Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Monte Carlo methods for pricing and hedging American options

G.N. Milstein^{1,2}, Oliver Reiß^1, John Schoenmakers^1

submitted: 23.5.2003

1 Weierstrass Institute for Applied Analysis and Stochastics Mohrenstr. 39 10117 Berlin Germany E-Mail: milstein@wias-berlin.de reiss@wias-berlin.de, schoenma@wias-berlin.de URL: http://www.wias-berlin.de

2 Ural State University Lenin Street 51 620083 Ekaterinburg Russia

No. 850 Berlin 2003

WIAS

2000 Mathematics Subject Classification. 60H30, 65C30, 91B28.

Key words and phrases. Pricing and hedging of American options, Monte Carlo simulation, Determination of the exercise boundary .

O. Reiß has been supported by the DFG Research Center “Mathematics for key technologies” (FZT 86) in Berlin.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We introduce a new Monte Carlo method for constructing the exercise boundary of an American option in a generalized Black-Scholes framework. Based on a known exercise boundary, it is shown how to price and hedge the American option by Monte Carlo simulation of suitable probabilistic representations in connection with the respective parabolic boundary value problem. The methods presented are supported by numerical simulation experiments.

1 Introduction

We consider the general one-dimensional American style option in a generalized Black-Scholes framework dX_t = X_t(a(t, X_t)dt + σ(t, X_t))dW_t), X_0 = x, (1) dB_t = r(t, X_t)B_tdt, B_0 = 1, 0 ≤ t ≤ T. (2) In (1), (2), the process X is the price of a risky asset, B is the price of a locally riskless asset, and r, a, σ are in general smooth and bounded functions from [0, T] × R^+ → R. Due to the American style option contract the holder has the right to exercise the option at any time t with 0 ≤ t ≤ T , yielding a payoff f(X_t), where f is a continuous function from R^+ to R^+. For example, an American put with strike price K > 0 is specified by f(x) = (K − x)^+.

If we set a = r in (1) we obtain the price process X in the risk neutral measure. We recall that with respect to the risk neutral measure the discounted process ~X(t) := e^{− ∫ t0 r(s,Xs)ds}X(t) is a martingale and the price u(t, X_t) of the option is given by u(t, x) = sup_{τ ∈Tt,T} E[e^{− ∫ τt r(s,Xt,xs )ds}f(X^{t,x}_τ )] (3) where T_{t,T} represents the set of stopping times τ taking values in [t, T ], and X^{t,x}_s is the solution of (1) with X^{t,x}_t = x, see e.g. [2]. It is well known that if the function f is bounded, non-increasing and convex, then u(t, x) in (3) can be seen as the solution of a free boundary value problem where the free boundary γ is given by an equation x = g(t), such that u(t, x) = f(x), for t = T or x ≤ g(t), Lu := ∂u ∂t + 1 2 σ^2x^2

∂^2u ∂x^2 + rx ∂u ∂x − ru = 0 , x > g(t). (4)

See e.g. [2] for a detailed study of American options. The curve γ is called the exercise boundary or critical price curve in the sense that it is optimal to hold the option if X_t > g(t) and to exercise when X_t ≤ g(t). For known exercise curve γ, the option price u(t, x) in the domain G := {(t, x) : 0 ≤ t < T, x > g(t)} is the solution of the Dirichlet boundary value problem Lu : = ∂u ∂t + 1 2 σ^2x^2

∂^2u ∂x^2 + rx ∂u ∂x − ru = 0 , (5) u_{|γ̄} = f(x) , (6)

where the boundary γ̄ consists of γ for 0 ≤ t < T and the ray {(T, x) | x > g(T )}. A hedging strategy for the American option is a self-financing portfolio (φ_t, ψ_t), where φ_t and ψ_t are the amounts an option writer should hold in riskless B and risky asset S, respectively, in order to hedge the payoff of the option when the option holder exercises. It is known [2], that a self-financing hedging strategy is given by

φ_t = 1 B_t (u(t, X_t) − X_t ∂u ∂x (t, X_t)) , (7)

ψ_t = ∂u ∂x (t, X_t), where V_t = u(t, X_t) = φ_tB_t + ψ_tX_t is the value of the replicating portfolio, i.e. at any time τ the holder exercises, it is guaranteed that V (τ) ≥ f(S_τ ) and the portfolio satisfies the self-financing condition dV_t = φ_tdB_t + ψ_tdX_t. Moreover, the function v(t, x) := ∂u ∂x (t, x) satisfies the boundary value problem ∂v ∂t + 1 2 σ^2x^2

∂^2v ∂x^2 + (σ^2x + rx) ∂v ∂x = 0 , (8) v_{|γ̄} = f^′(x) . (9)

In general, determination of the exercise boundary γ is a challenging task and, in particular, if γ is known, both the option value and the hedging strategy can be computed by Monte Carlo simulation of (5), (6), (8), (9).

For the standard American put where f(x) = (K −x)^+ with respect to the standard Black Scholes model, analytical approximations and asymptotic expressions for the exercise boundary near maturity have been studied extensively in the literature. For instance, see [1]. For the general case, however, the problem has to be solved by numerical methods. As a new alternative, we construct in Section 4 for the general one-dimensional American option a Monte Carlo method for the determination of the critical exercise boundary γ.

Since for construction of a hedging strategy one needs at any time t the individual

values u(t, X_t) and v(t, X_t) = ∂u ∂x (t, X_t) at the known state X_t of the market, Monte Carlo methods are quite appealing, particularly in more dimensions. Of course, the computation time for attaining an accuracy ϵ by a standard Monte Carlo method which is typically of order O(ε^{−2}) independent of the dimension might be higher than the required time of some finite difference method for dimension one. However, due to ease of implementation, various possibilities of variance reduction (see Section 2), application of higher order integration schemes, and parallelizing opportunities, even in one dimension Monte Carlo simulation turns out to be a valuable tool. In Section 2, we give various probabilistic representations for solutions of boundary value problems (5)-(6) and (8)-(9) connected to respective stochastic differential equations (SDEs), provided that the critical price curve γ is known. There we also investigate some issues of variance reduction. In Section 3, we propose some algorithms for Monte Carlo evaluation of u(t, x) and v(t, x) under known exercise boundary. These algorithms are based on the results of [4], [5].

