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Abstract

In the paper we present a comparison of the linear wave analysis for four
models of poroelastic materials. As shown in the paper [10] a nonlinear ther-
modynamical construction of a two-component model of such materials re-
quires a dependence on porosity gradient. In the linear version this depen-
dence may or may not be present [14]. Consequently we may work with the
model without a dependence on this gradient which is identical with Biot’s
model or we can use the so-called full model. In both cases we can construct
simplified models without a coupling between partial stresses introduced by
Biot. These simplified models have an adavantage that their application to,
for instance, surface wave analysis yields much simpler mathematical prob-
lems.

In the present work we show that such a simplification for granular ma-
terials leads to a good qualitative agreement of all four models in ranges
of porosity and Poisson’s ratio commonly appearing in geotechnical applica-
tions. Quantitative differences depend on the mode of propagation and vary
between 10% and 20%. We illustrate the analysis with a numerical example
corresponding to data for sands.

Simultaneously we demonstrate severe limitations of applicability of Gass-
mann relations which yield an instability of models in a wide range of practi-
cally important values of parameters.

1 Introduction

Propagation of the so-called second sound was discovered in the analysis of helium
IT by Tisza [1] and Landau [2]. This acoustic wave describes the heat propagation
in the liquid helium. Landau developed a phenomenological model which can be
put into the frame of a modern phenomenological theory of mixtures [3] and which
reproduces main features of this phenomenon. A review of the subject, in particular
— propagation of the second sound in crystals, can be found in the work [4].

This property of many materials that they can carry more than one sound wave
has been overlooked for a long time because these additional modes of propagation
are very strongly attenuated. Liquid helium was an exception because experiments
on this material were performed in very low temperatures in which the attenuation
becomes much weaker.

Frenkel [5] proposed in 1944 a linear two-component model for elastic soils which
contains all elements of the modern theory of immiscible mixtures - two kinemat-
ics, porosity as a microstructural variable, micro-macro relations among material



parameters. His equations of motion (22) and (23a) remind these which we discuss
in the present work except of nonsymmetric interactions between stresses. Frenkel’s
model — as shown by Frenkel in the same work — predicts the second sound in soils
even though he claims that due to ” a very large damping ... the waves of the second
kind are really non-existent”.

Independently Biot introduced in 1941 a similar model with symmetric interactions
between stresses (see the collection of Biot’s papers edited by Tolstoy [6]). In his
works [7] he shows the existence of the second sound within his model. Since this
work the prediction of the second sound in porous materials is attributed to Biot
and the wave itself is carrying either the name P2-wave — in contrast to the fast
longitudinal P1-wave — or Biot’s wave.

Observations of P2-waves in porous materials are very difficult indeed. A series of
experiments on an artificial porous material (sintered glass), in which P2-waves were
observed and measured, has been performed by Plona (e.g. [8]). Measurements of
P2-waves in real materials are still a subject of research (e.g. [9]).

It is worth mentioning that any hyperbolic model of a system with more than one
kinematics predicts such modes. Of course, in the case of a two-component model
there exists just one additional sound wave.

In this work we investigate the propagation of bulk waves within the frame of four
different linear two-component models of poroelastic materials. It has been shown
[10] that the Biot’s model may follow from a general nonlinear thermodynamical
model solely in the case when such a nonlinear model contains a constitutive depen-
dence on the porosity gradient and, if needed, on some other higher gradients. A full
linear model following from such a generalization is presented in the next section.
A contribution of the porosity gradient is characterized by the material parameter
N. When this parameter is zero the model is identical with this proposed by Biot
provided that we neglect added mass effects. Simultaneously, it has been shown
that, for a class of granular materials for which one can apply Gassmann relations
between macroscopic and microscopic (true) material parameters, Biot’s model as a
particular case with N = 0 is thermodynamically admissible. Consequently we may
describe a porous material ether by a model with N # 0 and corresponding gen-
eralizations of Gassmann relations or by a model with N = 0 (Biot) with classical
Gassmann relations.

