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Abstract

The paper is devoted to the thermodynamic construction of a two-com-
ponent model of poroelastic media undergoing, in contrast to earlier works
on this subject, nonisothermal processes. Under the constitutive dependence
on partial mass densities, deformation gradient of skeleton, relative velocity,
temperature, temperature gradient and porosity (simple poroelastic material)
as well as the assumption of small deviations from the thermodynamic equi-
librium we construct explicit relations for fluxes, prove the splitting of the free
energy into partial contributions without mechanical couplings, construct a
chemical potential for the fluid component important for the formulation of
boundary conditions on permeable boundaries. We discuss as well a modifi-
cation of the porosity balance equation in which we account for time changes
of equilibrium porosity. This modification yields the behavior of the model
characteristic for granular materials.

1 Introduction

Thermodynamic modeling of saturated poroelastic materials by means of a two-
component continuum has been limited to isothermal processes. R. M. Bowen who
initiated the work in this field [1],[2] constructed a model for a multicomponent sys-
tem with large deformations of the skeleton and internal variables (volume fractions)
for which he postulated evolution equations. Such an approach may be appropriate
for some biomaterials but it fails for granular media. For the latter, relaxation pro-
cesses for internal variables are almost immaterial and the main mechanism driving
changes of porosity are volume changes of components. Such phenomena are de-
scribed within the model with the porosity balance equation. For a two-component
system it has been proposed in the work [4] and developed in [5]. Some fundamental
properties, its microscopic motivation and a transition to a linear model is presented
in [6]. As a model belonging to the so-called extended thermodynamics it has been
extended to multicomponent systems in [7] and [9]. All these papers concern so-
called simple poroelastic materials in which there is no constitutive dependence on
higher gradients of fields. Linearization of such models does not lead to the Biot’s
model which is successfully applied in various fields of geotechnics. It has been
shown that additional couplings appearing in Biot’s model require an extension of
constitutive variables and thermodynamics of such a model in which the gradient of
porosity is the constitutive variable is the subject of the work [8].

In the present work we present a thermodynamic analysis of a model of simple poroe-
lastic materials which differs from these mentioned above in two essential points



e processes are not isothermal; the system is characterized by a single tempera-
ture field which may vary in space and time,

e the porosity balance equation is extended by changes of equilibrium porosity.

Changes in the porosity balance equation result from the analysis of earlier models
for granular materials. Micro-macro transition as well as solutions of simple bound-
ary problems show that the original model yields a very stiff behavior of the skeleton
which is appropriate for rocks but not for granular materials (compare [10]). In ad-
dition, if we neglect the relaxation of porosity the modified equation of porosity
yields in the linear case changes of porosity indicated by Gassmann relations.

We base our considerations on the assumption that deviations from thermodynamic
equilibrium are small. As these deviations are described by three variables: temper-
ature gradient G := Grad T, Lagrangian (relative) velocity X* and a deviation of
porosity from its equilibrium value A,, := n — ng, this assumption means that we
assume the dissipation to be a quadratic function of these variables.

Under this assumption we prove the following properties: 1) the Helmholtz free en-
ergy splits into two partial potentials which are not coupled by mechanical variables
(simple mizture), 2) thermal parts of energy and entropy fluxes are connected by
the classical Fourier relation and 3) the flux of porosity contains solely a linear con-
tribution of the Lagrangian velocity with a coefficient proportional solely to volume
changes of the skeleton.

We complete the work with a presentation of few simplified models. We show that
the fully linear model does not coincide with the classical Biot’s model due to the
lack of coupling between partial stresses. This property has been proven earlier for
isothermal processes in simple poroelastic materials.

2 Balance equations

We use the Lagrangian description referring to the reference configuration B of skele-
ton [3] in which its deformation gradient F¥ = 1. In the two-component medium
considered in this work the partial balance equations for the skeleton are defined on a
family of volume measurable sets {’PS "PS C B} material with respect to the skele-
ton, i.e. independent of time. Simultaneously partial balance equations for the fluid
are defined on a time dependent family of volume measurable sets {’PF "PF C B}
with the kinematics defined by the Lagrangian field of the relative velocity

XF(X,t)=F51 (%" -%%), XeBCR, teTCHR, (1)

in which %7, % are velocities of the fluid component and of the skeleton, respectively.