Usually, the exercise curve γ is not explicitly known and so for implementation of the methods presented in Section 2 and Section 3, one needs to construct γ first. For example, γ may be obtained by a finite difference method [2] which solves u(t, x) by a parabolic system of differential inequalities. In a standard Black-Scholes environment, γ can also be constructed from the solution of a canonical optimal stopping problem (3). So the critical price curve plays a key role in pricing and hedging American options. In Section 4 we present a Monte Carlo construction of the curve γ without preliminary knowledge of the price u(t, x) in the whole domain G. The critical price curve γ is built step-by-step where at each step we principally use the Snell envelope. The proposed procedure can be seen as an alternative to direct solutions of the corresponding Stefan problem (for example, by finite difference methods). Besides the fact that a pure Monte Carlo construction of the exercise boundary γ is interesting from a theoretical point of view, this procedure is easy to implement and requires only few storage capacity.

2 Probabilistic representations for price and hedge of the American option under known exercise boundary

The solution to the problem (5)-(6) has the following probabilistic representation u(t, x) = E [ e^{− ∫ τt r(s,Xt,xs )ds}f(X^{t,x}_τ ) ] , (t, x) ∈ G, (10) where X^{t,x}_s is the solution of the SDE dX_s = X_s(r(s, X_s)ds + σ(s, X_s)dW_s), X_t = x, s ≥ t, (11) and τ = τ^{t,x} = T ∧ inf{s : (s, X^{t,x}_s ) ∈ γ} (12) is a stopping time which is defined as the first time the process of (s, X_s) reaches the boundary γ̄ (see Fig. 1). We should note that a more rigorous notation for (11) would be dX_s = X_s(rds + σdW_s) 1_{{τ >s}}, but we use (11) as long as it does not lead to confusion.

As a probabilistic representation for the solution to problem (8)-(9) we have, v(t, x) = E[f^′(X^{t,x}_τ )], (t, x) ∈ G, (13) where X^{t,x}_s satisfies the equation dX_s = X_s((r(s, X_s) + σ^2(s, X_s))ds + σ(s, X_s)dW_s), X_t = x, s ≥ t, (14) and τ as in (12).

In general, the solution to problem (5)-(6) has various probabilistic representations: u(t, x) = E[f(X^{t,x}_τ )Y^{t,x,1}_τ + Z^{t,x,1,0}_τ ], (15) where X, Y, Z satisfy the system of SDEs dX_s = X_s(r(s, X_s) − μ(s, X_s)σ(s, X_s))ds + σ(s, X_s)X_sdW_s, X_t = x, (16) dY_s = −r(s, X_s)Y_sds + μ(s, X_s)Y_sdW_s, Y_t = 1, (17) dZ_s = F (s, X_s)Y_sdW_s, Z_t = 0, (18)

where μ(·, ·) and F (·, ·) are rather arbitrary functions, however, with good analytical properties and τ = τ^{t,x} is the first time the process X in (16) hits the boundary γ̄.

Consider the random variable η := f(X^{t,x}_τ )Y^{t,x,1}_τ + Z^{t,x,1,0}_τ . While the mathematical expectation Eη does not depend on μ and F, the variance Var η = Eη^2 − (Eη)^2 does. So, for a Monte Carlo estimation of (15) the variance may be reduced by suitably choosing the functions μ and F. In this respect two variance reduction methods are well known: The method of importance sampling where one takes F = 0 and seeks for a proper μ, and, the method of control variates where one takes μ = 0 and seeks for a proper F. For both methods it is shown that, in principle, the variance can be reduced to zero. A generalization of these methods is obtained in [6]. We should note that, in fact, these variance reduction methods concern the Cauchy problem for equations of parabolic type, although the method of importance sampling is considered for boundary value problems as well in [3]. Here we carry over the results of [6] for the boundary value problem (5)-(6). We introduce the process η_s := u(s ∧ τ, X^{t,x}_{s∧τ} )Y^{t,x,1}_{s∧τ} + Z^{t,x,1,0}_{s∧τ} . Clearly η_t = u(t, x), η_τ = f(X^{t,x}_τ )Y^{t,x,1}_τ + Z^{t,x,1,0}_τ = η_T = η.

Theorem 2.1 Let μ and F be such that for any x ∈ G there is a solution of the system (16)-(18) on the interval [t, τ]. The variance Var η is equal to

Var η = E ∫_{T ∧τ} t Y^2_s (σX_s ∂u ∂x (s, X_s) + u(s, X_s)μ(s, X_s) + F (s, X_s))^2ds (19)

provided that the mathematical expectation in (19) exists. In particular, if μ and F are such that σx ∂u ∂x + uμ + F = 0 , (20) then Var η = 0 and η_s is deterministic and independent of s ∈ [t, τ].

Proof. By Itô’s formula, we obtain dη_s = 1_{{τ >s}}[Lu(s, X_s)Y_sds + ∂u ∂x (s, X_s)X_sY_sσ(s, X_s)dW_s +u(s, X_s)μ(s, X_s)Y_sdW_s + F (s, X_s)Y_sdW_s] = 1_{{τ >s}}[ ∂u ∂x (s, X_s)X_sσ(s, X_s) + u(s, X_s)μ(s, X_s) + F (s, X_s)]Y_sdW_s, where Lu = 0 is taken into account. We thus get η(s) = u(t, x) + ∫_s t 1_{{τ >α}} [ ∂u ∂x (α, X_α)X_ασ(α, X_α) + u(α, X_α)μ(α, X_α) + F (α, X_α) ] Y_αdW_α. Hence, (19) follows and the last assertion is obvious.

