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Abstract

We consider the problem of phase separation in eutectic alloy such e.g. SnPb. For
this we derive a phase field model from an atomistic point of view. We find the surface
energy to be anisotropic, having in general a nonlinear dependence on concentration.
We use matched asymptotic analysis to obtain a corresponding sharp interface model.
The resulting expression for the surface tension agrees with that found on the basis of
classical thermodynamics for jump conditions at singular interfaces. A boundary integral
formulation of the sharp interface model enables us to numerically describe the motion
and deformation of the binary alloy.

1 Introduction

Already in 1958 J. W. Cahn and J. E. Hilliard [1] considered the possibility of anisotropic
surface tension in a crystal lattice. This is generically the case when modelling phase separa-
tion in multi-phase systems such as binary alloys. A number of models have been developed
generalizing the Cahn-Hilliard equation to multi-component systems by introducing a vector
valued order parameter and by making some general assumptions on the form of the gradient
energy, [4], [20], [19]. Using matched asymptotic expansions, corresponding sharp-interface
models were then developed and expressions for surface tension were determined on the basis
of results by Herring on anisotropic surface energy, [11], [15].

Recently, a phase field model for the description and simulation of coarsening processes occuring
in binary alloys, that are caused by diffusion in local inhomogeneous stress fields, has been
formulated by W. Dreyer and W.H. Miiller, [5]. There, the model is applied to the eutectic
solder alloy consisting of lead and tin. Figure 1 shows a typical morphology that developed
from an initially fine mix of alternating layers of lead-rich and tin-rich regions after 20 hours
of slow cooling. The regions are resolved on a um -scale. This coarsening process is initiated
by diffusion subjected to the effects of anisotropic surface tension and of thermo-mechanical
stress fields. Here, the symmetry of the crystal lattices in the two phases is tetragonal and
face-centered-cubic in the lead-rich and tin-rich phase, respectively.

Figure 1: Lead rich (dark) lamellae



We consider coarsening processes that may be subjected to external thermomechanical loads.
The given temperature 7' is assumed to be uniform in space. In this case the morphology and
its evolution is described by the fields

1 [ 0u; Ou;
u;(¢,X) — displacement, leading to the strain ;; = 3 (8;’ + 8;?) ,
7 i

c(t,X) — mass concentration (e.g. tin),. (1.1)

Here ¢ denotes the time and X = (Xj, X3, X3) are the Lagrange coordinates with respect to
a cartesian frame of reference of the material particles of the alloy, which are the smallest
volumes units that can be resolved on the considered space scale. The motion of a particle
with coordinates X is given by the function @ = x/(t, X ), which give the actual coordinates
x = (x1, T2, x3) of the particle at time ¢. Its displacement is u; = x; — X;. The objective of the
phase field model is the determination of the fields (1.1). Sometimes it is useful to refer the
fields to the actual coordinates. This can be done by the definitions

Et,x) =c(t,x *(t,z)), and a;(t,z) =u;i(t,x '(t,x)). (1.2)

The field equations for the displacement and the concentration rely on the quasistatic momen-
tum balance and on the conservation law for the content of one of the two constituents of the
binary alloy.

In part I of this study we assume that the displacement field is given, so that we only need the
conservation law

Oc 8Jk —0 1.3

Mot T ax, (1.3)
Here, we use the Einstein summation convention which will be frequently used throughout the
paper. The constant py denotes the mass density of the reference state, which is here given by
a homogeneous phase mixture at the eutectic composition, and J; are the components of the
diffusion flux.

The conservation law (1.3) becomes a field equation for the concentration if we relate the
diffusion flux to the concentration by a constitutive law that we determine as follows. In the
appendix of [5], Dreyer & Miiller have exploited the second law of thermodynamics relying on
the assumption that the specific free energy, v, is given by a function of the type

- Oc d?c
Y —¢(T, ¢ aXi’aXian’EiJ)’ (1'4)
and they choose Joule/kg as the unit of ¢. In [7] Dreyer & Miiller start their reasonings of
the form (1.4) on the atomistic scale of a binary alloy in order to derive the function (1.4)
explicitely and to exhibit its physical content. In Section 2 of this paper we will give a short
survey on the main points of the derivation. Furthermore Dreyer & Miiller showed in [5] that
in accordance with the second law of thermodynamics, the diffusion flux J; may be related to

the specific free energy by the constitutive law

_ Budu 9 oY 0 821
Jp = ————— with H= 7 )+ BXmBXn(a(a%/(aXmaXn)))’ (1'5)

T 8X, de 6Xm(6(6c/8Xm)
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which generalizes the well known diffusion law according to Fick. The newly introduced quan-
tities By are the components of the mobility matrix, which can be related to the matrix of
diffusion coefficients.

The idea we pursue in this article is to form the free energy density 1 of the two-phase mixture
by interpolation within the interfacial region of the two phases, and use this for the derivation of
the diffusion flux for the binary alloy. The resulting model shows that when mechanical effects
are neglected the coefficients of the surface tension terms introduce some anisotropy which is
due to the concentration dependence of the coefficients. This effect is the main focus of Part I
of this study. Hence, here the only field equation will be the diffusion equation. In Part IT we
will discuss the contributions of mechanical effects to anisotropy.

In the next section we will first begin with a presentation of the Helmholtz free energy, composed
of the potential energy between particles and the entropic part and derive expressions for the
surface tension coefficients. The corresponding coefficients in the expression for the diffusion
flux is then found via the mean field limit In section 3 we use matched asymptotic analysis
to derive the corresponding sharp interface model. Interestingly, the expression for the surface
tension that results for the sharp interface limit allows only twofold symmetry if mechanical
effects are neglected. In section 4 it is shown how the same expression can be found from classical
thermodynamics arguments based on the derivation of jump conditions at free boundaries.
Finally, in section 5 we derive a boundary integral formulation for the sharp interface model
that enables us to employ the non-stiff numerical method, due to [13], for our numerical solution
to the problem.

