤ C̄ 2 (∫ t 0 ∫ Ω u^{3(p+1)} dxds )^1_3

+ C p^2 ∫ t 0 |h|^2_L6_{(Ω)} (∫ Ω u^{34 (p+1)} dx

) 4_3 ds . The latter estimate, in combination with (3.29) and (3.43), implies ∫ Ω σ_p(u(t)) dx ≤ C ( R_0(T )^p + p^2 sup_{t∈(0,T )} (∫ Ω u^{34 (p+1)}(t) dx

) 4_3 )

. (3.44)

Consider now the sequence (q_k) of real numbers defined by

q_0 = 6, q_{k+1} = 4 3 q_k − 1, k ∈ IN.

Let k ∈ IN , and take p = q_{k+1} in (3.44). Using (3.41), we obtain ∫ Ω u^{qk+1} (t) dx ≤ D ( R_0(T )^{qk+1} + q^2_{k+1} sup_{t∈(0,T )} (∫ Ω u^{qk} (t) dx ) 4_3 ) . Moreover, (3.25) and the continuity of the imbedding H^1(Ω) → L^6(Ω) imply that |u|_L∞_{(0,T,L}6_{(Ω))} ≤ C . We then infer from [9, Lemma A.1] that sup t∈(0,T ) |u(t)|_Lqk_{(Ω)} ≤ D , ∀ k ∈ IN , and (3.40) follows from passing to the limit as k → +∞ . ⊓⊔

We are now in the position to complete the proof of Proposition 4: indeed, it follows from (B1), (B2), (3.28) and (3.40), that |s^′(w_1) − F^′_2(w_1) u|_L∞_{(QT )} ≤ D , (3.45) and w_1 is a solution to

w_{1t} + β(w_1) − Δw_1 = s^′(w_1) − F^′_2(w_1) u , ∂w_1 ∂n = 0 .

A monotonicity argument ensures that |β(w_1)|_L∞_{(QT )} ≤ |s^′(w_1) − F^′_2(w_1) u|_L∞_{(QT )} + |β(ϕ_0)|_L∞_{(Ω)} , whence, using (3.5) and (3.45), |β(w_1)|_L∞_{(QT )} ≤ D . (3.46) Then, (3.10) follows from (B1), (3.28) and (3.46). Finally, (3.11) is a consequence of (3.31), (3.40) and the monotonicity of ρ . The application of Lemma 5, with θ = ρ^{−1}(w_2) , concludes the proof of the assertion of Proposition 4. ⊓⊔

4 Proof of Theorems 1 and 2

Since Theorem 1 is an immediate consequence of Proposition 4, we concentrate on the proof of Theorem 2.

In the sequel, β is a maximal monotone graph, and s , F_2 , ρ , g , θ_Γ , ϕ_0 and θ_0 denote functions satisfying the general assumptions (A1) to (A6). We recall that J denotes the closure in IR of the domain D(β) of β . In order to prove Theorem 2, we are first going to construct suitable approximations of F_1 , F_2 , ρ , g , θ_Γ , ϕ_0 and θ_0 , so that Proposition 4 can be applied; this will be done in the next lemma. Then we will derive uniform estimates for the solutions to the approximate problems, and the assertion of Theorem 2 will follow from passage to the limit.

The following result follows from standard arguments in approximation theory which need not to be repeated here.

Lemma 11 There exist constants μ_2 > 0 , α > 0 , γ_1 ≥ 0 , γ_2 ≥ 0 , γ_3 > 0 , ζ_∞ ≥ 0 , Λ_ρ > 0 , depending only on M_2 , c_1 , c_2 , a , c_3 , ξ_∞ and L_ρ , and sequences of functions s_n , β_n , F_{1,n} , F_{2,n} , ρ_n such that the following conditions hold: (i) β_n ∈ C^1(IR) is an increasing function satisfying

β ⊂ lim inf n→+∞ βn , (4.1) |β_n(x)| ≤ |β^∘(x)| . (4.2) (ii) F_{1,n} , F_{2,n} and ρ_n satisfy the assumptions (B1)–(B3) with the above constants and

with γ_{4,n} = 1 n , and F_{1,n}(0) = F_1(0), F^′_{1,n} = s^′_n − β_n .

(iii) (λ_n) converges to λ in C^2(J) , (ρ_n) converges to ρ in C([0, +∞)) , and (s_n) converges to s in C^2(J) .

