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Abstract

In this paper, we investigate the decay rate of stabilization of the solu-
tion of the system of partial differential equations governing the dynamics of
martensitic phase transitions in shape memory alloys under the presence of a
viscous stress. The corresponding free energy is assumed in Landau-Ginzburg
form and nonconvex as a function of the order parameter. We prove that for
appropriate constants, which appear in the above-mentioned model, we can
decide upon the exponential decrease of the solution to its attractor for time
tending to infinity.

1 Introduction

In the present paper, we continue the study of the asymptotic behaviour of the
solutions to a system that arises in the thermo-mechanical developments in a one-
dimensional heat-conducting viscous solid of constant mass density p (assumed p =
1). The solid is subjected to heating and loading. We think of metallic solids that
not only respond to a change of the strain € by an elastic stress ¢ = o(€), but also
to a change of the curvature of their metallic lattice by a couple stress u = p(e;).

We assume that the Helmholtz free energy density F' is a potential of Landau-
Ginzburg form, i.e.

F = F(e, €, 0), (1.1)

where 6 denotes the absolute temperature. To cover systems modelling first-order,
stress-induced and temperature-induced solid-solid phase transitions accompanied
by hysteresis phenomena, we do not assume that F' is a convex function of the order
parameter e.

A particular class of materials, in which both temperature-induced and stress-
induced first-order phase transitions leading to a rather spectacular hysteretic be-
haviour occur, are the so-called shape memory alloys. For an account of the physical
properties of shape memory alloys, we refer the reader to Chapter 5 in the mono-
graph [1]. The model we investigate has the following form

0

C(Vet - keq:q: - fl (ux)euzt - /Y’UIZ;t - 0 (13)

for (z,t) € (0,1) x (0, 00), with positive physical constants o;, ¢ = 1,2,3, k, v, 6, 01,
and Cy,, and where
fi(2) = F|(2), with Fi(2) = oy 22,

(1.4)

f2(2) = Fy(2), with Fy(2) = a32® — ap2* — 016, 2°.



The system is endowed with the boundary conditions

u|z:0 = uzz|z:0 = 0; uz|z:1 = (7uzt - 6”1::1::1: + 01)|1::1 = 07 (15)

with
o1 = f1(ug)0 + fo(us), (1.6)

and
9z|$:0,1 =0. (17)

We prescribe the initial state by the initial data
u(z,0) = ug(z), ui(z,0) =ui(z), 0(z,0) =0(z) >0, z € [0,1]. (1.8)

We can divide the existing literature on the system (1.2)-(1.7) into three parts.
The first part covers the case when v > 0 and § > 0. For the existence of the
solution of the model (1.2)-(1.7), we refer the reader to Hoffmann and Zochowski
[5]. Sprekels, Zheng and Zhu in [10] investigated the asymptotic behaviour of the
solution of the system (1.2)-(1.7). In [9], the existence of the maximal compact
attractor was derived. The second case § = 0 and 7y > 0 was studied in Racke and
Zheng [7] from the point of view of the global existence, uniqueness and asymptotic
behaviour of weak solutions if both ends of the rod are insulated and if at least one
end is stress-free. The third part covers the case when § > 0 and v = 0. For the
global existence and uniqueness, we refer the reader to Sprekels and Zheng [8]. We
also refer to the works [2] and [3].

But one question still unanswered is whether we can obtain additional information
about the decay rate for the model (1.2)-(1.7). The main theorem of this paper
provides an answer for the case § > 0 and v > 0. But in Section 4, we give sufficient
conditions that also cover the case 6 = 0. The main result of this paper is the
following.

Theorem 1.1 Suppose that the solution u of the system (1.2)-(1.7) satisfies the
compatibility conditions ut|z—0 = (U0)ze|e=0 = Uat|z—=1 = 0. Let the constants 6, §,
a;, 1 =1,2,3, Cvy, k, v be positive. In addition, let there exist constants ¢ > 0 and
K > 1 such that

MO , 1 _ o ¢
€+ .' +2 <2,e+a191+a3<2 (1.9)
" a3 | 2(|0(0)[ 307 207
@3 )10 4 2
2(|0(t) — 01|00 ot — <9 1.10
<5 TS L 20) - 1o + OO <5 (10
for a.a. t € (0,00). Then
lue(@ON2 + lluaa(®)IZ + 10() — O@)3 < kre™™, (1.11)

where the constants k1, ks > 0 only depend on the initial state.