2 Atomistic modeling of phase field systems

2.1 The free energy function for the phase mixture

In this section we establish the constitutive law for the free energy density from an atomistic
point of view. To this end we consider separately the two phases, we will call a-phase and
(B-phase, of the two-phase mixture and calculate at first their individual specific free energy
densities 1, and 1. In the second step we form the free energy densitiy of the two-phase
mixture by interpolation within the interfacial region according to

. . _J1 X € a -phase
Y =uthy + (1 —u)pg, with w= { 0 for X ¢ § -phase (2.1)

where u is the shape function indicating the phase that occupies the location X.

We may relate the shape function to the concentration field by
A (T)—c(t,X)
A(T)—c(T)’
where ¢ (T) and c? (T) refer to the equilibrium concentration of the a -phase and 3 -phase,
respectively. Thus the shape function may change continuously in the interfacial region from

0 to 1. There remains the derivation of the free energy functions v, and 13 for the individual
phases.

u(t,X) =

(2.2)



2.2 The free energy functions for the individual phases a and (3

We consider a body that consists exclusively of the pure phase 7, where v may generically rep-
resent the phase a or (3, respectively. The body consists of a crystal lattice, whose symmetry is
given, and the lattice sites are randomly occupied by A-type and B-type atoms. We decompose
the total free energy of the body into its energetic and its entropic part and write

U, =U,—TS,. (2.3)

U, and S, denote the internal energy and the entropy of the body, which now will be determined
successively.

The internal energy can be decomposed into a thermal part, U,(T), which does not interest
us at this point, and the potential part, Uy, which is due to the interaction energy between
all particles. For simplicity, we assume central forces to act between the atoms a and b,
{a,b} € {1,2,...N}, and we write

Uyipot = (2}, oy zi) = lz:goijb(7"’b) with 7% = |z° — 2°|. (2.4)

a,b

where the 3N-tupel (z}, ..., zY) contains the current positions of the atoms. While central force
potentials are best suited to explore the key ideas and the atomistic origin of the various con-
tributions appearing in the diffusion flux of phase field models, we note that they are in general
not appropriate to describe the behaviour of crystal lattices and may lead to some unrealistic
results such as the so-called Cauchy paradox, [14]. In [6] some of the resulting shortcomings
are discussed and in [7] this approach has been generalized by using EAM potentials, so that
realistic properties of the constitutive law for the diffusion flux are reproduced.

We introduce the microscopic displacements
& = oy — X (2.5)

in order to substitute the current positions by the Lagrange positions of the atoms. These
substitutions take care of terms up to second order in the displacements, resulting in a linear
theory of elasticity.

The case T = 0. In this paragraph we establish the expansion of ®, at 7" = 0. In our
derivation we introduce the effects of thermal expansion and other eigenstrains only when
taking the mean field limit which simplifies the calculation considerably. The justification for
this procedure is given in [14]. At first we obtain from (2.4)

1
U’y|pot = (I)’Y(‘/Ezl’ ava) = (I)V(le+£zla aXzN—i_gzN) = (I)’Y(le’ aXzN)+§Z

a,

82@’7()(1'1’ L) XiN)é-aé-b
OX20X} kL

(2.6)
The first derivative does not appear here because at 7" = 0 the potential energy assumes
its minimum. Next, we note that there are three different potential functions, viz. go:;‘A for




AA—interactions, ¢}'® for BB—interactions and ¥ for AB—interactions. The introduction
of the particle concentration operator

{ 0o . a indicates an A —type atom (2.7)

1 " qindicates an B —type atom ’
permits us to represent a generic potential gofyb by

05 = (1= 9(a))(1 = §(0)ey* +9(a)g(b)ey” + (1 = 9(a))y(b) + (1 — §(0))3(a))p5”. (28)

This representation will be introduced now in both terms of (2.6). As a consequence herewith
there appear new quantities, which are defined as

o (A%) = AP (A) = (A (A™) 4GP (A%)), 5 (A%) = L (6BP(A%) — o4 (A%)), (29)

where A% denote the magnitude of the reference distance between atoms a and b. The first
sum in equ. (2.6) can now be rewritten as

1

& (X2, .., X)) = 52;¢35(Aab) —
S G A®) + 3(a)(1 - G0 (A%) + 5 (@) + 5E)EAY),  (2.10)

a,b

and the second sum in equ. (2.6) results in a similliar manner.

Next we carry out the mean field limit, where quantities that describe the state of an individual
atom are replaced by their corresponding mean values and which are assumed to vary slowly
in time and space. A detailed discussion on various aspects of the mean field limit are found to
be in [10], [14] and [8]. Regarding the atomistic quantities appearing in this paper all authors
agree to define the mean field by rules that read

(i) substitute the particle operator, which can only assume the values 0 or 1, by the particle
concentration, which may change continuously between 0 and 1:

g(a) = y(t, X*) = y(t, X)
Oy(t, X)
00Xy

Py(t, X)

AP A 2.11
anaXl k I > ( )

J(b) — y(t, X* + A™) ~ y(t, X) + AP+

and

(ii) substitute the atomic displacement by the mean displacement:

€ — u;i(t, X?) = u;(t, X)

b a ab
C—r Uy t,X —|—A ~ U; t,X +

A (2.12)



Finally we collect all appearing terms and obtain three different contributions to the potential
part of the total free energy of the pure phase v € {a, 8}:

Uypot = Y, (934 + 90y + ¢2y(1 — y)—

a

. 1 . agy
12 P [ 7]
(a’7|kly o ia |kl + (A'y\klmnopy - §A7‘klmnop)6mn€op)m+ (2.13)
L, a4 7 »
i(A’Y‘m”f’P + A’y\mnopy + A7|mnop)5mngup)-

In here, the dependence on the concentration and the strain is explicit and the newly introduced
coefficients are constants which can be calculated from the given interaction potentials. Their
definitions are given in appendix B. The first line of (2.13) gives the classical local contribution
and its third term is the energy of mixing. The first two terms of the second line describes the
nonlocal interactions. Its first two terms depend on the concentration and are related to the
classical Cahn-Hilliard model, see [1]. Note that first gradients of the atomic concentration,
Oy/0X*, do not appear in the representation (2.13) which is due to our restriction to crystal
lattices which have either tetragonal or cubic symmetry. Finally, the third line gives the purely
elastic part of the potential energy, and the bracket in front of e,,,€,, is the stiffness matrix,
which, however, turns out to depend concentration.

