Weierstraf3-Institut
fiir Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 — 8633

Snake representation of a super-Brownian

reactant in the catalytic region

Klaus Fleischmann', Jie Xiong?

submitted: 15th May 2003

1 2

Weierstrass Institute Department of Mathematics,

for Applied Analysis University of Tennessee,

and Stochastis, Knoxville, Tennessee 37996-1300,
Mohrenstr. USA

D-10117 Berlin, Germany and

E-Mail: fleischm@wias-berlin.de Department of Mathematical and

Statistical Sciences, University of Alberta,
Edmonton, Alberta T6G 2G1, Canada
E-Mail: jxiong@math.utk.edu

No. 847
Berlin 2003

2000 Mathematics Subject Classification. 60K35, 60G57, 60J80.

Key words and phrases. Admissible catalyst, part of reactant, superprocess, collision measure,
collision local time, Markov branching process, catalytic Brownian snake, modified hitting measure.

Partly supported by the research program “Interacting Systems of High Complexity” and
the graduate program “Probabilistic Analysis and Stochastic Processes” of the German Science
Foundation, the Humboldt Foundation, and by an NSA research grant.



Edited by

Weierstra-Institut fiir Angewandte Analysis und Stochastik (WIAS)
Mohrenstrafle 39

D — 10117 Berlin

Germany
Fax: + 49 30 2044975
E-Mail: preprint@wias-berlin.de

World Wide Web:  http://www.wias-berlin.de/



1.

1.1.
1.2
1.3.
1.4.
1.5.
1.6.
1.7.

2.

2.1.
2.2.

3.

3.1
3.2.
3.3.
3.4.
3.5.

SNAKE IN THE CATALYTIC REGION

ABSTRACT. For a continuous super-Brownian reactant X in R?
with general catalyst p a Brownian snake representation is derived
for the part X¢ of X in the catalyst region. This extends results
of Dawson et al. (2002) and Klenke (2003) in that it allows the
collision local time of an intrinsic reactant particle with the catalyst
to have flat pieces, caused by catalyst-free regions.
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2 FLEISCHMANN AND XIONG

1. INTRODUCTION AND MAIN RESULT

1.1. Background, motivation, and purpose. A lot of interesting open interface
questions had been raised for a mutually catalytic branching model in R?, see
Dawson et al. [DEF102, Section 7]. The present paper was motivated by this, but
pays attention only to the model of catalytic continuous super-Brownian motion in
R?, d > 2, which is simpler since it allows only a “one-sided interaction”.

Using earlier ideas of Le Gall (see [LG99], e.g.) and Bertoin et al. [BLGLJ97], a
Brownian snake approach for a continuous super-Brownian reactant with a stable
catalyst in R had been introduced in Dawson et al. [DFMO02], where it turned out
to be a powerful tool in deriving a functional scaling limit theorem for the reactant.
This Brownian snake representation in a singular medium had been generalized by
Klenke [Kle03] for a broad class of catalytic superprocesses having the property
that the collision local time between the catalyst and an intrinsic reactant particle
is (strictly) increasing in time. In a sense, here the catalyst has to be present
“everywhere” in space.

In the present paper we attack the problem of a Brownian snake representation
of a continuous super-Brownian reactant in R if catalyst-free regions are allowed,
leading to possibly flat parts of the mentioned collision local time. For this purpose,
we introduce the concept of the part of the reactant in the catalyst region (see Sub-
section 1.5) for which we construct a Brownian snake representation (Theorem 15).

We hope that the derived catalytic snake representation can be used to attack
interface questions for catalytic super-Brownian motion.

For an introduction to the Brownian snake we recommend Le Gall [LG99], and for
recent surveys on catalytic branching models we refer to Dawson and Fleischmann

[DF02] and Klenke [Kle00].

1.2. Preliminaries: notation and spaces. With ¢ = ¢(q) we always denote a
positive constant which (in the present case) might depend on a quantity g and
might also change from place to place. Moreover, an index on ¢ as c(x) or cy
will indicate that this constant first occurred in formula line (#) or (for instance)
Lemma #, respectively.

For X € R, introduce the reference function

(1) da(z) == el zeRI
For f:R? =R, set
(2) [Fx = 1If/balloo

where || - ||oc refers to the supremum norm. Denote by C, the separable Banach
space of all continuous functions f : R® — R such that |f| is finite and that
f(z)/pr(z) has a finite limit as |z| 1 co. Introduce the space

(3) Coxp = Cexp(RY) := |J Ca
A>0

of ezponentially decreasing continuous functions on R%. For a closed interval I C
R4, write ngp for the set of all functions 9 : I x R? — Ceyp, such that there is a
constant ¢ = ¢(¢) and a A = A(¢) > 0 such that [1|(t,z) < cér(z), (t,z) € IxR4.

Let M = M(R?) denote the set of all (non-negative) Radon measures p on R¢

and dg a complete metric on M which induces the vague topology. Introduce the
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space Miem = Miem(R?) of all measures p in M such that {(u,$,) < oo, for all
A > 0. We topologize this set Mo, of tempered measures by the metric

(4) dtem(:u7y) = dO(M,V)‘FZ?*n (ll‘L_Vll/n A 1)7 B,V € Miem -

n=1
Here |p —v|) is an abbreviation for |(,u, o) — (v, ¢)‘)| Note that (Miem , dtem) is
a Polish space (that is, a complete separable metric space), and that p, — p in
Miem if and only if

(5) {tin ) oy {(n,p) forall ¢ € Coxp.

If (E,dg) is a Polish space, we write C(Ry, E) for the space of all continuous
functions f: Ry — E. Equipped with the metric

6) & F) = Y2 swp de(fi,f)A1),  £feECR,E),
j— 0<t<n
we get a Polish space (C(R+, E), dc).

Let C denote the Polish space of all non-decreasing functions in C(R4+,Ry). For
t > 0 fixed, write C? for the closed set of all stopped paths f* := finey, F €C.
We identify C° with R, .

For t > 0, define Mt = M (R? x C!) as the set of all measures v on
R4 x C* with marginal measure I/(() X Ct) in Myem - Analogously, we identify
Mgem with Mtem-

By an abuse of notation, if (F,dg) is a Polish space, we write D(Ry, E) for the
space of all cdglad functions w : Ry — E, that is, left-continuous functions with
right hand limits. Endowed with a metric dp analogously to the Skorohod metric,
D(Ry, E) is again a Polish space, we call it the Skorohod space of caglad functions.
Di(Ry, E) is the subset of all paths w := w(t A (-)) stopped at time ¢ > 0. (The
use of caglad functions will be very convenient for our modelling, see, for instance,
formula (51) below.)