We have also two other possibilities in which the Biot’s coupling between partial
stresses described by the material parameter ¢ does not appear. Such a model
has been introduced some ten years ago (e.g. see [11] where both the model and
some results for waves are presented) and its structure is similar to the so-called
simple miztures of fluids [3]. This model follows from the Biot’s model in which
we substitute ¢ = 0 or from the full model with @ = 0, N = 0. The results
are not the same because the simplified model does not admit simple tests yielding
Gassmann relations. Consequently, we may use either classical Gassmann relations if
we consider the simplified model to be a particular case of Biot’s model or generalized
Gassmann relations if we consider the simplified model to be a particular case of



the full model.

Wave analysis within the simplified model is much simpler than within Biot’s model
or the full model. This concerns particularly surface waves which are, however, not
the subject of this article. Hence it is desirable to know whether such an analysis
may describe — at least qualitatively — wave properties which would follow from
more general models.

We compare numerical results for the above mentioned four possibilities.

2 Linear isothermal model with porosity
gradient; relation to Biot’s model

A continuous linear two-component model of isothermal processes in poroelastic
materials is based on the following fields

defined on a domain B C ®* which is identified with an initial configuration of the
body and on an interval of time 7. Scalars p°, pf" are the partial mass densities of
the skeleton, and of the fluid component, respectively, and they are related to true

mass densities p5%, p® in the following way

p® = (1 —n)p°F, o =np™", (2)

where n is the current porosity (volume fraction of voids in the skeleton).

S vF describe macroscopic partial velocities of the skeleton, and of the

Vectors v
fluid, respectively. In many cases the difference v — v can be approximately

identified with the so-called filter velocity (diffusion velocity).

The symmetric tensor e° describes macroscopic deformations of the skeleton. For
small deformations (a linear model!) it satisfies the following kinematic compatibility

relation 5eS
1
% = sym grad v° = 2 [grad v+ (grad VS)T} . (3)

The model which describes the behavior of these fields follows from the set of balance
equations (again linear!)

o0p° op*
% = —p5divv®, % = —pg divv?,
ov*s . .
pOSW = div TS + P + pOSbS, (4)
ovF . .
pOFW = divT" —p+pfb”,
o(n —
% = —®div (VF — VS) + 7. (5)
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The index 0 refers always to a reference value of a quantity.

In these equations the symmetric tensors T, T are partial Cauchy stresses, p is the
momentum source, b%, b¥ are partial body forces, ng is the so-called equilibrium
porosity, ® is the transport coefficient of porosity, and n is the porosity source.
Further we neglect the last contribution and this means that we do not account for
processes of spontaneous relaxation of porosity.

These balance equations transform into field equations for fields (1) if we add con-
stitutive relations. For poroelastic materials they are assumed to have the form
_ =P

F )
Po

TF = TE + pfkel + Qel, ngp=ng (1 + de), (6)
f):ﬂ'(VF—VS) — N gradn.

TS = T5 + Mel +2u°e® + Qel, e:= tre’, ¢:

Certainly, the effective (macroscopic) parameters A, u° correspond to classical
Lamé constants, x describes the macroscopic compressibility of the fluid, ¢ is a
parameter coupling equilibrium changes of porosity with volume changes of the
skeleton, e, @ is the coupling parameter introduced by Biot, and N is a parameter
describing the influence of the porosity gradient. The permeability coefficient 7 is
related to the permeability appearing in the Darcy model of seepage.

The above material parameters can be transformed into the classical Biot’s param-
eters (e.g. [12]) by the following formulae

2 1 K
NS L 2,54 F — F -
K:=\ +3u +pk+2Q, C:= -~ (Q+p0f<;), M := m (7)

F
Lt U

Partial mass balance equations can be easily written in the following form

o S _ .S
—e:divvs, —gzdivvF, e:u, (8)

ot ot o5

and the porosity balance equation with 7 = 0 yields the following relation for changes
of porosity:

n = nyg 1+(5e+§(e—5) : (9)
0

This relation for porosity changes yields explicit corrections of constitutive relations
for partial stresses provided the initial porosity n is constant. Then we can incor-
porate the contribution N gradn of the momentum source into these relations in
the following way

TS =T5 + Mel +2u°e’ + Qel — N(n — no)1,
T" = T + pi kel + Qel + N(n — ng)1, (10)
f):w(vF—vS), n—ng=ngle+®(e—e¢).

This is the form of constitutive relations which we use further in this work.



