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Global Solutions to a Penrose—Fife Phase-—Field
Model Under Flux Boundary Conditions

for the Inverse Temperature’

by Werner Horn?, Philippe Laurengot® and Jiirgen Sprekels?

Abstract. In this paper, we study an initial-boundary value problem for a system of phase—
field equations arising from the Penrose-Fife approach to model the kinetics of phase transitions.
In contrast to other recent works in this field, the correct form of the boundary condition for the
temperature field is assumed which leads to additional difficulties in the mathematical treatment.
It is demonstrated that global existence and, in the case of only one or two space dimensions,
also uniqueness of strong solutions can be shiown under essentially the same assumptions on the
‘data as in the previous papers where a simplified boundary condition for the heat exchange with
the surrounding medium has been used. ‘

1 Introduction

In this paper, we study the initial-boundary value problem

ngt—AqSE—Fl'(ng)——F—é%, n Q=0 x(0,+0), (1.1)
(b@), + ) 6= -2 (3) +9, @, (12)
%=0, 8—8’“‘(%)=9—9p, on X :=T x (0, +0c0), (1.3)
9(-0) = do, 0(,0) =6, nQ, (1.4)

where () is an open bounded subset of RY, 1 < N < 3, with smooth boundary T.
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The system (1.1)—(1.4) constitutes a (generalized) Penrose-Fife model of phase-field
type for diffusive phase transitions with non—conserved order parameter. In this con-
nection, the fields ¢ and 6, respectively, represent the order parameter of the phase
transition and the absolute temperature, respectively, and all physical constants are
normalized to unity; moreover, the local free energy density F' = F(¢,0) is assumed in
the form :

F(¢,6) = Fo(6) + 0 Fi(9) + F2(¢), (1.5)

where the function
p'(6) =—0F () (1.6)

represents the specific heat. A typical form for the nonlinearities F; under consideration
is given by '
| Fi(¢)=p(¢) — s'(¢), (1.7)
where s is smooth and where 3 denotes a maximal monotone graph. For example, if
the order parameter ¢ represents a phase fraction having only values in the interval
[0,1], the graph 3 denotes the subdifferential of the indicator function of [0,1]. For
details of the derivation of the field equations (1.1),(1.2) we refer to [12].

Initial-boundary value problems for the field equations (1.1), (1.2) have been studied
in a number of recent papers. Indeed, the techniques developed in the fundamental
papers [14] and [15] have been extended into various directions; in this connection, we
refer to [2], [4-7], and [9-10]. The presently most general results have been established
in [11]. However, up to the paper [15], where only the spatially one—dimensional case
has been considered, all of these works share one serious physical drawback: they do
not assume the correct boundary condition for the temperature field . Typically, the
linear boundary condition

ol
- — =0 — 6, ‘ 1.8
% _o-o (18)
or a modification thereof, has been considered. However, in the Penrose—Fife model
leading to the internal energy balance (1.2) the heat flux q is (up to a constant) given

by
1 .
q=V (-) . v (1.9)
v 0

We should point out at this place that the classical Fourier law, in which the heat
flux points in the direction of the negative temperature gradient, does not seem to be
appropriate in this model; apparently, in this case there is no maximum principle hidden
in the energy balance (1.2) which could guarantee that the (absolute !) temperature
6 stays positive throughout the evolution of the phase transition. On the other hand,

if the heat flux is given by (1.9), then the law describing the heat exchange with the
surrounding medium should have the form assumed in (1.3).

It is the aim of this note to close the gap between mathematical model and physical
interpretation: we are going to show that, except for the additional restriction that
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the source g must be non—negative, essentially the same conditions as in the above-
mentioned papers have to be assumed for the functions arising in the model equations
in order to guarantee the global existence of strong solutions which, at least for space
dimensions one and two, will also turn out to be unique.

2 Statement of the Main Results

‘Consider the system (1.1)-(1.4). We make the following general assumptions on the
data of the system. :

(A1) There exist a maximal monotone graph # on R with domain D(ﬁ) satisfying
Int(D(B)) # 0 and 0 € $(0), and a function s satisfying s(0) = 0 which is twice
continuously differentiable on the closure J of D(8), such that

Fl=p-4§. : (2.1)
We also assume that there exist ¢; > 0, ¢; > 0 and a > 0 such that

—ctaf?<—-s), <L, VEET. (2.2)

(A2) F, belongs to C*(J) and satisfies
0<F(§) <M, VéEelJ, (2.3)

where M, < 2a,if F;(0) =0, and M; < 2a, otherwise.

(A3) p e CY([0,4+00)) is an increasing Lipschitz continuous function satisfying p(0) =
0, and there exist constants ¢z > 0 and &, > 0 such that

PE) > HE>E. | (2.4)

We denote by L, the Lipschitz constant for p, and by p™! its inverse on [0, +c0) .

(A4) For each T € [0,400), the functions 6r and (fr); belong to L®(X) and it
holds ~ ‘

6r >0 a.e. onXr, e € L*®(Zr), (2.5)
r .

where Xy =T x (0,T).

(A5) For each T € [0,+00), it holds g € L*®(Qr) and g, € L*®(0,T, L*(2)), where
Qr = x (0,T). We also assume that g is non-negative in Q.

3



(A6) ¢y € H*(Q) and 6, € H(2) N L*=(2), respectively, are such that ¢, € D(B) |
almost everywhere in Q, 3°(¢o) € L%(Q2) and

%: , 6,>0 ae in, iEL‘"’(Q). (2.6)
on 6o

Remark 1: If D(B) is bounded, then it suffices to postulate that s € C*(J) and
that F, € C*(J) is concave in order to ensure that (2.2) and (2.3) are satisfied.

For some results, we will also need the additional assumption

(A3’) There exist constants c¢; >0, v > 2 and & > 0 such that

GEELPE), 0<E<E. (2.7)

We now state the main results of this paper.