The one-point compactification of a locally compact non-compact space E is
denoted by E, where the additional point is written as t (cemetery point). In such

situation, we always fix a metric dg on E inducing the same topology and making
(E, d;) a Polish space. Functions ¢ on E are considered also as functions on E
by setting ¢(}) := lim._+ p(e), provided the limit exists. In particular, Cexp(Rd)
is the space of all functions ¢ defined on R? vanishing at 1 and, restricted to R?,
belonging to Cexp. Analogously, denote by Mtem(Rd) the space of all measures p
defined on R? vanishing at the cemetery point and, restricted to R?, belonging to
Miem - In this sense, we can identify Mtem(Rd) with Miem -

Random objects are always thought of as defined over a large enough stochastic
basis (Q, F,F.,P) satisfying the usual hypotheses.

Let p denote the (standard) heat kernel in R? related to A :

2
(7 pi(z) = (2mt)”4/? exp[— %], t>0, zeR%

Write B = (B, Prz,r > 0,z € R?) for the corresponding (standard) Brownian
motion in RY. Here P, , refers to the law of B if it starts at time r at B, =z
(using for convenience this time-inhomogeneous setting for the time-homogeneous



4 FLEISCHMANN AND XIONG

Brownian motion). B with law P, , is extended to a (in general non-continuous)
process B : [r,00] — R? by requiring that T € R? is a trap and by setting B, := 1.
Write 6, for the shift operators acting on functions ¢ defined on R?:

d
(8) 00 (y) == oy—=), =zyeR
Similarly, time-shift operators 6, t € R}, are defined.
£ denotes the Lebesgue measure, and £4 its restriction to a measurable subset

A.

1.3. Basic model: continuous super-Brownian reactant X with catalyst
p. We need to recall the notion of collision local time. For g € C(R}, Mtem) and
each € > 0, define a continuous additive functional Lfg B of Brownian motion B

under P, by
9) L{, p(ds) = (o5, 0p,pc)ds on [r,o0)

(approximating collision local time).

Definition 1 (Collision local time). Let g € C(R}, Miem). If there is a con-
tinuous additive functional L, g} of Brownian motion B such that for all 7' > 0
and ¢ € CL?(;T],

t i 2
sup Pr,z sup / LfQ,B](dS) ¢(5, Bs) _/ L[g,B] (dS) ’{/)(S, Bs) — 0,
r€[0,T], zeR4 te[r,T) 'Jr T
then L, p) is called the collision local time (of ¢ and B). We identify the (random)

measure Ly, pj(ds) under P, . also with the (a.s. finite) non-decreasing function

0

t— L[Q,B]([r, t]) For t > r, write Lfg B for the stopped collision time process
s+ L, B ([r,s A t]), stopped at time ¢. &

Interpreting o as a catalyst and B as areactant particle’s path, L, p] measures
the time the reactant particle spends on the catalyst, weighted by the catalyst’s
“density”, in short terms:

(10) Li, p)(ds) = ds ./Rd ps(dz) 6,(Bs).

Definition 2 (Admissible catalyst). A path ¢ € C(R;, Miem) is called an
admissible catalyst in R?, if the collision local time L, p) exists and there is a
4 €(0,1) and to each T > 0 a constant ¢ = ¢(p,d,T) such that

¢
(11) Pr,z/ L, B (ds) #2(Bs) < clt —r|° da(x), 0<r<t<T, zeRL o

Example 3 (Admissible catalysts). Here are some well-studied examples of
admissible catalysts:
(i) (Everywhere uniform catalyst in R%): For ¢ > 0 fixed, o,(dz) = cdz,
resulting into L, pj(ds) = cds.
(ii) (Single point catalyst in R): For c € R fixed, o,(dz) = 8.(dz) with &,
the delta measure at c. Then L, gj(ds) reduces to the Brownian local
time at level ¢ (which is non-trivial only in dimension 1).
(iii) (Stable catalyst in R): For I'(dz) the stable random measure on R with
index 0 <y <1, let g, =T, for a fixed sample I'. Then, L, p(ds) is
an infinite weighted sum of Brownian local times.
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(iv) (Super-Brownian catalyst in R%, d < 3): p is sampled from an ordinary
continuous super-Brownian motion in R? started from “nice” go. Then
L, ) (ds) exists non-trivially exactly in dimensions d < 3 ([BEP91, EP94,
DF97)).

(v) (Hyperplanes in R? weighted by a stable measure): Suppose
pt(dz) = T'(dz;)dzs---dzg, z = (z1,...,24) € R,
with T asin (iii) ([DF95]).

But our purpose is to deal with more general admissible catalysts p, covering the
following examples:

(vi) (Catalyst with bounded density function): Here we assume that

pt(dz) = gi(z)dz with esssupg;(z) < oo,

)

implying, for almost all 0 < r < ¢, that

t
L[Q,B]([r,t]) = /ds 0s(Bs), Prg-as., z€ R4
(vii) (Isolated hyperplanes in R?): Suppose

o:(dz) = Z 8o;(dz1) dzg - - -dzyg, z = (zq,...,24) € RY,

where the a; form a countable subset of R% without accumulation. o

Now we are ready to introduce the model on which the present paper is based

on (see [DF97]).

Proposition 4 (Continuous super-Brownian reactant X with catalyst p).
Let o be an admissible catalyst in R (d > 1). Then there ezists a unique in law
continuous Myer, —valued (in general time-inhomogeneous) Markov process

(12) (X7 Pr,u , 720, p€ Mtem)
in R with log-Laplace transition functional
(13) —logP, e Xe®) = (1 ot), 0<r<t, peCh,.

Here, for t and ¢ fized, v' =vt[p, 0] = {vi(z): 0 <r <t, z € R?} is the unique
non-negative solution to the integral equation

(14)  vi(z) = P, [go(Bt) —2 / Li,.5(ds) (U;(Bs)y]’ (r,z) € [0,4] x RY.

This process X = X|[p] is called the continuous super-Brownian reactant with
catalyst p.
Less formally, v* = v'[p, g] can be understood as the mild solution of the (for-
mal) partial differential equation
— 2vt (z) = 1Avt (z) — 20,(z) (vt (3:))2 on [0,t] x R?
(15) or " 2T ! r ’

with terminal condition v{_ = ¢.