3 Material parameters for granular materials
— (Gassmann relations

The above phenomenological model does not specify the way in which material
parameters depend on porosity. For many materials, such as rocks or biological
tissues, this dependence must be found experimentally. However, for granular ma-
terials Gassmann proposed a procedure relating some macroscopic parameters to
microscopic compressibilities of solid and fluid phases and to the porosity. If we use
Biot’s material parameters these relations concern K, M, C and they have the form

(e.g. [12])

K, — K;)? K, (K, — K K?

K:Kd‘f‘(Kzid)‘i‘Kda C:M, M=—4—— (11)
KVSV_ d KVSV_ d KVSV_ d

1 ‘_]_—TLO o

Kw K, K,

where K, Ky are compressibility modulae of the grains, and of the true fluid, re-

spectively, and Ky is the so-called drained compressibility modulus and it is assumed

to be known. It can be either measured on drained samples or it can be given by

a heuristic formula. Such a formula has been proposed, for example, by Geertsma

[13]

Y : (12)
1+ gny

where ¢ is an empirical parameter. As claimed by White [13] the value g = 50
corresponds well with experimental data for many soils.

Kq

The above relations for K, C, M can be derived systematically by means of a micro-
macro transition procedure [14]. This procedure yields the following equations

Ky(K — K) ~ N(K — Ky)
no(Ks — Ky) ’
C  K1-(1-m)g [1 N(K—nOC)]
noM Ky ’

0 = C+

C—N
0 = K—Ki~Co, (13)
ng
K 1—7’7/00
0 = (1-—)(M-C-N —
(1-70) ( )
C 1—7’7/() K
1-—)(K-C-N 1— —
(170, ( 2 -%))
where o2



It is easy to check that Gassmann relations (11) satisfy equations (13) with N = 0.
Otherwise we can solve the above equations numerically and find relations
K = K(ny, K, Ks), C=0C(ny, K, Ky), (15)
M = M(ny, K, Kf), N=N(ny, K, Ky).

Then by means of (7) we can find {)\S + %us, K, Q}.

In addition we obtain the following relations for parameters specifying changes of
porosity
Ky — K o —noK
f=——V—= o PR+ R L (16)
TLU(KS—Kf) Ks—Kf
KV = (1 - no)Ks + ’I’I,UKf.

There remain material parameters 7, u° whose dependence on n, cannot be specified
by means of the above mentioned procedure. For the purpose of this work we make
the assumption that 7 is related to the hydraulic conductivity K, appearing in
Darcy’s law, by the following formula

T=mn pgRgearth

0 K )

where p{f E is the true initial mass density of the fluid and g.. is the earth ac-
celeration. This formula follows as an approximation from the momentum bal-
ance equation for the fluid (4),. Namely, if we neglect the acceleration and body
forces and substitute T¥ = —ngp;1, where p; is the pore pressure then gradp; =
- (vF — VS), and the comparison with the Darcy’s law yields - = PE R Goarin /K.
This may be not a bad approximation for intermediate values of porosity, say, for n,
between 0.2 and 0.5. In general, one would have to rely on some empirical relation.

(17)

For the shear modulus we can at least introduce a relation to the Poisson’s ratio
v. It is convenient because there are indications that the dependence of Poisson’s
ratio on porosity is weak — again at least for intermediate porosities. We proceed to
present this relation.

The basis for the derivation is the assumption that in drained experiments the two-
component poroelastic material satisfies classical relations for the full stresses in the
elastic one-component material. In such experiments T — T} = 0. Then relations
(10) yield after easy manipulations (see: Appendix)

r 31—21/{ Q +nyN Q2+N[poFﬁ(no5+¢)+Q(no5+2¢)}}
_ . _ .

T 214w pfk — ngN ok — ®N
(18)
Clearly, for N = 0 this relation becomes
s 31-2v K,
21+v 14gng

(19)

U
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Consequently, the effective shear modulus is independent of the coupling between
components described by the parameter Q.

This is not true in the general case when N # 0. Moreover, if we apply micro-macro
relations following from (13) the contribution with the minus sign may dominate in
this formula. This yields a negative value of the shear modulus p° and, consequently,
a structural instability of the model forbidden by the thermodynamical condition of
concave entropy. We demonstrate this property caused by the Gassmann relations
on a numerical example presented further in this work.