Moreover, if also (A3’) holds, then there exist constants γ^′_3 > 0 and ζ_0 > 0 , depending only on c^′_3 and ξ_0 , such that

ρ^′_n(ξ) ≥ γ^′_3 ξ^{ν−2} , 0 ≤ ξ ≤ ζ_0 . (4.3)

(We recall that, if Y is a Banach space and if (A_ϵ)_{ϵ≥0} denotes a sequence of operators acting on Y , then the notation A_0 ⊂ lim inf_{ϵ→0} A_ϵ means that to any (x_0, y_0) ∈ A_0 there exists some sequence (x_ϵ, y_ϵ) ∈ A_ϵ such that (x_ϵ, y_ϵ) converges to (x_0, y_0) in Y × Y as ϵ tends to zero.)

A straightforward consequence of Lemma 11, (iii), is that − 1 ρ^{−1} ⊂ lim inf n→+∞ ( − 1 ρ^{−1}_n ) ; (4.4)

in addition to that, to any compact subset K of J there exists a constant C_{K,s} > 0 , depending only on K and s , such that |s_n|_C2_{(K)} ≤ C_{K,s} . (4.5) Moreover, we can pick two sequences g^n ∈ C^∞(Ω̄ × [0, +∞)) , θ^n_Γ ∈ C^∞(Γ × [0, +∞)) , such that the assumptions (B4) and (B5) hold and, in addition, for every T > 0 the following conditions are satisfied:

(i) (g^n) is bounded in L^∞(Q_T ) , (ii) ((g^n)_t) is bounded in L^∞(0, T, L^2(Ω)) , (iii) (g^n) and ((g^n)_t) , respectively, converge in L^2(Q_T ) to g and g_t , respectively,

(iv) (θ^n_Γ) , ( 1 θ^n_Γ ) and ( ∂θ^n_Γ ∂t ) are bounded in L^∞(Σ_T ) ,

(v) (θ^n_Γ) converges to θ_Γ in L^2(Σ_T ) .

Finally, we put ϕ^n_0 = ϕ_0 , and there exists some sequence (θ^n_0 ) ⊂ H^2(Ω) satisfying (B6), which converges to θ_0 in H^1(Ω) , while the sequences (θ^n_0 ) and ( 1 θ^n_0 ) , respectively, remain bounded in L^∞(Ω) .

Since both β_n and the imbedding H^2(Ω) → L^∞(Ω) are continuous, it follows that β_n(ϕ^n_0 ) = β_n(ϕ_0) belongs to L^∞(Ω) and that (3.5) holds. It also follows from (4.2), (4.5) and (A6) that |β_n(ϕ^n_0 )|_L2_{(Ω)} + |s^′_n(ϕ^n_0 )|_L2_{(Ω)} ≤ C_{Kϕ0 ,s} + |β^∘(ϕ_0)|_L2_{(Ω)} , (4.6) where, thanks to the continuity of the imbedding H^2(Ω) → C(Ω̄) , the subset K_{ϕ0} = ϕ_0(Ω̄) of J is indeed compact.

By virtue of Proposition 4, for each n ≥ 1 the problem

ϕ^n_t = Δϕ^n − F^′_{1,n}(ϕ^n) −

F^′_{2,n}(ϕ^n) θ^n , in Q = Ω × (0, +∞) , (4.7)

ρ_n(θ^n)_t + F^′_{2,n}(ϕ^n)ϕ^n_t = − Δ ( 1 θ^n ) + g^n , in Q , (4.8) ∂ϕ^n ∂n = 0 , ∂ ∂n ( 1 θ^n ) = θ^n − θ^n_Γ , on Σ = Γ × (0, +∞) , (4.9) ϕ^n(·, 0) = ϕ^n_0 , θ^n(·, 0) = θ^n_0 , on Ω , (4.10) has a unique classical solution

(ϕ^n, θ^n) ∈ C(Ω̄ × [0, +∞), IR × (0, +∞)) ∩ C^{2,1}(Ω̄ × (0, +∞), IR^2) .

