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ABSTRACT. We consider extended Pirogov-Sinai models including lattice and con-
tinuum particle systems with Kac potentials. Calling A an intensive variable con-
jugate to an extensive quantity a appearing in the Hamiltonian via the additive
term —Aa, we prove that if a Pirogov-Sinai phase transition with order parameter
a occurs at A = 0, then this is the only point in an interval of values of A centered
at 0, where phase transitions occur.

1. Introduction

“In the abstract space of all potentials, phase transitions are an exception”. This
statement by Ruelle in his classical textbook, [10], suggests the validity of the Gibbs
phase rule, but the notion must be accepted only very cautiously, as remarked by van
Enter, [5], [14] and then by Sokal and Israel, [13], [7]; anyway a complete proof of the
Gibbs rule would require to show that in the space of the few thermodynamically
relevant parameters, phase transitions occur on regular manifolds of positive co-
dimension. But, as stated again by Ruelle in a recent review on open problems in
mathematical physics, [11], the proof of such a statement must be regarded as one
of the main challenges in statistical mechanics.

In the Pirogov-Sinai regime where configurations can be described by contours
which satisfy Peierls conditions, the situation is definitely better, as the theory pro-
vides tools for a very detailed knowledge on the structure of Gibbs measures in a
region in the relevant parameters space; see for instance Sinai’s book on phase tran-
sitions, [12]. The traditional Pirogov-Sinai theory is a low temperature expansion
which enables to control the entropic fluctuations from the ground states, its natural
setup being the lattice systems. But the theory is not limited to such cases and it
has been applied to a great variety of situations, covering various types of phase
transitions. We just mention here the case of Kac potentials, which are seen as
a perturbation of mean field, where the small parameter is the inverse interaction
range of a Kac potential. According to van der Waals, the theory becomes then well
suited for investigating the liquid-vapor branch of the phase diagram and, as shown
in [9], its applications are not restricted to lattice models, [4], [2]|, but continuum
particle systems can be treated as well.

All the above cases have a common structure. There is a term in the Hamilton-
ian of the form —Aa, where « is an extensive quantity and A € R is its conjugate
variable: in the case of spins A is an external magnetic field and o the spin magne-
tization; for particles, A is the chemical potential and « the particles number. Our
main assumption is that at a value, say A = 0, of the intensive parameter there is
phase coexistence with a an order parameter, and that defining contours in terms
of the variable «, the contours satisfy the Peierls bounds with suitable coeflicients.

Under this assumption (plus some technical conditions of super-stability type if the
1
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variables are unbounded) we prove that there is a finite interval of values of A, cen-
tered at A = 0, where coexistence occurs only at A = 0. The proof does not need to
specify the precise structure of «, nor the precise definition of contours and it covers
in a unified way both perturbations of ground states and Kac potentials. The proof
is truly simple, at least we hope, and it avoids the traditional requirements about
the structure of the restricted ensembles free energies, which in the applications are
not always easy to verify. A more detailed (and maybe more model dependent) anal-
ysis is needed if we want to investigate finer questions as differentiability or analytic
continuation. As shown recently by Friedli and Pfister|[6], also for such questions the
analysis extends from the traditional setup of the Pirogov-Sinai regime to models
with Kac potentials.

In Section 2 we specify the setup and state the main results. In Section 3 we
recall the Peierls argument to prove the occurrence of a phase transition at A = 0.
Section 4 is the most original part of the paper, we prove there that if A is positive
or negative, then, correspondingly, the plus or the minus phases are stable, namely
Peierls bounds hold true for the corresponding contours. In Section 5, we complete
the analysis by showing uniqueness. In Section 6 we prove that the assumptions in
Section 2 are verified in the LMP model for phase transitions in the continuum.

2. Model and main results

State space
After partitioning the physical space (Z< or R?, d > 2) into cells made of cubes of
side £ (£ a free parameter whose choice will be discussed later), the system becomes
a lattice model with a general single site state space Q). In this way we will treat
in a uniform way models on a lattice and in the continuum. The main examples we
have in mind are finite spins and point particles:

{—k,...,k}* with k and ¢ positive integers
Q=
(n;r1,...ymn) mEN, mp € (—£/2,£/2)% £>0

In general, @ is a polish space, whose generic element is ¢ while ||g|| denotes its
norm; a configuration is then q := {q,}cz¢, which is an element of the phase space
QZd, g, being the configuration at z € Z9. In the particles case, g, := (n;71,...,7,)
is the collection of positions of the particles which are in the cell C,. We equip the
space QZd with the product topology corresponding tothe metric topology on Q. Of
course this topology is metrizable with a norm given e.g. by ||lg|| = >, 5427 ||gz ]|,
where |z| = sup;; 4 |zi|- In the sequel we will call two sites, z and y, connected if
|z — y| < 1, thus in this paper connected sets are the same as * connected sets.

Free measure
We consider a fixed probability measure on @ (the counting measure or the law
of a Poisson process, in above examples). The free measure is then the product
measure v on Q”*. v,(-) denotes the marginal of v(dg) on Q* for A C Z<.
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The models we consider are defined by Hamiltonians obtained in the usual way
from interaction potentials. We will always assume translational invariance, finite
range and continuity of the potentials, which are then bounded when @ is compact.
In the non-compact case, we allow for unbounded potentials, supposing they give
rise to Gibbs measures p with the property that the interactions remain almost
surely bounded.

Unperturbed Hamiltonian and contours

We fix a reference Hamiltonian H, which incorporates the inverse temperature
B as a factor, so that H, is dimensionless. We define H, by giving the family of its
potentials {Ua}, recalling that the energy of a configuration g, in the finite region
A in interaction with the configuration p in the complement of A is given by the
formula

Hy(qa|pac) = Z Ua(qa, Pac)
AMAAD

where (qa,pac) is the configuration which agrees with gy and pje respectively on
A and A°. We choose the cell length £ in such a way that Un = 0 unless A is a
translate of the cube |z| < 1. Abusing notation we then write U, for the potential
relative to the cube A with center at z. We then have

Ho(qalpac) = > Us((gapa)) (2.1)

z:dist(z,A)<1

We suppose that U,(q) is a translation invariant function, i.e.

Uw(q) = UO (qu), (TEQ)y = Qr+y

with Uy(q) depending only on {g,, |y| < 1}. The other assumptions on H will be
stated later.

We are going to describe the configurations in terms of contours, and, as we
will see later, the validity of a Peierls condition for Hy will constitute the main
assumption on the Hamiltonian. By adjusting the choice of £, contours are simply
described in the following way. There is a single spin function 6(g,) with values in
{0, £1}, so that the phase variable

O@z)= I Tow- - 1l ow-— (2.2)

yily—=|<1 yily—=|<1

indicates the spatial distribution of phases: namely the regions
{©(q; ) = £1} are respectively called the + equilibrium regions, while the maximal
connected components of {O(g;z) = 0}, denoted by sp(T’;), are the spatial supports
of the contours. A contour I' is then the pair I' = ( sp(I'),f0r), where Or is the
restriction of 6 to sp(T').