Remark 2.2 Clearly μ and F from Theorem 2.1 cannot be constructed without knowing u(s, x). Nevertheless, the theorem claims a general possibility of variance reduction by properly choosing the functions μ and F.

In the same way, we obtain via (13)-(14) the following representations for the solution of problem (8)-(9): v(t, x) = E[f^′(X_{t,x}(τ))Y_{t,x,1}(τ) + Z_{t,x,1,0}(τ)], (21) where X, Y, Z satisfy the system of SDEs dX_s = X_s(r(s, X_s) + σ^2(s, X_s) − μ̃(s, X_s)σ(s, X_s))ds + σ(s, X_s)X_sdW_s, (22) dY_s = μ̃(s, X_s)Y_sdW_s, (23) dZ_s = F̃ (s, X_s)Y_sdW_s, (24) with the initial conditions X_t = x, Y_t = 1, Z_t = 0. (25)

Remark 2.3 It is interesting to see that for μ̃ = μ + σ, (22) coincides with (16) and, as a consequence, their solutions X as well as the stopping times τ for hitting the boundary γ̄ coincide as well. In particular, for μ = 0, μ̃ = σ, F̃ = 0 we obtain u(t, x) = E exp (∫_τ 0 −r(s, X_s)ds ) f(X^{t,x}_τ ) v(t, x) = E exp (∫_τ 0 − σ^2(s, X_s) 2 ds + σ(s, X_s)dW_s ) f^′(X^{t,x}_τ ), (26)

where X satisfies SDE (11) and τ is defined by (12). Formulas (26) allow us to evaluate u(t, x) and v(t, x) by Monte Carlo simulation using the same trajectories for X. Analogue to Theorem 2.1 we can proof

Var(f^′(X^{t,x}_τ )Y^{t,x,1}_τ + Z^{t,x,1,0}_τ ) = 0 (27)

if μ̃ and F̃ are such that σx ∂v ∂x + vμ̃ + F̃ = 0. (28)

Let μ and F be such that (20) is fulfilled. Differentiating (20) with respect to x then yields σx ∂v ∂x + (σ + μ)v + u ∂μ ∂x + ∂F ∂x = 0 . (29)

Hence, by comparing (28) and (29) we see that for μ̃ = μ + σ, F̃ = u ∂μ ∂x + ∂F ∂x , (30)

the variances of the Monte Carlo estimators of the probabilistic representations (15) and (21) for evaluation of u and v respectively are both equal to zero. Moreover, according to Remark 2.3, in both simulations the we can use the same trajectories for X.

Remark 2.4 In particular, if one reduces the variance (19) by the method of control variates, i.e. by taking μ = 0 and choosing F suitably, then for μ̃ = σ and F̃ = ∂F/∂x we may expect for (27) reduced variance too.

Remark 2.5 In [2] it is shown that an American option is equivalent to a European option with a consumption process involved. As a consequence, there exists a consumption function c(t, x) ≥ 0 such that u(t, x) in (4) satisfies ∂u ∂t + 1 2 σ^2(t, x)x^2

∂^2u ∂x^2 + r(t, x)x ∂u ∂x − r(t, x)u + c(t, x) = 0, u(T, x) = f(x) .

Due to (4) it follows that c(t, x) = { 0 if x ≥ g(t), −^1_2 σ^2(t, x)x^2f^{′′}(x) − r(t, x)xf^′(x) + r(t, x)f(x) if x < g(t). In particular, if f(x) = (K − x)^+, we get c(t, x) = { 0 if x ≥ g(t), Kr(t, x) if x < g(t). 3 Numerical random walk algorithms under known critical price curve

For a European option we have to solve the Cauchy problem for a partial differential equation of parabolic type. In particular, in the European case we have τ = T in representations (10) and (15), and so we can use a Monte Carlo approach based on usual numerical schemes for SDEs both in mean-square and weak sense (see, e.g. [6]). For American options, however, we are faced with boundary value problems and then a number of complications arise. For example, τ − t in (10) may take arbitrarily small values and therefore numerical integration of (11) with a fixed step h is not appropriate. In particular, it is not possible to apply mean-square Euler approximations. Nonetheless, application of simple weak approximations is possible, when we take into account restrictions connected with the requirement that X cannot leave the domain G.

3.1 Methods of orders 1 and 1/2

Let consider the explicit weak Euler scheme applied to (16)-(18): X^{t,x}_{t+h} ≈ X := x + h(r(t, x)x − σ(t, x)μ(t, x)x) + h^{1/2}σ(t, x)xξ , Y^{t,x,y}_{t+h} ≈ Y := y − hr(t, x)y + h^{1/2}μ(t, x)yξ , Z^{t,x,y,z} t+h ≈ Z := z + h^{1/2}F (t, x)yξ , (31) ξ is a random variable taking values ±1 with probability 1/2: P [ξ = −1] = P [ξ = 1] = 1/2 and h > 0 is a time integration step being sufficiently small. We see that if x is close to g(t) the variable X can be outside of Ḡ and therefore a random walk due to a scheme with fixed step h for all points of the t-layer G_t := {x : (t, x) ∈ Ḡ} is not quite suitable. As a better approach, which is essentially developed in [4], it is possible to control the step of numerical integration h when (t, x) is close to the boundary γ. In principle, we decrease the integration step such that the next state of the chain (31) remains in the domain Ḡ. The idea is basically as follows. First we follow a random walk based on (31) until we reach a narrow layer near the boundary ∂G of G where in particular the solution u may be approximated with sufficient accuracy by known boundary conditions. Then we proceed by suitably replacing the state x reached at the last step by either a state at the boundary or a state in the inside of G where the scheme (31) may be used again. Some methods based on this idea have been obtained in [4]. In [5] one constructs a random walk with respect to scheme (31) where a fixed time step h can be chosen for each t-layer. However, if a point (t_k, x_k) of the random walk is close to the boundary γ, we replace (t_k, x_k) in an appropriate way by a random point (t_k, X^∗_k ) where X^∗_k can take two well specified values with certain probabilities: either x^−_k = g(t_k), i.e. the random walk stops at the boundary, or a value x^+_k inside G where (31) applies again. Below we explain this method more precisely.

