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Abstract. The paper deals with equations modelling the redistribution of charged particles by reactions, drift and diffu-
sion processes. The corresponding model equations contain parabolic PDEs for the densities of mobile species, ODEs for the
densities of immobile species, a possibly nonlinear, nonlocal Poisson equation and some nonlocal constraints. Based on ap-
plications to semiconductor technology these equations have to be investigated for non-smooth data and kinetic coefficients
which depend on the state variables.

In two space dimensions we discuss the steady states of the system, we prove energy estimates, global a priori estimates and
give aglobal existence result.

1 Themodd

We consider awidely general electro-reaction-diffusion system for m species X;. Let zy denote the electrostatic
potential, and additionally let thetimefunctions z1, . . ., z; beinternal parameters(e.g. electrochemical potentials
of species, which have been eliminated by foregoing considerations). For examples of such model equations see
88. Wewrite z = (zg, 21, - . ., 2k). Moreover, let p;(x, z) be suitable chosen reference densities such that

pOl(x) = pl(wao)a pi(%z) = pOi(w)e_Pi(Z)a 1= ]-7 cee, M,

where the functions P; depend on z only. We call the quantities u;, b; = u;/poi, a; = u;/pi(-, z) the density,
the chemical activity and the electrochemical activity of the i-th species. If a; > 0 then {; = Ina; corresponds
to the electrochemical potential of the i-th species. All quantities are suitable scaled. We use the vectors u =
(U1, .., um), b= (b1,...,by) anda = (ai,...,ay). Let1 <1 < m. We assume that the species X1, ..., X;
are mobile which means that they underlie drift-diffusion processes. The second group of species X1, ..., X
is assumed to be immobile, no drift-diffusion processes take place. The spatial and temporal variation of their
densitiesis realised by reactions with mobile species and their transport processes. If the mobile and immobile
species are charged they contribute to the charge density and influence the electrostatic potential zy. Thetransport
of the mobile speciesis based on the drift-diffusion flux densities

ji = —D1(7b,2)p01[Vb1 + Ql(z) b1Vz0] s 1= 1, .. .,l,

with diffusion coefficients D; depending on the spatial variable and on the state (b, z) and with charge numbers

op;
Qi (Z) = (920

The continuity equationsfor the mobile and immobile species contain source termsresulting from reversible mass
action type reactions of the form

(),i=1,...,L QD

X1+ FapX, = Xt + -+ BnXm, (aaﬂ) ER,



where a, 8 € ZT' arethe vectors of the corresponding stoichiometric coefficients and R is the (finite) set of all
volume reactions under consideration. The respectivereaction rates Rog, (o, ) € R, writeas

(2

Rog(x,b,2) = kag(x,b7z)[Ha?i — Ha-@} ,xeQ,beRY, z€ R*! q; = beli(®)
i=1 i=1

with kinetic coefficients k3 depending on the spatial variable and on the state (b, z). We consider the system

otV it > (@i—Bi)Rap = 0 in(0,00)xQ,
(a,B)ER
v-j; = 0 on(0,00)x00,i=1,...,1
dui Z (i —Bi) R = 0 in(0,00)xQ,i=1+1 m;
ot ) i af = ) y U — R R L)
(a,B)ER
u;(0) = U; inQ,i=1,...,m; @
H .
-V - (eVz) + %(-,u, z) = fo in(0,00)x Q,
0
20 = 0 on(0,00) xI'p,
V'(EVZO)"’TZO = 0 On(0,00) X I'n;
1 OH
= [ 22 . = f i=1,...
|Q| Q&Zj(7u’2)d5r f] on (0700)7 .7 9 ak7
where U; aretheinitial densities, € is the dielectric permittivity, 7 a capacity, f, afixed charge density, f; € R,
j=1,..., k, aretimeindependent quantities and the function H is given by
2, 2) — S o u Py if
Hz,u,2) = 4 &2 = s wibi(2) ik >0 3)
- Ei:l uiqizo, ¢ € R ifk=0
with a suitable function A (for examples see §88). Note that
OH oh =
. = (. ) - i i 4
20 (110 7) = g 019~ @il @

correspondsto an additional charge density depending on the state.

The continuity equationsfor X, ..., X; are parabolic PDEs, for the species X1, ..., X,,they are ODEs. If
I = m then al continuity equationsare PDEs. Additionally, the system containsanonlinear Poisson equation and
k nonlocal constrains. If £ = 0 no nonlocal constraints are involved and the Poisson equation becomes linear.

Some notation. The notation of function spaces correspondsto that in [17]. By R":, Z";, L% we denote the
cones of non-negative elements. If u € R™ thenu > 0 (v > 0) isto be understood as u; > 0 Vi (u; > 0
Vi). If u € R™ and o« € Z7; then u® denotes the product [T, . The scalar product in R™ is indicated by a
centered dot. If u, w € R" then uw = {w;w;}i=1,... n, and u/w is defined analogously, €* isto understand as
{€}izi,..n. Ifu € R} thenlnu = {Inw;}i—1,... . Positive constants which depend only on the data of our
problem are denoted by ¢. Some further results which we usein our considerations are picked up in the appendix.