The case T > 0. For T > 0 there results in particular a competition of the energy of mixing
and the entropy. In a phase v with a disordered distribution of the A-type and B-type atoms
over the lattice sites, the entropy S, is given by

Sy = —kY _(yLog(y) + (1 —y) Log(1 —y)). (2.14)

Herein k is the Boltzmann constant. If the coefficient 3¢ in (2.13) is positive, the energy
of mixing and the entropy may combine so that the local part of the free energy becomes a
nonconex function.

Next, we discuss further effects which are induced for 7" > 0. These are eigenstresses as a
consequence of eigenstrains, and the most prominent representative is the eigenstrain due to
thermal expansion. Other eigenstrains are due to point defects, dislocations and misfit strain.
The latter arises for example during phase transitions if the new phase needs more space than
the old one. All these effects are described by eigenstrains that have the generic form

=&l (T,c). (2.15)

*
Ev|mn ¥|mn

Eigenstrains can be incorporated into the model, i.e into the equation (2.13) by the substitution

Emn — (Emn — €5 mn)- (2.16)



Suppressing its thermal part, we obtain the total free energy for a pure phase 7:

U, =) (24 + ¢y + 9fy(l—y)—

a

1 1 0%y
P @ @ @ * *
(aﬂkly — 50/7'“ + (A'y|klmnopy — §A7|klmn0p)(€mn - 57|mn)(€op - 57|up)) 8XkaXl +
1 5 % %
E(Af?r:lnnop + A$|mnopy + A,f‘mnop)(smn - 87‘mn)(60p - 87‘op)+ (217)

KT (yLog(y) + (1 — y) Log(1 — v))).

Recall that we need to know the free energy as a function of the mass concentration ¢ rather
than a function on the particle concentration y. Both quantities are related to each other by
the equation
. MAC

MB — (MB — MA)C’
where M, and Mp are the molecular weights of the constituents A and B, respectively.

y (2.18)

2.3 The specific free energy and the diffusion flux of the phase mix-
ture

In (2.17) we may read off the specific free energy 1, of the pure generic phase . We consider
one mole, and abbreviate each term of the sum in (2.17) by zﬁﬂa, with ¢, = Na/M(c) zﬁﬂa,
where Ny = 6.023 x 10?® particles/mole is the Avogadro number. We recall the interpolation
(2.1) and obtain the specific free energy of the phase mixture, viz.

NA ~ ~
¥ = 1707 (#0001 = u(e))¥s) (2.19)
where
M(c) MaMs (2.20)

Mg — (Mg — My)c'
is the mean molecular weight of the binary mixture. There results a function of the type

92¢ Oc Oc
== rs) — Wy 1°7ms) av qv. b y TS )
(0 %(0,5 ) a]l(c € )8Xj8Xl + ]l(c £ )8Xj 0X;

The identification of the local part of the specific free energy vy and the matrix functions a;; and
b;i is done after carrying out the necessary differentiations in order to transfer the y dependent
functions 1;04,1 and 'l;ﬁ‘a into functions of the mass concentration ¢. This calculation is easy but
lengthy and left to the interested reader.

(2.21)

Finally, we use the constitutive law (2.1) for the calulation of the diffusion flux. We abbreviate
Aji = aj; + b and obtain an expression of the following type

Bri 0 [ 0vo(c,ers) d%c O0Aji(c,es) Oc Oc
- _2A. _
=" o, ( dc (e ers) 53 5%, dc  0X, 0X,
L OAji(c,ers) Oc Oemn 0% i(c,€rs) Oop OEmn  Oaji(c,€rs) O°Emn (2.22)
86mn 6X] 8Xl 6€mn 6€0p 8X] 6Xl 6€mn 6X] 8Xl ’



F'(u)

Figure 2:

3 Sharp-Interface limit

For the rest of this study we neglect all mechanical effects. Thus the Lagrange coordinates
coincide with the actual coordinates . Furthemore we assume the mobility matrix and tem-
perature to be given constants and By; = Bd,;. We substitute the resulting expression for the
diffusion flux into the conservation equation (1.3) and transform the the equation to the shape
function variable u(¢, £). We nondimensionalize via

z; = L&; t=wt Y =19 F(u), (3.1)
and obtain after dropping the * ™’ for the governing equation
up = Ap, (3.2)
where
o0%u Ou Ou
= Fl(u)—¢*(24 — () =——— 3.3
w o= Pl = (2Au) 5o A5 o) (5.3)
in a domain Q = Q, UQ_ with
B T(cs — Ca)?
2= and w= L_C) : (3.4)
TL? B

where T is the constant temperature. The gradient energy coefficients Ay (u) are in general
nonlinear functions of u(t,z), where we abreviated Ag(c(u)) by Ax(u) with c(u) = ¢# —
(c® — ¢*) u(t, ). Here, ‘' denotes the derivative with respect to u. The free energy F(u) has
a form of a double-well potential, see fig. 2. On the boundary o2

n-Vu=0, n-Vu=0 on 0. (3.5)

Solutions of this problem reach phase equilibrium after some time of O(1). Near phase equi-
librium, a solution has developed an internal boundary layer structure of O(g), approaching
sharp interfaces I'; of the appearing precipitates, as € — 0, see fig. 3. The dynamics of the

8
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Figure 3: Sketch of sharp interface

precipitates evolves then on the slow time-scale 7 = ¢t and the governing equation describing
this is
eur = Ap (3.6)

where p is given by (3.3).

The solution to the corresponding internal boundary layer problem will yield the boundary
condition for the ”"outer problem”, i.e. in the region of {2 outside that boundary layer.