Now, let T > 0 . It follows from (4.6) and from Lemma 11 that we may find some positive constant R_0(T ) > 0 such that (3.12) holds for (F_{1,n} , F_{2,n} , ρ_n , g^n , θ^n_Γ , ϕ^n_0 , θ^n_0 ) , uniformly in n ∈ IN . Invoking the Lemmas 6 to 8, as well as Corollary 9, we conclude that there exists a constant C_0 > 0 , depending only on Ω , T , α , γ_1 , γ_2 , μ_2 , γ_3 , Λ_ρ and R_0(T ) , such that, for any n ≥ 1, the pair (ϕ^n, θ^n) satisfies the estimate

|ϕ^n|_L∞_{(0,T,H}2_{(Ω))} + |ϕ^n_t |_L∞_{(0,T,L}2_{(Ω))} + |∇ϕ^n_t |_L2_{(QT )} + |F^′_{1,n}(ϕ^n)|_L∞_{(0,T,L}2_{(Ω))} + |θ^n|_L∞_{(0,T,H}1_{(Ω))} + |θ^n|_L∞_{(QT )} + |ρ_n(θ^n)|_L∞_{(0,T,H}1_{(Ω))} + |ρ_n(θ^n)_t|_L2_{(QT )} + |u^n|_L∞_{(0,T,H}1_{(Ω))} + |u^n|_L2_{(0,T,H}2_{(Ω))} ≤ C_0 , (4.11) where u^n = 1 θ^n . In fact, it follows from Lemma 11 that C_0 depends only on Ω , T , α , c_1 , c_2 , c_3 , L_ρ and R_0(T ) . Thus, in the sequel we denote by C any positive constant depending only on Ω , T , a , c_1 , c_2 , M_2 , c_3 , L_ρ and R_0(T ) .

From (4.11) we can infer that (ϕ^n) is equicontinuous in C([0, T ], H^1(Ω)) and that (ϕ^n(t)) is relatively compact in H^1(Ω) , for any t ∈ [0, T ] . Therefore, by the Ascoli theorem, (ϕ^n) is a relatively compact set in C([0, T ], H^1(Ω)) , and we may assume that there exists some ϕ ∈ C([0, T ], H^1(Ω)) such that ϕ^n → ϕ in C([0, T ], H^1(Ω)) and a.e. in Q_T . (4.12) Similarly, we infer from (4.11) that the sequence (ρ_n(θ^n)) is relatively compact in C([0, T ], L^2(Ω)) . It also follows from (4.11) that (ρ_n(θ^n)) forms a bounded subset of the space W = { w ∈ L^2(0, T, H^1(Ω)), w_t ∈ L^2(0, T, L^2(Ω)) } . A classical compactness result ensures that the imbedding of W in L^2(0, T, H^{1/2}(Ω)) is compact. Since the trace operator γ_∂ : H^{1/2}(Ω) → L^2(Γ) is continuous, we may assume that there exists some ζ ∈ L^∞(0, T, H^1(Ω)) ∩ W^{1,2}(0, T, L^2(Ω)) such that ρ_n(θ^n) → ζ in L^2(Q_T ) and a.e. in Q_T , (4.13) γ_∂(ρ_n(θ^n)) → γ_∂(ζ) in L^2(Σ_T ) and a.e. on Σ_T . (4.14) Next, we infer from (4.11), (4.12), Lemma 11 and the continuity of the imbedding H^1(Ω) → L^6(Ω) , that we may assume that F^′_{2,n}(ϕ^n) → F^′_2(ϕ) in L^2(0, T, L^6(Ω)) ,

s^′_n(ϕ^n) ⇀ s^′(ϕ) in L^2(Q_T ) , (4.15) and that there exists some ψ ∈ L^2(Q_T ) such that β_n(ϕ^n) ⇀ ψ in L^2(Q_T ) . (4.16) Invoking (4.1), (4.12), (4.16), and using a monotonicity argument, we find that ϕ ∈ D(β) , and ψ ∈ β(ϕ) a.e. in Q_T . (4.17)

Next, we turn our interest to the sequences (θ^n) and (u^n) . By (4.11), we may assume that there exist functions θ ∈ L^∞(0, T, H^1(Ω)) , u ∈ L^2(0, T, H^2(Ω)) and b ∈ L^2(Σ_T ) such that θ^n ⇀ θ in L^2(0, T, H^1(Ω)) ,

γ_∂(u^n) ⇀ b in L^2(Σ_T ) ,

u^n ⇀ u in L^2(0, T, H^2(Ω)) .