Theorem 1 Suppose that the assumptions (A1) to (A6) are satisfied, and sup-
pose that in addition the following conditions hold:

(1) D(B) is open, and B € C*(D(B)), s€ C3}(J), F, e C¥J),

(ii) p € C*([0,+0)), and (A3’) is satisfied with v =2,

(iii) Or € C*T x [0, +0c0)), g € C*Q x [0,+00)),

(iv) Béo) € L2(2), b € H(Q).

Then the system (1.1)—(1.4) has a unique global classical solution

(4,6) € C(Q x [0, +00), D(B) x (0, +00)) N C*( x (0, +00), IR?).

The next result is a generalization of the result of Theorem 1.

Theorem 2 Suppose that the assumptions (A1) to (A6) are satisfied. Then there
exists a pair (¢,0) such that, for each T € (0,+c0),

(i) ¢ €W (0,7, H' (@) L=(0,T, B*()) (C C(Qr)), ¢ € D(B) a.e. in Qr,
(}5(,0) = ¢o, '



(i6) 6€L®0,T, H'(Q)NL*(Qr), 6>0 a.e. inQr, ':3 € 170, T, H*(Q)),
p(0) € H(Qr), p(0)(-,0) = p(60),

(i11) (¢,0) satisfies (1.1)—(1.2) almost everywhere in Qr, and
09 0 0 (1

— [Z)=p! —
=0, o (5) = (06O)) - b, ae onSr.

(Here, 5 denotes the trace operator on T').
Moreover, if also (A3) holds, then, for any T € (0,+00), (1.3) is satisfied almost

everywhere on X, 1 belongs to L*(Qr), 6 to L*0,T,H*)), and both 8 and
v 6 | |

% belong to W'2(0,T, L*(Q2)) .

We supplement Theorem 2 with a partial uniqueness result.

Proposition 3 Suppose that the assumptions (Al) to (A6) and (A3’) are sat-
isfied. If

(i) D(B) is open, B € CHD(B)), p€ C*(0,+00)),

(i) B(go) € L=(Q),

(iii) N €{1,2},

then the solution to (1.1)—(1.4) given by Theorem 2 is unique.

3 A Regularized System

In this section, we study the well-posedness of the system (1.1)—(1.4) under the following
stronger assumptions. ' ' '

(B1) There exist a maximal monotone graph 8 on R with open and nonempty domain
D(f3) which is twice continuously differentiable on D(3) and satisfies 3(0) =0,
and a function s € C*(J) satisfying s(0) = 0, where J denotes the closure of
D(f), such that ’ »

Fl=f-¢. (3.1)

We also assume that there exist y; > 0, 15 > 0 and « > 0 such that

- TN + a£2 .<_ —S(E)’ S”(f) S Y2, V‘S € ']a (32)

and we denote by B the primitive of ,B vanishing at £ = 0.
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(B2) F, € C*(J) satisfies
0<F() <pa, VEE, (3.3)

where py < 2a, if Fi(0) =0, and u, < 2a, otherwise.

(B3) p e C¥([0,+0)) is an increasing Lipschitz continuous function satisfying p(0) =
0, and there exist 3 > 0, 74 > 0 and {, > 0 such that

{ PE) > ifE> (o,

pP&) 2 €< (.

We denote by A, the Lipschitz constant for p and by p~! its inverse on [0, +o0),
and we put 5 = min (y3,7s) > 0.

(3.4)

(B4) 6pr € C*(T x [0,400)), and 6r >0 on T x [0,+00).
(B5) g€ 02(Q x [0,+00)) is non—negative.

(B6) (o, 60) € H*(Q,R?) are such that

B(¢o) € L=(Q), minfy(z) > 0. (3.5)

e

We have the following result.

Proposition 4 Under the assumptions (B1) to (B6), the problem (1.1)—(1.4) has
a unique global classical solution

(¢,6) € C( x [0,+00), D(B) x (0, +00)) N C*}(2 x (0, +00), R?).

Proof:

The proof of Proposition 4 consists of two steps. First, employing abstract results of H.
Amann [2], we prove local existence and uniqueness of a classical solution to (1.1)—(1.4),
as well as a criterion for its global existence in time which requires uniform estimates for
the local solution to (1.1)—(1.4); in the second step, we derive these uniform estimates,
using essentially the same techniques as in [14] and [9].

Step 1: Local existence.

The local existence part of the proof is very close to that of Proposition 2.1 in [10], as
well as to those of Theorems 17.3 and 17.4 in [2]. We are going to specify how problem
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(1.1)—(1.4) fits into the abstract framework devéloped in [2]. To this end, let D :=
D(B) x (0,+00), and let w; := ¢, we := p(#). For any z € Q and w = (w;,w;) € D,
we define ,

1 0
a(:D, w) —Fl(wl) ﬂ_(w_‘?)
T (w))?
_ [almw) f1<j=k<N,
ajk(z,w) = {0 otherwise,

and, for any (y,t) € T x [0, +00), w = (wy,un) € D,

0 0

C(y’t$w) = ( 0 — p—“l(w2) — eF(yvt) ) .
Ws
Then, aj € C*(Q x D,L(R?), and ¢ € CGX(T x [0, 4+00) x D, L(R?)), where L(IR?)
denotes the vector space of (2 x 2)-real-valued matrices. Note that, for each w € D,
the family {a;x(-,w),1 < j,k < N} is lower triangular in the sense of [2, Sect. 15]. Fur-
thermore, for each (t,w) € [0, +00) x D, the boundary value problem (A(t, w), B(t, w))
defined by

N
0 : Oov
Alt,whv = — — lau(-,w)— |,
( ) j,kzzl 3.’13]' ( ]k( 81}k)
A Ov '\
Blt,w)v = — > vyslap(, w)z—| +c(-,t,w)ys(v),
k=1 337k .

is normally elliptic in the sense of [2, Sect. 4]. Here, 75 and v = (v!,...,v") denote

the trace operator and the outer unit normal vector field to I', respectively.