Here, for r fixed, g,(z) is the generalized(!) “density” at z of the measure g,(dz).
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Example 5 (Continuous super-Brownian reactants). The well-studied ex-
amples of continuous super-Brownian reactants with catalyst p listed in line with
Example 3 are:
(i) Ordinary continuous super-Brownian motion X in R? with branching rate
c.
(ii) Single point-catalytic continuous super-Brownian reactant X in R (see
[DFLGY5] for a survey on it).
(iii) Continuous super-Brownian reactant X in R with stable catalyst ([DFM02]
is a recent paper on this).
(iv) Continuous super-Brownian reactant X in R?, d < 3, with continuous
super-Brownian catalyst (see [FKX02] for a recent paper).
(v) Continuous super-Brownian reactant X in R? with stable hyperplanes

([DF95)). o

1.4. Part X of X in the catalyst-free region. Inspired by [FK99], we first
want to introduce the part Xf of X in the catalyst free region (where X is the
continuous super-Brownian reactant with catalyst g). Denote by Bs(z) the open
ball in R? of radius & centered at x. For ¢t > 0, write F; = Fi[g] for the open set
in R? of all those z € R? such that there exists a § = 6(p,t,z) € (0,t) satisfying

(16) sup os(Bs() = 0.
s € [t—4,t+4]
Then the open set
(17) F =Flg] := {(t,z): t >0, z € F;}
in (O,oo) X Rd) is called the catalyst-free region. The random process X! =
Xfo] = (Xf)4>0 with
(18) Xi(dz) == 1p(t,z) Xo(dz), t>0,
is said to be the part of X in the catalyst-free region.
Example 6 (Catalyst-free region). For the uniform catalyst in R? and the
stable catalyst in R [as in Example 3(i) and (iii)] we have F; = () = F, whereas
for the single point catalyst in R of (ii), F; = {z # 0}, F = (0,00) x {z # 0},
and finally for the equidistant hyperplanes in R? of (vi) one has F; = {z; ¢ Z},
F =(0,00) x {z1 ¢ Z}. &
From Theorem 1 in [FK99] and the remark following it, we immediately get
Proposition 7 (Heat flow in the catalyst-free region). Fiz an admissible
catalyst p, a starting ttme r € Ry, and a measure p € Myer, -
(a) (Absolute continuity): P, ,—almost surely, for all t > r, the mea-
sures X! are absolutely continuous (with respect to Lebesgue measure £).
(b) (Smooth density field): There is a version (X{(x))t>r,z€Rd of the
density field of Xt such that P, ,—almost surely the mapping (t,z) —
Xi(z), (t,x) € F, t > r, is of class C™ and solves the heat equation:

1
2X{(ac) = AXH(z), (t,z) € F, t>r.
ot 2
(c) (Local L?(P, ,)-Lipschitz continuity): For each compact subset K

of F N ((r,00) x RY), there is a constant ¢ = c(o, K) such that
||er1 (z1) — sz(z‘z)”z <ec |(t1:$1) - (t2,$2)| ) (t1, 1), (t2,22) € K.
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This is a generalization of results on models with a single point catalyst in R due
to Fleischmann and Le Gall [FLG95], with some time-independent catalysts in R?
by Delmas [Del96], as well as with a continuous super-Brownian catalyst in R?
(d < 3) in Fleischmann and Klenke [FK99]. We mention also the recent paper
Mérters and Vogt [MV02] on a continuous super-Brownian reactant in R? with
some time-independent catalysts of Lebesgue zero closed support and such that
the related Revuz measure is absolutely continuous with respect to the catalytic
measure. Then also a representation in the catalyst-free region is given as a gener-

alization of [FLG95].
Remark 8 (Some moments of X). The X{(z) belong to £% = £*(P,,,,), have

expectation

(19) P,,X{(z) = p*p; , (), (t,z)e€F, t>r,
and covariance
(20) Covyy [X{ (1), X, (22)]
t1Ats
= 4/ ds <QS> (1*ps—r) (0z,Pt,—s) (owzptz—8)> 2> 0,
(ti,wi)EF, ti>r, 1=1,2. <

1.5. Part X° of X in the catalyst region. Fix an admissible catalyst p. Our
next aim is to introduce the part X¢ of X in the catalyst region. To this aim,
we enrich the basic motion process B of the continuous super-Brownian reactant
X with catalyst ¢ by its collision local time process. Indeed, recall the path
tem, introduced in Subsection 1.2,

and the stopped collision local time process Lfg B] of Definition 1. For r > 0,
a=(z,f) €R¢xC", and B under P,,, set

(21) B, = (B!, B?) = (Bt,f+Lfg,B]([r, -])), >

Note that the second coordinate B2 in the process (B, 13”1, r > 0,a € R? x
C7) is a path-valued process: B lives in R? x C, with state at time ¢ in R? x
C?. Replacing the basic motion process B in the definition of X (Proposition 4)

spaces C' and the related measure space M

by the continuous Markov process B, we get a (time-inhomogeneous) continuous
superprocess denoted by

(22) (X,P,,,r>0,veML,).

tem

We call X the continuous super-Brownian reactant with catalyst o enriched with its

collision local time history. Clearly, under P,,, v € M{, ., with the projection
(23) t = X, (()xC)

we gain back the continuous super-Brownian reactant X with catalyst p, under
the law P, ,, where p=v((-) x C").

We want to use this additional coding to decide whether the reactant particle is
in the catalyst region or not. Fix ¢ > 0. We say, a function f € C is increasing in

t—, if f(t) > f(t—46) for all § € (0,t). Write
(24) C; = {f € C*: f is increasing in t—}

for the set of all functions in C stopped at time ¢ and with increase in t— .
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Consider X under the law f’r,,‘xgo , b € Miem (with §g the delta measure at
the zero function 0 € C), and X under P, ,. Then the part X¢ = X°[g] of X

in the catalytic region is defined via
e (X5 = [ K@ D)@, t>r ¢ Con.
RdXCt

Remark 9 (Warning for misinterpretation). Note that B? € C; means that
the reactant particle with path B was “significantly” in contact with the catalyst p
at time ¢t—. Think of, for instance, the single point catalyst in R of Example 3(ii).
Here, for example, in the moment of the first hitting of the catalyst, the reactant
particle is certainly at the catalyst’s position, but it does not yet have collected
enough collision local time. This, of course, also means, that there is no branching
in such moment. Moreover, in this example the reactant process X does not at all
have mass at the catalysts position since it always has absolutely continuous states

([FLG95)). o

Remark 10 (Relation between Xf and X¢). Note that X{ can take care only
on those reactant “particles” at time ¢ which had been significantly in contact
with the catalyst p at time t— . In other words, reactant “particles” which come
significantly in contact with p just at time t+ are neglected in X;. Nevertheless,
the definition of X°€ is very natural, since assertions on the future should not be
involved. From this point of view one is obliged to replace the former definition of

Xt by

o) (X = [ %,(d(@, ) 9@),  t>7, 9 € Conp,
R x (C*\Cy)

which implies

1) E+Xrg) = [ K(el)ele) = (Xog).

X t
But it is not at all clear how to get for X{ the same properties as we have for Xt
in Subsection 1.4. Actually we only know that

(28) Xi > Xx{.

In fact, X! < X; [recall (18)]. Moreover, X} is determined by functions ¢ € Cexp
with supp ¢ C F; (introduced in the beginning of Subsection 1.4). But if z belongs
to supp ¢ and for Brownian motion B we have B; = z, then for the corresponding
enriched process state B; = (z, f) we have f ¢ C;. Hence, for those o,

(Xf,0) = / X, (d(z, ) plz) = / X,(d(z, ) @) = (X2, ),
R x (C*t\C}) RIxC?

implying (28). However, this difference between X! and X! is of no harm for us
since we focus on X° in the further procedure of the paper.