Let us denote the two different states of X in (31) by x^{++} and x^{−−}, x^{−−} < x^{++}. Since the coefficients in (31) are bounded by assumption there exists (for each particular t-layer) a magnitude λ > 0 such that x ≥ g(t) + λh^{1/2} implies x^{−−} ≥ g(t + h). If (t, x) is such that x^{−−} ≥ g(t + h), we perform a usual step according to (31). If x^{−−} < g(t + h) (and consequently x < g(t) + λh^{1/2}) we introduce a random variable X^∗ which takes two values x^− = g(t) and x^+ = x + λh^{1/2} with probabilities p and q = 1 − p, respectively, where p = λh^{1/2} x + λh^{1/2} − g(t) . (32)

We note that always p > 1/2, and if x = g(t), then p = 1.

The idea behind is that for any function V (x) with continuous second derivative we have, E[V (X^∗)] = pV (g(t)) + qV (x + λh^{1/2}) = V (x) + O(h) (33)

for p given by (32), q = 1 − p. Hence, E[V (X^∗)] is given by linear interpolation at x of the function V between g(t) and x + λh^{1/2}. Now we are ready to present the complete algorithm.

Let (t_0, x_0) ∈ G be a point at which the value u(t_0, x_0) is required. We introduce a time discretization t_0 < t_1 < ... < t_m = T, t_{k+1} − t_k = h_k, k = 0, ..., m − 1. By the following algorithm we construct a Markov chain (t_k, X_k, Y_k, Z_k) with (t_k, X_k) in the bounded domain Ḡ, k = 0, 1, ..., κ, up to a random time t_κ , κ ≤ m, where the chain is stopped, for solving the boundary value problem (5)-(6).

Algorithm 3.1

Initialisation: Set (t_0, X_0, Y_0, Z_0) := (t_0, x_0, 1, 0);

If X_0 = g(t_0) then κ := 0, i.e. t_κ := t_0, and stop.

While (X_k > g(t_k) and k < m) do:

Consider the values x^{++} and x^{−−}, x^{−−} < x^{++} given by (31) for ξ = ±1, with t = t_k, x = X_k, and h = h_k. If x^{−−} < g(t_{k+1}) then:

Carry out the following step: With probability p, given by (32) with t = t_k, x = X_k, h = h_k, and an appropriate choice of λ_k, we assign, (t_k, X_k, Y_k, Z_k) := (t_k, g(t_k), Y_k, Z_k), κ := k. With probability q = 1 − p we set

(t_k, X_k, Y_k, Z_k) := (t_k, X_k + λ_kh^{1/2}_k , Y_k, Z_k).

else: (hence if x^{−−} ≥ g(t_{k+1})):

Carry out (31) to obtain (t_{k+1}, X_{k+1}, Y_{k+1}, Z_{k+1}).

Logically, Algorithm 3.1 will end up with either X_k = g(t_k) and κ = k, or k = m, where in the latter case we set κ = m. With respect to the above constructed Markov chain we have the following theorem.

Theorem 3.2 It holds

|E(f(X_κ)Y_κ + Z_κ) − u(t_0, x_0)| ≤ Ch , (34)

where h = max_{1≤k≤m} h_k, and C does not depend on t_0, x_0, h.

We omit the proof (which can be done similar to [5]), but give some heuristic arguments justifying (34). The one-step error for the points which are not too close to ∂G (“usual” points) is O(h^2) and because the number of all the steps does not exceed O(1/h), the contribution of these steps to the global error is O(h). Further, due to (33), the one-step error of the other points is O(h). Fortunately, it turns out that the mean number of these large (O(h)) one-step errors is bounded by a constant which is independent of h. As a consequence, their total error contribution is O(h) also and as a result the global error is O(h), i.e. (34) holds.

Clearly, the result of Theorem 3.2 is also true for the function v solving the boundary value problem (8)-(9). For instance, if we take in (22)-(24) μ̃ = σ, F̃ = 0, we get

|E[f^′(X_κ)Y_κ] − v(t_0, x_0)| ≤ Ch , (35)

where the process X and in particular κ and X_κ, coincide with the solution of the first SDE in (31) under μ = 0. So in this example we can use the paths of X obtained by Algorithm 3.1 for computing both u and v. However, the process Y in (35) has to be computed by the scheme (see (23))

Y_{k+1} = Y_k + h^{1/2}_k σ(t_k, X_k)Y_kξ_k , Y_0 = 1. (36)

Remark 3.3 If we simplify Algorithm 3.1 by stopping the chain, κ := k, hence X_κ = X_k, as soon as x^{−−} < g(t_{k+1}), we obtain a more simple random walk. It can be shown that the method based on simulation of the expectation in (34) by this algorithm converges also, but, the order of convergence is then only O(h^{1/2}) (see [5]). However, if one takes advantage of the known fact that ∂u(t, x^−) ∂x = f^′(x^−) at the curve γ we can obtain even with this simple random walk again a method of order 1 by Monte Carlo simulation of

E((f(x^−) + f^′(x^−)(X_κ − x^−))Y_κ + Z_κ),

due to the fact that

|E((f(x^−) + f^′(x^−)(X_κ − x^−))Y_κ + Z_κ) − u(t_0, x_0)| ≤ Ch.