Finally, we define f € C?(Q x [0, +00) x D x R*,R?) by

Fy(un)
—Fl(w) — =2
1w1) p~H(w2)
flz, t,w,z,2') = ‘ , ;
/ ! Fé(w1>2 " Yo 2
9(z,t) + Fi(wi) Fy(w) + —5 + Fy(wr) Y (2)
p ('(1)2) _ j=1
where w = (wy,wsy), 2= (21,...,2y), and 2’ = (2],..., 2y).

The derivative of f with respect to the pair (z,2’) clearly satisfies assumption (14.4)
of [2], that is, for each compact subset K of D and any T > 0, there exists a positive
constant cg r such that .

100, f(z, t,w, 2,2")| < exr (L+1(2,2)]), (z,t,w,272) € Q x [0,T] x K xR .
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In addition, also assumption (15.12) of [2] holds.

We set wg := (¢, p(6p)) . By the continuity of the imbeddings H?*(2) — L*(Q) and
HY(Q) — LYQ), we have wy € H*Q,R?. It follows from (3.5) and from the
continuity of the imbedding H?*(Q) — W/84(Q) that

wo € WoBH(Q, D) = {v € W (Q,R?), v(Q) C D} - (3.6)

We may then apply the Theorems 14.4, 14.6 and 15.5 of [2] on [0,T7] for each positive
T to obtain

Lemma 5 Suppose that the assumptions (Bl) to (B6) are satisfied. Then the
ingtial boundary value problem

wy, + A, w)w = f(t,w, Vw),
B(t,wyw = 0,
'LU(', 0) = Wp,

has a unique maximal classical solution w(-,wo) = (wy,ws) on [0,t1(wy)), that is,
w € C( x [0, (wp)), D) N C*(Q x (0, £* (wy)), R?),

and w satisfies (3.7)—(3.9) pointwise.
Moreover, t*(wg) = 400, provided that there exist functions

ai, b1 : IR — D(B), az,by: IR — (0,400),
such that |

a1 (T) < wy(t)
az(T) < wa(t)

b(T), 0<t<T < +oo, t<tH(w), (3.10)
bz(T), 0<t< T < 400, t < t+(w0) . (311)

IA A

Step 2: Uniform estimates.

In order to complete the proof of Proposition 4, it remains to check the validity of
(3.10) and (3.11), respectively. For this purpose, we have to establish L*—estimates
for w; and for S(w;) (implying (3.10)), as well as positive upper and lower bounds for
wy . To derive the latter estimates, we follow the idea of [14] and try to obtain some

L>®—estimate for the function 1

| p(ws)
Let T > 0. We are going to prove estimates for w;, in W¥(0,T, H*(Q)) and in
L>(0,T, H*(2)), for B(w;) in L®(Qr), for wy in H(Qr), in L*(0,T, H3(Q)) and in

Pp—
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L*(Qr), and for v in L*°(Qr), which depend only on the global data Q, T, a, pa, Y1,
Y2, V3, T4, (o and on constants Ry(T") and R(T') satisfying

19|z20r) + |%tlre@r,r20) + 10rlzeEy + [(6r)lz=ey

1 , /
£l Lol + Bl + 15 G0l + IFO)
TILe(Zr)
1
+ [F1(0)| + 6olme) + 100lz=) + %, o + p(1) + (o < Ro(T), (3.12)
Ry(T) + 1B(o)|r=(ey < R(T). (3.13)

For later use, we will pay much attention to how these estimates depend on v, and
- R(T). In the sequel, we denote by C, C any positive constant depending only on

2, T, the constants «, 41, v, in assumption (B1), ps in assumption (B2), ~s,
(w, A, in assumption (B3), and Ry(T) satisfying (3.12); moreover, any positive con-
stant depending not only on the abovementioned constants but also on the constant
74 in assumption (B3) and on R(T) satisfying (3.13), will be denoted by D or D,
respectively. '

The required uniform estimates will now be proved in several steps, each stated in the
form of a separate lemma. To begin with, we recall that the pair w = (w;, w;) given
by Lemma 5 is a solution to the initial-boundary value problem

wy — Awy, = — Fj(w) — Fy(w) u, (3.14)
wy + Au = g — Fy(w) wy, ' (3.15)
8w1 ou 1
= = () === 3.16
on, 5 on u L ( )
wl('a O) = ¢O 3 u’?(': O) = p(QO)a (3’17)
1
where 4 = ————. We have
p~H(w2)
Lemma 6 There exists a constant C > 0 satisfying
|1 |z, @) + [Wielrzer) + [Vulren) + |ulnorme) < C- (3.18)

Proof:
~ From (B1) it follows that

F() = F(0) + A(E) ~ s(€) <F(0) + €A(E) — £5) + 1€,

whence, using (3.12),
[ Filn) da < C + ldolizy (1860l + 18 G0l + 2 ldoliy) <O (319)
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Next, let 5 : (0,4+00) — R denote the function defined by

p(p(1)) =p(1), F(€)= p=Tk £>0,
that is, :
5O = o) + [}~ o
Then .
p(&) <&, for £ € (0,400). (3.20)

Next, note that (B1) implies that B is non-negative. Therefore, by virtue of (3.1)-
(3.3),

F(§) + B 2 BO) +a & - m - 2 & - |FK0) = -C,
whence
/Q(Fl(’uh) + Fy(wy)) dz > —C. (3.21)

We now take the scalar product in L?(Q) of (3.14) with w;;, of (3.15) with 1 —u, and
add the resulting equations to obtain '

%/ﬂ (%2‘ + Fi(wy) + Fy(wq) + wp — ﬁ(wg)) de + / (|w1t|2 + [Vu|2> dx

+/( +epu) da—/(1+9p)da + /g (1-w) de.