It might be worth to mention also the following degenerate ezample: Let p be
supported by a polar set of Brownian motion. Then Xf =0 = X°¢, and Xf=x
is the heat flow. <

The finite-dimensional distributions of X° will be characterized in Lemma 16;
for some moment formulae, see Remark 17.

Before we develop the Brownian snake representation of X°¢, in the following
subsection first the concept of a catalytic Brownian snake and its excursion and
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some modified hitting measures will be sketched. For more details, see Section 3
below.

1.6. A catalytic Brownian snake concept. Recall that ¢ is a fixed admissible
catalyst and the branching clock of an intrinsic reactant particle with path B under
P, , is governed by the collision local time

(29) t — "L(t) := L, p([r,t]), t>r.

Since we did not require that the collision local time L = L, gy is (strictly) in-
creasing, the inverse function

(30) TLTHE) = inf{s >r: "L(s) > t}, t>0,

only belongs to D(Ry,[r,00]) (caglad functions on Ry with values in [r,00]). In
particular, "L~!(0) = r. Introduce the random countable set

(31) D := {t>0: "L7'(t+) # "L ()}

of all discontinuity points of "L~! under P.,. We require from now on that these
discontinuities do not occur at fixed times:

Hypothesis 11 (Regularity of the catalyst). The admissible catalyst ¢ has to
fulfil

(32) P.(teD) = 0, ¢>0,
for all (r,z) € Ry x R O

Example 12 (Regular catalysts). Consider an absolutely continuous catalyst p
with bounded density function (recall Example 3) whose closed support supp ¢ is a
regular domain in R¢ (as a disc in R?). Then, starting from inside supp p, the hit-
ting time 7, say, of the boundary of supp g is a continuous random variable, hence
the increment fon ds o(Bs) is a continuous variable. Thus, by the strong Markov
property of Brownian motion, also the maximal positive increment is continuous.
Moreover, starting directly from the boundary, which is regular by assumption, the
interior is hit with certainty, and again by the strong Markov property we are back
in the previous situation. Altogether, Hypothesis 11 is fulfilled.

Another example is the case of hyperplanes weighted by a stable measure [Exam-
ple 3(v)]. Here, roughly speaking, L, ] is the sum of Brownian local times over
a dense set, implying that D is empty, almost surely. <

Fix an admissible catalyst o on R? satisfying Hypothesis 11. Later we want
to give a Brownian snake representation of the process (Xf):>, under the law
f’r,pxdo , where, for the moment, r > 0 is fixed. Recall from (29) the collision local
time process "L under P,, and its inverse "L~!. Note that for ¢ > r,

(33) "L~'("L(t)) =t if and only if ¢~ L(t) is increasing in t—.

Note also that for ¢ > r an increase of "L = L[Q,B]([r, ]) in t— just means that
the reactant particle’s path B is in the catalytic region at time ¢—.

Set E:= Ry x (R; x RY)®, where (R; x R%)® denotes the one-point compactifi-
cation of Ry x R%. The cemetery point  in (R x R%)® is also denoted by (oo, 7).
Endowed with the product metric dg, we get a Polish space (E,dg). A point e € E
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is mostly written as (e!,e?,e3) in the obvious meaning. We introduce a process

€= (£4,€2%,£%) in E by setting for ¢ > 0,
e o | AL, Broy) i & = (one) €F,
CT L e+t it 6 = (", 00, 1),

where B is the extended Brownian motion [introduced before (8)] based on B
under the law P, ., and we set

(35) E := {e=(e!,e®e®) €E: (e,€%) # (oo, 1)}.
Lemma 13 (Underlying motion process). Under Hypothesis 11, £ = £[p] is a
(time-homogeneous) weak Feller process (£, Il., e € E) with paths in the Skorohod
space D(R4,E) of E—valued caglad paths.

Here with weak Feller process we mean that the semigroup S = (S;);>¢ related
to the Markov process £, acting on the Banach space Cp(E) of bounded continuous
functions ¢ : E — R (with the supremum norm),

(36) StQO (6) = HE(P(Et): t> 07 (Z8S Cb(E)J ec E:

is pointwise continuous; that is, (t,e) — S;p (e) is continuous.

(34)

Proof. Since Brownian motion is strong Markov, £ is a time-homogeneous Markov
process. Fix ¢ € C,(E). Let (tn,7h,Tn,Tn) = (t,7',r,z) in Ry X E as n 1 oo.
Then

(37) @(rh +tn, "L (tn), BrnL—l(tn)) under the law P, ;.

equals in distribution to

(38) (p(r'n +tn, TL_l(tn —Tn+71),Th—T+ B"L—l(tn—'rn—‘,-r)) under the law P,
which by our Hypothesis 11 converges in distribution to

(39) o(r' +t, "L7(t), BTL—l(t)) under the law P, .

This gives the weak Feller property, finishing the proof. a

Let Cexp(E) denote the space of all mappings ¢ : E — R such that there is a
function ¢ = @, € CfL (R?) with || (e) < p(e?), e = (e',€?,€%) € E.

Modifying the approach of Section 4.1 in [BLGLJ97], we want to introduce the
Brownian snake corresponding to the weak Feller motion process £. For this pur-
pose, let W denote the collection of all stopped caglad paths w € |J,~,D*(R4, E).

Set
(40) C(w) := inf{s >0: w(t) =w(s)Vt>s}

for the (finite) lifetime of the path w € W. Note that {(w) = s if and only if
w € D*(R4,E) (recall that the first component of £ is the identity function, except
a shift). Recall also that dg and dp (introduced in Subsection 1.2) are the metrics
in E and D(R4,E), respectively. Introduce a metric dyy in W by

(41) dw(w,w) = |C(w) — C(u7)| + sup dp (wSAC(w),HJSAC(’T’)), w,wEW,
s>0

with stopped paths w® = w(s A (*)). Note that (W, dyy) is a Polish space whose
topology is stronger than the one used in [BLGLJ97]. In fact, dy controls in
particular the tip w(C(w)) of w, that is, the fluctuations within the interval
(C(w) A (D), ((w) V C(i])) The price of this sharpening of the topology will be
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that the Brownian snake W we want to introduce will not anymore be a continuous
process, but a cadlag one, which is sufficient for our purpose.

For e € E [recall (35)], set W, := {w e W: w(0) =e}. As we will see later
(Proposition 19), the Brownian snake W = W{g| with basic motion process & =
&[o] and root e is a certain W.—valued cadlag (time-homogeneous) weak Feller and
strong Markov process (W, P,,, w € W,). Recalling notation (40) of the lifetime
of a path in W, put (, := ((W,), s > 0. By construction, this lifetime process
¢ = ({s)s>0 of the snake W is a (standard) reflecting Brownian motion in R .
Set

(42) o =o0() :=inf{s>0: (, =0}.

For e € E, denote by e the trivial path in W, with life time 0. Since it is a
regular point for the snake (W,P,), ezcursion measures N, = N[g] can be built.
They are certain o—finite measures on C(Ry, W).