3.2 Methods of order 3/2

For constructing a method of an order higher than one we use instead of the Euler scheme a weak second order scheme and use the fact that the derivative ∂u(t, x)/∂x = f^′(x) is known on the critical price curve γ. It should be noted, however, that knowledge of this derivative is a special feature of American options which does not apply for general boundary value problems. Let us write the first equation of the system (16)-(18) in the form dX_t = X_t(ã(t, X_t)dt + σ(t, X_t))dW_t). (37) Application of weak second order scheme (see, for example, [3]) to (16)-(18) gives the following one-step approximation for X^{t,x}_{t+h}, which we denote by X again, X^{t,x}_{t+h} ≈ X := x + xσξh^{1/2} +xãh + 1 2 (xσ^2 + x^2σ ∂σ ∂x )(ξ^2 − 1)h + 1 2 [x ∂σ ∂t + xã(σ + x ∂σ ∂x ) + 1 2 x^2σ^2(2 ∂σ ∂x + x ∂^2σ ∂x^2 ) + xσ(ã + x ∂ã ∂x )]ξh^{3/2} +[x ∂ã ∂t + xã(ã + x ∂ã ∂x + 1 2 x^2σ^2(2 ∂ã ∂x + x ∂^2ã ∂x^2 ))] h^2 2 . (38)

In (38) the functions ã and σ and their derivatives are computed at (t, x) and ξ is a three point random variable taking values − √ 3, 0, √ 3, with probabilities P (ξ = 0) = 2/3, P (ξ = ± √ 3) = 1/6. For the corresponding approximations Y and Z of Y^{t,x,y}_{t+h} and Z^{t,x,y,z}_{t+h} , respectively, we have similar expressions. For instance, if μ = 0, we obtain for Y : Y^{t,x,y}_{t+h} ≈ Y := y − ryh − 1 2 σxy ∂r ∂x ξh^{3/2} + 1 2 (− ∂r ∂t − ãx ∂r ∂x + r^2 − 1 2 σ^2x^2

∂^2r ∂x^2 )yh^2. (39)

For constant a and σ and μ = F = 0 we obtain, X^{t,x}_{t+h} ≈ X = x + xσξh^{1/2} + xah + 1 2 xσ^2(ξ^2 − 1)h + xaσξh^{3/2} + 1 2 xa^2h^2, Y^{t,x,y}_{t+h} ≈ Y = y − yrh + 1 2 yr^2h^2, Z^{t,x,y,z} t+h = Z = z. Thus, we now have three values for X corresponding to three values of ξ, which we denote by x^{++} > x^{00} > x^{−−}. Clearly, again there exists a λ > 0 (λ may depend on t) such that if x ≥ g(t) + λh^{1/2}, then x^{−−} ≥ g(t + h). If x is such that x^{−−} ≥ g(t + h), we carry out a usual step according to (38). If x is such that x^{−−} < g(t + h) which implies x < g(t)+λh^{1/2}, i.e. x is close to g(t), we now consider a random variable X^∗ taking two values x^− = g(t) and x^+ = x + λh^{1/2} with probabilities p and q = 1 − p given by p = 1 −

(x − x^−)^2 (x^+ − x^−)^2

, q = 1 − p =

(x − x^−)^2 (x^+ − x^−)^2

, (40)

respectively. The idea behind (40) is based on expansion of u(t, ·) at x^− and utilizes the fact that ∂u(t, x)/∂x = f^′(x) on the exercise curve γ as follows. For any p and q with p + q = 1 we may write u(t, x) = pu(t, x) + qu(t, x) = p[u(t, x^−) + ∂u ∂x (t, x^−)(x − x^−) + 1 2 ∂^2u ∂x^2 (t, x^−)(x − x^−)^2 + . . . ]

+q[u(t, x^+) + ∂u ∂x (t, x^+)(x − x^+) + 1 2 ∂^2u ∂x^2 (t, x^+)(x − x^+)^2 + . . . ] = p[u(t, x^−) + ∂u ∂x (t, x^−)(x − x^−) + 1 2 ∂^2u ∂x^2 (t, x^−)(x − x^−)^2 + . . . ]

+q[u(t, x^+) + ∂u ∂x (t, x^−)(x − x^+) +

∂^2u ∂x^2 (t, x^−)(x^+ − x^−)(x − x^+) + 1 2 ∂^2u ∂x^2 (t, x^−)(x − x^+)^2 + . . . ] = pf(x^−) + qu(t, x^+) + pf^′(x^−)(x − x^−) + qf^′(x^−)(x − x^+) + ∂^2u ∂x^2 (t, x^−)[ 1 2 p(x − x^−)^2 + q(x^+ − x^−)(x − x^+) + q 1 2 (x − x^+)^2] + . . . (41)

where the dots denote terms of order higher than one with respect to h. By next choosing p and q according to (40) the second order terms in (41) vanish and we then obtain

u(t, x) = pf(x^−) + qu(t, x^+) + pf^′(x^−)(x − x^−) + qf^′(x^−)(x − x^+) + . . .

= p[f(x^−) + f^′(x^−)(x − x^−) + f^′(x^−)(x − x^+) q p ] + qu(t, x^+) + . . .