Remark 1.2 From the main result in [10] it may be concluded that ||0,(¢)||z — 0
for ¢ — oo and ||0|| L (0,00,01(0,1)) < co- Combining these two facts, we can assert
that

10(E)]loo < 1[02()[l1 4 [10]] Lo 0,005L1 0,1)) < €1(E) + €0 < 2 (1.12)
where the constant ¢y only depends on the initial state, and where ¢;(t) — 0 for
t — oo. Moreover, the constant ¢y is of the form ¢; = c¢(1 + o?), which is a

consequence of Lemma 2.5 in [10].

It is worth pointing out that the method used here also provides similar properties
for the solutions to the 1-D Navier-Stokes equations cf. [11].

In Section 2, we will look more closely at the energy conservation of the equations
(1.2)-(1.7). Section 3 is devoted to the proof of our main result. Section 4 provides
other conditions which lead to an exponential decrease in connection with the paper
[4].

The notation in this paper will be as follows: LP(0,1),1 < p < oo, and L?(0,T’; L4(0, 1)),
1<p,qg<o0,0<T < o0, respectively, denote the standard Lebesgue and Bochner
spaces. By || - ||, and || - [|zr(0,7;14(0,1)), we denote the corresponding norms. We also
use the denotation 8(t) for the integral [y 6(z,t) dz.

2 Energy inequalities

In this section, we proceed with the study of the energy identity, and we derive new
forms of the energy inequality for the solution to the system (1.2)-(1.7).

Lemma 2.1 Let the couple (0,u) be the classical solution to the model (1.2)-(1.7).

Then p i s
il U | OUse _
= [/0 (2 += +F2(uz)+CV9> dz] 0, (2.13)
d |t u? bu?
had 2t e oo
¢ [/0 (2+ s Z(M)) dx]
202 1 1
—||9(t)||§oﬂ/ u? dx+1/ u?, dz <0, (2.14)
v Jo 2 Jo
and

d [t u? bu?, Cy (60— 6)? k 1 — 5
al/(; (54‘ 9 +F2(Uz)+72K dx +E/0(9—9)$d$‘

1 rt — vy ot _
202 1 v ot
2 1 2 2
0N [ w2 dat 5 [ ud dz <0 (2.15)
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P r oo f: To deduce (2.13), take u; as a test function for the equation (1.2). This
gives

d [t u? bu?, . Loy
0 0 0

2 2

because the boundary terms satisfy the identity

This is a consequence of (1.5)-(1.8). Integrating (1.3), and adding this equation to
the identity (2.16), we get (2.13).

Now, we can derive the estimate

1 1 1
‘/ f1(ug)Ouy dz / 2001 U 0u, dz| < 2||9(t)||oo/ |y Ugptigy| dz
0 0 0

202 1 1
< ||9(t)||§oﬂ/ u? dx+1/ 2, de. (2.17)
v Jo 2 Jo
Combining (2.16) and (2.17), we deduce (2.14).

Using Q;KE as a test function in (1.3) yields the identity

d 1 Cy(0—0)> kol 1 gt _
%/é 27dx+E/0(9—9)$ dm—}/é fl(uz)g(g_g)“ztdx

K
Y 2,0 - 8) do =0 2.18
[0 -9) de = (2.18)
for some K. After adding to (2.14) we conclude (2.15). 0

From Lemma 2.1, we obtain the following result.