Fix t > 0. Put
(43) Dy := Ry x[0,£) x RY.
We always have
(44) II, ({s € E\D; for some s > 0) =1

by our definition (34) of ¢ based on "L~1(s), which tends to infinity as s 1 oo.
Introduce the exit time 1, of £ from Dy :

(45) 7 = 7(€) = inf{s >0: & ¢ D:}.

Remark 14 (Exit time formula). 7;(£) is always finite and, in fact,
(46) 7(§) = "L(?).

Indeed, from the definitions (45) of 7 and (34) of &, under 7(§) < oo,
(47) L7 ((€) +€) > ¢, Ve > 0.

Thus, from the continuity and monotonicity of Li, pj,

(48) n(§) +e = "L(t), Ve>0,

resulting into 7(£) > "L(t), which is clearly also true if 74(£) = oco. Assume now
that

(49) (&) > "L(t).
Take s € (0,7}(6)). Then "L~!(s) < t, implying s < "L(t). Letting s 1 7(£)
leads to a contradiction to (49), giving claim (46). O
Recall that r,¢t > 0 are fixed. The ezit local time
(50) s = LYt = lime ! / ds' 1ir, (W) < Gy < re(W,0 )42}
& 0

of W from D; makes sense P,,—a.s. and N.—a.e. (see also (86) below). Put

2t . WS(CS)a if WE(CS):t,
(51) W, = { 1, otherwise,

s

with t the cemetery point in E. Note that W: # t, that is W2({,) = t, can be
interpreted as the tip W,((s) of the snake state W, at time s is in the catalytic
region; recall the remark after (33).
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The modified hitting measure Z; = Z}” of the boundary 8D; = Ry x {t} x R?
of D; by the snake W is now defined via

(52) (0, ) = /0 TPy, 620, e Ch(E).

These modified hitting measures are a key tool for the intended snake representation

of X¢.

1.7. Brownian snake representation of X°. We are ready now to formulate
the desired snake representation. Recall that p is an admissible catalyst in R9.

Theorem 15 (Brownian snake representation of X°). Fiz d > 1, r > 0, and
B € Miem(R?). Impose Hypothesis 11. Consider the part X°¢ of X in the catalyst
region as in Subsection 1.5, where X starts at time v from X, = u. Furthermore,
consider the Poisson point measure

(563) N(dW) on C(R4+, W) with intensity measure /(50 x 8, x p)(de) N, (dW).
E

Then the finite-dimensional distributions of the Miem (R?)—valued processes (X§)i>r
and of

(54) t — N@W) Z[(e® € (1), e #1), t>r,
C(R+,W)

coincide.

Unfortunately, this theorem gives only an fdd representation, compared with
other snake representations which work at all times. Nevertheless, we hope it can
be used to deal with interface questions. It might be also helpful for dealing with
properties of solutions to the singular equation (14/15).

The proof of Theorem 15 will be given in Subsection 3.5. It relies on log-Laplace
representations of both processes on which we focus from now on. This requires, in
particular, a detailed construction of Brownian snake tools in the present catalytic
setting in Section 3.

2. LOG-LAPLACE APPROACH TO X¢€

Although the part X€¢ of X in the catalyst region is not a Markov process, we
still use a log-Laplace equation to characterize its finite-dimensional distributions.

2.1. Fdd characterization of X°. Recall notation "L from (29). Under P, .,
(r,z) € Ry xRY, introduce the following (left-continuous) reduced Brownian motion
ﬁ = (Et)t>r :

(55) t > B, = { B, if t+— "L(t) is in creasing in t—,

1  otherwise,

which lives at time ¢ only if it was in contact with the catalyst o at time ¢—.

Lemma 16 (Log-Laplace equation for X°¢). Fiz p € Miem, m>1, 0 <rg =:
to<ti1 <---<tm, and ©1,...,0m EC;’;CP. Then

(56) _logf)ro,yx&) exp[ - Z <X;:J 7‘P]>j| = <H, vro); 0 S To < tl )
j=1
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where v = v'otm oy L O, 0] is the unique non-negative solution of the follow-
ing integral equation:

61 0l@) = P Yl eiBy) = 2 [ Lom(@) 28],

(r,z) € Ry x RY.

Proof. Fix 7o, p,tj,¢;, 1 < j <m, asin the lemma. For r >0, (z, f) € R?x C",
and 1 <17 <m, set

m

(58) vo(z) = —log Pr,g(”) exp[ — Z(ij ,<p]->] if ¢t <r<t;,
0 = if >ty

Note that the right hand side does not depend on f, justifying the notation on
the left hand side. Obviously, this v = v ™[y, ..., ©m, 0] satisfies (57) on
[tm,00) x RE. Assume now that ¢;_; <r <t;, 1 <i<m.

For j=1,...,m, put

(59) P; = ¢; @ lg, with C; defined in (24).
Then,

(60) rpxéo eXp[ Z(Xt :SOJ ] = ~ ,pxzio exp[ Z(XtJﬂ/)J ]

= exp(u X do, —0r),

where, from standard facts on superprocesses, ¥ = ¥ tm[th1, ..., 9m, 0] is the
unique non-negative solution to the integral equation

61) o) = Pra[zlw,}w,(& ) =2 [ D@ (5],

J=

r>ti_1, a € R? x C". But by definitions of 1; in (59), B in (21), Cy, in (24),
and B in (55),

(62) ¥i(By,) = 9i(By)lo,("Li ) = ¢i(B,),
and by (60) and (58),
(63) Up(z, f) = ve(z), hence ﬁs(Bs) = vy(B,).

Inserting (62) and (63) into (61) with a = (s, f) shows that v as defined in (58)
satisfies equation (57) on [t;_1,00) X R%, hence on R; x R?, and that (56) holds.

The uniqueness statement follows from the uniqueness in the larger set of solu-
tions to equation (61). O

2.2. Example for a full interface. For X°¢ with any admissible catalyst p,
we have the following moment formulae, which can easily be derived from the log-
Laplace equation (57). Denote by P, , the “law” of Brownian motion in R? started
at time r > 0 with the measure p € My, - Recall the reduced Brownian motion

B introduced in (55).
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Remark 17 (Some moments of X¢). Fix r > 0 and g € Miem. We have
the following expectation and covariance formulae. For 0 < r < t; < t3 and

p1,p2 € CtZem ’
(64) f)r,ux&m <Xtcl 1) = P ¢ (Etl)a

(65) éovr,pxﬁo [(Xfl 7301)7 <X1?2 7302>]

11
— 4P, / Liy5(ds) (Pup, X Pus,) 01(B.,) ¢2(BL.)

with independent Brownian motions B, B', B". <
As an application of these moment formulae, we mention the following example.