In the sequel all configurations ¢ that appear as boundary conditions will be
assumed to be such that the set of points z € Z¢ where 0(q,) # 0 is compact.

The full Hamiltonian
The full Hamiltonian that we consider has the expression:

Hy(q) = Ho(q) + AH1(q) (2.3)

where AH7 is the perturbation and A the coupling strength. The main examples we
have in mind are when A is a magnetic field and —H;(q) the magnetization density,
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and when A is the chemical potential while —H;(q) is the particles density. More
generally and analogously to (2.1) we set

Hi(galpas) = =8¢ Y ul((aa,pac)) (2.4)

z:dist(z,A)<1

with a,(q) = ap(7.q) dependent only on g,, |y — z| < 1 (after a proper choice of the
cell length £). Thus, in the above examples, a,(q) is respectively the magnetization
and the particles densities in the cell indexed by z.

The coefficient 8£¢ could be incorporated in ), but we prefer to have the two
quantities separated, to keep a connection with the original model, before its repre-
sentation in cells.

We will suppose that « is an order parameter for Hjy, namely that there are
oy > a_ so that

o

Olgz) = +1 = |au(g) —au| <, ¢=

= (2.5)

(any other choice with ¢ < (a; — o) would work as well).

Gibbs and DLR measures
The Gibbs measure uf\’gx(dq) on the finite region A C Z? with b.c. p is given by
®) e~ Hx(aalpac)
paa(dg) = ——a——va(dga)dp, (dgae) (2.6)
ZxA

The denominator Z ,(\pl)\ is the partition function.

20, = [ oadan)dy (dasc)e onrs) 27)

and
M) = > (Vallan,pae)) = ABEau((an, 1))
st(z,A)<1

z:di

A DLR measure pu(dq) is then defined by the local specifications u&’j}x(dq), by re-
quiring that the conditional probability of u(dg) on the o-algebra Fj. generated by

{gs, T € A}, is p a.s. equal to uf\’&(dq).

The + Gibbs measures.
The configuration p is a + boundary condition w.r.t. the finite region A T Z4, if

0(p,) = £1 for all z € A® such that dist(z,A) € {1,2}. Then the + finite volume,

. +,
Gibbs measures uf\ 7 ) are

() e—Hx(qalpac)
paa (dg) := T Hel)=, dist (e)=1) va(dga)dp,c (dgas) — (2.8)
AA
where the partition function Z /(\i’p ) is defined as the normalization factor for uf\ip )(dg)
to be a probability.

The Peierls condition
We will say that the Peierls condition holds with constant Cp > 0, P standing
for Peierls, if for any finite region A, any + boundary condition p and any sequence



I'y,..., [y of contours with sp(I';) C A,
ufﬁ’p) (q :I'y,..., T, are contours of q) < = Cp 2Tyl (2.9)

where we have denoted by |T'| := |sp(T)].

Notice that the condition refers only to A = 0. It will be used under the assump-
tion that Cp is large: that is, C'p larger than some universal, dimension dependent
constant. Under such an assumption, (2.9) implies the occurrence of a phase tran-
sition, as stated in Theorem 2.1.

The condition Cp large is in general model dependent, and our point here is
that once and for whatever reason, the condition is checked to hold, then all the
properties we will state below are valid and can be applied.

In traditional Pirogov-Sinai models the condition that Cp is large is verified
when 3 is large, while in the case of Kac potentials it follows from assuming the
scaling parameter v small. In both cases (8£%) large is the condition responsible for
the largeness of Cp. While Cp diverges with (3£%), in general the ratio Cp/(3£%) is
infinitesimal and the range of values of the coupling constant A will be determined
by the such a ratio

§ = % (2.10)
Temperedness conditions
We suppose that there are constants c,, c,,, n € N, so that
ug\{j{}’p)(|az(q)|”) < cp, for any z € A (2.11)
ug\{j\"}’p) (q :qe| > t) <cdt™" foranyzecAandt>1 (2.12)
and call “tempered” a probability on QZd such that, for some coefficient ¢,
u(q s qe| > t) <ct™ foranyz€Zandt>1 (2.13)

Large deviations, Cut and paste bounds
There is a positive function C*(a), a > 0, with the following property. Let A be
any finite region, {T;} the maximal, connected components of the complement of
A, {¢;} parameters with values in +1, A any subset of A. Then, calling ug\{j\"}’p) the
measure (1 , conditioned on {O(-;z) = ¢; on T; Mdist(z, A) = 1},

u57 (lea(@)] > alAl) < @@ 0y =Y "0, (214)
TEA
Notice that the above condition is automatically satisfied when @ is compact.

In Section 5 (when proving uniqueness), we will need the following cut and paste
bound, namely that there are a constant ¢ > 0 and n > 0 so that the following
holds. Let A be a bounded region, ¢ > 1, ¢ and p two configurations such that, for
any z, |g,| <t and |p,| < t. Then, for ¢, = +1,

(2)
Z)(\I,))A (e(qz) =€ T € A) B

where the argument of the partition function means that the partition function is
defined with the constraint indicated by the argument.

(2.15)



The bound (2.15) could be proved as a consequence of assumptions on the in-
teraction like
|Hxa(qal@a<)|, |Haa(galpac)| < Crt|A] (2.16)
(Cr a suitable constant, proportional to £, while n is determined by the form of
the interaction: e.g. n = 2 for pair interactions, n = 4 in the LMP model) and on
assumptions on the free measure of the sets 6 = +1:

/ vp(dgy) > e (2.17)
6(g=)=¢0

The sets gf
For any bounded set A in Z¢, we denote by G, the weak closure of the family

of measures which are convex combinations of the family {/LE\TA’Z_’ 2 Vi A}. Gy, is
defined analogously. Then, for any u € gif A

u(q: lgz| > t) <dt™, foranyzeAandt>1

(¢, asin (2.12)). As a consequence, Gy is weakly compact and since
gf’A 3 giA’ when A J A

we conclude that

g;\r =Tl g;r,m gy =1 g)T,A
are both non empty, weakly compact, convex sets of tempered DLR measures. Notice
that gf, which are both non empty, are however not necessarily distinct.

We can now state our main theorem.

Theorem 2.1. There are dimensions dependent constants Cp(d), d > 2, so that
Zf Cp Z Cp(d), then:

e AtA=0,G, NGy =0 and if u € G5 then, for all z, u(O(-;z) = +1) > 1/2.
If, moreover, there is a* > 0 so that (8¢¢)C*(a*) > Cp (in the sequel we shorthand
C* = C*(a*), the latter defined in (2.14)), then for suitable constants C(d) > 0:

o If0< A< X =C(d)é&? (resp. 0> X > —X*), any tempered DLR measure
w (see (2.13)) is in Gy (resp. Gy ) and, for all z, p(©(;z) = 1) > 1/2 (resp.
uO(;z) =-1)>1/2).