Consequence 2.1 Under the assumptions of Theorem 1.1, we have

el 20 (0,00522(0,1)) T 1101120 0,002 (0,1)) < Co (2.19)
as well as
a5

5 2
(5= 01~ 22) sl g erony + IFsCun)immrony S (220)

where the constant ¢y only depends on the initial state, and where the function F3(z),
F3(z) > 0, is defined by

F3(z) :=

a3z — a2t if |z > /2
{ ’ ’ 22 /e (2.21)

32" if [o] < /22



P r oo f: This is an obvious consequence of (2.13) and the inequality ||uz||2 < ||tzz]|2,
because we can easily deduce that

F5(z;) =0 for z1:1/Z—§, 29 = — /Z—z, 23 = 0. O

3 Proof of Theorem 1.1

First we complete the form of the energy inequality. Using u as a test function for
the equation (1.2) we derive the identity

d 1 u2 1
o [/0 utu—l—’yz“c dm] —/0 u? dz

+/ (fi(ug)Ouy + folug)ug) dx—l—d/ L dr =0, (3.22)

since
—Y[uguls — [f1(uz)0u + fo(uz)uls + 6[teeatt]s — 6[tUsptiz]g = O.

This is a consequence of the boundary and compatibility conditions.

We multiply the equation (3.22) with ¢, € > 0, and we add this expression to (2.15).
This leads to the inequality

d
EVe(t) + W(t) <0, t € (0,00), (3.23)
where
Llu? bl Cy (0 — 0)? yu?
Vet::/—tﬂFz vV 9 o) de,  (3.24
0 0<2+2+2(u)+ oK y ) 4 (324
and o2 1 .
Wolt) == 0012 =2 [ w2 do+ [ a2 da
v Jo

K/e 9)? x——/fluz (0 — O)uas x——/

—e/ u? d:z:—l—e/ 201 (0 — 01)uZ + 6azul — dagu; d:z:—l—ec5/ L dz.  (3.25)
0

The only point remaining concerns the behaviour of the functionals W,(¢) and V,(¢).

If we can prove that
Weo(t) = k(eo)Vey(£) > 0 (3.26)

for some constant k(ep) > 0 and all ¢t € (0,00), then the inequality (1.11) follows.



First we estimate the integrals contained in V,(¢) one by one. It is easy to check

that ) )
1 1 1
C/ |utu|dx§e/ﬂdx+/u—dx
0 0o 2 0o 2
142 1 g2
ge/ ﬂdﬂv—l—e/ Yoo gy (3.27)
0o 2 0o 2
and ) )
el u? dr < el/ u?, dr. (3.28)
2 Jo 2 Jo

This follows immediately from the Young inequality and from the fact that |jul|; <
|uzlle < ||uzz||2- Hence, we have that

[ (00 + 60"+ mw + CUD e <y
< /01 ((1 + 6)%3 + (04 €+e) % + Fy(u,) + %};5)2) de.  (3.29)

In the next step, we investigate the functional W,(t). We conclude from the com-
patibility conditions that

1 1
e/ u? dr < e/ u?, de. (3.30)
0 0
It is obvious that the inequality
1 1
26a1/ w20 — 0,) dz < 2€]|6(t) — 91||oooz1/ w2, dz (3.31)
0 0

is fulfilled. It is also easy to check that

f2(2)z = 632’ — danz* > 4(032® — ap2?) + 2032°

> 4F3(2) — —2Fy(2) + 20328, (3.32)
a3
with
F, @ iz < Z_z 3.33
&) =310 s a2, (8:33)

According to the inequality above, we have

1 1 402 1
e/ fo(ugz)u, dz > 46/ Fy(uy) dz — e—2 | w2, dz. (3.34)
0 0 as Jo
We easily deduce that the estimate
202 1 202 1
101" [ 2 do < J0@IL=E [ o2, da (3.35)
Y Jo ¥ Jo
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holds.

The Poincare inequality provides that
* /1(9 02 de> X /1(9 _ 0 da. (3.36)
K Jo ’ K Jo

Applying the Young inequality, we obtain the estimate

20(1

o [ 1R800 ~ O] < 10" [ g do
202 1 !
< 4 1 2 . .