3.1 Outer Problem
Let u have the asymptotic expansion
u(T, z;€) = U (T, ®) + euy (1, ) + 2ux(r, 2) + O(€%) . (3.7)
Correspondingly we can develop u as
(T, ®;€) = po(7, ) + epn (7, ®) + 2 (1, &) + O(e?). (3.8)
Substitution into (3.2) we obtain together with (3.3) for the leading order problem
0= Apo = AF'(u,) . (3.9)

The O(e) problem is

5 = L= A(F (uo)u) (3.10)

and for the O(e?) we obtain

Oy 0%, . B, O,

1 - -
=N =A (F"(Uo)u2 + §F”’(u0)uf — 2 A (o) pre e A’“’(“")a—x,cax,) (3.11)

or

plus corresponding boundary conditions on 0€2. The boundary conditions on I'y will be obtained
via matching to the solution of the 'inner’ problem valid in the vicinity of the interface I';.

9



3.2 Inner Problem and Matching

We consider the 2D situation, where @ = (z1,z2) = (z,y). Let (7, s) = (r1(7, 5),r2(7, 8)) be a
parametrization of the curve I'y, where s denotes arclength. Then

x(1,8,2) =r(r,s) +ezv(r,s) (3.12)

defines the boundary layer with z being the boundary layer or ’'inner’ variable, see fig. 4.
The normal v(7,s) = (—ra(7,),715(7, s)) points inside the precipitate and the tangential
t(r,s) = (r15(7, 8), m25(7, 8)) points into the counter-clockwise direction.

Making use of appendix A we can expand the gradient energy part in boundary-layer coordi-
nates as follows

0%u , Ou Ou

2 Akl(u) m kl(u)a—xka—xl = 5729('&’ (3 ﬂ'&'k&) + silh'(ﬂ'a (3 ﬂ'&'k&) + ](ﬁa U, ’&Ek&) )
(3.13)
where &, & € {s, z} and
9(@, dg, , llee,) = 20AVG,, +vAVE2, (3.14)
h(il, g, , te,e,) = —2rtAtTG, +2 (AT +v At a,, + (tA VT + v At i, (3.15)

3@, G, , Gee,) = 2tAtVi, + 28 (tAV + v At d, + tAtTE2 + 2 6 h(i, G, Tee)  (3.16)

with

o= (1) 19).

and the superscript T denotes the transpose of a vector. From this we obtain
Ap = e’ [F,('&) - g('&’ U, ﬁEkEl)]zz —e ! (h'ZZ(ﬁ’ (0 ﬁEkEt) — kK [F,('&) - g('&’ U, ’a’EkEl)]z)

_jZZ('&7 afm ﬁfkﬁl) - KhZ(ﬁ’ aﬁk: afkfl) + [F’(’&) - g(’&, afk’ ﬁfkﬁl)]ss
—2zK’ [F,({L) - g(ﬂ” ’&Ek’ ﬂ'fk&)]z + 0(5) (3'18)

Let the quantities u and p have the inner expansions

= Go(T, 5, 2) + €ty (T, 5, 2) + 2y(T, 5, 2) + O(€®), (3.19)

(7, 8,2) = fio(T,s,2) +eiin(7,8,2) + %fin(T, 5, 2) + O(°). (3.20)

IS
A
»
&

The function F (%) can be expanded as

1
F'(@) = F'(ii,) + € iy F" (i) + €* <§a§F’"(ao) + azF”(ao)> : (3.21)

and A(@) can be expanded similarly.

Then, using appendix A and by (3.18) the leading order inner (O(e?)) problem is
flozz = [F'(Tio) — g(Tio, Uog,, aoﬁkfl)]zz =0, (3.22)

10
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Figure 4: Boundary-layer region

so that
fo(T,7,2) = ao(7,7) 2 + bo(7,7) . (3.23)

Recall that the leading order outer problem for u is

Ap, = 0 in Q7

n-Vyu, = 0 on 00, (3.24)
Aupuf = 0 in QF,

o

where p- and p denote the chemical potential in the matrix and the precipitate, respectively.
Both problems have to be joined by a condition on the interface I';, of the precipitate. This
will be provided by matching with the inner solution. For this we express the outer solution in
inner coordinates and reexpand

(ur +ept +epy + O(E)) (1,7 + c2v)

= ) () + 20 - V() (3.25)
2
+&? (uf(T, r)+zv-\ uli(T, r)+ %uH(uf (T, ’I"))VT> + O(e%),

where

H(w) == (“’" “’zy> . (3.26)

Matching to leading order then requires

/,LéC(T, T) = lim ﬂo(Ta r, Z) (327)

z—+oo

as € — 0. Therefore a,(7,7) = 0 and puZ(r,7) = by(T, 7).

Furthermore, from the ordinary differential equation for u, in z,

(20 A(T)VY) Goss + (VA (To)r!) @2, = F'(@0) — bo(T,T), (3.28)

11



we find

1d
57 [(2vA(T)v') @2, = [(2vA(@o)V!) Goss + (WA (o)) G0 ] G2,
z
= (F'(io) = bo(T, 7)) o>z - (3.29)
This yields, after we integrate from z = +00 to z = —oo and observe that @,, — 0 as 2 — £o0o,
the solvability condition
ut
/ F/() — by(r,r) diiy = 0 with F'(u®) = b, . (3.30)

From phase plane analysis we infer that there is a unique constant b, satisfying (3.30). Finally,
the uniqueness of solution to the problem

Ap, = 0 in Q|
n-Vyu, = 0 on 907, (3.31)
pe = by on Ty,
Ayt = 0 in QF,

o

ensures that u, = const. in all of .

To order O(e~!) we obtain for the inner problem
0 = —hes(To, Togys Bogre) + Kbos + [F(To)lin — 20 A(To)V 1 .
=2 A (o)t V' b oo — 20 AV Gy Ty, + VA" (o) Tav D,

- . d . -
= _hZZ(uo’ Uo gy s uoﬁkft) + Kloz + }:lil[l] % (F,(u) - g(“: Ugy,, ufkft)) . (3'32)

zz

Note, fi, is constant so that kfi,, = 0 and the right hand side of (3.32) is equal to fi;,,. Hence,
pi(r, 7, 2) = ay(1,7) 2 + by (7, 7). (3.33)
Moreover, since u, is constant, matching to next order yields

pi(mr) = lim ju(r,r,2). (3.34)
z—+

o0

Hence, a;(7,7) = 0 and fi; = by(7, r) is independent of z and

. _ . d . L
/1’1(7—’ r) = _h(um Uo gy uofkﬁl) + lg% de (F,(u) - g(u, Ugy, » ufkft)) : (3'35)
Note now, that