2 Assumptions
We define three classes of functions
K= {g: R**! - R: ifk=0theng(z) = —qz0, ¢ € R;

if k> 0then g(z) = §(z0 + 21, 22, . . ., z) Withg € C*(RF), §(0) =0,
g isconvex, thereexists ¢ > 0 with [|0,g(w)||grr < ¢ Yw € RF,
foral R > 0 thereexistscr > 0 such that

10u(w) — 0uG(@) Ine < enllw = Tne Yoo, € [~ R, R},



Ko = {g: QxR*! - R if k= 0theng(z,2) = 0;
if K > 0theng(z,2) = g(x, 20 + 21, 22, - . ., 2) With
7: Q x RF — R satisfies the Carathéodory-conditions,
g(z,") e C'(RF) faa = €Q, g(z,-) convexf.aa = € Q,
thereexists ¢ > 0 with ||0,,g(z, w)||gx < ce’lI*Irr faa 2 € Q, Yw € RF,
foral R > 0 thereexistscg > 0 such that
[|0wg(z,w) — Opg(x,W)||rr < cr||lw —wW||gr f.aa € Q, Yw, W € [-R, R]k},

Ko = {g € Ky: g(z,0) =0faa x € Q, if k > 0 then thereexists ¢y > 0 with

3w, @) — la,w) = dugi(e, w) - (@ —w) = ¢ [T~ wl|} faa z € Q, Vo, T e RY}.
For our investigations of (2) we suppose up to the end of the paper the Assumptions (1):
i) Q c R?isabounded Lipschitzian domain, T' := 9Q, T'p, I'y are digoint open subsets of T,
I' =TpUTxN, I'pNTy consistsof finitely many points;

i) k,mleN,1<I<m,U=U...,Uyn) € LY(QR™),e € L), e>c>0,
7€ L¥([Tn) withmesT'p + 7]l ry) > 0, fo € L*(Q), if k> 0then f; e R, j =1,...k;

ili) po; € LT () with eSSei(Izlpri(x) >e >0, —P, €Ky, heKygs,
let p;: Q@ x RFFY — (0,00), pi(z,2) == pos(z) €73 | 1z e Q, 2 e RFFL,

P; .
Qi(z) := g—(z)7 zeRM i=1,...,m,
20

H: QxRT xR R, H(z,u,z2) := h(z,z) — Zulpl(z),
i=1

iv) RCZ7xZ7?, for (a,3) € Rwedefine Rag: @ x R x R*™ — Ras
Rog(x, b, 2) = kop(x,b, 2)(a® — aﬁ), a; =b; e i=1,... m,
ze€Q, beRT, € R,
kag: Q x RT x RFT! — R satisfies the Carathéodory-conditions,
kag(z,-,-) islocally Lipschitz-continuous uniformly with respect to z,
foral R > 0therearecr > 0, bap,r € L3 (Q2) With [[bag,r| 11 (o) > 0 such that
bap,r(x) < kap(x,b,2) <crfaa xzeQ,Vbec R, Vz € [-R, RJFFL,

v) fori=1,...,1:
D;: Q x R x R*! — R satisfies the Carathéodory-conditions
Di(z,b,z) >c>0faare€Q, Vbe R, Vz € RF,
foral R > 0 thereexistscr > 0 such that
Di(z,b,z) <cpfaazeQ,Vbe R, Vz € [-R, R*;

vi) fori=10+41,...,m: thereexistsareaction of theform
!
Ray 80 (2:0,2) = ka8, (vaﬂz)[H a?(m - a?] ,xeQ, beRY, z¢€ RMY
j=1

with eiseisglf ba(i)ﬁ(i)ﬁ(a}) > 0.



Assumption (1) vi) ensures the existence of a reaction which guarantees a sufficiently large contribution of the
immobile speciesto the dissipation rate for the el ectro-reacti on-diffusion system. Further assumptions needed for
the proof of the existence of steady states, of the exponential decay of the free energy, of global apriori estimates
resp. of the existence of solutions of () will be formulated in 84 and 85 (see (11), (111) and (1V)).