Theorem 2.1 will be proved in the remaining sections, in particular the statement
at A = 0 is proved in Section 3, while the statements at A # 0 are proved in Sections
4 and 5.

Theorem 2.1 proves uniqueness in a “small” interval of values of ), in particular
in the case of Kac potentials the interval becomes infinitesimal as v — 0, v the Kac
scaling parameter, see Section 6 for the LMP model. A different argument must
be used for the larger A, which in many applications (including Kac potentials and
traditional Pirogov-Sinai models) is based on the fact that the double well structure
(of the energy or of the mean field free energy, for Kac potentials) at A = 0 is
unbalanced when A # 0. The one well case is in general “easy to treat” at least if
the unbalance between wells is not too small, i.e. if A is large enough. Thus our
theorem covers the dangerous case of the small perturbations. The extension to



larger A involves new assumptions on the structure of the Hamiltonian and seems
more model dependent. In separate papers some specific cases will be treated.

3. Phase transitions and the Peierls argument

In this section we will prove the statement of Theorem 2.1 about the occurrence of
a phase transition at A = 0. The proof is nothing but the classical Peierls argument
and we report it mainly because it introduces notions that will be used in the sequel.

Geomelry of contours.

Given a contour I', we denote by ext(I') the unbounded maximal connected
component of sp(I')¢. The contour is called a + [—] contour if Or(z) = 1 [resp.
= —1] for all z such that dist(z,ext(I")) = 1. By definition of contours ér is constant
on {z : dist(z,ext(I")) = 1} and different from 0. We call int(T") = sp(T")¢\ ext(T),
and distinguish int*(T") as the union of all the maximal connected components of
int(I") which are connected to regions where fr is respectively +1. Finally we call

V(D) = sp() U int(T) (3.1)

Mass of contours.
The mass of a & contour I relative to a probability x on Q%°, is defined for all
configurations p which are respectively + b.c. relative to the region V(T'), as

/,I,(F, p) = u (q:I‘ is a & contour for ¢ ]—'V(F)c;{G(q;q:):il,dist(z‘,V(I‘)):l}) (p) (32)

namely u(T';p) is the conditional probability computed at p of having the contour
I', given the o-algebra generated by the variables q,, z € V(I')¢ and given that
{©(q; z) = £1,dist(z, V(T)) = 1} .

If T" is a & contour and u = ug\i",p()r), we write its mass as my(I'; p), namely
ma(l';p) = ug\i",”()r) (q : I is a contour for q) (3.3)

which, sometimes, will be simply called “the mass of the contour I'”.

Notice that a different notion is often used in the literature, namely that of “the
weight of a contour”, which is defined in terms of a ratio of two partition functions,
one with the constraint of having a contour I' and the other one with the constraint
that the contour I' is absent.



Finally, u satisfies the Peierls condition relative to a class {I'} of contours and
with constant C, if

u(T;p) < e CFl for all contours T' € {T'} and all p (3.4)

Lemma 3.1. If C is large enough, then

Z e Ol < € (3.5)

:0eV(T)

The proof starts from the observation that |I'| > 7 (in d = 2 the minimal contour
consists of a site and those connected to it). Thus the sum in (3.5) starts from sets
with at least 7 sites. We can then factorize a term e ¢ and need to prove that
the remaining sum is bounded by 1, if C' is large enough. This involves a counting
argument which, being by now classical, is omitted.

Proof of the statement in Theorem 2.1 at X\ = 0.
Suppose the measures uéi’p) satisfy (3.4) with C' > 1 and as large as required by

Lemma 3.1. Then, for any z € A:
ugip)ﬂax —ay|>() = uﬁf’”) (z € V(I),for some ') < 1/e (3.6)

The inequality remains valid after convex combinations and weak limits, proving
that Gi are distinct.

Some generalizations.
In the next section we will use variants of the above argument which are stated
below. We will denote by u(f) the expectation of a function f, relative to a measure

L

Lemma 3.2. Let u be supported by configurations q  having
O(q;z) = €, € € {1}, for all x € A°, A a bounded region. Then, if u satis-
fies the Peierls bounds for all €y-contours with a constant C' as large as needed in
Lemma 3.1, for any ¢ € A

1/2
u(|01z - a60|) <(+ e ¢/? .u'<|az - 0160|2) (3'7)
1/2
(10 = 0 [T aryi¢) < € % il — ) (3.8)

Proof. We partition the space into the sets |a, — a,| < ¢ and |a, — | > (.
The contribution to the expectation (3.7) of the first set is bounded by (. All
configurations in the support of u which belong to the second set, have a ej;-contour
I' with z € V(I'). We then use Cauchy-Schwartz and (3.5) to prove (3.7) and
(3.8). O



4. Stability of phases

In this section we will prove that for 0 < A < A*,
ma(L; q) < e~ (Cr/8Nr  for any + contour T’ (4.1)

and that the analogous property holds for negative A and — contours.

By standard arguments and using the analysis of Section 3 (details are omitted),
it follows from (4.1) that for Cp large enough, if A > 0 [A < 0], then any measure
in G* [in G| is supported by configurations ¢ such that the set {z : ©(q,z) = 1}
[{z : ©(q,z) = —1}] occupies most of the space. The persistence of this property
past A = 0 is usually referred to as “a stability of the + (or —) phase ” under the
perturbation of strength A.

To have lighter notation we restrict in the sequel to positive A, the proofs for

negative A being completely similar are omitted. (4.1) will follow from showing that

the typical configurations of uf\;{p ) have a layer close to the boundary of A, where

mostly ® = —1, but after the layer typically © = 1. An improved control on the
thickness of the layer and on the absence of finger-like protuberances will prove in
Section 5 that any tempered DLR measure is in G*.

The key point is to show that ® = —1 has a cost and that it is therefore
convenient to have a transition to © = 1. The cost comes from the energy —Aa(q)
which would decrease from erasing the minus layer and thus changing ® = —1 into

© = 1. The problem comes from the entropic factor due to the number of ways to
realize the minus layer attached to the boundary of A. If X is very small, such an
entropic factor becomes too large and the layer impossible to erase. We will fix the
problem by not regarding as being in the plus phase any region with ® = 1 whose
volume is “too small”: the entropy is then drastically reduced and under control.
With this in mind we introduce the notion of

“Slim” and “Fat” contours
Slim and fat contours are distinguished using the length scale

£(\) =212 (4.2)

recall that we are supposing A > 0 small and therefore £ () is a large quantity.
The choice of the power 1/2 in the above definition is to a large extent arbitrary.