DA 4 wA)i2] = (AT 4 A) 2 + (A 4w A 02,
S

—2k (tAtT —vAVT) @2, . (3.36)

12



This implies

fo, fin(T,7) = 26VAVIGZ, — % [(tAVT + v AtT) 42 ]

... d . L

+Uo - ll—I}(% de (F,(u) - g(“: Ugy, » uﬁkﬁl)) : (3'37)

The condition joining the two outer problems for y; is obtained now by integrating (3.37) from

z = —oo to z = 4o00. First we observe that the third term on the right hand side vanishes. For
this recall that
d

il lim —— (F'(@0) — g(i, Ge, , Geg,)) = F"(fo)ihorl — 20AV Ty 4,10, — VA"V 0153

E— E

2w AV a0y, — AV Uy, .. (3.38)

and note that (3.28) implies

F”(ﬂ’o)aozal = 21/14,’/1-{]/1’&:0z’afozz + 2VAAVT’&:lﬂozzz
+v A"V 32, + WAV i, i, (3.39)
Hence 4
o lim — (F'(@) — g(i, G, , Uere,)) = [20 AV (Gl 22 — U1 2Th02)] (3.40)
the integral over which from z = —oo to z = 400 vanishes since 4, ,, %,,, — 0 for z — +o0.

For the integral of the two other terms on the right hand side, we define

G(i) = / " Fw) — by du (3.41)

and observe that from (3.28)
. G (i)
pu .42
toz v Avt (3.42)

so that the integral of (3.37) can be written

+ +
“ o [ G
[w*] fiy (1, 7) = 2&/ VVAVIG(v) dv — %/ (tAv! + v AtT) Vf(;l)/)T dv (3.43)

This can also be written, after differentiation with respect to s, as

fir(7,7) = é (2 /uutAtH/%dv— %/uu(tAuT—i—uAtT)z %m) . (3.44)

By the matching condition (3.34) this equals py (7, 7). Given F(u) and A(u) it represents the
chemical potential along the interface ['y of a precipitate. This leads to the sharp interface
model

Apuy = 0 in Q7
n-Vyu; = 0 on 00,
/'Lli = ﬂl (Ta ’I") )

Apf = 0 in QF.
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In order to determine the velocity of the sharp interface we have to continue the matching to
higher order. To order O(1) the inner problem reads

_Vuﬂoz - _jzz('&foa ﬂofka ﬂo&‘kfl) - th'z(ﬂfoa ’&'ofka ’&'ofké‘l) + Uoss — 2Kl 2

i (b (3,5, ) — 6 [P(3) — g(@)],) + lim -2 [F(@) — g(@)],, , (3.49)

e>0de e—0 de2

where V¥ = x, - v. Again, since y, is constant, we have

d

VYo, = fi2.. — K h(ﬁo’ ’ELOEM aofkfl) - lg% % (F’(’CL) - g(’&, afk’ ﬁfkfz)) .
= /7/222 - K/ﬁlz . (350)
Since fi; is independent of z, we simply have
V¥, = fia,, . (3.51)

We integrate (3.51) once with respect to z and use the matching condition for fis, to obtain
for z —» o0
lim fig, = v - ui(r,r). (3.52)

z—+oo

The 2%-term in (3.25) vanishes since y, is constant. Hence, we obtain for the interfacial speed

v+ oy (1,7)]

o
V= [u]

(3.53)

3.3 The Cahn-Hoffmann law for concentration dependent surface
energy

We also obtain for a concentration dependent surface energy a Cahn-Hoffmann law, [2], [3],
[11]. To this end we define
r, = (cosO(t, s), sinb(r,s)) , (3.54)

where 6(,s) is the angle of the tangent at a point on 'y to the z-axis. In terms of this

coordinate we have
(UAI/T)% =2 (tAtT — v ALT) . (3.55)

Using this we can derive

tAtt 1 (b4t + v Ath)”
2 (/(vavt Avt)) =2 — 3.56
< (v AVT)g0 + /(v AV )> VAUt 2 (uAuT)73/2 ’ ( )

(7, 7) = ﬁ (0 + 0ee) (3.57)

so that

where the surface tension o is defined as
ut
o= 2/ VVAVIG(v) dv. (3.58)
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At this point it is interesting to observe that the expression for the surface tension o allows at
most two-fold symmetry. This is in contrast to previous theories, e.g. [12] etc., where it was
assumed that the surface tension reflects the symmetry of the underlying crystal lattice and
could in principle have higher symmetry. Our analysis shows that in fact higher symmetries
of the surface tension enter only through mechanical effects, which is shown in Part II of this
study.

3.4 Generalization to 3D

The sharp interface limit implies in first and second order the conditions (3.30) and (3.43), re-
spectively. The condition (3.30) yields the equilibrium concentrations according to the common
tangent construction, which describes the jump conditions if the curvature of the interface is
ignored. The condition (3.43) takes care of curvature and yields the corrections to the plane
interface case. Up to now we considered exclusively a phase mixture in 2D with interfaces
as 1D objects. While the common tangent construction is not influenced by this restriction,
the condition (3.43) is. A generalization to the case of a phase mixture in 3D with interfaces
as 2D surfaces can be carried out along similar strategies. In this case the interfaces are de-
scribed by two Gaussian parameters U, A € {1,2} and the function r(r,U', U?) gives the
location of the surface points. The surface is equipped with a unit normal v, two tangent
vectors ta, a metric, gar, and a Gaussian curvature tensor, baor. The mean curvature is de-
fined by ky = (1/2) g2 bap. All these quantities can be calulated from the surface function
r(t, U, U?).