Clearly, for the existence of a function of motion of skeleton, we require the following
conditions to be satisfied

OFS .5 s NT
F::W—Gradx =0, GradF®=(GradF®) . (2)



We say that a field ¢°, describing a property of the skeleton, whose flux is ¥, and
supply is ¢°, satisfies a balance equation if for any set P*

d

— | p%dV = T . NdS + / @3dV, (3)
dt PS opPs PS

where OP% is the oriented boundary of P°, and N — the field of its unit outward

normal vectors. A similar equation is assumed to hold for a field ¢ describing a

property of the fluid.

Quantities appearing in the above equations are assumed to have at most finite
singularities on a set of volume measure zero. For the purpose of this work it is
sufficient to assume that this set forms an oriented surface S given by the equation
as
Grad S Bt

S(X,)=0 —» N=_2° p____ & _ xXcB 4
(X,1) [Grad S| (Grads]” ()

where U (X, t) is its normal speed of propagation through the reference configuration
B.

Under this assumption we can write the above equations in the following local form

(e.g. [6])

e in regular points a.e. in B

6 S
% — Div®S + ¢

A" . F~;F S Y
W‘f‘DIV(QOX):DIV‘I’ + ¢, (5)

e in singular points on S

~U[[ef]] = [[#]] N, [[¢" (X7 N-U)]| = [[#]]-N, (6)

where [[...]] = (...)" — (...)” denotes the difference of limits on both sides of
the surface S.

Further on, the fields appearing in the balance equations are partial mass densi-
ties in the reference configuration p°, p¥, partial momentum densities p°%°, pF'%¥,
partial energies p¥ (% + £252) , p¥' (¥ + 3£%?), porosity n, and partial entropies
0°n°, pFnf. If we neglect a mass exchange between components then they have the
form

e partial mass conservation laws in regular points a.e. in B and singular points

on S

0p° dpf .
RS::%:O, RF::%—l—Div(pFXF):O, (7)

=0 [l (kN0 =0



e partial momentum balance equations in regular points a.e. on B

0%’
M ::ps%—DivPS—ﬁ:o, (8)
F F 8)’CF F F . F . F N
M" :=p W—FX -Gradx” ) — DivP" +p =0,

where P°, P denote Piola-Kirchhoff partial stress tensors, and p is the source
of momentum, and in singular points on S

U [[p5%]] = [PEIN, [ [p5%5 (X7 N -0)]| = [P]IN,  (9)

e partial energy balance equations in regular points a.e. on B

o (pS&,S 4 %ps.’l’?SZ

) : s ST S\ _
5 + Div (Q° — P7%%) =0, (10)

8 (pFel + LpF it
ot

and in singular points on S

o[ (e 3] + i - v

1 .
) + Div <<stF + 5pr“> X" +Q" - PFchF> =0,

HpF (XF-N—U> <5F+%a’:F2>H +[[QF —PT%F]] N =0, (11)

e porosity balance equation in regular points a.e. on B

0A,

N =
ot

+ Divl—n=0, A,:=n-—ng, (12)

where J denotes the flux of porosity, n — its source, and ng is the porosity in
thermodynamic equilibrium, and in singular points on &

—U[[An]] +[J]]-N =0, (13)

e partial entropy balance equations in regular points a.e. on B

o (pS,r’S) o (pFT]F)

DivH® = 7°
o O T ot

+ Div (pFnFXF —|—HF> =7, (14)
and in singular points on S

~U [[p"n°]] + [[H7]] -
o (5 -0) ] + ()

N = o, (15)
N



The partial energy balance equations and partial entropy balance equations are used
solely in the bulk form which we explain further in this work. It means that we add
corresponding partial equations to each other After easy calculations, the following
balance equation for the internal energy follows

B 0le) gf) + DivQ — P%- Grad%® — PF - Grad%” — (F5Tp) - XF =0, (16)

where

p:=p°+p", pe:=p° 4+ pe", (17)
Q — QS+QF+pF5FXF,

i.e. £,Q are so-called intrinsic parts of the bulk internal energy and energy flux,
respectively.