(4.18)

To complete the proof of Theorem 2, we need to investigate the relationship between the functions ζ in (4.13) , (4.14) and u , θ , b in (4.18), respectively. To this end, note that ( − 1 ρ^{−1} ) is a maximal monotone graph on IR with domain (0, +∞) . Moreover, − u^n = − 1 ρ^{−1}_n (ρ_n(θ^n)) . Therefore, it follows from (4.4), (4.13) and (4.18) that

ζ > 0 and u = 1 ρ^{−1}(ζ) a.e. in Q_T . (4.19)

Similarly, using Lemma 11, the convergences (4.13), (4.14) and (4.18), and invoking the positivity of ζ and monotonicity arguments, we can conclude that

θ = ρ^{−1}(ζ) a.e. in Q_T ,

b = ρ^{−1}(γ_∂(ζ)) a.e. on Σ_T .

(4.20)

We are now ready to complete the proof of the first part of Theorem 2. Indeed, it is easily checked that (F^′_{2,n}(ϕ^n) u^n) converges weakly to F^′_2(ϕ)/θ in L^2(Q_T ) and that (F^′_{2,n}(ϕ^n) ϕ^n_t ) converges to F^′_2(ϕ) ϕ_t . Then, (1.1) and (1.2) follow from (4.11) and from the convergence results established in (4.12), (4.13), (4.15), (4.16), (4.18), (4.19) and (4.20); moreover, the properties (i) , (ii) , (iii) are a consequence of (4.20), (4.11) and of the continuity properties (4.12) and (4.13).

To confirm the second part of the assertion of Theorem 2, we now assume that ρ satisfies assumption (A3’). Then, for each n ≥ 1 , the function ρ_n satisfies (4.3). We need the following lemma.

Lemma 12 Suppose that T > 0 is a positive real number, and suppose that w , w_Γ , R and f denote functions having the following properties:

(i) R ∈ C^3([0, +∞)) is an increasing Lipschitz continuous function with R(0) = 0 such that there exist ζ_0 > 0 , γ^′_3 > 0 and ν ≥ 2 satisfying

R^′(ξ) ≥ γ^′_3 ξ^{ν−2} , 0 ≤ ξ ≤ ζ_0 . (4.21)

We denote by Λ_R a Lipschitz constant for R . (ii) w_Γ ∈ C^2(Γ × [0, T ]) , and min_{Γ×[0,T ]} w_Γ = m_T > 0 . (iii) f ∈ L^∞(0, T, L^2(Ω)) .

(iv) w ∈ C(Ω̄ × [0, T ], (0, +∞)) ∩ C^{2,1}(Ω̄ × (0, T ), IR) satisfies R^′ ( 1 w ) w_t w^2

= Δw + f in Q_T , (4.22) ∂w ∂n = 1 w − w_Γ on Σ_T . (4.23)

We put w_m = min_{Ω̄×[0,T ]} w(x, t) .

Then there exists a positive constant C_∞ , depending only on Ω , γ^′_3 , ν , ζ_0 , Λ_R , T , m_T , |f|_L∞_{(0,T,L}2_{(Ω))} , w_m , |w|_L∞_{(0,T,L}6_{(Ω))} and |w(0)|_L∞_{(Ω)} , such that

|w|_L∞_{(QT )} ≤ C_∞ . (4.24)

Proof:

The proof of Lemma 12 involves similar arguments as those used in the proofs of Lemma 2.3 in [6] and of Lemma 6.6 in [11]. The proof includes two steps: first, we are going to show that w is bounded in L^∞(0, T, L^p(Ω)) by some constant C_{∞,p} which depends on the same data as C_∞ and also on p ; this result will then enable us to employ Moser’s technique and thus to establish the validity of (4.24).

In the sequel, we denote by C_∞ any positive constant depending only on Ω , T , γ^′_3 , ν , ζ_0 , Λ_R , m_T , |f|_L∞_{(0,T,L}2_{(Ω))} , w_m , |w|_L∞_{(0,T,L}6_{(Ω))} and |w(0)|_L∞_{(Ω)} .

Let k ∈ (ν, +∞) . We denote by R_k : [0, +∞) → [0, +∞) the function defined by

R_k(0) = 0 , R^′_k(ξ) = (k + 1 − ν) R^′ ( 1 ξ ) ξ^{k−2} , for ξ ∈ (0, +∞) .