The corresponding expression to (3.43) reads

1
[u)py = 20K0 + (—iaA);A, (3.59)

where the semicolon indicates the covariant derivative, and with

ut

ut
G
o= 2/\/VAVTG(’U)d’U, oA = 2/(1/AtlrA +taAvt) fiv)’r dv. (3.60)
vAv

u

4 Jump conditions for a binary mixture according to
classical thermodynamics

The sharp interface limit from section 3 reveals jump conditions at the interface between the
two coexisting phases. Jump conditions, however, can also be obtained from classical ther-
modynamics that models the interfaces from the very beginning on as singular surfaces [9].
Here, we consider classical thermodynamics of a binary disordered mixture that may consist
of two coexisting phases a and (3, and we ignore mechanical stress fields in the bulk. In this
case the variables are the temperature 7' and the partial mass densities p# and p? of the two
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constituents A and B. The specific free energy density is given by a function of the type

Y =9(T, p*, pP), and p* = 9PV ond LB = Opy

are the chemical potentials of the constituents, see e.g. [17]. Herein p = p# + p® denotes the
mass density of the mixture.

It is useful to change the variables p4, pp according to

(0™, 0%) = (p,c = p"/p) (4.2)

We write _
o0t
op
defines the pressure. Next we calculate the chemical potentials from the function @B There
results .

oY

quw—l—g—cz;' and uthp—I—%—l—(l—c)tﬁ’ with ¢/ = == (4.4)

W(T,p", p%) =4(T,p,c), and p=p’ (4.3)

Oc’
Note that there holds

p=p —pt =9 (4.5)

The jump conditions at the interface are derived in classical thermodynamics by means of
generic balance equations [9]. Denoting the limits of a generic quantity g that approach the
interface from the a-phase and 3-phase, respectively, by g, and gg, the jump conditions read

ug —pd =0, ug —ul =0 and ps—pa=S"Tbar+ S;AA. (4.6)
The newly introduced quantities are the tangential surface stress, ST, the normal surface
stress, S, and the semicolon indicates the covariant derivative.

Thermodynamics of interfaces relates the surface stresses S“Tand S to the free energy density,
¥, of the interface. Under the assumptions, that

(1) Tg =Ty =T, (ii) v, may depend on T, v and gar
there holds as a consequence of the second law of thermodynamics

1 99,

SAF — wsgAF 4
2 0gar

and S2 =—g

(4.7)

see [9] for details. The first contribution of ST leads in (4.6); to the classical capillary force
which is proportional to the mean curvature kp; = (1/2) g”T bar. The metric dependence of
the interfacial free energy describes elastic effects of the interface and the normal surface stress,
given by (4.7), which is related to the Hoffmann-Cahn vector.

Next we will evaluate the jump condition (4.6). At first we write the conditions (4.6); » more
explicit:

Pa

o

7! T — 7 7 P
%(T, Pg; cﬁ) = YT, pasca) = p and (cﬁ — Ca)lb = Vg — o + i - (4.8)
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Let us assume for simplicity pg ~ po = p, and let cg,, co, be the solution of

¢~£3(Ta o, cﬁ) = &;(Ta o, Ca) and (cﬁ - COL),U’ = ¢~ﬁ - ¢~a7 (49)

which describes the common tangent construction, also called Maxwell construction. We con-
clude that the common tangent construction only holds if

() ps=pPa=po  and (i) pg = pa = po.
Note at this point that condition (i) is well-known, but the necessity of the second condition is
in general not noted. In the following we will take the condition (ii) for granted. Note that in
the derivation of the sharp interface limit from the reduced phase field model we also did not
consider the variation of the total density of the binary mixture. Furthermore, note that this

variation is related to the trace of the mechanical strain, which will be included in Part IT of
this study.

We proceed to exploit the jump conditions (4.6). To this end we make the Ansatz

ca:cao+ca1a cﬁ:cﬁo+cﬁ1a Po = Pay +pa1a Ps = DBy +pﬁ’1a W= o + p1 (410)

and exploit the jump condition (4.8); under the assumption that quantities with index 1 are
small corrections to the corresponding quantities with index 0. There results

Ho :ig(TaPOacao) :ié(TaPOacﬁo)a K1 ZQ;Z(TaPOacao)cOu :’Izg(TaPOacﬁo)cﬁu (411)
while the conditions (4.8), and (4.6)s imply

1

(cﬁo - cao).u'l 2

(S2Tbar + SA). (4.12)

Let us now ignore elastic effects of the interface so that the right hand side of (4.12) can be
rewritten as

1 O,
(cﬁo - Cao)ﬂl = _(2¢SHM + (_gAFT;‘ 8¢’ );A)- (4.13)
Po v

A comparison of (4.13) with the corresponding result (3.59), that we have obtained from the
phase field model, suggests to identifiy
Ys = 0. (4.14)

In this case the definitions (3.60) imply that the interfacial free energy density has the following
properties

0, 0P, 1

TV _ oy, and TP = Zgu. 4.15

o Ys and  Tp aui 974 ( )
The result (4.13) of classical thermodynamics can thus be written

Vi

1
Po(Cﬁo —Cao)'ul :20'HM+(—§O'A);A. (416)

This resultis in agreement with (3.59) developed from the phase field model.
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5 Numerical methods

For our numerical treatment we follow [12] and transform the sharp interface model (3.45)—
(3.48), (3.53) into a boundary integral formulation. Note, that the sharp interface model
describes mass diffusion in the matrix and mass diffusion in the precipitates connected by the
common boundary condition (3.47). Here, we make the simplifying assumption that diffusion
in the precipitates can be neglected, i.e. we treat only the one-sided model

Nup = 0 in Q7 (5.1)
n-Vyu, = 0 on 00"
pw, = @ on T (5.3
and
Wi VY =v . VT onT (5.4)

and drop the superscript (—) from now on. We further assume that 9 has been shifted to
infinity and replace the local condition

n - Vi, =0 by the condition of no flux in the far field lim n-Vu =0. (5.5)

R —00

In what follows, we note that the tangential vector ¢ to the boundary of a precipitate always
points into the mathematically positive direction, and v always points to the left, i.e. inside
the precipitate.