Simultaneously for the entropy we obtain

%,
7° +aF = % + DivH, (18)

where
pn = pn° + pFnf, H.:=HS + HF + pFnf X7 (19)

For the purpose of this work we use conditions on the singular surface solely for the
boundary of the skeleton on which U = 0. We have then

"X N]| =0, [[PFN=0, |"X"NxF|| = [[P]]N,

. 1
ke (5a7)] |+ lle - prre) N - (20)
[H]]-N =0.
In addition, according to the compatibility condition (2);, we have on S

~U[[F°]] = [[¥°]]®N = [[%°]] =0 forU=0. (21)

3 Fields and field equations

For two-component poroelastic materials there are the following (macroscopic) fields
F = {ps,pF,)'cS,)'cF,FS,T,n} (22)

where the first two fields are partial mass densities of the skeleton, and the fluid in
the reference configuration, respectively, %, %F are macroscopic velocities of these
two components, F¥ is the deformation gradient of skeleton, 7" denotes the common
temperature of components, and n is the porosity.
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The balance equations of the previous section form field equations for 7 fields F (22)
provided the following constitutive quantities

C:= {PS)PF7ﬁ7€7Q7nE7J7ﬁ} ) (23)
are given as sufficiently smooth functions of the following constitutive variables
V= {ps,pF,FS,XF,An,T,G} , G:= GradT. (24)

This set of constitutive variables defines the simple two-component thermo-poroelastic
medium.

Substitution of the functions C (V) in the balance equations yields field equations
whose solutions are called thermodynamic processes. These processes are thermo-
dynamically admissible if the entropy production #° + /¥ is nonnegative, i.e. the
following entropy inequality

@—l—DivHZO, n=n(V), H=H(V), (25)

where 7 is the entropy density, and H — its flux, is identically satisfied. This is the
second law of thermodynamics for thermo-poroelastic media.

All constitutive quantities depend as well on an initial constant porosity ng. This
dependence is not limited by the second law because the initial porosity does not
evolve in time. It shall not be indicated in further relations of this work.

In the next section we exploit the second law of thermodynamics.

4 Conditions following from the second law of
thermodynamics
In the exploitation of the second law we use the standard procedure of Lagrange

multipliers. According to Liu’s theorem the following inequality should hold for
arbitrary fields

0
% + DivH — A’ RS — A" RF —
—A5-M% — AF.MF —A°E - AF.F - A"N >0, (26)

where the multipliers A?°, A?", AS, AT A, AT A" are functions of variables V.

After application of the chain rule of differentiation we see that the above inequality
is linear with respect to the following time derivatives

(27)

0p° 0p" 0%° 9%F 9T 0A, 0G OFS
o’ ot’ ot ot ot ot ot ot |



This yields the following relations

ArS = 0P \OPE e 0P Ope

= — 28
A5 =AF =0, (29)

dpn Ope F_ Opn dpe

A" = —A° AN = —— —N°——
0A, oA’ OFS OFS’ (30)

opn Ope opn Ope

— —AN°— =0, — —A"— =0. 31
ar ar oG oG (31)

The linearity with respect to the following spatial derivatives
{ Grad p°, Grad p", Grad %°, Grad %", Grad F*, Grad G, Grad A, }, (32)

shall be investigated under two simplifying assumptions.

First of all we assume that a dependence on vectorial variables XF , G is linear. This
shall be justified later. Consequently, for isotropic materials, constitutive vector
functions must have the following representation

Q=0QvX" - KG, H=H/X"+ H;G, (33)
J=0X" +JrG, FTp=1,X" + 117G,

where all scalar coefficients are independent of X7 and G.