4 Propagation of fronts of weak discontinuity waves

We begin the analysis of propagation of weak discontinuity waves by the investiga-
tion of the front. The front of such a wave is defined as a smooth moving surface on
which the fields are continuous but their derivatives may have finite discontinuities

=0 [ =0 [o)=0 @10 ()
=[] oo [

where the double bracket denotes the jump through the surface [[---]] := (---)* —
(--+)7, the quantities on the right hand side are limits of the quantities on the
positive and negative side of the surface, respectively.

The fields satisfying the above conditions must fulfil the kinematic compatibility
conditions on the front which follow from general so-called Maxwell conditions. They
have the form

[gradv’]] = —a®®n, [[gdv’]]= - a"®n, (21)
(el = =[] n o= 5]

where c is the velocity of propagation of the front and n is the unit vector perpen-
dicular to the front.

Bearing relations (3), (8)2 in mind we obtain immediately

Haa—e:H - _% (a5®n+n®a5), nga‘desﬂ:$(35®n+n®a5)®m)
H%H = —a"n, [gade] = a"mm

Now we form the jump of field equations on the front. After easy calculations it
follows from (4) and (10)



{pgczl—)\sn@)n—us (1—|—n®n)+N(n05+<I>)n®n} a®—

—{@n®n+ Nén®n}a” =0, (23)

—{Qn®n+N(n06+<I>)n®n}aS—|—{pOFc21—pOFﬁn®n+N<I>n®n}aF:0.
(24)

This is an eigenvalue problem. We split it into the normal part parallel to n and
the transversal part perpendicular to n.

In the first case we obtain
{pgcz— ()\S + 2us) + N (nod + <I>)} 5 {Q+Nd}af = 0, (25)
—{Q+N(n06+<1>)}a5+{pgc2—pgkc+N<I>}af: = 0,

This homogeneous set of equations possesses a nontrivial solution if the determinant
vanishes. We obtain the following propagation condition

4 2{)\5+2u5—N(n05—|—<I>) ng—N(I)}
c—c 5 + Va
Po Po

+{()\S+2u5)_N(n05+<1>)}{pg’,{_]vq>}_

oy Py
QNS {Q+ N(nys+ ®)} =0 (26)
Po Po

This biquadratic equation for ¢ has two positive and two negative solutions which
define two longitudinal waves: Pl-wave and P2-wave (Biot’s wave). Namely

1 (A +2u°—-N o Fr - N®
c2:_{A 27— N(mf+®) | ok i\/A}, (27)
2 Po Po
A+ 2u5 —N(ngs+®) pf—N®)?  {Q+N®{Q+ N (ngd+®)}
A= 5 — 7 +4 T .
Po Po Po Po

In the second case we multiply equations (23), (24) by a unit vector n,; perpendicular
to n. We obtain

{pfc? —us}al =0, al =0, (28)

ai ::as-nL,

all
S
7
c={—=%- (29)
V oF
8

::aF-nL.

Hence



This is the velocity of propagation of the transversal wave. 1t looks like the correspon-
ding formula in the classical elasticity. However couplings may have an influence on
the behavior of this wave in some models which we present further in this section.

Let us mention that all these modes are attenuated due to the diffusion. This
property cannot be demonstrated by means of such simple arguments for the jumps
on the front. We return to the detailed calculation of attenuation in the next section.

Instead of a simple but cumbersome analytical investigation of the above solutions
we present a numerical example. For this analysis we choose the following numerical
data typical for sand and water

kg kg
SR __ FR __
k
K, = 48GPa, K;=225GPa, w=mngx 10" —o-,
m-s

which we use in the evaluation of macroscopic material parameters. The value of the
permeability coefficient 7 corresponds to the hydraulic conductivity K= 103 ==
0.1darcy. We present the results in dependence on varying porosity ny and varying
Poisson’s ratio v.

In Figure 1 we show the behavior of velocities of propagation of fronts of P1-, S-, and
P2-waves. These three-dimensional plots illustrate the general qualitative character
of the dependence on the initial porosity ny and on the Poisson’s ratio v. Quantita-
tive relations of different models shall be demonstrated further for monochromatic
waves.

In order to show whole surfaces in these 3D-pictures we collected the points in bars
in the direction of the v-axis. Separation of these bars reflects the steps of numerical
evaluation — for ng this is 0.02, and for v — 0.01.