Owing to Poincaré’s inequality, we find upon integrating over (0,t), t € [0,T],
Vu, |2 2
-/K‘? (| 21| +F1(w1) +F2(’U)1) +’LU2 w2 ) dz + / / (|w1t|2 *—‘—(L‘L—L) dzds

+ éfot |ulie) ds < C + /Q(Fl(qﬁo) + Fy(¢o) + p(6o) — A(p(60))) dz.  (3.22)
It follows from (3.19) and from (B2) that ‘

[ (F(@0) + Fi(60)) da < C + [ (IB3(0)] 1ol + 12 [6o) de<C.  (3.28)
We also infer from (B3) and from (B6) that
[ o@) ~ aloten))) ds < [ (Ap 0 — p(1) +
Combining (3.20)—(3.24), we conclude that
1 1 14 _ t
5—/ Iv'w1|2 dr + 5/ / (2 |w1t]2 + |Vu|2> dzds + C / Iulyl(g) ds < C,

which implies (3 18), since |wi | r12(0)) < C + VT T w20 - : O

lp(1) — p(6o)]
1 + supgeq [1/60(8)]

) dz < C. (3.24)

Next, we are going to improve the estimates obtained in Lemma 6.
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Lemma 7 There exists a constant C > 0 satisfying

’LLt2

dzds < C, (3.25)

T 1
|wie| Lo m22()) + [Vl 2oy + [ulzeorm @) +/o /gp I (E)

|w: | peoo,1,2(0)) + | F1(w1)| 20012200 < C - (3.26)

Proof:

We follow the lines of the proof of Lemma 3.2 in [14]. To this end, we differentiate (3 14)
with respect to t, take the scalar product in L*(2) of the resulting equation with wy;,
and add the result. to the L%(Q)-scalar product of (3.15) with —u;. Using Lemma 6,
the positivity of u, the continuity of the trace operator from H(Q) into L*(T'), as
well as the assumptions (B1), (B2), (B4), (B5), we find that

d w2 |Vul? d
dt./Q( 5 + +gul| dz + (0pu—1nu)do

2 dt
) dz

Lt o) 1

fggt udzr + /P(QF udo + /Q(—F1 (w1) — u By (wy)) Jwy]* dz < C.

Since

ws(0) = Ay — Fi(ge) — A&,

the above inequality yields, after integration over (0,t), t € [0, T] ,

w* [Vl
/( gt 5 tgu dm+/9pu—lnu)d

o [hfer () I

which implies (3.25), since the function £ —
(0,400) . Next, note that w; satisfies

) dzds < C,

min 6

§ —In¢ is bounded from below on

ow
—Aw; + v wy + Fl(w) =7 w1 — wy — Fy(wy) u, 8_n1 =0. (3.27)

Thus, we can infer from (3.25) and from the continuity of the imbedding H(Q) —
L*(Q) that
v w1 — wy — Fy(wi) ulperrzgy < C.

By assumption (Bl), the function £ — & + F{(§) is non—decreasing. Thérefore,
(3.27) and the last estimate yield

|Aws e r20)) + [F1(w1) |z 12 < O

11



whence (3.26) follows. O

Next, we note that (3.26) and the continuity of the imbedding H?(§) «— L*°(£) imply
that ' ’
|w1|Lm(QT) < C. (328)

Therefore, putting h := g — Fz’ (w,) wy, we can conclude that

lhILQ(O,T,LG(Q)) < C. (329)
Now, recall that ws is a solution to the problem
1
w2t+Au=h, —=a—9p. ’ (3.30)

We are going to prove the following result.

Lemma 8 There exists a constant C > 0 satisfying

16]z2(07) + lwelz=(an < C, | (3.31)

where 6 = p~(ws) .

Proof:
The proof makes use of Moser’s technique (cf. [1]). To this end, consider the functions
pp+1 : [0, +00) — [0,+00) defined by

pp1(0) =0, p(6)=(p+1)p(§) &, forf=0,
for any p € [0, +00). We then infer from (B3) that

Pp+1 (g) < Ap §p+17 for 6 2 Oa (332)
13 = (13 A CE < ppa(€),  for €2 (. (3.33)
Let p € (2,+00). We take the scalar product in L?(2) of (3.30) with 87. It follows

1 d 4p =1
p———{»- 1 EZ;S /Qpp+1(9) dx + “'—(p_ 1_)2 L’VG 2

< Aermw+42;h1mdm.

“do + [0 do
r
Using Young’s and Poincaré’s inequalities and the continuity of the imbedding H*(2) —
L5(Q1), we obtain
d - 3 L
- /Q ppi1(6) dz + C ( /Q 63-1) dm) < CRy(TY" + (p+1) /Q h|6Pdz.  (3.34)
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Next, we infer from Holder’s and Young’s inequalities that

' _(?_ 3(p-1), )% L N\2h12 ( 3 (p+1) )%
(+1) [ 1o < = ( /Q 6D ) + Clp + 1)2|hf2sqy /Q 61 04z)" | (3.35)
g 3(p—1) >% : 2,712 ( p+1 ) ,
(p+1) /Q hlePds < 3 ( /Q 60 Ddz ) + C(p + 1)kl /Q o7 ldz) . (3.36)

We first take p = 3 in (3.34). It follows from (3.29), (3.33), (3.34), (3.36), and from
Gronwall’s lemma that
10| Lo, 1,200)) < C - (3.37)

We now consider the sequence (pi) of real numbers defined by

3

Let k& € N, and take p = pg; — 1 in (3.34). In view of (3.12), (3.32), (3.33), and
(3.35), we can conclude that

. 4
po=4, pri1=—-pr, k€EN.

sup [ 6P+ (t)dz < Cp},, max {RO(T)J""+l , Sup (/Q 67 (t) d:z;) 3} .

te(0,T) V9 te(0,T)
Hence, invoking (3.37) and [9, Lemma A.1], we find that

sup |0(t)|n) < C, VkeNN.
te(0,T)

Taking the limit as k& — +oo, we obtain (3.31), since p is Lipschitz continuous. O

The following result is a straightforward consequence of (3.15), Lemma 7 and Lemma
8.