Definition 4.1. A contour I is called “\-slim” if
V(D) <& (V) (4.3)

where V(T') is defined in (3.1). A contour that is not A-slim is called “\-fat”. Simi-
larly, a region A is called “A-fat” if it is a bounded region, such that all the maximal
connected components of A¢ have volume larger than &€ (\)<.

Remark: When there is no risk of confusion, we will simply say “slim” and “fat”
contours.

Proposition 4.2. For 0 < A < X\* the mass of any slim contour I' is bounded by

ma (T q) < =P/ < o=(Co/HITIABE) os—a )V (D)) (4.4)

(the latter inequality will be used at the end of Section 5). The analogous statement
holds for —A\* < XA < 0.



Proof. For notational simplicity we will refer to A positive and + contours. We
will denote by Z(A) a partition function with the constraint that the configurations
should belong to the set A. We then have for a + contour T,

Z/(\jr‘}’g) (F is a contour)

mA(F;p) = Z(+’p) (4'5)
AV(T)

Then, by (2.14) and recalling the definition of ¢* in Theorem 2.1,

Z/(\TV’.’E}) (F is a contour) <

Z/(\jr‘}’z%) (F is a contour; |ay(m| < a*|V(F)|) + e’CP|F|Z/(\j§}’Z%)

In the first partition function on the r.h.s. we want to replace A by 0, in order to
use the Peierls bounds valid by assumption at A = 0. We have

Hy(qvnlavry) — Holavmylavey:) = —MBE) D aal(q)
dist(z,V(T'))<1

On the other hand, due to the constraints in the partition function, we can restrict
to configurations ¢ which agree with p on A, and such that both |ay ()| < a*[V(T)|
and ©(q; z) = 1 when dist(z, V(T')) = 1. Calling |a+| = max{|a.|, |a_|}, we have

| Hx(qv(rylavry) — Holgvmylavy)| < X

X = [A{(B)a" [V (D)] + (2|os])(2d) [T} (4.6)
because the cardinality of {z : dist(z, V(")) = 1} is bounded by 2d|T"| and |a; +(| <
2|ax|. Then

ZS}’(’%) (F is a contour) < eXZé}”(’I)ﬂ) (F is a contour) + e_CP‘F‘ZS}’(’%)

X—Cp|T| 7(+,p) —Cp|T| r7(+:p)
< TNz T e N4

and, writing Zéj{}’(’%) < Zéj;}’()%) (|av(p)| < a*|V(F)|> + e—CP\F\Zéj{;?%), we get

eX=Crltl ) . —Cp[T| (+:p)
< 1— e—Cp|I‘|Z0,V(I‘)<|aV(F)| <a |V(F)|> +e "2 Y
£2X—Cp|T|
<({=ear
2X—CplT|/2

< (1 — e—CpIT|

e 24,

n e—cp|r|/2> e O Z{in,

To bound the parameter X introduced in (4.6), we use an isoperimetric inequal-
ity: there is ¢4 > 0 such that
VD)< eqll], V(D) < ealTlE-() (4.7)
Then, recalling (2.10),
X < ((Cpata"eq) A (V)] + (2les)(2d) )T

By the choice of A* in Theorem 2.1, Aé_(A) < v/A* < §,/C(d), so that the first
inequality in (4.4) follows for C'(d) small enough and Cp large enough.
To complete the proof of (4.4) we need to show that

M(BE) (o — o) |[V(T)| < (Cp/A)IT (4.8)



By (4.7),
A(BEY) (y — a)|[V(D)] < M(BE) (s — - )eqTIE-(A)
hence (4.8), for C'(d) small enough.

For later reference we state a property analogous to one established in the proof
of Proposition 4.2 and which follows directly from (2.14). Let I be a contour and
p a configuration which has I" as a contour. Call D = {z : dist(z, sp(I') = 1}, then
0(p.) is constant on each one of the connected components of D, and we denote by
€; = £1 such values. Then, supposing Cp so large that

1—e %7 >e™, 1+ce Crlt <e (4.9)
20 (Jowpiry| > a*[1Y) < e PPz (Jagmy| < a'|TY) (4.10)

In fact, by (2.14),

Z,(\{:p} <|asp )| > a*|F|> < e—CP\F\Z/(\{Sﬁp%)

We then write

2l = 78 (lawm| > a*I11) + 28588 (o) | < a*|1))

and use (4.9) to get (4.10).

The proof of (4.1) for the fat contours is not as simple as for the slim ones. An
important point, see Proposition 4.4 below, is the analysis of the empirical averages
of a, in regions where only slim contours are present and where the boundary
conditions are in the minus phase. The setup is described by the measures

M(, s )(dq) ME\A (dq‘ {all contours are sllm}) (4.11)

To estimate the contribution of the perturbation AH;, we will prove that a, is close

to a_|Al|, which is not a priori obvious because A > 0. After establishing a Peierls

bound on contours for the measure uf\ P) , we will conclude that most of the space

is made of sites z with O(+;z) = —1 and this will yield the desired result.

Lemma 4.3. Let A be a fat region and A C A, |A| < £_(A)?. Then for ¢g = +1,

i) (dq| Fae, {0(g; ) = o, dist(z, A) = 1}) = pi% (dg) (4.12)
As a consequence if T is a slim contour with sp(I') C A, then
AT p) = ma(Ts p) (4.13)

the r.h.s. having been defined in (3.2).
Proof. The measure on the Lh.s. of (4.12) is equal to

,LLE\ A (dq|.7:Ac,{®(q, )=e€o,dist(z, A) = 1},{all contours of ¢ are slim}) (q,)

Since O(q;z) = ¢ for all z : dist(z, A) = 1, the contours of ¢ have spatial support
either contained entirely in A or entirely outside A. Since |A] < £ ()\)?, we can
drop the condition that the contours whose spatial support is in A are slim, because
it is automatically satisfied, hence (4.12).



If " is a slim contour and sp(I") C A, then V(I') = A because A is fat and (4.13)

follows then from (4.12). Lemma 4.3 is proved.

0

Proposition 4.4. There is ¢ > 0 so that if 0 < X < AX* and A is a fat region,

then
NE\?AHS) (q s laa(q) — a_|A]] > 2(|A|) < ce=Crl

ui" (q s laa(q) — ag Al > 2C|A|> < ceCrld

Proof. We start with (4.15). Since
{lan —ay Al > 2¢IAl} © {3 Jow = altia, ayse > CIAL}
TEA

by the Chebishev inequality,

53 (2 a(a) = s A > 2¢1A)
1
< = s1€1p /LEA (|Otz - a+|1|az a+\><)

All g in the support of HE) ?) are such that

if |az(q) — ay| > ¢ then ¢ has a contour I' with z € V(I)
Then, supposing Cp large enough, by Lemma 3.2

w7 (a+ loaa) = ALl > 2¢[A])

(efC’p)l/Z
< SQEMSA (low — oy

(4.15) follows then from (4.19) by using (2.11).