First of all let us point out certain general features of these plots. They were
calculated by means of the relation (27), either with Gassmann relations (11) (for
Biot’s and ”simple mixture” models) or with material parameters following from
(13) (for the full models). In both cases we have used (18) for the dependence of
the shear modulus 1 on the Poisson’s ratio v.

Values of porosity vary between 0.1 and 0.58. This range has been chosen due
to the applicability of the full model. Micro-macro relations for this model yield
instabilities below ng = 0.1 and above the value ny ~ 0.58. Instabilities in the first
region, for ng < 0.1, follow from negative values of the shear modulus for N # 0
in this range which has been indicated before. On the other hand for values of ng
bigger than 0.58 the relations (13) yield negative values of compressibilities which do
not have any physical bearing and, similarly to the first region, indicate a restriction
on applicability of Gassmann relations.

Values of Poisson’s ratio v begin with 0.1. Even in the vicinity of this point and
particularly below this value, as we see further, there appear instabilities which make
the model not admissible. We do not attempt in this work to make improvements
beyond those limits.
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Figure 1: Front velocities of P1-, S-, and P2-waves
Left-hand side: Biot’s model and ”simple mixture” model

Right-hand Side: The full model and the simplified full model
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Left-hand side: Biot’s model and ”simple mixture” model

Right-hand Side: The full model and the simplified full model



Clearly, all above restrictions of the full model are related to the extension of
Gassmann relations and, consequently, to the applicability of the full model to a
certain limited class of granular materials for which we can claim Gassmann re-
lations to hold. They may not apply to modeling of rocks, concrete and similar
materials with a compact skeleton.

Plots in the left column follow for Biot’s model and for its simplification which we
call ”simple mixture” (Q = 0, N = 0). For the latter model all material parameters
except ) are identical with those of Biot’s model. As we see the velocity of propa-
gation of the front of P1-waves has a similar shape for both models but it is lower
for the simple mixture model than for Biot’s model. The difference is app. 10%. It
is the opposite for P2-waves where fronts propagate faster for the simple mixture
model than for Biot’s model and the difference is app. 20%. Certainly, velocities of
P2-waves decay to zero in both models as ny approaches zero.

The plot for velocities of S-waves is identical for both models.

These plots indicate already the main conclusion of the work that the qualitative
behavior of Biot’s model and the simple mixture model is the same and quantitative
differences are small enough to be accepted in practical applications. We return to
the latter point in the next two sections.

Plots for the full model and its simplification with the same values of material
parameters except of @ = 0 and N = 0 are shown in the right column. For medium
values of porosities and Poisson’s ratio the behavior of these models is similar to
Biot’s model and the simple mixture model. Large deviations appear for P1-waves
for small values of porosity where a dependence on the Poisson’s ratio is different
from Biot’s model. Also for P2-waves substantial qualitative differences appear for
small values of porosity and small values of the Poisson’s ratio. In particular, below
ng ~ 0.14 the velocity of the P2-wave within the full model decays more rapidly
than within other models.

Again the velocity of the S-wave is almost identical for both models but it behaves
differently from the Biot’s model and simple mixture model for small porosities
where it is decaying rather than growing and it possesses inflection points at app.
no ~ 0.25.

All these qualitative differences of both full models may be attributed to the singular
behavior of the shear modulus x°. They would not appear if values of the parameter
N were smaller than these predicted by Gassmann relations.

The attenuation of waves cannot be discussed by means of the simple analysis of
propagation of fronts. We present analytical results for this problem in the next sec-
tion (relations (38) for transversal waves and (42) for longitudinal waves). However,
for completeness we already show in Figure 2 the numerical results following from
the evaluation of these relations.

In spite of qualitative similarity in the whole range of parameters, quantitative diffe-
rences between attenuations calculated for different models are much larger than the
differences between velocities. For instance, the attenuation of the P1-wave as given

12



by Biot’s model is a few times smaller than in the simple mixture model (the left
column, the upper picture). It is the other way around for P2-waves which are much
stronger attenuated according to Biot’s model than to the simple mixture model.
However, these differences become much smaller for medium values of parameters.
We discuss these differences in details for monochromatic waves.

Again the attenuation of transversal waves is the same for both models — Biot’s
model and the simple mixture model.

For the full model the attenuation of Pl-waves becomes negative in the case of
large porosities and small Poisson’s ratio. The range of instability is approximately
limited by the line: ny = v.