We then infer from (4.21) that

0 ≤ R_k(ξ) ≤ Λ_R ξ^{k−1} , ∀ ξ ≥ 0 , (4.25)

γ^′_3 ( ξ^{k+1−ν} − ζ^{ν−k−1}_0 ) ≤ R_k(ξ) , ∀ ξ ≥ 1 ζ_0

. (4.26)

We take the scalar product in L^2(Ω) of (4.22) with w^k to obtain 1 k + 1 − ν d dt ∫ Ω R_k(w) dx + 4 k ∫ Ω w | |∇ ( w^{k2} )| | 2 dx + m_T ∫ Γ w^k dσ

≤ ∫ Γ w^{k−1} dσ + ∫ Ω |f| w^k dx . Using Young’s and Poincaré’s inequalities, we find that there exists some δ > 0 , depending only on Ω , w_m , ν and m_T , such that d dt ∫ Ω R_k(w) dx + δ | | |w^{k2} | | | 2 H^1(Ω) ≤ C∞ m −k T + k ∫ Ω |f| w^k dx . (4.27) Next, we estimate the last term on the right-hand side of (4.27). By Hölder’s inequality, k ∫ Ω |f| w^k dx ≤ k |f|_L2_{(Ω)} |w|_L6_{(Ω)} | | |w^{k−1} | | | L^3(Ω) ≤ C∞ k | | |w^{k2} | | | 2(k−1) k L^6(Ω) .

Since H^1(Ω) is continuously imbedded in L^6(Ω) , it follows from Young’s inequality that k ∫ Ω |f| w^k dx ≤ δ 2 | | |w^{k2} | | | 2 H^1(Ω) + C∞ k

k δ^{−k} . (4.28)

Combining (4.27) and (4.28), we see that d dt ∫ Ω R_k(w) dx + δ 2 | |w^{k2} | |2 H^1(Ω) ≤ C∞ (m −k T + k^k δ^{−k}) . We conclude from (4.25), (4.26) and from the above inequality that to each k ∈ (ν, +∞) there exists a positive constant C_{∞,k} depending on Ω , T , γ^′_3 , ν , ζ_0 , Λ_R , m_T , |f|_L∞_{(0,T,L}2_{(Ω))} , w_m , |w|_L∞_{(0,T,L}6_{(Ω))} , |w(0)|_L∞_{(Ω)} and k , such that |w|_L∞_{(0,T,L}k+1−ν_{(Ω))} ≤ C_{∞,k} . (4.29) Next, for any k > ν , it follows from Hölder’s and Young’s inequalities and from the continuity of the imbedding H^1(Ω) → L^6(Ω) that k ∫ Ω |f| w^k dx ≤ k |f|_L2_{(Ω)} (∫ Ω w^{3k} dx ) 5_{18} (∫ Ω w^{3k4} dx ) 2_9

≤ δ 2 | | |w^{k2} | | | 2 H^1(Ω) + C∞ k 6 (∫ Ω w^{3k4} dx ) 4_3

, (4.30)

where δ > 0 is defined in (4.27). Combining (4.27) and (4.29), invoking (4.25) and (4.26) and integrating over (0, t) , t ∈ [0, T ] , we obtain the estimate ∫ Ω w^{k+1−ν}(t) dx ≤ C_∞ (m^{−k}_T + ζ^{−k}_0 + |w(0)|^k_L∞_{(Ω)}) + C_∞ k^6 |w|^k_L∞_{(0,T,L}3k/4_{(Ω))} . (4.31)

We now consider the sequence (ν_n) of real numbers defined by

ν_0 = 3ν , ν_{n+1} = 4 3 ν_n + 1 − ν .

Then ν_n ≥ 1 , for every n ≥ 0 . We may take k = ν_{n+1} + ν − 1 > ν in (4.31) and get ∫ Ω w^{νn+1} (t) dx ≤ C_∞ M^{νn} + C_∞ (ν_n)^6 |w|^{4νn3}_L∞_{(0,T,L}ν_{n (Ω))} , t ∈ [0, T ] , (4.32)

with M = max { 1 , 1 m_T , 1 ζ_0

, |w(0)|_L∞_{(Ω)} } . Finally, we infer from (4.29) that

|w|_L∞_{(0,T,L}ν0_{(Ω))} ≤ C_{∞,ν0} . (4.33)

It then follows from (4.32), (4.33) and from [9, Lemma A.1] that |w|_L∞_{(0,T,L}νn_{(Ω))} ≤ C_∞ , ∀ n ∈ IN . Since ν_n → ∞ as n → ∞ , the assertion follows from passage to the limit as n → ∞ in the above inequality. ⊓⊔

After this preparation, the proof of Theorem 2 can be concluded as follows. In view of (4.11) and of Lemma 11, for each n ≥ 1 the functions (u^n , ρ_n , θ^n_Γ , f^n) satisfy the assumptions of Lemma 12, uniformly in n ∈ IN , where

f^n = F^′_{2,n}(ϕ^n) ϕ^n_t − g^n.