In the same manner, we can derive that

7/ u2,10 — 8] da < WOl ”°°/ 2 . (3.38)

Combining the above estimates, we have

) )||9(t)||00 1 ! 2 k ! 2
> [ - - R —
We(t) <2 € 5 A uy, dr + /0 (0 —0)° dx

102 2||0(t)|%a? 20
(5 ek 20O o0y )~ o1 225

as e
1 1
/ u?, dr + 46/ F3(uy) dz. (3.39)
0 0

We conclude from (3.29) and (3.39) that there exists a constant k() such that
(3.26) is fulfilled, and therefore

d
7 Ve(t) + k(eo)Ve(t) < 0. (3.40)
An easy computation shows that V,(¢) > 0, and this finishes the proof. O

Consequence 3.1 Suppose that the constants from Theorem 1.1 satisfy

7||9§{)||°° + % % € + 16y + —3 < % (3.41)
and ta2 2002 a? 202
o %oo +2[6(2) — O1loocar + [|0(2 )||4 1 (3.42)
for a.a. t € (0,00). Then
Jue(E)13 + lluas(8)]]5 + 10() — O(t) |5 < kse ™, (3.43)

where the constants ks, ky > 0 depend only on the initial state.
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P roof Wecan use the term % [} u? dz, which appears in the functional V,(t),
to verify (3.43). O

Consequence 3.2 If the relations

5 4

e<%, e+a191—|—3—§<5 (3.44)
and 02 200(t)|2a?
a; LR L 4 2)|0(t) — 01]|scs < 6 (3.45)
hold for a.a. t € (0,00), then
s (£) )12 + ||ues(t)|3 < kse ¥, (3.46)

where the constants ks, kg > 0 depend only on the initial state.

P roof: We can easily construct the functionals V,(¢) and W.(t) adding (2.14) to
(3.22). The rest of the proof proceeds in a similar way as above. 0

4 Remarks

Now, we show possible modifications of the proof, which lead to simpler forms of
(1.9) and (1.10). We recommend the reader to compare these new results with [4].
There it was proved that the only solution to the steady state equation is u = 0 if
inequality (4.49) bellow holds.

Lemma 4.1 Suppose positive constants §, v, a;, 1 = 1,2,3, 01, and constants € > 0
and K > 1 are given such that

Moo , 1 a 0
—_—t — < = —= < - 4.47
€+ e + 5 < 5 €+ - < 5 (4.47)
If, in addition, the inequalities
2(|0(t) I3 4 207
= 0(t)||s— < 9o 4.48
D ()t < (4.48)
and )
O(z,t) > 01 + —2 (4.49)
’ ! 30(30(1 )
hold for all z € [0,1] and all t > iy, then
lue(t)][5 + luza (B[] + [10(2) — O@)[15 < kre** (4.50)

for t > ty, where the constants k7, kg > 0 depend only on the initial state.

8



P r oo f: We rewrite (3.31) and (3.32) as
6a3z® — danz® +2(0(z,t) — 01)an2® > 4F3(2) + Fy(2), (4.51)

where

I 6a32® — dagz® +2(0(z,t) — 01)an2®  if 2] < \/%
3(2) =1 it > o

It is easily seen that

\/120[3 3 40(2 2 2

o
danzt = das z 2 < 6z + —222. O

40[2 vV ].20(3 30(3

Remark 4.2 If we look more closely at the functional

1
fl(elauz;uzz) ::/0 Fﬁ(glauz;uzz) d.’E,

where
2

Fs(01, Uy, Upg) := —a101u2 — daoul + 6azu + 6u?,

we can see that, using the condition (1.9) and the inequality ||us|? < ||use|2, we
can assert that the functional F; has only global minimum for u, = u,, = 0.
Remark 4.3 If we define the function

Fy(0, Ug, Ugs) = 01 (0 — 01)u2 — cou? + azub + du2,

and the functional .
Fo(0, g, Ugz) ::/ F3(0,ug, uqy) dz,
0

then the conditions (4.47)-(4.49) imply that this functional has only one global
minimum for u, = ug, = 0 using the estimate ||ug||3 < ||uzz||3-

Lemma 4.4 Suppose that there exist constants v and K such that that the estimates
(8.41) and

202 2[|0(8)||%cn 20
0(z,t) > 0 2 = 0(t)||%— 4.52
(5, > max oy 208 2000y g 20 (4.52)

hold for all z € [0,1] and all t > t,. Then
(0I5 + lus(@)lI2 + 10() — O(O)|I3 < koe™™". (4.53)

This result also holds for the case 6 = 0.

P roof: It is easy to check the assertion of this remark using (3.35), (3.37) and a
modification of the estimate (4.51). O
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