The attenuation of P2-waves becomes also much bigger than in Biot’s model for
small values of porosity.

We return in the next section to the explanation of the above indicated instabilities.

In contrast to a singular behavior near the limits of ny and v results seem to agree
well in practically relevant medium values of porosity and of Poisson’s ratio.

5 Monochromatic bulk waves

We proceed to investigate the propagation conditions for monochromatic waves.
These waves are solutions in the infinite domain based on the following ansatz

vi=vVS¢, vI=VvFg, &5 =E%, e=EFE, (31)
E:=expli(kn-x —wt)],
where V¥, VF ES EF are constant amplitudes, w is a given real frequency, k is a

complex wave number, and n is a unit vector pointing in the direction of propagation
of the wave.

Substitution of (31) in relations (3), (8) yields the following auxiliary relations
k

k
ES:—2—(n®VS—|—VS®n), Ef = —ZVF.n. (32)
w w

Consequently, by means of momentum balance equations we obtain the following
set of equations for amplitudes V5, V¥

[pngl —XEn®n -k (n®n+1)+ N (ngd +®)k*>n®n + iﬂwl] VS—
— [Qk2n @n+ NPk’n®@n + z'mul] v =0, (33)
— [kan ®n+ N (ngd + @) k*n®@n + 7;7T(.d1:| V54
+ [pOFu)21 — pikk’n®n + N®k’>n® n + z'mul] Vi =o. (34)

This is again an eigenvalue problem. It looks similar to (23), (24) except of contribu-
tions with the permeability 7. As before we separate the component perpendicular
to n (transversal waves) and the component parallel to n (longitudinal waves).

13



— Transversal waves.

Let us multiply equations (33), (34) by a unit vector n; perpendicular to n. Then
we obtain

(pgw2 — uSk? + iﬂw) Vi —irwVE = o, (35)
—irwVy + (pgw2 — usk2) vE = o.
Vi=V®.n,, VI:=VF.n,

The condition that the determinant of this set must vanish yields the following
dispersion relation

S 1 S 3 S
(w2—“—sk2>+m—”°:£° W — k) =0 (36)
Po w Py Po Po + Py

Solutions of this equation k = k(w) specify both the phase velocity of transversal
waves Cpn, = 1.7 nd the attenuation Im (k). We present a numerical example of
these solutions éurther in this work. However, some important properties of equation
(36) should be mentioned. First of all, this equation does not contain the parameter
@ which means that transversal (shear) waves are identical for the three models
considered in this work in which N = 0. Then the relation (19) for ¢ holds true.
Secondly, the velocity of propagation in the limit w — oo is identical with this of
the front (29) and different from the other important limit w — 0. We have

[ [ w
lim c,p =/ —=, limcy, =(/—<——- 37
w—oo P pg w—0 P Pg—l-POF ( )

Finally the attenuation for these two limits follows also easily from (36) and we have

lim Im (k) = —F—, lim Im (k) =0. (38)

w—00 S —0
S w
2054/ ”—pg

— Longitudinal waves.

Now we multiply equations (33), (34) by the vector n. It follows

[p§w? — [A® + 205 — N (nod + )] K +imw} VS — {[Q + N®|k? + imw} VF = 0,

- {[Q + N (nod + ®)] k* + z'mu} VS + {pgw2 — [pgk; — N@} k* + z'mu} VE =0,
(39)
VZ=V®%.n, VF:=VF.n

Consequently, we obtain the following dispersion relation for these waves

E{[AS + 205 — N (nod + ®)| [pf' s — N®| = [Q + N (nod + @)} [Q + ND]} -
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—k? {(png + z'7ru)) [pgﬁ - N@] + (pgw2 + z'mu) [AS +2u° — N (noé + <I>)] +
+itw [2Q + N (nod + D)} + (40)
+ (png + imu) (pUsz + ima) + m?w? = 0.

Before we proceed to demonstrate properties of k(w) on numerical examples let us
discuss some features of the above relation for the limit values of frequencies.