2)1/2

Analogously we have

i ( laala) — o [A]] > 2¢1A])

1
< - sup uE\A (|le - af|1\ara—\>4)
C TEA

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

For any z on the r.h.s. of (4.20) there is a slim contour I' such that V(I') > z. Then

B (10 =0 [Layase) € 30w (Jow - [1,0r)

T is slim
V([)>z

where ¢ — I means that I" is a contour for ¢q. By (4.12) we get

i (low = a-|1r)

— [ 57 da) iS58 (lanla) ~ a-140)

Using (4.4), setting e(T') = +1 if " is a & contour, we then get

. 1/2
8 (lew(e') — a1y r) < e © /M0 (jo, — o))

Using again (2.11), we conclude that if Cp is large enough, then (4.14) holds. Propo-

sition 4.4 is proved.

0



The minus layer attached to a plus contour

Resuming the notation (4.5), we fix a fat + contour Iy, (I'y because we will use
I' as a current symbol for contours, + because we are proving (4.1) with A > 0).
We also suppose that int~(I'y) is a fat region, in the other case the proof of (4.1) is
essentially the same as that of Proposition 4.2 and omitted. Given a configuration
q which has 'y as a contour, we select inside int~(T'g) the family (T'y,..,T',) of the
fat, minus, “external” contours: these are all the fat, minus contours I" with sp(T") =
int~(I'y) and which are neither contained in any V(I'"), I a plus contour in int ™ (T'y),
nor in the plus interior of any minus contour I in int~(T'g). Thus (T'y,..,T',) are
all the fat contours in the subset of int™ (I'y) obtained by erasing from the latter
all the regions which are surrounded by a circuit with ® = 1. We will shorthand
L' =(Ty,I'y,..,Ty), with (T'y,..,T',) as above.

Thus [ divides V(I'y) into three regions:

int*(T) = |_| int™(T;), sp(L) = |_| sp(ls),

i i

(4.21)
A (D) := V(To) \ {int* (D) Usp(D) |
The minus layer attached to the plus contour I'y is then defined as
A~(L) = V(To) \ int*(T) = sp(L) U A~ (L) (4.22)

In the next theorem we will prove a bound on the volume of the minus layer
A~(L') which implies (4.1) and which will be crucial in the proof in the next section
that all tempered DLR measures are in Gy, if A > 0 (and in G, , if A < 0).

Theorem 4.5. Let I'y be a fat, plus contour and A~ the random set defined in
(4.22), then for any V' > |T|,

/L(;,r{/p()ro) (HFO ANAT] > V) < e (Cp/8)ITo|-wV

4.23
w = min {% ; )\(ﬂf"l)iol+ ; a_} (4.29)

As a consequence
ma(Lo; p) < e~ (Cr/8)T0] (4.24)

Proof. Note first that (4.24) is an obvious consequence of (4.23). Thus we only
need to prove the latter inequality.
With the obvious meaning of the symbols, we have

fo}’f)ro) (|A7| > V)

(F2)
ZAv (T

u(ﬂ’/p()po)(ll\‘l > V) =

To bound the partition function in the numerator we start writing

(+:P) - (+:P)
ZA,VIEI‘O) <|A | Z V) S Z ZA,VIZI‘O) (q — E)

DA-[>V

Z,(\j"}lgo) (q — E) = /{pqinﬁ(r)} Ving+(ry (dp)e T2 Z/(\j;\”}z’ ) (q — £>



where {p' — int™([)} is the condition
0(pl,) =1 for all z € int™ (L) : dist(z,A) <2

while {g — I'} in the last partition function is a shorthand for the condition that
the configuration equal to ¢ in A~ to p’ in int™ (') and to p outside V' (T'y) gives rise
to .

The rest of the proof will only involve manipulations on
ZPP) (g - T). Calling

Ay ={zeA: dist(z, (A7)) > 1}, sp(D)" = A"\ A]
(recall that sp(I') = A~ \ A7), we then have

zer) (q—>£> = / Vp(ry+ (dg')e TP 7 (5 0) (4.25)
hotas)=ory o

where {0(q,,) = Or} is a shorthand for the condition that 6(q,) = 0r,(z) when z €
sp(T;), i = 0,..,n, and moreover that 6(g.,) = —1 when z € sp(I')*\ sp(I') (which is
the same as A \ 4.

By (4.14) with A — Ay,

AL < (1 _ ce_cp/4)_ ASAN (|ozA— —a_|Aj]] <2(|Ay |>

MAy AAY

which, reinserted into (4.25) yields:

ZSFA’IEP | (q - £> - /{'aA —aAa|<zc|A;|’} va-(dg') e @le?)

0(gz)=—1, c€AT\Ay

Vsp(Ei)(dq) e Hx(ald"pp) (4.26)

’ H/{ xESp(F ) }

In each one of the integrals in the above product we distinguish whether |ogyr,)| >
a*|'j| or else the reverse inequality holds. When the former occurs, we use (4.10)

and write
7H I’ , !
/ Vp(ry) (dg) e PP sy,
6(q2)=0r, (z),zEsp(T;)

< e Crinil g{ah a0 (00| < a1y

where {¢;}; are the values of 6 on the boundaries of sp(I';), which are fixed by I.
Collecting the above inequalities and calling |T'z¢|, I T {0, ..,n}, the sum of |[';]
over j € {0,..,n}\ I, we get from (4.26)
Zg Ayliyp ) (q — F) < Z *Cp|]."]c‘+n+]_
I{0,..,n}

+, N g
A (o e

T {q—m,iel}>

having used that {§ = —1 on A~ \ A;} implies that

‘O‘A*\AO_ —a_|AT\ A ‘ < AT\ Ag|



We next change A into A = 0 by exploiting the constraints in the last partition
function:

Z(+pp') (q _>F) < N e OG-0l (4.27)

AA~
I{0,..,n}

w @ HHABE) [ (a—+2¢)+a” ]\F\Z +PP ({q —I,1€ I})

and use the Peierls bound

Z0 A”_”p ({q —Ty,1 € I}) < e’CP|F1‘ZéjX’i’p’)

We will next reconstruct a partition function with the correct value of A and then
conclude the proof of the theorem. By (4.15),

250 < (1+ e 20507 (o — ag A7) < 2¢1A7))

Supposing Cp so large that (1 + ce ¢7/%) <ee,

(+.p.0") 1-x(Bed —20)|A| 7 (+.p.D")
ZO,A* <e (BL%) (a4 —2()] ‘Z)\,A*

By the two equations above, (4.28) becomes

Z/(\Jr/;zi,p’) (q s E) < on+1,—Cp|L|-A(BLY)(at —a— —4¢)| AT |
n+24+A(80%)[— (= +2¢)+a*]|L| 7 (+:p:p")
e (BehH)[—( )+a*]| ‘Z,\,A—

with 2"*! counting the cardinality of the subsets I in (4.28). By the choice of (, see
(2.5),

oy —a. oy —a
ap —o- — 4= =5+ =g
and by choosing properly the constant C'(d) in Theorem 2.1,
7C C
{——P + 6 'CpA[—a_ +a ]} + (n+2)+ (n+1)log2 < —TP|£| (4.28)
we finally get:
+ _
Z,(\,VIH“O)OA | > V)
) (4.29)
Z\V(To)
< eCrMalfs=uV  §™ mCrlA-ABE e A1
DA- >V
We will prove that
ma(To; p) := Z o~ CPITI/4=X(Bt%) (ot —a)|A~[/10 <1 (4.30)

L

which will conclude the proof of the theorem.