= p[f(x^−) + f^′(x^−)(x − x^−) − f^′(x^−)λh^{1/2} q p ] + qu(t, x^+) + O(h^{3/2}). (42)

We are now ready to present a method of order 3/2 by the following algorithm. By Algorithm 3.4 we construct a Markov chain (t_k, X^′_k, X_k, Y_k, Z_k) with (t_k, X_k) in the bounded domain Ḡ and X^′_k being an auxiliary dummy process, for k = 0, 1, ..., κ, up to a random time t_κ , κ ≤ m, where the chain is stopped:

Algorithm 3.4

Initialisation: Set (t_0, X^′_0, X_0, Y_0, Z_0) := (t_0, x_0, x_0, 1, 0); If X_0 = g(t_0) then κ := 0, i.e. t_κ := t_0, and stop. While (X_k > g(t_k) and k < m) do:

Consider the values x^{++}, x^{00}, x^{−−} with x^{++} > x^{00} > x^{−−} given by (38), for ξ = 0, ± √ 3, with t = t_k, x = X_k, and h = h_k.

If x^{−−} < g(t_{k+1}) then:

Carry out the following step: With probability p, given by (40) with t = t_k, x = X_k, h = h_k and an appropriate choice of λ_k, we assign, (t_k, X^′_k, X_k, Y_k, Z_k) := (t_k, X^′_k, g(t_k), Y_k, Z_k), κ := k. With probability q = 1 − p we set

(t_k, X^′_k, X_k, Y_k, Z_k) := (t_k, X_k + λ_kh^{1/2}_k , X_k + λ_kh^{1/2}_k , Y_k, Z_k). else: (hence if x^{−−} ≥ g(t_{k+1}))

Carry out (38) and set X^′_{k+1} = X_{k+1} to obtain (t_{k+1}, X^′_{k+1}, X_{k+1}, Y_{k+1}, Z_{k+1}).

Like Algorithm 3.1, the procedure 3.4 will end up with either X_k = g(t_k) and κ = k, or k = m, where in the latter case we set κ = m.

For the Markov chain constructed in Algorithm 3.4 we then have the following theorem due to interpolation formula (42).

Theorem 3.5 It holds |E( ~f(X^′_k, X_κ)Y_κ + Z_κ) − u(t_0, x_0)| ≤ Ch^{3/2} , (43) where h = max_{1≤k≤m} h_k, C does not depend on t_0, x_0, h and the function ~f is defined by ~f(X^′_κ, X_κ) = { f(X_κ) + f^′(X_κ)(X^′_κ − X_κ) − f^′(X_κ)λ_κh^{1/2}_k q_κ p_κ , if κ < m, f(X_κ) , if κ = m. .

The proof is similar to the proof of Theorem 3.2

Remark 3.6 As we will see in Section 4, we also know the continuous extension of the second derivative ∂^2u(t, x)/∂x^2 inside of G to the boundary γ :

∂^2u ∂x^2 (t, g(t)) := lim (s,x)→(t,g(t)) (s,x)∈G ∂^2u ∂x^2 (s, x) = r(t, g(t))f(g(t)) − r(t, g(t))g(t)f^′(g(t)) 1 2 σ^2(t, g(t))g^2(t)

We thus have

u(t, x) = f(x^−) + f^′(x^−)(x − x^−) + r(t, x^−)f(x^−) − r(t, x^−)x^−f^′(x^−) σ^2(t, x^−)(x^−)^2

(x − x^−)^2 + ...

(44) By using (44) we then get a method of order 3/2 via Monte Carlo simulation of E( ^f(X_κ)Y_κ + Z_κ), with

^f(X_κ) := f(x^−) + f^′(x^−)(X_κ − x^−) + r(t, x^−)f(x^−) − r(t, x^−)x^−f^′(x^−) σ^2(t, x^−)(x^−)^2

(X_κ − x^−)^2,

using a simplified random walk obtained by stopping Algorithm 3.4 as in Remark 3.3 when the guard x^{−−} < g(t) is true (of course the dummy X^′ can then be omited).

Remark 3.7 Let us consider the case h_k = h, k = 0, ..., m − 1, and assume that the global error R of Algorithm 3.1 admits a certain expansion in the time step h,

R = C_0h + O(h^η) (45)

for some η > 1. The conjecture is that at least η ≥ 3/2, but, practical experiments even suggest η = 2. Assuming that the conjecture η ≥ 3/2 is true we can use a kind of generalized Richardson extrapolation to obtain a method of order O(h^{3/2}) by applying two times the algorithm with different time steps. Namely, let u^{h1} and u^{h2} are approximations of u(t_0, x_0) computed with Algorithm 3.1. Then, we obtain a more accurate approximation ~u via ~u := u^{h1} h_2 h_2 − h_1 − u^{h2} h_1 h_2 − h_1

, ~u = u(t_0, x_0) + O(h^{3/2}) . (46)

For further details see [7].

4 Monte Carlo construction of the critical price curve

In this section we propose a Monte Carlo method for determination of the exercise curve γ. For this we assume that γ is known on the interval [t̄, T ] : x = g(t), t̄ ≤ t ≤ T (see Fig. 1) and then proceed with evaluating g(t̄ − h) for a small step h to the left. We first derive some useful relations on the curve γ by assuming that all derivatives of u within G extend continuously to the boundary at each point (t, g(t)) of γ with t < T. It should be noted that, while the first derivatives from the inside coincide with the derivative from the outside of G, the second derivatives do not coincide in general. In what follows all derivatives of u on γ have to be considered as limits from the inside of G. By thus extending equations (5)-(6) and (8)-(9) to boundary points (t, g(t)) of γ with t < T, it follows that ∂u ∂t (t, g(t)) + 1 2 σ^2(t, g(t))g^2(t)

∂^2u ∂x^2 (t, g(t))+ +r(t, g(t))g(t) ∂u ∂x (t, g(t)) − r(t, g(t))u(t, g(t)) = 0 (47)

u(t, g(t)) = f(g(t)), (48) ∂u ∂x (t, g(t)) = f^′(g(t)), 0 ≤ t < T. (49) Differentiating (48) with respect to t yields ∂u ∂t (t, g(t)) + ∂u ∂x (t, g(t))g^′(t) = f^′(g(t))g^′(t) , (50)

so by taking (49) into account we obtain ∂u ∂t (t, g(t)) = 0 . (51)