Hence, there exists a constant C_∞ > 0 such that

|u^n|_L∞_{(QT )} ≤ C_∞ . (4.34)

We then infer from (4.11) and (4.34) that (θ^n) is bounded in L^2(0, T, H^1(Ω)) and that (θ^n_t ) is bounded in L^2(Q_T ) . A classical compactness result and the continuity of the trace operator γ_∂ : H^{1/2}(Ω) → L^2(Γ) ensure that (θ^n) converges to θ almost everywhere in Q_T and that (γ_∂(θ^n)) converges to γ_∂(θ) almost everywhere on Σ_T . Consequently, (1.3) holds. Finally, the regularity properties are straightforward consequences of (4.11), (4.34) and the Gagliardo–Nirenberg inequality. With this, the proof of the assertion of Theorem 2 is complete. ⊓⊔

5 Uniqueness in One and Two Space Dimensions

In this section, we are going to prove the assertion of Proposition 3. To this end, suppose that (ϕ_1, θ_1) and (ϕ_2, θ_2) are two solutions to (1.1)–(1.4) having the properties stated in Theorem 2, and let T > 0 be given. Since

β(ϕ_0) ∈ L^∞(Ω) , −F^′_1(ϕ_i) −

F^′_2(ϕ_i) θ_i ∈ L^∞(Q_T ) , a monotonicity argument and (1.1) imply that β(ϕ_i) ∈ L^∞(Q_T ) , i = 1, 2 . We also know that ϕ_i is continuous on Q_T , i = 1, 2 . Then, since D(β) is open, there exists a compact subset [a_T , b_T ] of D(β) such that

a_T ≤ ϕ_i(x, t) ≤ b_T in Q_T , i = 1, 2 .

Next, since both θ_i and 1 θ_i belong to L^∞(Q_T ) , i = 1, 2 , there exists a positive constant κ satisfying 0 < 1 κ ≤ θ_i(x, t) ≤ κ a.e. in Q_T , i = 1, 2 .

We put

K = max { |β^′|_{C([aT ,bT ])}, |F^′_2|_{C([aT ,bT ])}, |ρ^{′′}|_{C([1/κ,κ])} } , ρ^′_i = min_{ξ∈[1/κ,κ]} ρ^′(ξ) , ρ^′_s = max_{ξ∈[1/κ,κ]} ρ^′(ξ) ,

and we define

ϕ := ϕ_1 − ϕ_2 , θ := θ_1 − θ_2 , ζ := ρ(θ_1) − ρ(θ_2) , u := 1 θ_1 − 1 θ_2 . Then ρ^′_i |θ| ≤ |ζ| ≤ ρ^′_s |θ| , (5.1) and it holds

ϕ_t − Δϕ + c_2ϕ_1 + F^′_1(ϕ_1) − c_2ϕ_2 − F^′_1(ϕ_2) = c_2ϕ −

F^′_2(ϕ_1) θ_1 + F^′_2(ϕ_2)

θ_2

, (5.2) ∂ϕ ∂n = 0 , on Σ_T , (5.3)

ζ_t + Δu = − F^′_2(ϕ_1) ϕ_{1t} + F^′_2(ϕ_2) ϕ_{2t} , in Q_T , (5.4) ∂u ∂n = θ , on Σ_T . (5.5)

In the sequel, we denote by C or C̄ any constant depending only on Ω , T , c_2 , M_2 , a_T , b_T , κ , K , ρ^′_i and ρ^′_s .