Secondly we assume that the dissipation D is quadratic in variables describing a
deviation from the thermodynamic equilibrium. The dissipation D is determined by
the residual inequality which follows after the elimination of the linear part contain-
ing the derivatives (27) and (32). Under the assumption (33) it has the form

 OHy . . 0Hr , . (0Quer oK
D= X GG A (X G -
0P OJr 2 € FF ~rF rF na
_ . . >
A" <8TX G+ 8TG>+A (HVX XF 4+ TIX G)+An_o, (34)
G*:=G-G.

As the quantity A, describes the deviation of porosity from its equilibrium value

the above assumption yields
. A, (35)
n=-——
T )

where 7 is independent of vector variables and of A,, and, simultaneously, the
multiplier A™ must be a homogeneous linear function of A,. Consequently

o
o0 _ 9



In addition A must be independent of A,,. Then, according to (30);, both € and 7
are quadratic even functions of A,,.

Let us return to the conditions following from the linearity with respect to the
derivatives (32). We have

My gr, G pe <6QVXF - 8—KG> -

0pS 0pS 0pS 0pS
b . OJp
—A" XF G|=0 37
<8p5 N ) ’ (37)
i Y VY L (e 48 ¢t ¢
op* " op" <3p5 op3
b . OJp
—A" XF G|=0 38
<8p5 N ) ’ (38)
_ [HV _FAT Z AQy — A”(I)] FST 4+ APS + AT =0, (39)
[HV _ AT — AQy — A"q>] FS-T 4 APF — 0, (40)

SyMyq {— [HV — ,OFA”F — AN°Qy — A”@] (FS*T ® XF> +

OHy  p OH
+< V®XF+—T®G>—

JFS FS
aQV > 0K 0P o &]T
A (L% m 2 gg) A (g xF 2T g o0 @
<8F5 © oFs & ) <8F5 DAt 5ps © (41)
Hy+ AK — A" Jp = 0, (42)

oHy ,» OHp . . [0Qvep, OK W[ 0% o BJp )\
A X"+ Ga GA <8AnX a C) A (G X"+ 55 G) =0 (43)

These conditions must hold for arbitrary XF , G, A,. Hence we obtain a series of
identities which we proceed to investigate.

The condition (42) yields immediately
JT = 0, HT + AEK = 0, (44)
According to the conditions following from (37), (41) for coefficients of G, we obtain

OHr oK OHr oK OHr oK
—+AN°—=0, —+A°—=0, —<+A°"—==0.
ops + opS 7 OpF + opF +

OFS = OFS
Consequently, bearing (44) in mind,
A*=A°(T).
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Let us turn our attention to coefficients of X*. We have

OHv 0Qv 0% OHy 0Qv 0P F
—A° —A"— —A° — A" =A?
ops op° opS 0 opF opF opF
_ OH Qv od
Hy — pPA?" — A° —Ancb] FST V_peZEY _pn =0
v ©v T\aFs " aFs " oFs
Consequently
8—p5 == 0, W = 0, PF°~ 8FS P = (D()J s (1)0 = const. (45)
where (36) was used.
There remain the identities
0 0 F
Hy — A° — (Hy — A° = A’
6p ( 1% QV) 8pF ( 1% QV) )
0
Hy — pFA?" — AQy | F5-T = = ops (Hv = A°Qv). (46)
The integrability condition of the first two conditions yields immediately
AAP"
= 47
955 (47)

On the other hand, substitution of (46)s in (46)3 leads to the equation

OAP” ONP"
' S—-T _
I —8pF F + SFS 0

This equation can be easily integrated! and we obtain

1For isotropic materials considered further in this section the dependence of A?" on FS reduces
to a dependence on the three invariants I, IT, III of the tensor C°. Then

aA""  aAe" Bl N aNe" BIT aAP OIIl
aFS oI aFS oIl 9Fs OIIT OFS
OAP" 0" dAP"

_ s 4
=2 o1 F 8]1 0J5

Hence we obtain the equation

dA sOA dAP dA s 0N o
142 122 ) oS — 2% Sy
<p3F+J aJ) + <6I+ an) oIl 0

——F5(I1 - C%) + —~JF5T.