Corollary 9 There exists a constant C > 0 satisfying

0] o0,y + [Walro ) + lwatl2or) + IkuiL’L’(O,TJ:T?(Q))'S C. (3.38)

Next, we recall that u is a solution to the problem |
p'<—11;) wy —u' Au=—-hv', —=>—6p. | (3.39)
We are going to prove the following result.
Lemma 10 There exists a constant D > 0 satisfying
|ulrory < D- o (3.40)

13



Proof:

The proof of Lemma 10 again relies on Moser’s technique. For further use, we introduce

the function o, : (0,400) =R, p>1, by

! / 1 — -
Gp(l) =1, Up(&) =pp (g) & ', for £ €(0,+00).
Owing to (B3), o0, satisfies |

1— 7y + %8 <a(6) <AL +1— A, forfe[l,+00).

Let p € (1,+0c0). We take the scalar product in L*(Q) of (3.39) with u?~!

d ‘ 4p 1y |2 ol
(—i—i/gap(u)dm + P+l Qu|V<u2)‘ dw+p£0pu do

= P 4, p+1
= p/Pu d0+p‘/9]h|u dz .

By (3.31), )
u(z,t) >C >0, V(z,t)eQx][0,T].

Therefore, by virtue of Young’s and Poincaré’s inequalities,

dt/ dz+C’u2

p+1
oy < O Ro(T) +p/ﬂ|h{u dz .

(3.41)

. Tt follows

(3.42)

Since H'(Q) is continuously imbedded in L%(f2), we find, after integration over (0,%),

t € [0,T], that

/Qop(u(t)) dz + C_"/Ot ([) T dm) ds < CRy(T +p/ / |h| Pt dzds. (3 43)

Next, Holder’s and Young’s inequalities yield

£ 1 é %
p/ / |h| Pt deds < p/ |h|Ls) (/ ) d:c) (/ uiPD) dm) ds
0 Ja 0 Q Q

c(r : i 3 i
5 (A ./{;US(p-'_l)’ d(EdS) +C p2/0 |h|_%e(Q) </Q u4(P+1) diL') ds.

The latter estimate, in combination with (3.29) and (8.43), implies

fortutt) ds < € (Ratoy + 5t sup (w0 ar)’)
Q te(0,1) \JQ
Consider now the sequence (g;) of real numbers defined by

4
q =6, Qk+1‘—“§Qk-—1, k e IN.

14
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Let k € IN, and take p = gz41 in (3.44). Using (3.41), we obtain

/ udk+ (t) dx <D k(RQ(T)qH-l + qzﬁ-l sup (/Q udk (t) dm)g) .
Q

te(0,T)
Moreover, (3.25) and the continuity of the imbedding H'(Q) — L°(Q) imply that
|u| oo, 15(0)) < €. We then infer from [9, Lemma A.1] that

sup |u(t)|w) <D, VkeN,
te(0,T)

and (3.40) follows from passing to the limit as k — +oc0. O

We are now in the position to complete the proof of Proposition 4: indeed, it follows
from (B1), (B2), (3.28) and (3.40), that

|s'(w1) — Fy(w1) ulreen £ D, (3.45)
and w,; is a solution to

/ ) 8?1)
wi + Bwn) — Ay = o (w) ~ Fifwn) u, At =0,
A monotonicity argument ensures that
|B(w1) 1@y < 18/ (wr) — Fy(w:) ulr=(er) + |8(do)l=() -

whence, using (3.5) and (3.45),

18(w1)|z=(r) < D- | . (3.46)

Then, (3.10) follows from (B1), (3.28) and (3.46). Finally, (3.11) is a consequence
of (3.31), (3.40) and the monotonicity of p. The application of Lemma 5, with 6 =
p~Y(w,), concludes the proof of the assertion of Proposition 4. O

4 Proof of Theorems 1 and 2

Since Theorem 1 is an immediate consequence of Proposition 4, we concentrate on the
proof of Theorem 2.

In the sequel, § is a maximal monotone graph, and s, Fy, p, g, 6r, ¢ and 6
denote functions satisfying the general assumptions (A1) to (A6). We recall that J
denotes the closure in R of the domain D(f) of 8. In order to prove Theorem 2, we
are first going to construct suitable approximations of Fy, Fy, p, g, 6r, ¢ and 8,
so that Proposition 4 can be applied; this will be done in the next lemma. Then we
will derive uniform estimates for the solutions to the approximate problems, and the
assertion of Theorem 2 will follow from passage to the limit.

15



The following result follows from standard arguments in approximation theory which
need not to be repeated here.

Lemma 11 There exist constants py >0, a >0, 120, 7220, 13>0, (x>0,
A, > 0, depending only on My, c1, ¢, a, c3, & and L,, and sequences of
functions s,, Bn, Fin, Fa,, pn such that the following conditions hold:

(i) B. € CYR) is an increasing function satisfying

A C liminf,, | (4.1)
1Ba(2)| < |8°(z)] - (4.2)

(i) Fi,, Fan and p, satisfy the assumptions (B1)—(B3) with the above con-
stants and with 74, = 1 , and
n
Fl,n(o)_ = F1(0)7 F{,n = S;L - ﬂn °

(iti) (A.) converges to A in C*(J), (p.) converges to p in C([0,4+00)), and (s,)
converges to s in C*(J).

Moreover, if also (A3’) holds, then there exist constants v >0 and ( > 0,
depending only on ¢; and &, such that

P(E) >4 7%, 0<E<G. (4.3)

(We recall that, if ¥ is a Banach space and if (A¢).>o denotes a sequence of operators
acting on Y, then the notation

Ay C lim ionf A,
means that to any (zo,ys) € Ay there exists some sequence (z.,y.) € A, such that

(z,ye) converges to (zg,Y) in ¥ XY as e tends to zero.)