Then, combining (47)-(51) gives

∂^2u ∂x^2 (t, g(t)) = 2 r(t, g(t))f(g(t)) − r(t, g(t))g(t)f^′(g(t)) σ^2(t, g(t))g^2(t)

(52)

and differentiating (49) with respect to t gives

∂^2u ∂t∂x (t, g(t)) + ∂^2u ∂x^2 (t, g(t))g^′(t) = f^{′′}(g(t))g^′(t) , (53)

whence – with notations shortened in an obvious way:

g^′(t) = u^{′′}_{tx}(t, g(t)) f^{′′}(g(t)) − u^{′′}_{xx}(t, g(t)) . (54)

It is important to note that due to (48) and (49) the price and its derivative with respect to x (”delta”) are continuous on γ. However, the second derivative u^{′′}_{xx} (”gamma” in financial terms) has on γ a jump of magnitude f^{′′}(g(t)) − u^{′′}_{xx}(t, g(t). For example, for the standard American put where r and σ are constant and f(x) = (K − x)^+, this jump equals 2rK/(σg(t))^2.

Since D_2(t) := u^{′′}_{xx}(t, g(t)) is known from (52), we may determine g^′(t) from (54) by computing u^{′′}_{tx}(t, g(t)) only. For this purpose we differentiate the left-hand side of (5) with respect to x in the interior of G to get u^{′′}_{tx} + 1 2 σ^2x^2u^{′′′}_{xxx} + (σ^2x + rx + 1 2 x^2(σ^2)^′_x)u^{′′}_{xx} + xr^′_xu^′_x − r^′_xu = 0,

where the argument (t, x) is suppressed for convenience. Next, by taking the boundary limit to γ and using (48), (49) and (52) we obtain u^{′′}_{tx}+ 1 2 σ^2g^2(t)u^{′′′}_{xxx}+(σ^2g(t)+rg(t)+ 1 2 g^2(t)(σ^2)^′_x)D_2(t)+g(t)r^′_xf^′(g(t))−r^′_xf(g(t)) = 0 (55) with partially suppressed argument (t, g(t)). Thus, to find g^′(t̄) by (54) we need u^{′′}_{tx}(t̄, g(t̄)) which in turn may be computed from u^{′′′}_{xxx}(t̄, g(t̄)) by (55). Now let ρ and q be positive numbers to be specified later. For x̄ := g(t̄) we then have u(t̄, x̄ + ρh^q) = u(t̄, x̄) + u^′_x(t̄, x̄)ρh^q + 1 2 u^{′′}_{xx}(t̄, x̄)ρ^2h^{2q} + 1 6 u^{′′′}_{xxx}(t̄, x̄)ρ^3h^{3q} + O(h^{4q}) = f(x̄) + f^′(x̄)ρh^q + 1 2 D_2(t̄)ρ^2h^{2q} + 1 6 u^{′′′}_{xxx}(t̄, x̄)ρ^3h^{3q} + O(h^{4q}). (56)

We are now going to compute u(t̄, x̄ + ρh^q) with accuracy of order O(h^{4q}) by one of the Monte Carlo methods discussed in Section 3, using the known part of the exercise boundary γ, see Figure 1.

Figure 1: Backward construction of the exercise boundary

Then u^{′′′}_{xxx}(t̄, x̄) can be obtained from (56) with accuracy O(h^q). As a consequence, see (55) and (54), u^{′′}_{tx}(t̄, x̄) and g^′(t̄) can then be found with accuracy O(h^q) also. Then, since g^′(t̄) can thus be approximated as ~g^′(t̄) = g^′(t̄) + O(h^q), we may extend the exercise curve one step h to the left with accuracy by

g(t̄ − h) = g(t̄) − ~g^′(t̄)h + O(h^2) + O(h^{1+q}) . (57)

From (57) we see that it doesn’t make sense to choose q > 1. For q ≤ 1, the evaluation of g(t̄ − h) by g(t̄) − ~g^′(t̄)h has accuracy O(h^{1+q}).

Let us consider the case q = 1/4. We may use Algorithm (3.1) with time steps h for simulating u(t̄, x̄ + ρh^{1/4}) with accuracy O(h) = O(h^{4q}). Note that this simulation takes place in the time segment [t̄, T ] where γ is known. The one-step error of the evaluation of g(t̄−h) is thus equal to O(h^{5/4}). Most likely, this method of backwards evaluating the whole critical price curve converges and its order of convergence is equal to O(h^{1/4}).

By similar arguments it follows that by computing u(t̄, x̄ + ρh^{3/8}) via an 3/2-order algorithm with time steps h, for instance by Algorithm 3.4 (see Section 3.2), or more simply by a Richardson like method (46) assuming that the conjecture in Remark 3.7 holds true, we can obtain an algorithm for evaluating the exercise boundary with accuracy O(h^{3/8}).

As another alternative, we may follow an approach which is based on u^{′′′}_{xxx}(t̄, x̄) = v^{′′}_{xx}(t̄, x̄), the computation of v^{′′}_{xx}(t̄, x̄) from v(t̄, x̄ + ρh^q) = v(t̄, x̄) + v^′_x(t̄, x̄)ρh^q + 1 2 v^{′′}_{xx}(t̄, x̄)ρ^2h^{2q} + O(h^{3q}) (58)

with accuracy O(h^q), after the computation of v(t̄, x̄ + ρh^q) from the boundary value problem (8) (9) with accuracy O(h^{3q}). For instance, by taking q = 1/3 and using the order 1 algorithm (3.1) with time steps h we can compute v(t̄, x̄ + ρh^{1/3}) with accuracy O(h) to obtain u^{′′′}_{xxx}(t̄, x̄) = v^{′′}_{xx}(t̄, x̄) by (58) with accuracy O(h^{1/3}) and, as a result, a method of order O(h^{1/3}) for evaluating the exercise boundary. Furthermore, by using a Richardson like method (46) in Remark 3.7, or a method analogue to Section 3.2 based on the fact that v^′_x = u^{′′}_{xx} is known at the exercise boundary by (52), we may get order 3/2 Monte Carlo methods for the problem (8)-(9) as well. Using such a method we may simulate v(t̄, x̄ + ρh^{1/2}) with accuracy O(h^{3/2}) by taking time steps h and so obtain via (58) and u^{′′′}_{xxx}(t̄, x̄) = v^{′′}_{xx}(t̄, x̄), a method with accuracy of at least O(h^{1/2}).