Example 18 (Carrying Hausdorff dimension 2). Suppose d = 2 and consider
the catalyst with bounded density function of Example 3(v): g:(dz) = o:(z) dz.
Start the reactant X at time r > 0 with a uniformly bounded density. Then
all non-zero samples of X{ have carrying Hausdorff dimension two, for almost all
t>r. <

It would be desirable, to verify such property for more general catalysts.

Now we give details to Ezample 18. According to Frostman’s lemma (e.g., [Fal90,
Theorem 4.13(a)]), it suffices to show that for fixed 0 < r < ¢, absolutely continu-
ous g € Miem with bounded density function, as well as all K > 1 and 1 <6 < 2,

(66) B s, / X¢(da) / X5(dy) |z —y| < co.
|z|<K ly|<K

By (65) and (64) this means that

(67) / e.51(ds) (Ps,B, X Py5,) |B; — B{|7° 1yp: | 1 <k} < 00,
and
(68) Pry X Pry|B, — Bi| ™’ 1, 18, <k} < 0,

where we agree to read such integrand as 0 if a cemetery point is involved [recall
notation (55)]. Using that p has a bounded density function, the formula for L, p
as written in Example 3(v), and passing from B to B, statement (68) follows from
the estimates in the ordinary continuous super-Brownian motion case in dimension
d = 2; see, for instance, [LG99, page 34.].

3. CATALYTIC BROWNIAN SNAKE

In this section we introduce the catalytic Brownian snake in more detail, culmina-
ting in the proof of the snake representation Theorem 15.

3.1. Catalytic Brownian snake W. Recall the weak Feller process £ = {[g] =
(6,11, ,e € E) from Lemma 13. For e € E, w € W,, a € [0,{(w)], and b > a, let
Qo p(w,dw) denote the unique probability law on W, such that
(1) C("E) = b: Qa,b(wadi’)fa 5
(i) w(t) =w(t), Yt € [0,qa], Qas(w,dw)-a.s., and
(iii) the law of ¢ — w(a+1t), 0 <t < b—a, under Q,s(w,dw) is equal to the
law of ¢+ &, 0 <t <b—a, under Il .
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Let 0§(w) (d(a, b)) denote the joint distribution of (info<r<s Br,8s), where
is a standard Brownian motion in R, reflecting at 0 and with initial state Gy =
¢(w) > 0. (For an explicit formula for s (d(a,b)), see [BLGLJ97], in front of
Proposition 5.)

Proposition 19 (Brownian snake W with motion ¢). Fiz e € E. Impose
Hypothesis 11. There is a W,.—valued cddlig (time-homogeneous) weakly Feller
and strong Markov process (W, P,,, w € W,) with transition probabilities

(69) Qu(w,dd) = [ 6 (d(a, 1) Qua(w, o).

R%
Put (s := ((Ws), s > 0. This lifetime process { = ((s)s>0 of W 1is a standard
reflecting Brownian motion in Ry . Furthermore, the conditional distribution of W
given ( 1is that of a time-inhomogeneous Markov process with transition function

(70) Ru’v(’w,diﬂ) = Qinfugrgv CryCo (w,dzf;), 0<u<v, weWw,.

This path-valued process W = W{g] is said to be the Brownian snake with basic
motion process & = £[p] and root e. Note that the lifetime process ( is strong
Markov with respect to the natural filtration of W.

Proof of Proposition 19. This follows from [BLGLJ97, Proposition 5], based on
the proof of Theorem 1.1 in [LG93] despite our setting of caglad functions, and our
stronger topology on W. In fact, we only have to prove the weak Feller, cadlag,
and strong Markov property.

Fix t > 0 and w € W,. Consider W; under P,, and £ under II., and let
¢ be a standard reflecting Brownian motion independent of £ and starting from
¢o = ¢(w). Then W, and the stopped path £ = &con(-) are identically distributed.
Moreover, the latter set of laws is included in the collection of all distributions of
£° = &a() (stopped at any time s > 0). Now the latter set of laws on W is tight,
hence, under P, , the family {W;: t >0} C W is tight in law. Thus, for each
n > 1, we can choose a compact subset K, of the Polish space W such that

1
(71) inf P, ( W; € Kp,) > 1——.
>0 n
We may additionally assume that K; C Ky C ---. Let K, := Un>1 K, . Then

P,(W: € Kx) = 1, t > 0. Therefore, W is a Markov process on the c—compact
space Ko . Denote by Ko := (Ko)® the one-point compactification of Ko, (with
additional point 1). Finally, denote by W the extension of W to K. by declaring
the cemetery point t of K. as an absorbing point of W.

Now we adapt arguments of [Wil79, § I11.13] (which deals with Feller processes
on locally compact spaces) to our situation.

Introduce the semigroup T = (T});>0 related to the Markov process W

(72) Tip (w) = Puo(Wh), t>0, peCKs), we€Ky.

From the definition of W, and since ¢ is weakly Feller (recall Lemma 13), it is
easy to see that T' is a weak Feller semigroup acting on C(K,). This implies that
also the related weak resolvent R = (R))x>o defined by

(13)  Rap(w) = / dt e M Tip(w), A>0, peC(Ku) weKn,
0
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is weakly continuous.

Fix ¢ € C*(Kw), A > 0. Then as in [Wil79, §II1.13], t — e MRy (W;) is a
supermartingale under P,,. Hence, by Doob’s regularity theorem ([Wil79, Theorem
I1.38]), the random process

(74) t = Ryo (W;) has a cadlag modification.

Replace now (), ¢) by a countable dense family of such (A, ¢n), m,n > 1. Then
{R»,,¥n : m,n > 1} is a countable family of functions on Ko , separating points.
Indeed, T is weakly continuous, and the ¢, separate points. Together with the
cadlag property (74) of the t — Ryp (W;), we get the cadldg modification of W.

As the weak Feller process W has right-continuous paths, from the weak conti-
nuity of the corresponding resolvent and [GS75, Theorem 1.4.7] we get the strong
Markov property of W.

Since starting from K, the process W coincides with W, we get the weak
Feller, cadlag and strong Markov property of W, finishing the proof. O

3.2. Excursion measures N.. Recall that e denotes the trivial path in W,
with life time 0. Since {s: W; =e} = {s: {; =0}, Pe-a.s., e is a regular point
for (W,P,), and the local time of W at e can be described by the local time
(Lg(())s>0 of ( at level 0. Therefore, we can built the Poisson point measure of
excursion from e and the related ezcursion measure N, = N.[o]. From [LG94,
Proposition 2.2] we have

Lemma 20 (Characterization of excursion measures N,). Fiz ¢ € E. The
excursion measure N, is characterized, up to a multiplicative constant, by the fol-
lowing properties:

(i) The lifetime process { of W wunder N, 1is “distributed” according to Ité’s
measure n(df) of positive excursions of linear Brownian motion.
(ii) Wo =e, Ne-a.e.
(iii) The conditional law of W wunder N, given (, denoted by ©S, can be
described as in the end of Proposition 19.