For w — 0o we obtain the following relations

N 1
C4_02{C%31+C%32—p—s|:n0(5+(1+;>q):|}+
0

2
+ {c?;lc?;2 — —Q52 - —= [ciﬁb + 7Chy (ngd + @) + QS (ngd + 2(1))] } =0, (41)
TPh 0o Po
L, —2)+(Ry—2)+ 24 10
r \"P «a P « oS r oS
m (k) = —(—1)"—— T a=1,2, (42)
205 Co cy; — ¢y
where \S s
. w +2u
= lim —— = 2, = 43
€= 0% Re (k)’ Cp1 s Cp2 *= K, (43)

and c,, @ = 1,2 are two positive solutions of the equation (41).

Obviously, after trivial reshuffling of terms equation (41) coincides with equation
(26). This means that the velocities of wave fronts are identical with the phase
velocities of monochromatic waves in the limit w — oo.

Simultaneously, relation (42) specifies the attenuation of fronts which could not be
calculated by means of the analysis of singularities presented in the previous section.
Numerical results for this relation have been presented in Figure 2.

As we discuss further in some details an important difference between Biot’s model
and the simple mixture model in relation to the limits w — 0 and w — oo we
quote these results in the explicit form. We have the following phase velocities and
attenuations within Biot’s model

— low frequency limit w — 0

MouS+pls+2Q _ 1 2 2 2Q

I o Pt TY — 2y —

= CHy + 1CHe + for P1 — wave
w2 oot Thr \CP1 T TCP2 TS !
Iim|—) = ,

0 for P2 — wave,

liII(l) kr =0, kr= Re(k), kr= Im(k), (44)
w—
— high frequency limit w — oo

¢t =chy + 5 (chy —chy) (s—1)  for P1 — wave

v cr = by — 5 (B —3y) (s —1) for P2 — wave
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where the coupling parameter s is defined as follows

40?2
si= |1+ S2 2Q 2 \2? (46)
To5° (Cp1 — Cha)
and
li ky — 2/1057rc1s [%(1 + %)(8 - 1) +1-— i};l] for P1 — wave 47
e 7 [l(1+l)(3_1)+l_|_ 5271] for P2 — wave (47)
2p5cas |2 r r NG

It can be easily seen that the attenuation of Pl-waves must be weaker for Biot’s
model (s # 1) than for the simple mixture model (s = 1). It is the other way around
for P2-waves.

We obtain results for the simple mixture model by substituting Q = 0, i.e. s = 1.
Clearly, this model is always stable (i.e. k; > 0). The general dispersion relation in
the case of this model simplifies as follows

k* [)\S + 2;;5} otk — k? {(poswz +i7rw) Ptk + (pOsz +i7rw) [)\S + 2u5]} +

+ (png + z'7ru)) (pOsz + z'mu) + m2w? = 0. (48)

This relation has been intensively investigated (e.g. [15, 16] where further references
can be found). It has been shown that most of the qualitative features of solutions
check well with this predicted by Biot’s model [17].

We proceed to present numerical examples for all four models discussed above.

We use again the numerical data (30) and present results for the single Poisson’s
ratio v = 0.2 and two values of the initial porosity nyg = 0.24 and 0.4. This choice
leads to acceptable results for simplified models, more or less reasonable results
for Biot’s model and nonphysical results for the full model. Both points lie in the
unstable region of the full model.

Let us begin with the P1-wave. This wave as well as the S-wave are commonly
described in geotechnics by a single component model. The most important feature
of these two modes are different limits for velocities of propagation for w — 0 — the
low frequency behavior, and for w — oo — high frequency behavior. These two limits
are different primarily due to the influence of the denominator in the relation for the
velocity in which the first limit contains the full mass density of both components
(pOS + pOF) = p5 (1 + ), while for the second limit — solely the mass density of the

skeleton p; (see: relations (44) and (45)). This behavior is clearly seen in Figure
3 for both simplified models. Neither Biot’s model nor the full model possess this
property for P1-velocities. It is clearly due to the interactions described by material
parameters Q and N because, firstly, S-waves do possess this property for all models
and these waves are only very weakly influenced by couplings and, secondly, models
without couplings (@ = 0, N = 0) possess this property as well. The P1-velocity in
Biot’s model remains constant practically in the whole range of frequencies, and the
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P1-velocity in the full model is even slightly decaying. This is a rather disastrous
consequence of Gassmann relations which apparently predict too high values of
coupling coefficients @, N — at least for the chosen points on the (v, ng)-plane.

Differences in the magnitude of P1-, and S-velocities are of the order of 20% but, if
we accounted for the above fault of Biot’s model and of the full model and reduced
correspondingly the coupling coefficients to more realistic values, these differences
would be much smaller.