We take the scalar product in L^2(Ω) of (5.2) with ϕ . Using the monotonicity of the mapping ξ → c_2 ξ + F^′_1(ξ) , we obtain 1 2 d dt ∫ Ω ϕ^2 dx + ∫ Ω |∇ϕ|^2 dx ≤ c_2 ∫ Ω |ϕ|^2 dx + ∫ Ω |ϕ| | | | | | F^′_2(ϕ_1) θ_1 − F^′_2(ϕ_2)

θ_2 | | | | | dx ≤ (c_2 + M_2 κ) ∫ Ω |ϕ|^2 dx + K κ^2 ∫ Ω |ϕ| |θ| dx , whence d dt ∫ Ω ϕ^2 dx + ∫ Ω |∇ϕ|^2 dx ≤ C (∫ Ω ϕ^2 dx + ∫ Ω ζ^2 dx ) . (5.6)

Next, we take the scalar product in L^2(Ω) of (5.4) with ζ . It follows 1 2 d dt ∫ Ω ζ^2 dx + ∫ Γ θ ζ dσ + ∫ Ω ∇ζ · ∇(−u) dx ≤ ∫ Ω ( |ζ| |F^′_2(ϕ_1) − F^′_2(ϕ_2)| |ϕ_{1t}| + |ζ| |F^′_2(ϕ_2)| |ϕ_t| ) dx ≤ M_2 |ϕ_{1t}|_L4_{(Ω)} |ζ|_L2_{(Ω)} |ϕ|_L4_{(Ω)} + K |ζ|_L2_{(Ω)} |ϕ_t|_L2_{(Ω)} . (5.7) We have ∫ Ω ∇ζ · ∇(−u) dx = ∫ Ω ∇ζ · ( ∇ρ(θ_1) ρ^′(θ_1)θ^2_1 − ∇ρ(θ_2) ρ^′(θ_2)θ^2 ) dx ≥ ∫ Ω |∇ζ|^2 ρ^′_s κ^2 dx − ∫ Ω |∇ζ| |∇θ_2| ρ^′(θ_1)(θ_1θ_2)^2

|ρ^′(θ_2)θ^2 − ρ^′(θ_1)θ^2_1| dx ≥ 1 ρ^′_s κ^2 ∫ Ω |∇ζ|^2 dx − κ^4 (ρ^′_i)^2

(2 κ ρ^′_s + K κ^2) ∫ Ω |∇θ_2| |∇ζ| |ζ| dx . (5.8) Also, since ρ is non–decreasing, the function θ ζ is non–negative. Consequently, it follows from (5.7) and (5.8) that d dt ∫ Ω ζ^2 dx + C̄ ∫ Ω |∇ζ|^2 dx ≤ C ∫ Ω |∇ζ| |∇θ_2| |ζ| dx + C |ϕ_t|_L2_{(Ω)} |ζ|_L2_{(Ω)} + C |ϕ_{1t}|_L4_{(Ω)} |ζ|_L2_{(Ω)} |ϕ|_L4_{(Ω)} . (5.9) From Theorem 2, we already know that θ_2 ∈ L^∞(Q_T ) ∩ L^2(0, T, H^2(Ω)) . The Gagliardo– Nirenberg inequality implies that for N ∈ {1, 2} it holds |∇θ_2|_L4_{(Ω)} ≤ C |θ_2|^{12}_H2_{(Ω)} |θ_2|^{12}_L∞_{(Ω)} .

Hence, ∇θ_2 belongs to L^4(Q_T ) . In addition, the Gagliardo–Nirenberg inequality yields for N ∈ {1, 2} that |ζ|_L4_{(Ω)} ≤ C |ζ|^{12}_H1_{(Ω)} |ζ|^{12}_L2_{(Ω)} , so that ∫ Ω |∇θ_2| |∇ζ| |ζ| dx ≤ C |∇θ_2|_L4_{(Ω)} |ζ|^{12}_L2_{(Ω)} |ζ|^{32}_H1_{(Ω)} . (5.10) Therefore, using Young’s inequality, we conclude from (5.9) and (5.10) that d dt ∫ Ω ζ^2 dx + C̄ |ζ|^2_H1_{(Ω)} ≤ C̄ 2 |ζ|^2_H1_{(Ω)} + 1 2 |ϕ|^2_H1_{(Ω)} + C |ϕ_t|^2_L2_{(Ω)} + C ( 1 + |∇θ_2|^4_L4_{(Ω)} + |ϕ_{1t}|^2_H1_{(Ω)} ) |ζ|^2_L2_{(Ω)} .