Finally we note that further increase of accuracy requires more powerful schemes for solving boundary value problems.

Remark 4.1 It should be noted that the here proposed method for constructing the exercise boundary does not work at t̄ = T in general, for the reason that |γ^′(t)| may go to infinity as t ↑ T. In this respect we note that the denominator in equation (54) vanishes for t ↑ T, and that for the standard American put it is well known that all left derivatives of γ go to infinity as t ↑ T.

5 Numerical experiments

In this section we present an experimental study of the Monte Carlo procedure in Section 4 for the computation of the exercise boundary of the standard American put option. The results computed with our new Monte Carlo procedure will be compared with benchmark solutions obtained by a standard PDE method.

For the standard American put in a Black Scholes model, r and σ in (1)-(2), are constant, and f(x) = max(K − x, 0) in (3), with K being the strike of the option. For a particular choice of the parameters r, σ and K, the ”exact” exercise boundary γ is computed by the projected Successive Over Relaxation (SOR) algorithm, a standard PDE method for solving American options, see e.g. [2], [8]. The result is shown in Figure 2.

Figure 2: ”Exact” exercise boundary computed by a PDE method; K = 10, r = 0.1, σ = 0.4.

Unfortunately, due to the fact that γ^′(T −) = ∞, i.e., γ has a vertical tangent at maturity T, the Monte Carlo method in presented in Section 4 needs to be started up by some other method on a short interval, say [T − δ, T ]. In this respect one could apply on [T − δ, T ] a PDE method again, or one could use an in some sense ”canonical” Monte Carlo method which is basically as follows: The interval [T −δ, T ] is provided with a small time grid and it is assumed that the option may be exercised only at these grid points. Then, in the interval [T − δ, T ] the exercise boundary is constructed backwardly at the grid points by a bi-section Monte Carlo search.

Since the here considered problem is autonomous, only the time T − t to maturity of the option is relevant, rather than specification of the maturity date T itself. Starting from the point (t, g(t)) = (T − 0.05, 8.5239), computed with high accuracy by a PDE method, we construct the exercise boundary backwards to t = T −0.25 by two Monte Carlo methods described in Section 4. The results are given in Table 1. T − t g^{P DE}(t) g^{MC}_{1/4} (t) err :=^{gMC1/4 −gP DE}_{gP DE} g^{MC}_{1/3} (t) err :=^{gMC1/3 −gP DE}_{gP DE} 0 10.0000 0.025 8.8439 0.05 8.5239 0.075 8.3102 8.2685 -0.0050 8.3122 0.00025 0.10 8.1470 8.1073 -0.0049 8.1292 -0.0022 0.125 8.0145 7.9784 -0.0045 7.9766 -0.0047 0.15 7.9027 7.8729 -0.0038 7.8724 -0.0038 0.175 7.8058 7.7780 -0.0036 7.8058 -0.0040 0.2 7.7202 7.6939 -0.0034 7.68340 -0.0047 0.225 7.6436 7.6198 -0.0031 7.6025 -0.0054 0.25 7.5745 7.5538 -0.0027 7.5265 -0.0063 Table 1.

Remarkably, for the example of the American put, the accuracy of both methods is much better than one would expect from Section 4. Even more, the O(h^{1/4})-method seems to be more accurate than the method of order O(h^{1/3}). It is possible to give an heuristic explanation for these phenomenon, which rely on the special structure of the pay-off function f and the fact that the parameters r and σ are taken to be constant. However, a detailed investigation concerning accuracy and convergence of the proposed methods requires considerable further study.

References

[1] Chen X., Chadam J., Stamicar R.: The optimal exercise boundary for American put options: Analytic and numerical approximations, Preprint, available at http://www.math.pitt.edu/ xfc/Option/CCSFinal.ps.

[2] Lamberton D., Lapeyre B.: Introduction to Stochastic Calculus Applied to Finance, Chapman & Hall, 1996.

[3] Milstein G.N.: Numerical Integration of Stochastic Differential Equations, Kluwer Academic Publishers, 1995 (engl. transl. from Russian 1988).

[4] Milstein G.N.: Solution of the first boundary value problem for equations of parabolic type by means of the integration of stochastic differential equations. Theor. Probab. Appl., Vol. 40, No.3, pp. 556–563, (1995).

[5] Milstein G.N., Tretyakov M.V.: The simplest random walks for the Dirichlet problem, Theor. Prob. Appl., Vol. 47, No. 1, pp. 39–58, (2002).

[6] Milstein G.N., Schoenmakers J.G.M.: Numerical construction of a hedging strategy against the multi-asset European claim. Stochastics and Stochastics Reports, Vol. 73, No. 1-2, pp. 125–157, (2002).

[7] Talay D., Tubaro L.: Expansion of the global error for numerical schemes solving stochastic differential equations, Stoch. Anal. and Appl., Vol. 8, pp. 483– 509, (1990).

[8] Wilmot P., Dewynne J., Howison S.: Option Pricing: Mathematical Models and Computation, Oxford Financial Press, Oxford, 1993.