According to the Cayley-Hamilton theorem tensors {1, C”, Csz} span the space of tensor func-
tions of CS. Consequently, the coefficients in this equation should vanish separately, i.e.

ONP" A"
ar ' oIl
ONP" A"
F S _
p oo +J 575 =0.

Integration of this equation yields the relation (48). It can be easily shown that this is also a
solution in the general case without the assumption of isotropy.

9



AT = A" (T,p;), pf=p"J5" (48)
It is convenient to introduce the following notation
Yi=e— AT (49)

Obviously ¥ corresponds to the classical Helmholtz free energy function.

Before we proceed with the exploitation of the above results let us summarize the
results for multipliers which follow from the above considerations. We have

Opy Opy

AP = NS AT o A2
opy P opy  Opy

A" = — A€ AF = A ZEr 2P,
oA, OFS’  9G

Consequently, the integration of (48) yields the splitting of the free energy into two
constitutive parts

pp = p°y° + "yt ¥ =7 (1,05, F%, A, 9f =97 (Thpr,An) . (51)

This separation justifies the name simple porous materials. Similarly to simple
mixtures of fluids, partial free energies of components depend solely on their own
measures of deformation: skeleton on the deformation gradient F*, and fluid — on
the current mass density of the fluid p!". There is no energy of interaction between
components.

We are now in the position to integrate the relations between Hy and Qy. After
intergration of (46), we obtain
HV - AEQV == —AEpFwF (52)

Hence the fluxes can be written in the following final form

H=A° (Q . pF¢FXF) . ie. HY4+HF =A°(Q°+QF),

J = ®yJ5XT", (53)

Hr = —A°K, Hy = A°Qy — A°pFyPXF.
where the relations (17) and (19) have been used.

Let us consider an impermeable boundary between a saturated porous material and
a fluid which is physically identical with the fluid filling pores of the skeleton. If the
temperature is continuous on this boundary and simultaneously jump conditions
(20) are fulfilled we call it an ideal wall for the fluid component. This surface is

material simultaneously with respect to the skeleton and the fluid, i.e.
XF=0 = [[{]]=0 =
—  [Q'N=0& [H]-N=0 =
== [[A%]] = 0.

10



As the multiplier in the fluid outside porous material is the reciprocal of the tem-
perature the above result yields

A® = (54)

1
T,
in the porous material as well.

Finally inspection of relations (39), (40) for partial stresses shows that they satisfy
the following relations

PF — F28¢ JSFS-T _ B, Opy 9PY rsps- T

T oA,
Op°ip® Oprp _
P® = > JFS T, 55
oFs  'aA, (55)
Transformation to Cauchy stresses yields
’lﬁF
TF — JS—IPFFST — _pF]_, F' — pf26 — . (56)
t
s
TS .= JS'PSFST = fazSFSTJrﬁA 1, pf=p"J5 1,
0 pip
/6 = @0@, (57)

where we use the property that the free energy is a quadratic even function of A,,.

Bearing the above results in mind we analyze a jump condition on the permeable
boundary of the skeleton. According to relations (20) and (21) we have

HpFXF-N%a’cFZ—I—Q-NH = [[x"-PFN]] =

F
P

Hence the relations (20)5 and (53); yield immediately
W] =0, wF = w4 T D (57— 2%) - (7 - %), (58)

The quantity u? is the chemical potential of the fluid component. Its continuity on
the permeable boundary replaces the mechanical condition on continuity of partial
pressures on impermeable boundaries.

It remains to write the residual inequality (34) in which we account for the above
results. We obtain

1 Qv o (pFyFf . S~ B
D=_KG’- +T— — | XF.G+IIT, XF.XF+ -2 A2 >0. (59
T [T 8T<T 7 v t g 2 0 (59)
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It is now obvious that the simplifying assumptions which we have made in this
section amount indeed to a quadratic form of the dissipation D, i.e. to small devia-

tions of processes from the thermodynamic equilibrium in which XF‘ =0,G|, =

E
0, A,|; = 0. Consequently, material parameters should satisfy the following condi-
tions

P F, F 2
K >0, IIy >0, KHV+{%+Tﬁ<pJ?>—HT} >0, (60)
p
— > 0.
(1)0’7'

Further restrictions on material parameters follow from the stability analysis of
thermodynamic equilibrium. We do not consider this problem in the present work.