A straightforward consequence of Lemma 11, (iii), is that

1 1
— — Climinf ( p‘1> ; (4.4)

p N~ 400

in addition to that, to any compact subset K of J there exists a constant Cx, > 0,
depending only on K and s, such that

|8al 2y < Cits - (4.5)

Moreover, we can pick two sequences g" € C®(£) x [0,+00)), 6% € C’°°(I‘ x [0, 4+00)),
such that the assumptions (B4) and (B5) hold and, in dddlthIl for every T > 0 the
following conditions are satisfied:

16



i) (g is boundéd in L*(Qr),
(ii) ((g");) is bounded in L*(0,T, L*(%2)),

(iii) (g") and ((g"):), respectively, converge in L*(Qr) to g and g, respectively,

(iv) (67), (l) and <89F) are bounded in ‘L°°(ET),
o ot

(v) (8%) converges to 6r in L*(Zr). k

Finally, we put ¢j = ¢, and there exists some sequence (67) C H 2(Q) satisfying (B6),
which converges to 6y in H*({) , while the sequences (f7) and Ol()‘ , respectively,
remain bounded in L*®(€2).

Since both A3, and the imbedding H?(Q) < L*({) are continuous, it follows that
B,.(68) = Bn(¢o) belongs to L*(2) and that (3.5) holds. It also follows from (4.2),
(4.5) and (A6) that

182 (95)12(0) + 180(90)2(2) < Cpys + 18°(d0)| 1200 (4.6)

where, thanks to the continuity of the imbedding H*(Q)) — C(f2), the subset Ky, =

#o(£2) of J is indeed compact.
By virtue of Proposition 4, for each n > 1 the problem

B (¢
p=ag - B - 22 g0 0,400), (4.7
/ 7 7 1 n :

Pn(()n)t + F2,7l(¢ ) t = T A (%) + 9, m Q 3 (48)
a¢n a 1 ‘
e S — (=) =g — g7 = 4,
5 0, 5 (_9"> " —6f, onX Fx(0,+o§), (4.9) |

¢"(-,0) =¢5, 6'(,0)=06;, onfQ, - (4.10)

has a unique classical solution
(¢",6") € C(Q x [0,400), R x (0,+00)) N C*(Q x (0, +00),R?) .

Now, let T" > 0. It follows from (4.6) and from Lemma 11 that we may find some
positive constant Ro(T") > 0 such that (3.12) holds for (Fy,, Fo,, pn, 9", 0%, ¢3,6%),
uniformly in n € N. Invoking the Lemmas 6 to 8, as well as Corollary 9, we conclude
that there exists a constant Co > 0, dependingonly on Q, T', &, 711, Y2, B2, 73, A
and Ry(T), such that, for any n > 1, the pair (¢",6") satisfies the estimate

17



10" oo, m2(0)) + |08 |Lor iz + [V 20 + 1F1a(9") =01, 20
+ 10" |20, @) + 167 |2=0r) + 1Pnl") |z i) + 0n(6)il22(0r)

+ [uMrerav) T 14" 2o me) < Co, (4.11)
where
u" = 1
[

In fact, it follows from Lemma 11 that Cy dependsonlyon Q, T, a, ¢, ¢, c3, L,
and Ry(T). Thus, in the sequel we denote by C' any positive constant depending only
on Q, T, a,c, cz, My, c3, L, and Ro(T).

From (4.11) we can infer that (¢") is equicontinuous in C([0,T], H}(Q)) and that
(¢™(t)) is relatively compact in H'(Q), for any t € [0,T]. Therefore, by the Ascoli
theorem, (¢) is a relatively compact set in C([0,T], H*(f2)), and we may assume that
there exists some ¢ € C([0,T], H'(R2)) such that

¢ — ¢ in C(0,T), H'(Q)) and ae. in Qp. (4.12)

Similarly, we infer from (4.11) that the sequence (p,(6")) is relatively compact in

C([0,T], L*(€)) . It also follows from (4.11) that (p,(6")) forms a bounded subset of
the space :

W = {w e L*0,T, H(Q)), w; € L*(0,T, L*())}.

A classical compactness result ensures that the imbedding of W in L*(0,T, H¥?(Q)) is
compact. Since the trace operator v : H/?(Q) — L*(T") is continuous, we may assume
that there exists some ¢ € L*(0,T, H(2)) n WY2(0,T, L%(2)) such that

(8" — ¢ in L*(Qr) and ae. in Qr, : (4.13)
Ya(pn(6™)) — 75(¢) in L*(Zr) and a.e. on Tp. (4.14)

Next, we infer from (4.11), (4.12), Lemma 11 and the continuity of the imbedding
H(Q) — L5(9), that we may assume that

F(¢") — F(¢) in L*(0,T,L%Q)),
s.(¢") — §'(¢) in L*(Qr), | (4.15)

and that there exists some + € L?*(Qr) such that

Bu(¢™) =% in LQ(QT) . | | (4.16)

Invoking (4.1), (4.12), (4.16), and using a monotonicity argument, we find that

$€D(B), and ¢ € B(¢) ae. in Qr. | (4.17)

18



Next, we turn our interest to the sequences (6") and (u"). By (4.11), we may assume
that there exist functions 8 € L*(0,T, H*(Q)), u € L?(0,T, H*(Q)) and b € L*(Zr)

such that .
" — 6 inL?*0,T,HY D)),

76(@") —  } ian(zT): .(4.18)

u"  — wu in L*(0,T, H*(Q)).

To complete the proof of Theorem 2, we need to investigate the relationship between
the functions ¢ in (4.13),(4.14) and u, 6, b in (4.18), respectively. To this end, note

1
that | —-—; | is a maximal monotone graph on IR with domain (0, +o0). Moreover,
p

1
oyt (pn(67)) -
Therefore, it follows from (4.4), (4.13) and (4.18) that

—u" =

(>0 and u=

1
a.e. in Qr. (4.19)
(9]
Similarly, using Lemma 11, the convergences (4.13), (4.14) and (4.18), and invoking the
positivity of ¢ and monotonicity arguments, we can conclude that

6 =p¢) a.e. in Qr,
(4.20)

b=p"'(72(C)) ae. onZr.