A counting argument
The proof of (4.30) will use coarse graining with grains the cubes of size £, ())
of a partition D&+ of Z94, where

£, =€ (V) (131)
supposing for simplicity £, () € .



Call {C’z, z € X}, X alabel set, the cubes of DE+™) with non empty intersection
with V(I'p), in the sequel we will restrict to such a set. Given I, each Cp € X,
falls into one of the following three categories:

e C,CA (D), o Comisp(l)#0, o C,C int*(D)
In fact the fourth one, namely C, MA~ (L) # 0, C,Mint* (L) # 0 and C, Msp(L) = 0
is empty because of the definition of contours.

To distinguish the three cases we introduce the variable ¥(T;z), z € X, which
has value —1, 0 and 1 respectively in the first, second and third case above. For
ease of reference we write it down explicitly:

-1 ifC, = A~(D)
Y(L;z) =<0  if CyMsp(L) #0 (4.32)
1 if C, Cint*(D)

For each z € X we introduce a weight wy(L; ) which is determined by the value of
(L :L') We first call, for z € X,

and then define the weights

e ABE (0 — 0)/10] . g gy = 1
wA(L;z) = { =3 4(Cp/4)|sp(L,) N C; | if $(;2) = 0 (4.34)
1 if (L 2) = 1
The definition is such that
ma(To;p) <[] wa(Tiz) (4.35)
I zex

The difficulty with (4.35) is that the weights w,(+; z) for different z are not indepen-
dent, but, as we will see, we can reduce by upper bounds to the independent case.
Let

S = {s € {0, :I:I}X : 5, = 0 for C,IM sp(Ty) # 0, |_| C, is * connected} (4.36)
sz <1
Our goal is to define new weights wy(s;), z € X, so that

A(To;p) < Z H wi(sz) (4.37)

seS zeX

Recalling (4.34) we set wy(1) =1 and
wr(—1) = —ABE (o — a)/10] (V) (4.38)

To define wy(0), we denote by T = (T1,..,T,,) any finite sequence of disjoint, *
connected, D()-measurable sets and define, given a cube C' € DE+ M),

wa(0) = Y ] 3Mle¥CrMITI (4.39)

T:T,NC#D ¢
|T;|>N*

where

N* = min {cdg,(A)d—l : §+()\)} (4.40)



- '

cq an isoperimetric constant whose value will be specified later. We will prove (4.37)

by showing that
> [T wx@z) < [] walse) (4.41)

Liy(Lia)=se,m€ X 2€X zEX

Indeed the factors 3/%:l in (4.39) take into account that there at most 3%/ contours
I' with sp(I') = T;. N* is a lower bound for the number of sites of all sets sp(I)
which are in C;, over all fat contours T such that sp(I') M C, # 0: the first term is
a lower bound for |I'| and covers the case when sp(I') = C; (see (4.7) and (4.3)),

~

the second one is for the case when sp(T') is not contained in C;. With this choice

(4.41) holds.
We next need to bound the weights w(-). For C; in (4.2) large enough, N*
becomes large too, and if Cp is also large enough

d
wr(0) < e—3‘d(CP/8)N*(1+ Z 3T|e—3—d(cp/s)T|>[5+(A”
T30,|T|>N*

< 2% O/ (4.42)

The proof of (4.42) uses standard combinatorics arguments and it is omitted.
Recalling (4.34),(4.31) and (4.2)

wr(=1) = e B —a) 10160y (3)d — \1-5d (4.43)

Thus by choosing A\* small enough, also wy(—1) can be made as small as desired.
By standard arguments, which again are omitted, it is then possible to show that
ma(Co;p) < 1 and (4.1) is proved.

5. Uniqueness of phases

In this section we will prove that when 0 < A < A* any tempered DLR measure
p is in Gy, the proof of the analogous statement for A < 0 is omitted. The idea of
the proof is similar to that in [8] and [1].

Let A be a cube of side L and A’ the cube with same center and side L/2. Given
a configuration ¢, let G = G(q) be the union of the maximal connected components
of {z : ©(g; z) < 1} which have intersection with A§. Call

G" = {z:dist(z,G) <1}, A= (G MA (5.1)

Given any bounded, local function f, we consider below L so large that f = f(qa/)
(i.e. it only depends on g,:). We then have

/ wWd)f@) =Y / u(dg) f (@) 1aw-a +

AZN!
> / u(dp) / s (daw) f(an)Lagy-a
ATA!

Recalling that the dependence of A, A, A’ on L is not made explicit, we will prove
. 12 _
.[}L)II;O p(AZAN)=0 (5.2)



thus concluding that

/ ([do)f(@ = Jim 3 / my (dp; A / ui2 (dgar) f (aw) (5.3)

ATA!

mL(dp;A)z(l@pij)i,))u(dm, > [ molana) =1

ATN
For any L the r.h.s. of (5.3) is the expectation of f w.r.t. a measure in QIA,, hence,

by the arbitrariness of f, u € Gy .
In the remaining part of the section we will prove (5.2).