We want a boundary integral representation for the solution of

Ny = 0 in Q_
by setting w3 = Re (V(2)) z=z+iy,z€Q_ (5.6)

where

Z Agln(z — My) + %/F ?(_C)Zdu %/ ®(¢)d¢ (5.7)
where Ay, € R, & € C and the complex number M € ), being the interior of I'y, where
I':= Uszl ['x. The first term on the r.h.s. represents the contribution of the 2D-precipitates,
the second term is the analytical part for z € 2_ and the third part is a constant correction if
U 4 0 for z — co. As has been shown by Mikhlin [16] this representation is unique for given
2. Furthermore, it is shown in [16], that for z - 2 € T

Re h_r}n‘ll = ——<I> —1—2 AxIn(z — M, /C—de+_7r/ ®(¢)d¢
zeQ_
= mlr (5.8)
i.e. for puy on I' . Substitution of (5.6), (5.7) into (5.5) yields
N
> Ap=0. (5.9)
k=1



Note, that the Lh.s. of (5.8) is an integral operator on ® with kernel of dim = N — 1 so that
we have N — 1 solvability conditions for the r.h.s. of (5.8). Together with (5.9) this will fix the
Ay, so that we can find the corresponding ®. In order to obtain uniqueness one has to impose
the constraints (see again [16])

®(¢) d¢ = 0. (5.10)

Ty

Now we can determine p; on I' and hence Vyu; which allows us to calculate V¥ = v - V.
Note, that knowledge of the normal velocity is sufficient to evolve the interface. For the numer-
ical implementation we use a parametrization zy(a,7) for each I'y, where o € [0,27]. These
parameter functions are evolved according to

% = VZvi + Vity. (5.11)
where vy and t; denote the normal and tangent vectors w.r.t. the k-th precipitate. The tan-
gential component Vit of dz;/dr remains arbitrary and a special choice of the parametrization
for the boundaries I'y will be used to simplify the numerical implementation. Here we follow
[13] for the choice of the coordinate system, where 6, is the angle of the tangent vector at
points on I'y w.r.t. the z-axis and L; denotes the length of the corresponding interface. The
components of zx(a, 7) are then replaced by the coordinates sj, and 6 through

(Re (&), S(2))

Ska = |Zk| and (cos Ok (v, T), sin O (v, 7)) = (5.12)
Sk
so that the evolution equations
Osy 00, V¥ + Vo,
LA v S B Vi d = =-ka k7o 5.13
or ko Tkalk an or Ska (5.13)

are obtained. Note here, the index k refers to the k-th precipitate, while the index a denotes
partial derivative w.r.t. the parameter a. Then the special choice of

« 2T
th(a,T) = / gka’ ‘/ku dO{, — 22/ gka’ ‘/ku dO{, (514)
0 ™ Jo

yields the equal arclength parametrization

Ly (7
Skha = SET ) ) for all « (5.15)
and hence the simpler ODE-PDE system
6Lk 2m 69k 2w
—— = Op o V¥ do/ d = = (V¥ +0,, V) . 5.16
o7 /0 ko Vg OQ an P Lk(ka+ ka Vi) (5.16)

In summary, the complete boundary integral formulation for the evolution of the precipitates
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is:

N 2 N 2w
1 zla:(oz)
— —Pp(a,T) + — / ®,(d, T %( >d'+ / ®,(d/,7) do’
k( ) ﬂ_lz_; 0 l( ) zl(a’)—zl(a) Lklz:; o l( )
N
+ ) Ailn(zi(a) — My) = ilr, (5.17)
=1
27
/ By(ol, ) dol =0  k=1,... N—1, (5.18)
0

together with (5.9), (5.14) and (5.16).

Now, onsider 0, in in the second equation of (5.16). It gets another derivative in the first
equation of (5.16) and another one in (5.17), since in 6, s, coordinates the curvature in y;|r is
expressed as k = 0,/s,. Hence, there are three derivatives. Such high derivatives in an evolution
equation will lead to numerically stiff problems (the stability constraint e.g. At < O ((Az)?)
leads to prohibitive time stepping). However, the advantage of the above formulation is that
the evolution equation can for each k be written as

80  (2m\°®
87’ = <f> ﬂH [eaaa] + N(O[,T) (520)
where
7 L ” 0 21

The first term of (5.20) becomes in Fourier space
2\ * .
— (f) i (5.22)

which is the stiffest term and will be treated implicitely. However, in this form it is linear and
diagonal in Fourier space and hence one only has to solve a diagonal system. The remaining
complicated nonlinear expression N(a, 7) can be treated explicitely. We use a Pseudo-spectral
method (using FFT) in space, and Leap-Frog for the explicit and Crank-Nicholson for the
implicit time integration. The integration of the L, ODE is done with an Adams-Bashforth
integrator. Equations (5.17), (5.18), (5.19) and (5.9) yield the ¥ and Aj. They represent a
linear system and is solved iteratively using GMRES.

5.1 Examples
We are interested here in some first characteristic features of the influence of anisotropic surface
tension on the dynamics of coarsening. This will be extended to include elastic effects in Part

IT.
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For the numerical simulations we use for A(@) the linearly interpolating expression

A7) = (“Oa a[)“) i+ (“Oﬁf Oﬁ> (1-14), (5.23)

Qo

where the a-matrix corresponds to a cubic symmetry and the g-matrix to a tetragonal sym-
metry, frequently occuring in binary alloys, see e.g. [5]. For the configurational part of the free
energy we choose a fourth order polynomial, i.e. F'(i,) = @o(@, — 1/2)(%, — 1) so that by =0,
[uf] =1 and G(v) = 1/4v*(v—1)2. With this choice we obtain the following explicit expression
for o

4
105 p?

o=va“

[(1—p)**(4—p—3p") —4+Tp] (5.24)
a“—a[f’ 5= ag—a[f

aa

where p=gq+dsin?f with ¢= (5.25)

aa

For all simulations in the following three figures we let ¢ = 0.4 and § = 0.1. For the initial
conditions we always choose a pair of circles, one with center at the origin and of radius R = 0.13
and the other one with center shifted by d > 2.01 R from the origin and having 1% larger radius.
We are interested in the effect of anisotropic surface tension and distance of the precipitates on
the coarsening rate and their shape.