Integrating over (0, t) , t ∈ [0, T ] , we find: |ζ(t)|^2_L2_{(Ω)} ≤ 1 2 ∫ t 0 |ϕ|^2_H1_{(Ω)} ds + C ∫ t 0 |ϕ_t|^2_L2_{(Ω)} ds + C ∫ t 0 ( 1 + |∇θ_2|^4_L4_{(Ω)} + |ϕ_{1t}|^2_H1_{(Ω)} ) |ζ|^2_L2_{(Ω)} ds . (5.11)

Next, we infer from [8] that

|ϕ_t|_L2_{(0,t,L}2_{(Ω))} ≤ C | | | |F^′_1(ϕ_1) +

F^′_2(ϕ_1) θ_1

− F^′_1(ϕ_2) −

F^′_2(ϕ_2) θ_2 | | | | L^2(0,t,L^2(Ω)) ≤ C ( |ϕ|_L2_{(0,t,L}2_{(Ω))} + |ζ|_L2_{(0,t,L}2_{(Ω))} ) . Thus, (5.11) becomes

|ζ(t)|^2_L2_{(Ω)} ≤ 1 2 ∫ t 0 |ϕ|^2_H1_{(Ω)} ds + C ∫ t 0 |ϕ|^2_L2_{(Ω)} ds + C ∫ t 0 ( 1 + |∇θ_2|^4_L4_{(Ω)} + |ϕ_{1t}|^2_H1_{(Ω)} ) |ζ|^2_L2_{(Ω)} ds . (5.12)

Finally, we integrate (5.6) over (0, t) and add the result to (5.12) to obtain the estimate

|ϕ(t)|^2_L2_{(Ω)} + |ζ(t)|^2_L2_{(Ω)} ≤ C ∫ t 0 ( 1 + |∇θ_2|^4_L4_{(Ω)} + |ϕ_{1t}|^2_H1_{(Ω)} ) ( |ϕ|^2_L2_{(Ω)} + |ζ|^2_L2_{(Ω)} ) ds . Since both |∇θ_2|^4_L4_{(Ω)} and |ϕ_{1t}|^2_H1_{(Ω)} belong to L^1(0, T ) , we can employ Gronwall’s lemma to obtain the asserted result. ⊓⊔

References

1. N.D. Alikakos: L^p – bounds of solutions of reaction–diffusion equations. Comm.

Part. Diff. Eq. 4 (1979), 827–868.

2. H. Amann: Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems. Preprint, 1993.

3. H. Brézis: Opérateurs maximaux monotones et semi–groupes de contractions dans les espaces de Hilbert. North Holland, Amsterdam, 1973.

4. P. Colli, J. Sprekels: On a Penrose–Fife model with zero interfacial energy leading to a phase–field system of relaxed Stefan type. (to appear)

5. W. Horn: A numerical scheme for the one–dimensional Penrose–Fife model for phase transitions. Adv. in Math. Sci. and Appl. 2 (1993), 457–483.

6. W. Horn, J. Sprekels, S. Zheng: Global existence of smooth solutions to the Penrose– Fife model for Ising ferromagnets. Diff. Integral Eq. (submitted)

7. N. Kenmochi, M. Niezgódka: Systems of parabolic equations for phase change problems. Tech. Rep. Math. Sci. Chiba University 9, No. 2, Chiba, Japan 1993.

8. D. Lamberton: Equations d’évolution linéaires associées à des semi–groupes de contractions dans les espaces L^p , J. Funct. Anal. 72 (1987), 252–262.

9. Ph. Laurençot: Solutions to a Penrose–Fife model of phase–field type. J. Math.

Anal. Appl. (to appear)

10. Ph. Laurençot: Weak solutions to a Penrose–Fife model for phase transitions. Adv.

in Math. Sci. and Appl. (to appear)

11. Ph. Laurençot: Étude de quelques problèmes aux dérivées partielles non linéaires.

Thèse, Université de Franche–Comté, Besançon, 1993.

12. O. Penrose, P. C. Fife: Thermodynamically consistent models of phase–field type for the kinetics of phase transitions. Physica D 43 (1990), 44–62.

13. J. Sprekels, S. Zheng: Optimal control problems for a thermodynamically consistent model of phase–field type for phase transitions. Adv. in Math. Sci. and Appl. 1 (1992), 113–125.

14. J. Sprekels, S. Zheng: Global smooth solutions to a thermodynamically consistent model of phase–field type in higher space dimensions. J. Math. Anal. Appl. 176 (1993), 200–223.

15. S. Zheng: Global existence for a thermodynamically consistent model of phase–field type. Diff. Integral Eq. 5 (1992), 241–253.