The qualitative behavior of P2-velocities is the same for all models but the quantita-
tive differences are even bigger than these for P1-velocities. Again, these results are
not very relevant for practical applications because the coupling coefficients must
be first corrected and this would increase P2-velocities obtained within Biot’s model
and the full model.

We proceed to discuss the attenuation of monochromatic waves shown in Figure 4.
It is seen on the first glance that results for the attenuation of P1-waves practically
disqualify both Biot’s model and the full model. For Biot’s model the attenuation
lies still in the positive range but it is much too small from the physical point of
view. This follows from the domination of the coupling, whose values were calcu-
lated according to classical Gassmann relations over the dissipation predicted by the
permeability.

For the full model the attenuation is negative for both choices of parameters and,
consequently, the model is unstable.

Attenuation of S-waves is almost not influenced by the coupling while the attenu-
ation of P2-waves is much larger for models with couplings than for these without
couplings. All of them are positive.

6 Conclusions

The above analysis shows that the qualitative behavior of models depends sub-
stantially on the application of Gassmann relations for a dependence of material
parameters on the initial porosity ny. We conclude that, in general, coupling coef-
ficients @, N, predicted by these relations are much too big. This yields a wrong
behavior of low and high frequency limits of velocities of P1-waves within Biot’s
model as well as the full model. In addition, it leads to the independence of the
velocity of P1-waves from the frequency in Biot’s model and to the instability of the
full model for parameters (v,ny) lying approximately below the line v = ny. This
instability does not seem to have any physical significance.
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Figure 3: Phase velocities for Poisson’s ratio v = 0.2 and porosities ng = 0.24
and 0.4.
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Figure 4: Attenuation of monochromatic waves for Poisson’s ratio v = 0.2 and
porosities ny = 0.24 and 0.4.
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Apart from the above flaws all models behave in the similar way. They predict the
same modes of propagation of bulk waves: P1-, P2-, and S-waves. They also predict
the decay of the velocity of P2-wave with the frequency going to zero and this is the
most important property of the second sound. In addition they all predict a much
stronger attenuation of P2-waves than P1l-waves.

If we limit the attention to Biot’s model and its simplification with Q = 0 — the
simple mixture model then we see that not only the qualitative behavior but also
quantitative results for both models are quite similar. For the low frequency ap-
proximation the simpler model seems to be even better than Biot’s model. This
conclusion is important for the linear wave analysis in saturated poroelastic ma-
terials. In particular, the analysis of surface waves for the simple mixture model
becomes much simpler than for Biot’s model (e.g. [18]).

7 Appendix

In this Appendix we derive the relation (18) for the shear modulus u°. It is based
on the assumption that the poroelastic material reacts on the external loading in
the same way as the classical one-component elastic material under the condition of
full draining, i.e.

TF - T =o0. (49)
Then, according to relations (10) we have
Q + N(nod + @)
= — . 50
¢ pfk — N® ¢ (50)

Consequently, for the full bulk stress we have
T - To:= (T°-T7) + (T"-Tf) = T°-T§ =

Q + N(ngd + @)
pfk — N®

:{)\S—N(nO(S—l—(I))—(Q—i—(I)N) }el—i—ZuSeS. (51)

This relation is identical with Hooke’s law of a one-component elastic material if

Q@+ N(nyd + @)
A = A= N(nb+®)— ®N 52
po= p’,
where A, 4 are Lamé constants of the one-component material.
If we use {A, v}-parameters, where v is the Poisson’s ratio then it follows
1—-2v Q@+ N(nod + @)
s s
= A° — N(ngd +®) — ON = 53
w = 2 N o) - (@ e LI (53)
31 —-2v Q + N(ngd + @)
= - K — pi—2Q — N(no§ + ®) — dN
s {20 N +3) - (@ + o) T,
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where (7) has been applied. Simultaneously, according to condition (13); we have

Q—i—pOFKJ—nON
K=K v .
d—lr(Q—i-pOFa) pp—

(54)

Combination of these two relations yields

7

s:§1—2y K, +0 Q + nogN _Q2—|—N[pgn(noé—l—(l))—kQ(nod_pgq))}
2 1+v TR —ngN p— :

which is the relation (18).
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