The random sets G, .
It is convenient, at this point, to use the function 6(g,) rather than the phase
indicator ©(q; z), due to the local structure of the former. Recalling (2.2),

(0 <1} = {z: dist(z, {§ < 1}) < 1}

so that the maximal connected components of {® < 1} are obtained from the
maximal 3-connected components of {# < 1} (two sites z and y being called 3-
connected if |z — y| < 3) by taking all sites which have distance < 1 from the latter.
As a consequence, defining G~ = G (q) = {z € G : 0(q.) < 1}, we recover G from
G~ by setting G = {z : dist(z, G~) < 1}; moreover, the part of G~ contained in a
maximal connected component of G is a 3-connected set and distinct 3-connected
components of G~ belong to distinct connected components of G. G~ can be defined
directly as the union of all the maximal 3-connected components of {z : 6(g,) < 1}
which have distance < 1 from AS§.
We will next approximate the set G~ by sets G. For k > 1, let

Ap = Ap_q \ {z : dist(z,Af_;) < 3} (5.4)

and define G, as equal to the union of all the maximal 3-connected components
of {x € A§ : 0(¢,) < 1} which have distance < 1 from A§. We call M, = G,
(Ak—1\ Ag). Since M, = 0 implies that 0(¢g,) = 1 for all 1 < dist(z,Gx) < 3, it
then follows that G— = G,. Thus G~ C Aj_; and consequently G T A, so that

(5.2) is implied by Lli_)n;u({there isk: M, =0,Ar 3 A’}) =1 (5.5)

The random times s;.
We will prove (5.5) by successive approximations, first showing that |M, | cannot
be too large, too often. Call
J
2d’
and, setting sy = 0, define the “random times” s;, j =1, ..,d, as

a(f)=d—1—j+ j=1,.,d (5.6)

5, — {min {k:|M, | < L°G)}, if the set is non empty (5.7)

~+00 otherwise
Since a(j) is decreasing, s; > sj_1, j = 1,..,d. Moreover we can read off from G; (q)

which are the values of s; which are not larger than k£, if any. Thus there exists a
family of sets K7, so that

{s;j=k} & {Gy € K} (5.8)



For L sufficiently large, if s4 < oo then s; = min {k > 841 : M, = (D}. Thus, by
choosing a suitably small constant b, we conclude that in the set {s;;1—s; <bL,j <
d}, As, 3 A" and, for L large enough, M, = (). Recalling (5.5), the statement we

want to prove, namely that u € G, then follows from

lim u({.sj+1 —s; > bL} M1 {s; < ij}) =0, j=0,,d—1 (5.9

L—o0

We shorthand
{lgla < L%} ={q: |g| < I’, for all z € A}, §>0, ACZ? (5.10)
Since p is tempered, for any § > 0,
Jlim p({lgla, < L°}) =1 (5.11)

In fact

u(flalay > 17}) < 17 sup u(lgs| > L))
zE€A

and then (5.11) follows from (2.12), with n large enough.
By (5.11), we can replace the condition (5.9) by

. . [ _
Jim ({5500 = 55> B} 1 {s; <GBLY M {lalay S L°}) =0, 5100
j=0,.,d—1
or, for the generic j € {0,..,d — 1} and with K7, defined in (5.8),
lim > 3 p({s500 — 55 > L} {Gi (@) = Gy} M {lala, < L°}) =0 (5.13)

L—oo - o
k<ibL G ek?,

The set Bs.
We will next suitably modify the set {s;41 —s; > bL}. Let By be the union of
all the maximal connected components of

{z:0(q;) <1} 1 {z:dist(z,G}) > 3)}

which have non empty intersection with {y : dist(y, M, ) < 6}.
The set G, h > k, contains G, and the sites z € G}, \ G, dist(z,G;) < 3,
have distance < 3 from M, ; hence

{z € G, \ G}, : dist(z, M}) >3} C By, (5.14)

Since
G, \G, 3 || Mw
k<h'<h

then, in the set {q: s;11(q) — s;(q) > bL; G (q) = G; }, Gy € K},

|G, \ Gy | > L0 h > k4 bL
and by (5.14)

|1Be| > LMol — 50¢ M, |

On the other hand |M, | < L% and a(j + 1) + 1 — a(j) = 1/(2d) > 0, so that, for
L large enough,

b .
|Bi| > §L1+“(]+1) (5.15)



Thus, instead of (5.13) we may prove as well that, for any j € {0,..,d — 1},

lim > ) u({G,:<q):G,:} M {lalao <z} 1 {\BkIZ%L”“‘””}) =0 (5.16)

booo e 0
<IL Gy ek?,

Let G, € KJ, in the sequel and call
Ay ={z € Ay : dist(z,G,) > 3}, 0A, ={z € Ag:dist(z,G,) = 3} (5.17)
When Gy (¢) = G}, then 0(g,) = 1 for all z € OA, M A§; thus
{G,(9) =G} =K;,xNM{0(q:) = 1,z € 0A, AL} (5.18)
where
Kir={0(¢:) <1,z € G, } 1 {0(q;) = 1,z € A}, dist(z, Gy) € {1,2}}  (5.19)

so that K, € fAZWAi' We then have
_ _ by
u({Gk (9) = G} {lale < L} {|Bi| > S L (,+1)}> (5.20)

= / u(dg) pS3 <{9(Q:c) =1,z € 0A, 1 Az}
Kix{l¢' |ag\a, <L°}

J

b )
M {lala, < L7} 11 {|Bi] = S L0}

To bound the last term on the r.h.s. of (5.20), we write it as a fraction of two
partition functions:

' b ;
NE\(I,A)k (9 =1 on OA, MAS; |gla, < L% [Bi| > §L1+a(1+1)> _

where

' ' b
N)(\?A)k = i?A)k (9 =1on 8Ak M AZ, |q|Ak S L5, |Bk| Z 5LH»(L(]#»I))

Reduction to + boundary conditions.

By using (2.15) we will replace Ni’fgk by a new partition function with + bound-
ary conditions. Calling boundary sites, the sites z € Af : dist(z, Ag) < 2, we want
to change ¢’ at all the boundary sites where § < 1 and also to impose that § = 1
on the whole 0A; and not only on A M A, as in the constraint of the partition

function defining N i‘fgk. The whole thing works because the overall number of sites
in this operation is “small”, as we are going to see.

The boundary sites have distance equal to 1 or to 2 from G, , hence, by the
definition of G, @ = 1 on all such sites which are not in A;. Thus the new b.c.
¢'" is defined in such a way that ¢t = ¢, for all z ¢ Ai, Ax = {y € AL M Ay :
dist(y, Ax) < 2}; while 0(¢,") = 1 for all z € Ay. Since |0A; M Ag| < 504/ M, |, by
(2.15),

! —|76n '+
N)(\?A)k < ec(ﬁed)g,od\Mk |L Z/(\?Ak) (9 =1 on 0A; |Be| > %L1+a(j+1)) (5_22)



-~

where on the r.h.s. we have dropped the condition |g|a, < L°. The r.hs. is a +

partition function in the sense of (2.8) and we have
g+ ;
Z/(\’Ak) (0 =1 on 0A; |By| > gL1+a(]+1>)

Z/(\?Zk) (9 =1on aAk)

W ) (529

The r.h.s. will give the small factor which makes the sum in (5.16) convergent and in-
finitesimal with L, but let us first readjust the partition function in the denominator
of the fraction on the L.h.s. of (5.23):

Z§‘(IZk) (921 on BAk) )
N S(l_LdS z>L5)
Zﬁ‘f;,f (9 =1o0n 9Ay, |g|a, < Ls) xeuApk M,\A (|q | )