We are now ready to complete the proof of the first part of Theorem 2. Indeed, it is
easily checked that (F3,(¢") u*) converges weakly to Fj(¢)/6 in L*(Qr) and that
(Fy,.(¢") ¢7) converges to Fy(¢) ¢, . Then, (1.1) and (1.2) follow from (4.11) and
from the convergence results established in (4.12), (4.13), (4.15), (4.16), (4.18), (4.19)
and (4.20); moreover, the properties (%), (i¢), (ii) are a consequence of (4.20), (4.11)
and of the continuity properties (4.12) and (4.13). '

To confirm the second part of the assertion of Theorem 2, we now assume that p satisfies
assumption (A3”). Then, for each n > 1, the function p, satisfies (4.3). We need the
following lemma.

Lemma 12 Suppose that T > 0 is a positive real number, and suppose that w,
wr, R and f denote functions having the following properties:

(i) R € C¥([0,+00)) is an increasing Lipschitz continuous function with R(0) =0
such that there exist (o >0, v4 >0 and v > 2 satisfying

R > €72, 0<e<q. (4.21)
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We denote by Az a Lipschitz constant for R.

() wr € C*(T x [0,T]), and minpxporwr =mr > 0.

(ii5) f e L*(0,T,L*(%)).

(iv) we C(Q x [0,T],(0,+0c0)) N C*(Q x (0,T), R) satisfies

R’ (i) 2~ Aw+f in Qr, (4.22)
w w
ow -1 wr on Y. (4.23)
on w

We put
Wy, = min w(z,t).

Qx{0,T]
Then there exists a posttive constant C,,, depending only on 2, v5, v, (o, Ar,
T, mg, |fli=@rQ), Wm, [Wieprsq) and [w(0)|zo@), such that

|w|z=(gr) < Coo - (4.24)

Proof:

The proof of Lemma 12 involves similar arguments as those used in the proofs of Lemma
2.3 in [6] and of Lemma 6.6 in [11]. The proof includes two steps: first, we are going to
show that w is bounded in L*(0,T, LP(2)) by some constant Cy, which depends on
the same data as C,, and also on p; this result will then enable us to employ Moser’s
technique and thus to establish the validity of (4.24).

In the sequel, we denote by C, any positive constant depending only on 2, T, v L, ‘
v, CO) AR’ mr, IflL""(O,T,LZ(Q))> wma*lwle(O,T,LG(Q)) and I'I.U(O)!Lco(g) v

Let k € (v,+00). We denote by Ry : [0, +00) — [0,400) the function defined by
1

m@=m'm@=WH—wa

) fk"z‘, for £ € (0, +o0).

We then infer from (4.21) that

0 < Ri(€) < Ag €1, VE20, | (4.25)
% (877 = @) SRulg), VEZ - (4.26)

0

We take the scalar product in L*(Q) of (4.22) with w* to obtain
| 1 d 4 o

———_——k_i_l_UE/QRk(w) dz + E/leV(fw )

20
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S/wk_l da+/|f] w* de.

Using Young’s and Poincaré’s inequalities, we find that there ex_lsts some 6 > 0, de-
pendmg only on ©, w,,, v and mr, such that

a/QR‘“( ) dz + &6 ]wz < Co my +k/|f|w dz. (4.27)

H(Q) =
Next, we estimate the last term on the right-hand side of (4.27). By Holder’s inequality,

2(k—1

k

K k-1
k /fol w® dz <k |f|2@) lwlise lw @)

<Cyxk ’wg

L3(Q)
Since H(Q) is continuously imbedded in L%(f2), it follows from Young’s inequality
that ‘

) |2
k 0 | & k ok
b [1flwtdo< S [l o+ G k67 (4.28)

Combining (4.27) and (4.28), we see that

d
aARk( ) dz + = 'fuﬂ

—k k ok
H1(9)<O°° (mp" + k" 6 )

We conclude from (4.25), (4.26) and from the above inequality that to each k € (v, +00)
there exists a positive constant Ceop depending on ), T, Vs, v, Co, Ar, mr,
‘f‘Lw(O’T’LZ(Q)), W ]wle(O’T)LG(Q)) y |w(O)IL00(Q) a.nd k, such that

lwlL“’(O,T,LkH—V(Q)) < Co‘o,lc - ‘ (4.29)

Next, for any k > v, it follows from Holder’s and Young’s 1nequaht1es and from the
continuity of the 1mbedd1ng HY(Q) — L*(Q) that

5 % 5
k [Ifletde <k Iflpey ([ o dm> ([ w d:c)
e T Coo k (/Qw d:c) , (4.30)

where 6 > 0 is defined in (4.27). Combining (4.27) and (4.29), invoking (4.25) and
(4.26) and integrating over (0,t), ¢ € [0,7], we obtain the estimate

é
5 [

/Qle_"(t) dr < Co (mz* + (5 + |w(0) [for)) + Coo k° |0]Feo(0.1, 130732 - (431)
We now consider the sequence (v,) of real numbers defined by

4
Vg = 3V, V,LH:?) v,+1—v.
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Then v, > 1, for every n > 0. We may take k=1v,,;+v—1>v in (4.31) and get
- A
/§.zwyn+l (t) dz < Coo M™ + Cx (Vn)G lwlﬁi"(O,T,L“"(Q))’ t€[0,17, (4.32)
with
M=maxi1, =, L |w()
= m P} mT ) CO b Lm(Q) *
Finally, we infer from (4.29) that
iw|L°°(o,T,L"o(Q)) < Coop - (4.33)
It then follows from (4.32), (4.33) and from [9, Lemma A.1] that
[w|i=rrm@) £ Co, VYneN.
Since v, — oo as n — 00, the assertion follows from passage to the limit as n — oo

in the above inequality. . a

After this preparation, the proof of Theorem 2 can be concluded as follows. In view
of (4.11) and of Lemma 11, for each n > 1 the functions (u", p,, 6¢, f*) satisfy the
assumptions of Lemma 12, uniformly in n € IN, where- : ‘

fn = F2I,n(¢n) ¢;l - gn
Hence, there exists a constant C,, > 0 such that
[u"|1=0r) £ Coo- (4.34)