In the first figure 5 we see the change in area for two precipitates, intially of circular shape
(solid line), where the center of the second one is shifted by d = 5.2 to the right and having 1%
larger radius. In this figure we do not show the middle portion 0.2 < x < 5 to better focus on
the shape of the precipitates. For both precipitates, the growing (right) and the shrinking (left)
one, coarsening proceeds by quickly assuming and retaining almost equilibrium shape (dotted
lines), which can be found analytically as the stationary solution of (5.17)—(5.19), (5.9), (5.14)
and (5.16), for a single precipitate

s [
0 1
Tlstat:/ cos9ds:/ cos df = ——(osinf@ + o cosh),
0 0

0, C
s 0 - 1
Tostat = / sinfds = / 81;9 df = 5(0 cos — ogsin 0) (5.26)
0 0 s

with scaling factor C'. In figure 6 the center of second precipitate is shifted only by d = 0.325 to
the right. We see that the influence of diffusion dominates the shape of the precipitates. Only for
very small precipiates is the equilibrium shape attained, i.e. when surface tension dominates, as
seen for the smallest precipiate on the left. In the final figure we show the influence of distance
of the precipitates on the coarsening rate, which is smaller for larger distances. Additionally,
we performed a second set of simulations, where the center of the second precipitate had been
placed a distance d above the origin instead to the right. While the influence of the distance on
the shape is analogous to the previous examples, we also notice a dependence of the coarsening
rate on the orientation of the precipitates with respect to each other. Figure 7 shows the area
of the precipitates minus their initial area for three pairs initially with distance d = 0.325 (left),
d = 0.65 (middle) and d = 5.2 (right). The solid lines represent pairs of precipitates, where
the center of the second one is placed to the right of the origin, as in the previous figures, and
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0.2

0.1

-0.2 -0.1 0 0.1 0.2 5 51 5.2 5.3 54
X X

Figure 5: Two evolving precipitates with centers initially d = 5.2 apart (solid line). Middle
portion 0.2 < z < 5.2 not shown.

0.2

-0.1 -

-0.2 0 0.2 0.4

Figure 6: Two evolving precipitates with centers initially d = 0.325 apart.

22



0.05
0.03
S o0.01
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Figure 7: Change in area for two precipitates, placed next to each other (solid line) and over
each other (dotted line).

the dotted lines represent those, where the center of the second precipitate is placed above the
origin. We see that the effect of anisotropic surface tension on the coarsening is felt largely
for nearby particles. Furthermore, we see a tendency that coarsening proceeds faster when the
points of higher curvature are closer.
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A Transformations

Suppose w is a quantity defined in the inner coordinates (s, z,7). Then its derivatives are
related to the derivatives of the corresponding quantity w in outer coordinates via the invertible
transformation matrix

0
M= Q@ 0 |, where Q= (”” y) (A1)
Ty Yz
zr yr 1
by
W, Wy
W, | =M| w, (A.2)
Wy w,
Since s is arclength
T%s + Tgs =1 ) T1sT1ss + T2sT2ss = 07 K/(S, T) = T1sT2ss — T2sT1ss (A3)
and
t, = kv, v,=—kt (A.4)
so that
T1ss = —KTas, T2ss = KT1s (A5)
Hence,
z,=(1—er)t, x,=cv, detQ=c(l—czk). (A.6)
Now we can express the quantity w in the outer variables in terms of the inner variables by
Wy . 0 W, ris(1 +ezk) —e7lry O W,
w, | = Q 0 W, | = | rs(1+ezk) e'ry, 0O w, |, (A7)
w, —z, Q1 1 W, —VH1+ezk) —e V¥ 1 W,

where we have used the approximation 1/(1 — ezk) = 1 + ezk + O(e?), and where we denote
the tangential and normal velocity by

Vi=z, - t, V==, v, (A.8)

respectively.

The higher derivatives then transform as follows:

_ -2,2 ~ -1 2~ ~ 2 ~
Wey = € ToWyy — € [kn'lswz + 21‘137‘2511)54 + 7 Wss
~ 2 ~ ~
—2KTsTosWs — 2K [Farlswz + 2r15r25wsz] (A.9)
_ -2,2 ~ -1 2~ ~ 2 ~
Wyy = € T W, —€ [nr2swz — 21‘151‘2511)52} + 75, Wss
+2K/7'157'25’lbs — ZK [fﬂ';sﬁ)z - 2T13T251I)sz] (AlO)
_ —2 ~ —1 ~ 2 2 ~ -
Wgy — —E€ "TisTosWy — € [Kz?"lsrzswz + (7'25 - 7'15) wsz] + 115725 Wss
2 2 ~ ~ 2 2 ~
—K (7‘25 — 7'15) Ws — 2K [m‘lsrgswz + (TQS — 7'15) wsz] (A.11)
Mo = e 20, —e ki, + W, — 2620, (A.12)
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B Higher gradient coefficients

In this appendix We relate the coefficients, which appear in Eq. (2.13), to the three pair

potentials g07 , (,07 , go:;‘B and to the combinations (2.17), respectively. Recall the definitions

A% = XP — X A% = |X? — X2 | and let us furthermore define N; = A% /A%,
The coeflicients determining the local part of the free energy read
|
AA AA ab o ab ab
v 290 (A?), 9f = ibj B(A™) Zsov (A (B.1)

The higher gradient coefficients, that we also call extended Cahn-Hilliard coefficients, read

1 o1 e
a?\kl - §Z(Aab)2Wv(Aab)NkNla a$|kl - EZ(Aab)2€Dv(A ")NiNi, (B.2)
b b
and
1 ab 482g0 (Aab) 1 ab 482¢ (Aab)
7¥|klmnop - §Z(A ) 8A;1’:/?8Agb NkNanNp7 A’f|klmnop = §Z(A ) 8A‘T’Z’8Agb NkNanNp-
(B.3)
Finally there are the coeflicients which determine the elastic stiffness matrix, and these are
82¢AA(A“”) 82()0 (Aab)
— ab\2 Y _ ab\2 Y
Avlmmp Z(A ) HAabHAab NN, Aﬁ\mnop - Z(A ) HAabHAab NN,
b m o b m o
2 0%y (A%)
ab Y
Ailmnop Z(A ) HAabHAab N N;. (B4)
b m o

We conclude that all the constitutive law of the phase field model from the above can be de-
termined from three pair potential function. How these functions can be fitted to experimental
data is described in [6].
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