By (2.12), for L large enough, the last factor is smaller than 2 and, using again
(2.15), we get
Z/(\?:k) (9 =1on BAk)
< 2eBENVIMLILT Z(0) (51 on 0y, lala, < L) (5.24)

hence, going back to (5.20) and with ¢’ a suitable constant,

b .
u({Gi (@) = G} M {lala, < Py N{|By| = SLH40°0})
< ecf(ﬁed)Mlets"/ u(dq') NE\(I,’A)k (9 =1on 6Ak)
elalag\a, <L°}

b :
xuMk '(1Be| > L1+“<J+1)) (5.25)

b .
The probability that |By| > §L1+a(]+1)

By the definition of B, a maximal connected component of By is the layer
attached to a plus contour I' whose spatial support has non empty intersection with
F = {y : dist(y, M, ) < 6}. Let I' = (I'y,..,I',) be the collection of all such plus
contours, then, by Theorem 4.5,

b a
WAL (1Bel 2 L0

< Z e*ﬁ(cp/s) L] Z H —wV;

r=(T1,..,I'n) V,,1<z<n
sp(T:)F#0,1<i<n >, Vi>bLitaG+D)
< e~w(b/HLITEHY E e P(Cr/8) \El[l _ e—w/Q]—"

EZ(FIP"Fn)
sp(T)NF#£0,1<i<n

where we have used (4.23) for the fat contours in I and (4.4) for the slim ones. The
number n of contours cannot exceed |F| so that the above is bounded by

e /AU w2 P T (1 n Z ~(Cp/8) |r|)
zEF :sp(T)3z
For Cp as large as required by Lemma 3.1,

Y PG < el

T:sp(T') oz



and since |F| < ¢|M,| < ¢'L20), we get
I+ b )
R CAEe)
< exp{—w(b/4) LU 4 "L} < exp{—w(b/8) L' U}
for L large enough, because
: .7 . e
=d—1- =, 1 1)=d—-1- —
a(y) jtog 1ta(G+1) Y

Conclusions.
To prove (5.13), we write

Lh.s. of (5.13) <
< lim > ) exp {d(B6%)| M |L" — w(b/8) LMY

~ L—oo A
k<jbL g—
SIbL G ek,

X / u(dq") ung)k (0 =1 on 8A)
Kj,k”\‘I\AO\AkSL‘s

By (5.7), |[M, | < L*U) and with such a bound, the first factor on the r.h.s. becomes
independent of k. Since

oo ) w0 = Len o) < ((Gila) = Gi))
GkMalag\a, <

we have a sum of probabilities of disjoint events, hence

Lhs. of (5.13) < lim ¢/ LD (B L™ —w(b/8) LI oG+ _ o

L—o0

if 4 is chosen small enough.

6. The LMP model

As an example of the possible applications of Theorem 2.1, we consider the LMP
model for phase transitions in the continuum, [9]. Analogous considerations apply
to Ising systems with Kac potentials, as in [2] and [4].

The LMP model
As already mentioned in Section 2, the variable g, in the LMP model is a particle
configuration in the cell C,, C, being a cube of a partition D¢+) of R? which will be
described later. |g,| denotes the number of particles in g, and |g| the total number
of particles in the configuration gq.
The LMP energy of a finite particle configuration ¢ = (..., r;,..) is

Hypp(a) = | Bea(ly * q)dr (6.1)
R
where, v > 0 is the Kac scaling parameter,
2 4
ex(z) = -z — = 4+ L (6.2)

2 A4l



dyxa(r) =) dy(rm) (6.3)

ricq
with
Gy (ry7") =25 (yr, ) (6.4)
and j(r,r') a translational invariant, smooth, symmetric, probability kernel sup-

ported by |r —r'| < 1.
In the language of Section 2,

qnCe
aule) = L0,

while the chemical potential A above differs from A in Section 2 by an additive
constant, A — A — Ag,, see the paragraph “Peierls estimates” below.

4 = |Cy|

Mean field
The mean field limit, formally corresponding to v = 0, is described by the free
energy density

Frs(@) = ea(@) - % (6.5)

where s(-) is the entropy density
s(z) = —z(logz — 1) (6.6)

For 8 < B. = (3/2)32, f{5(z) > 0 for all X and z. For any 3 > 3. there is a
unique value of A, A = Ag, where f), 5 has two distinct minimizers, p?;, elsewhere the

minimizer is unique. Minimizers are solutions of the mean field equation f} 5(z) = 0
which can be written as

= Kg(z) := e P %) (6.7)
It has three solutions: 0 < pg < p% < pz;, and

There is By > (. so that
Ké(pz;) € (—=1,1) for all 8 € (8., Bo)
while K(py) € (0,1) for all 8 > S.. Following LMP we restrict to 8 € (8, fo)-

Contours
Contours are defined using two scales,

Zi,'y — ,yf(lie)

where € > 0 is a “very small” parameter. We then denote by D¥++) two partitions of

R? into cubes of side £, supposing D) finer than D*-) finer than D+). Thus

the cell length £ of the previous sections is £ = £, , = =0+ in the present model.
We then define

+1 if |4 g O — pgi| < ¢
&) (gir) = (6.9)

0 otherwise



and, analogously to (2.2), denoting by Y the centers of all the cubes of D)
contained in the cube of D¢+) labelled by C,,

0(q:) = H 1,7(4"—,7)((1;3,):1 - H 177(4"—,7)((1;3,):—1

yey yey

Peierls estimates
Given 3 € (8., Bo) there are ¢ > 0, ¢ > 0, € > 0, v* > 0 and Ag,, v < 7%, so
that the bound (2.9) holds for the Hamiltonian H, », s (which plays the role of the
energy H, of Section 2) with

Cp = (Pl (6.10)
with the contours defined using {( > 0 and € > 0.

Stability conditions
Denoting by H, (q|q¢") the energy of the configuration ¢ in interaction with the
configuration ¢’, there is a constant b = b(, 3) so that

Hyap(alg") > blg| (6.11)

uniformly in vy and ¢’. From such a strong property, the stability estimates of Section
2 easily follow. Also the cut and paste condition (2.16) is easily seen to hold with
n = 4.

Uniqueness regime
By applying Theorem 2.1 we deduce that for v small enough, any DLR measure
(in the LMP model all DLR measures are stable) is in G982 ©f3=43,2) for

0<|A= g, <A (6.12)

with A = éy2. This complements the result in [9] about coexistence of phases at
A= Ag,y.
A more accurate analysis would show that G¥8" °*~3s.5) consists of a single
element if A\ # Ag.,, while at the coexistence point, each G* has only one element.
An extension of the methods used in [3] would allow to prove that uniqueness
extends to the region |A — Ag,| > A.
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