The excursion measures n and N, are normalized as follows: For all € > 0,

(75) n(sup f(s) >¢) = Ne(sup(s >¢) = 2i
§>0 >0 €

In order to formulate a strong Markov property of W under N, , we need some
more notation. Recall notation o = ¢(¢) introduced in (42). Write P, w € W,,
for the law of the stopped process Wy, . Its transition function can be described
similarly as those of W under P, . Here ( becomes now a Brownian motion
stopped when it hits 0 (instead of reflecting at 0).

Let T denote a stopping time of the filtration (F,;),s, such that T > 0,
N.-a.e. Also, let F,G : C(Ry,W) — R, be measurable such that F is Fr-
measurable. Recall that 61 denotes a time shift operator. Then the strong Markov
property of W under N, reads as follows:

(76) Ne L7} F Gobr = N 1o} F Py, G.

Fix w € W. Consider the Brownian snake W and its life time process ( = {[W],
both under P} . Note that the life length o({) of ( is finite P} —a.s. Introduce the

minimum process (, := min{¢, : s € [0,7]} of ¢, and denote by (i, 0;), i € I,
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the excursion intervals of ¢ — ¢ away from 0 by time o. For each i € I, put
(77) Wsz(t) = W(Cii"rs)/\ﬁi (Cas +1), 5,1 2> 0.
From [LG94, Proposition 2.5] we have
Lemma 21 (Poisson point measure N of excursions). Fiz w € W. Under
P
(78) N =) 8o, W)
iel
is a Poisson point measure on Ry x C(Ry, W) with intensity measure

(79) PLN(d(t, FG)) = 2 l[O,C(w)] (dt) Nw(t) (dK,).

Proof. Follow the proof of [LG94, Proposition 2.5] up to the last equation array. Let
F(t,k) = F1(t)F>(k) be a non-negative measurable functional on Ry x C(R4, W)
such that Fy(k) = 0 if sup,sq (s(x) < €, for some fixed € > 0. Then, conditioning
on ( and using the conditional independence of the W,

(80)  Phexp[— Y RGa)B(W)

iel

Pow | SlogPo{ exp [~ ARV [ ¢}

iel

Phexp [ Y log | 05 (%) exp [~ Fu(G) (o]

iel

[recall notation © introduced in Lemma 20(iii)]. But under the law P, the

point measure ., 5(@' c(wi) on Ry x C(R4,R4) is Poissonian with (o—finite)
intensity measure 2 £ ¢(w)(dt) n(df). Hence, by the Laplace functional formula
for Poisson point measures, the latter chain of equations can be continued with

¢(w)
exp =2 [ [ nan(i- [ ofgnenone)]
0 C(R4+,Ry) w

¢(w)
exp [ - 2/ dt/ Nw(t) (dK,) (]_ — e_Fl(t)FZ(”))] ,
0 C(R+,W)

since N (dx) = fC(R+ R+)n(df) ©7(dk) by a representation of the excursion mea-

(81)

sures N, based on Lemma 20(iii). This gives the claim. O

3.3. Exit local time and modified hitting measures Z;. Fix e € E. Let D
denote an open connected subset of E such that e € D. Assume

(82) I, (& € E\D for some t >0) > 0,

and, in line with (45), we introduce the ezit time of the left-continuous path £ from

D by

(83) P(¢) == inf{s >0: & ¢ D}.
Put
(84) Yo = (G =P (W), -

Lemma 22 (Continuity of 7). The process v = (7)s>0 %5 continuous.
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Proof. Fix a sample of W and sy > 0. We want to prove continuity in sg. Start
with the case 75, > 0. Then we find an € > 0 such that (s, > 7°(Ws,) +¢. For all
s close enough to sy, we have (s > (;, —€. Hence, for these s, the W; coincide on
the time interval [0, (s, —¢]. But 72 (Ws,) < (s, —€, implying 7°(W;) = 72 (W5,)
for these s. Hence, s = (Cs — 7P (WSO))+ which converges to 75, as s = sg.

In the remaining case v,, = 0, we have (5, < 7°(W,,). For € > 0, clearly
Cso + € > (s > (s, — € for all s sufficiently close to sg implying that the W
coincide on the time interval [0,(,, — &]. Then we must have 70 (W,) > (,, — &.
Therefore,

Yo = (G=mPWa)) . = (G =T°We) 1{¢ 2P (Wo)} < (G —Cso +6) < 26
for all those s. Thus, v = 0 =5, as s — sg, finishing the proof. O

Lemma 23 (Imbedded reflecting Brownian motion 7). Fiz e € E, w € W,,
consider the Brownian snake W under P, , and put

(85) A, := inf {s >0: / dt 14,503 > r}, r>0.
0

Then, A, < oo, Py—a.s., and the process r — a4, is a one-dimensional (standard)
reflecting Brownian motion starting from (((w) — 72 (w))+.

As in [LG94, Propositions 3.2], Lemma 23 implies that the limits

el0

(86) lim 6_1A dr l{TD(WT) < <TD(W,)+e} = L?, s >0,

make sense Py,—a.s. and Ne—a.e. In particular, definition (50) of the exit local times
s — LDt is justified, P,—a.s. and N.—a.e., for each ¢ > 0. Moreover, as in [LG94,
Propositions 3.3], (86) yields, for any non-negative measurable function F defined

on W,,

(87) N [(LEFw) = 12 FG),
with sub-probability law

(88) M2 = T { (§unrp) 5 € (s 70 < 0 }.
Note that by definition,

(89) ((€) = 7°(¢) under TI.

Fix for the moment ¢ > 0 and % € C},,(E). Returning to the case D = D* and
rewriting (52) by using (51), that is,

(90) (Ze) = [ LB (W () Lowzeo-n:
from (87) and (89) we get
(91) Ne (Zt ’ ’l/)) = HeDt d"(gﬂ) 1{ggt:t}'

As a counterpart to (51), we set

& &, if 52 =t,
) t = t Tt
(92) ¢ { t  otherwise.



SNAKE IN THE CATALYTIC REGION 19

Then, instead of (91), we get the first moment formula
(93) Ne(Ze,y) = I ("),  e€E, 120, v € CL,(E).

3.4. Laplace equation for the modified hitting measure process Z. In the

special case m = 1, the following result is in formal analogy with [LG94, Proposi-
tion 4.2].