We then infer from (4.11) and (4.34) that (") is bounded in L%(0,T,H*(f2)) and
that (67) is bounded in L%(Qr). A classical compactness result and the continuity
of the trace operator v, : HY/?(2) — L*(T) ensure that (") converges to 6 almost
everywhere in Qr and that (v5(6")) converges to 75(f) almost everywhere on Xr.
Consequently, (1.3) holds. Finally, the regularity properties are straightforward conse-
quences of (4.11), (4.34) and the Gagliardo—Nirenberg inequality. With this, the proof
of the assertion of Theorem 2 is complete. O

5 Uniqueness in One and Two Space Dimensions
In this section, we are going to prove the assertion of Proposition 3. To this end, suppose

that (¢1,61) and (¢2,62) are two solutions to (1.1)—(1.4) having the properties stated
in Theorem 2, and let T > 0 be given. Since

Blgn) €229),  —Fi(a) - T2 ¢ 12(qy),
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a monotonicity argument and (1.1) imply that A(¢;) € L°°(QT), i = 1,2. We also
know that ¢; is continuous on Qr, i = 1,2. Then, since D(3) is open, there exists a
compact subset [ar, br] of D(8) such that

ar < ¢i(z,t) <bpr inQp, i=1,2.

) ,
Next, since both 6; and a belong to L*(Qr) , i = 1,2, there exists a positive constant

K satisfying

' 1
0< =<08(z,t) <k ae. in Qr, i=1,2.
K

We put

. / / /! ‘ /_ / - /
K = max {|8'|c(aror)s | Flctianinys 10" lcmep )+ Fi (in p(8), pl= max p(£),

and we define
p=¢1—¢2, 0:=0,—0,, (:=p(61)—p(62), vi=7—.

Then
161 < I¢I < ol 16, (5.1)
and it holds

¢ — A¢ + a1 + Fi(¢1) — cogpa — Fi(¢2) = c2¢p — Fz(ibl) Fgéfz) ) (5-2)
d¢
57; =0 5 on ET, , (53)
G+ Au= —Fé(¢1)¢n + F2/(¢2) ¢2, in Qr, (5.4)
0
a—z -6, on Zp. (5.5)

In the sequel, we denote by C or C any constant depending only on Q, T', ¢, M,,
ar, br, x, K, p; and p..

We take the scalar product in L?(Q2) of (5.2) with ¢. Using the monotonicity of the
mapping & — c2 € + F{(§), we obtain
Fy( 9751) _B(¢e2)|

55 L dok [IVoPde < e [0 dot [ ol P20 TS
< (o + Myk) /Q|¢|2dm+m /quﬁl 6] dz,

whence

%/Q¢2dm+/n|v¢12da:gc(/ﬂ¢2dx+/9g2’dm). | (5.6)
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Next, we take the scalar product in L%*(Q2) of (5.4) with ¢. It follows

1d |
5(—12/9C2dw+/[19Cda+/QVC-V(—u) dz
< [(ICH1E ) = Fy(@a)] [6xl + ] |F3(62)l|]) da
< M |dulise) ICl2@) |91y + K [Clze) 16l r20) - (5-7)
We have ,
_ Vp(6,) Vp(6s)
N CEEEIAS (dwl)e% p'wz)e%) &
IV¢|? IV¢| V6] ”
> o o KE dr — 0 7(6)(6:0)° |0/(62)65 — 0 (61)63] dec
! /!Vq? iz — 2k, + Kr?) / V6| [VC| |¢] d (5.8)
pok? Jo (2 P o' ' '

~Also, since p is non—decreasing, the function 8¢ is non—negative. Consequently, it
follows from (5.7) and (5.8) that"

d 2 ~ 2
dt/ﬂ(dm—kC/glVCldm | |
< C/Q IVC| |V, [C] dz + C i1z ¢l + Cldulse) IClz@y 191y - (5.9)

From Theorem 2, we already know that 8, € L*(Qr)NL?(0,T, H%(2)). The Gagliardo—
Nirenberg inequality implies that for N € {1,2} it holds

1 1 |
[VO2|14(0) < C'162] 20y 102]7e0(q) -

Hence, V0, belongs to L*(Qr) . In addition, the Gagliardo-Nirenberg inequality yields
for N € {1,2} that

|C|L4(Q) <C Kﬁ{l(g) |C|%2(Q)a
so that . .
19620 19¢] I¢] do < C V8lzuiey ICl5aqay [Clincay- (5.10)

Therefore, using Young’s inequality, we conclude from (5.9) and (5.10) that
d . C 1
p /QC2 dz + C [{lin@g < 2 [Clon ) + 5 6@ + C 16:l120)
, +C (1 + V8|1 + | b4 lfql(n)) ¢ Z2(0y -
Integrating over (0,t), t € [0,7], we find:

€Oy < 5 [ 160 ds + C [ loula ds
o) = 5 19 | 9il1z0)

1 ,
+C/0 (14 Valfaq) + |¢ul12ql(sz)) ¢ [y ds- (5.11)
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Next, we infer from [8] that

F() + 8 g, - T2
. 1 2

6| 120,12 () S; C

L2(0,t,L2())
< C (18lzura) + [Clroarmy) -

Thus, (5.11) becomes

1 14 13
K Fay < 5_/0 |30y ds + C/O 161720y ds
Jo |
+C/0 (1+ V0s] 140y + l¢1t|%11(9)) ¢ 1220 ds - (5.12)

Finally, we integrate (5.6) over (0,t) and add the result to (5.12) to obtain the estimate

66) Bay + 100 Bay < C [ (14 VOilbu + [buliney) (10020 + Cey) ds-

Since both |VOs|lsqy and |¢ul% g belong to L}0,T), we can employ GrOnwall’s
lemma to obtain the asserted result. ; O
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