5 Particular cases

In this section we demonstrate a few examples of simplified models of a thermo-
poroelastic material which have an important bearing in applications. We begin
with the exploitation of the isotropy assumption with respect to deformations of the
skeleton. Obviously, contributions of the fluid are already isotropic.

We use the right and left Cauchy-Green deformation tensors
CS — FSTFS BS = FSFST
1
I = t&rC°=B% II= 3 (I* — trC%) =
IIT = J5% =det C° = det B,

(I? — trB%?),  (61)

DN | —

where I, 11,111 are the main invariants common for both deformation tensors.

According to the polar decomposition theorem we have
FS=R5V/CS, RS =R (62)

Under the assumption of material objectivity the free energy function ° is inde-
pendent of rotations R°. Consequently, if we drop a trivial dependence on p°, we
have

¢ =% (T,C% A,) =¢° (T,1,11,111,A,), (63)

where the second part of the relation follows from the assumption on isotropy.

Bearing this relation in mind we obtain from (56) the following relation for the
partial Cauchy stress in skeleton

TS - :,1B571 + :01 + :]_BS + BAnla (64)
where
oS oS oS
d =211 —— B! 2,:=20° | I[—— +1III
T & PN e S )7 ST 07 ) A I
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oS
= 2p) , (65)
Y B PN

and the Cayley-Hamilton theorem
B — IB%? + IIB® — [1I11 =0, (66)

has been used.

Problems with the practical determination of the elasticities J_;, Jy, J; for poroelas-
tic materials yields the necessity of a further simplification. In the classical elasticity
theory a quadratic isotropic model has been proposed by Signorini. The constitutive
relation for this model follows from the above model by the truncation on the second
term in expansion around the point (T = Ty, F¥ = 1) (i.e. [ =3,I1 =3,1I] = 1)
and it has the form

1 1
TS = TS + [,\Sle + ST, + 3 <,\5 +us - 5c5> 13] 1+

1 T — T
+2 {us — ()\S +uf + §CS> [e] e’ +2c°e% — as. 7 °1 +8A,1, (67)
0
where . .
e = 3 (1- Bs_l) , I:=tre’, II,:= 3 (12 — tre®?), (68)

e® is the Almansi-Hamel deformation tensor, a5 is the thermal expansion coeffi-
cient of skeleton and it may be linearly dependent on I, while material parameters
A5, u®, c® depend solely on the reference temperature 7Tj.

Finally the classical linear model for small deformations

HeSH < 1, HeSH :=min ({A1, A2, A3}),
_ P — Py

el € 1, e€:
3 P

)

det (€ — ;1) =0, i=1,2,3,

follows from (67) in the following form

T
T =T + \°11 4 2u°e’ — o (69)

TF = TY — kpfel — of

where k is the compressibility coefficient of the fluid, and a3, o’ denote constant
thermal expansion coefficients of skeleton and fluid, respectively.

The last model corresponds to the classical Biot’s model but it does not contain the
Biot’s coupling term.
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6 Concluding remarks

We have shown that the assumption on a quadratic form of the dissipation yields a
quite explicit form of constitutive relations for thermo-poroelastic materials. Their
mechanical part does not differ from this derived earlier for isothermal processes.
Relations for energy and entropy fluxes justify the assumption made in the earlier
papers on the proportionality of their intrinsic parts (comp. (53)) which was basic
for the formulation of the second law of thermodynamics for isothermal processes.
In addition we have shown that, similarly to classical miscible mixtures, a chemi-
cal potential for the fluid component is continuous on the permeable boundary of
the porous body. This property is fundamental for the formulation of boundary
conditions on such a boundary.
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