Proposition 24 (Laplace equation for Z). Let m > 1, 0<t; < -+ < tm, and
zﬁl,...,'d)m EC:;(p( ) Put

(94) u(e) = N, (1—exp[—2<zt,.,¢,->]), eck
i=1
Then u = utt-tm[thy ... 1, 0] is the unique non-negative solution to the integral
equation
(95) u(e) = YOI i(€) — 200 | dsu?(€,), eck.
i=1 R+

Proof. For m, t;,¢;, 1<i<m, asin the lemma, and A > 0, put

(96) u(Ae) = N, (l—exp[—/\i(Zm,m)]), e€E,

and -

97) filh,e) = N (Zy, , ) exp[ )\f: (Zy; ;) ] e € E.
=1

By definition (52) of the modified hitting measures Z;, ,

98)  filhe) = N, / L2 4y (W) exp ,\Z/ Dy Wt:)]

Let 0 =:59,, < s1,n < --- be an equidistant decomposition of R} with mesh size
1/n. Approximating the first Stieltjes integral in (98),

D,

i
[Sk—l,nask,n]/\a

(99)  fi(Ae) = N lim Zzz:z o ana) L

Sk,n\O

exp ,\Z/ Lo i (W, ]exp AZ/

Sk,nN\O

er ¥; Wt’)]

But L[Slc Lmssem]AC <L, t", and, by (87), NEL,,” = Il Dy < 1. Thus, by dom-
inated convergence, we can interchange the integration with N, and the limit
procedure. Then, for k,n fixed, we apply the strong Markov property (76) of W
under N, to the stopping time s, Ao to get (in an intuitive way)

o) N { e AZ RO | Fano| = PO )
Sk,n/\O
where

(101) F(w) := P} exp|— )\Z/ Ldr p; W:’)] = Pf‘,exp[—)\i (Ze; ,45) ]
j=1
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w € W. Inserting (100) into (99), or more precisely, by a direct application of (76),

and interchanging the limits again, as well as passing back to the Stieltjes integral,
gives

(102)  filhe) = N / L' (W) F(W,) exp ,\Z/ ar’ ¥ (W)
Substituting s = o — s yields

PR IR RN ) )

But W, hence W?* from (51) and the measures LDt are time-reversible with
respect to o under N, . Therefore,

" [° D .
(103)  fi(\e) = N, / LY (W) F(W,) exp [—,\Z/ Loy 43(W5)].
j=1"%
Applying again the strong Markov property as in (100), we find

(104) filhe) = N, / LY (W) F2(W,)

[with F' from (101)].
Under P}, introduced after (75), for the modified hitting measure Z;; from (52),

(105) /\Z<Zt,- i) = /R N(d(r, k) AZ(Z;,%),

+ XC(R+:W)

where N (d(r7 n)) is the Poisson point measure from Lemma 21 with intensity mea-
sure

(106) PLN (d(r, k) = 240,¢(w))(dr) Ny (d).

Inserting (105) into (101) and calculating the Laplace functional gives

(107) F(w) = exp[ /c(R W)Nw(,) (dk) <1 —exp [— A i (ij,¢j>] )| :

w € W. Putting this into (104) yields

(108)  fi(h,e) = N / Lot o (W) x

o l— 4/0<(w ) /C(R+,W)NW (r)(dr) (1 —exp [ - ,\j:il (zr, ¢j>] )] .

Moreover, applying (87) [as we derived (93)] gives
Dy, .
fi(he) = I 71[’1(6%) x

(109) exp[ - 4/; “ T/C(R+,W) (dr) (1 —exp [ — i (zr, 1/;]-)])] .
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Using notation (96) this results into

(]_10) fi()‘ae)
X 71, (€)
o2 - [ ain |

Il

= I ha(€9) — I 9u(§¥) (1 —exp|—4 /0 “ar u(A,&)D-

But by the fundamental theorem of calculus,

715 (€) Te; (€) 71, (€)
1—exp [— 4/ dr u(A, {T)] = 4/ ds u(A, &) exp[— 4/ dr u(A, &)] .
0 0 s

Hence, for the last term in (110),
D R Tt; (5)
(111) TII. > wz(gtz) <1 — exp[— 4/ dr u()\,{-})])
0

= 4/ ds IL, 1{s<’rti<oo, fgtlzt;}u()‘ags) d"i(é-ﬁi)expli_ 4/ dr U(Aagr)]a
0 i

where we additionally interchanged the order of integration and used definition (88)

of TI2* and notation (92) of £t Using the Markov property at time s, (92), (88),
and the first identity of (110), the latter equation can be continued with

= 4/ ds II, 1{s<‘rti}u(>‘7£s) fi()‘ags) = 4He/ tids u()‘ags) fi(Aafs)
0 0

(112) = 4He/ dS u()‘afs) fi()‘ags)'
Ry

Here, in the last step we used the fact that

(113) filME) =0 if s>, .

Indeed, s > 7, implies that & ¢ Dy, by the definition (45) of the exit time.
Moreover, e ¢ D, yields 7, = oo, Il.—a.s., again by (45), giving HED” = 0. Thus,
for such e, by the first identity in (110), fi(A,e) =0, and (113) is true.

Inserting (112) into the last line of (110) yields

(114) Fi(e) = T2 gy(é5) — 4TI, / ds (), &) i\, &a).
Ry
As
(115) Sulhe) = g;fi(/\,e),
we have

(116) ule) = u(l,e) = /Od,\ Zf,-(,\,e)

. - Dy 0 (ftiy = s ' U zu
= D7) 4L [ s [[aru06) gruongo)

where we used (114). This shows that u solves (95).
The uniqueness statement is easy to establish. a



22 FLEISCHMANN AND XIONG

3.5. Brownian snake representation (proof of Theorem 15). Let r > 0 and
U € Miem. Consider m > 1, r =1 tg < t; < -+ < tyy, and @1,...,0m € Ct

exp *

Recall the log-Laplace representation (56) involving v solving uniquely the log-
Laplace equation (57). On the other hand, setting

(117) Pi(e) = pi(e?), e= (' e?,e®) €E,

by the log-Laplace formula for Poisson point measures,

(118) logPexp Z /c " W) /E 7Y (de) soi(e3)]

= —ogpo [~ [ waw 35z o)

Joxoxiiae) [ waw(1-ex] - Z<Z,- )
J 6o xa @ ute) = [ wida) u(o,r2)

with u the unique non-negative solution to (95) according to Proposition 24.
To finish the proof, it suffices to show that

vp(x) =ulr,r,x), T,T,T) € Ry X Ry X , under .

119 ! ! Ry x Ry x R? der (117

By (88), (92), and (33),

(120) 11, ”) $i(€) = M ) L, <oo 2, =t:3 Pi(E3,)) = Prz Lircsy 9i(By,)-

Thus, the linear terms at the right hand side of (57) and (95) coincide. Using
definition (34) of ¢, for the non-linear term in (95) we obtain

(121) H(T,,T,w)/ ds u?(¢,) = P,,z/ ds u2(r'+s,TL_1(s),BrL—1(s))

= Pr,z/ L(ds) u? (r' +"L(s),s, By).

Consequently, (95) can be rewritten as
(122) ulr'1,0) = Pra| Y- Lircry w(Be) = 2 [ L) (4 7L(5),5,B.)].
=1 T

Recall that by Proposition 24, (122) has a unique non-negative solution. Now
(123) a(r',r,z) = v.(z), (+',r,z) € Ry x Ry x RY,

with v from (57) also satisfies (122). By uniqueness, & = u, and (119) follows,
finishing the proof. O
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