Remark 2.1 For energy estimates we will use the structural property of the reaction terms R, 3 that
(@ —a”)(a—p)-Ina>0 Vac intRT, ¥(a,B) € R. (5)

Remark 2.2 The assumptions (I) ensure some fundamental properties often used in the paper.
i) Assumption (1) ii) suppliesaconstant ¢ > 0 such that

V20132 —l—/F T25dl > cl|z0|3: V2o € Hy(QUTy). (6)
N

ii) Since — P; € K; thefunction P; isLipschitz continuousand p;(z, -) islocally Lipschitz continuous (uniformly
withrespectto x), i = 1,...,m. Moreover, if £ > 0 thenlnp; € Ks.

iii) Thefunctionsp; (z, -) areconvex f.aa x € Q. If £ > 0 the correspondingfunctionsp;(z, -) (see the definition
of ko) are convex f.aa. = € , too.

iv) Let Z denotethespace Z := H{ (QUT y) x R*. Thepropertiesh € Kq,s and —P; € K, ensurethe convexity
of H(z,u,-) and the monotonicity of 22 (z,u,-) foru € R, andaa z € Q. If z, 7 € Z then

IZ0 — =07 +/{h(- z) = h(: Z)—ia—h(- 2)(z; —z»)}dx > ||z - 2|2 ©
0 Ofl g1 0 ) ) = 2 ) J J = A

|20l % + /Q h(-,z)dz > c||z||% — ¢ %)

Moreover, thereexistsac > 0 not depending on v such that for al z, 7 € Z andall u € LY (2)

k
0H
HEO - ZO”%P +/ {H(-,u,?) —H(,u,z) - Z T('ﬂuvz)(gj - ZJ)} dz > cfz - ZH227 )
Q =0 Zj
k
0H 0H
= 2 ol oy 9 = .. > ez — 2112
70 — zoll% +/Q{§(azj<’“vz> 5 (0:2)) 5 = %) pde > clF = 2| (10)

v) For functions g belonging to the class KC; thereis an estimate
9(2) = 9(2) = 0:9(2) - (= 2)| < e(R) |7 — 2l|gsss V2, Z € [-R, R]**.
If g € Ko we can estimate

l9(.7) — 9(@,2) — Bg(e,2) - (2 — 2)| < e(R)|Z — 2| f2R @ € Q, V2, % € [-R, R

3 Weak formulation

We use the function spaces

Y :=L*(QR™), X:={becY:b;c H(Q),i=1,...,1}, Z=H}QUTy) x R



and definetheoperators3: Y — Y, A, R: [X x Z]N[LL(Q, R™) x L®(Q) xR*] — X*andE: ZxY — Z*,

Bb:=pob, po= (p017 e 7p0m)

(A(b, 2), B x /ZD b, 2)poi (Vbs + biQs(2)V20) - Vbide, b€ X,

U,Z)—fj]fj}dx—&-/r T20Z0dl, Z e Z

Zj N

Then the weak formulation of the electro-reaction-diffusion system (2) reads as
u'(t) + A(b(t), z(t)) = R(b(t), 2(¢)), E(2(t),u(t)) =0, wu(t)=Bb(t) faat>0,
w(0) =U, u€ HgRy,X*)N LRy, Y), (P)
be L2 (R4, X)NLE(Ry, LT (Q,R™)), z€ LA .(Ri, Z) N LS (Ry, L°(Q) xRF).

Remark 3.1 Indifferenceto former papers(see[9, 10, 11]) theformulation (7) allowsthat initial densitiesare
zero on setsof positive measure and that some of the speciesareimmobile. Moreover, now thekinetic coefficients
depend on the state, too. A special case of (P) istreated in the papers[12, 13, 16, 18].

Note that the Poisson equation and the nonlocal constraints are put together in a generalized Poisson equation.

Remark 3.2 If (u, b, z) isasolution of (P) then it has the following regularity properties: u, b € C(R4,Y),
u,b € C(Ry, (L2, R™), wx)). Moreover, by Lemma4.3below z € C(R, Z). These properties ensure

E(z(t),u(t)) =0inZ* wu(t) =pob(t) inL>®(Q,R™), u(t)>0aeon VvVteR,. (11)

4 Energy estimates

4.1 Thegeneralized Poisson equation

Lemma4.l For u € Y, theoperator £(-,u): Z — Z* isstrongly monotone (uniformly with respect to u).
Moreover, & (-, ) ishemi-continuousfor all u € Y.

Proof. 1. Letu e Y,, 2,z € Zandz = z — z. Because of (6) and (10) we obtain

(E(z,u) — E(Z,u), )Z—/£|VEO|2dx+/ rZadl’

I'n
/Z 5H LUy 2) g (- u,E))Ejdxzc||E||QZ,c>O.

2. Wehavetoshow thatforal z, 2, z € Z,u € Y, themapt — (£(z + tZ,u),Z) z iscontinuouson [0, 1]. Let
to € [0,1], t,, — to. ts, € [0,1]. Then

HE(z + tnZ,u) — E(2 + toZ, 1), Z) 7]

k
~ _ 0H ~ H N\
§c|tn—t0|||zo|\H1||z0HH1—I—’/2:(—82‘(-,u,z+tnz)——(.,u,z—&—toz))zjdx‘.
Qi J
7=0

0
8zj

For k = 0 thelast term vanishes. Let now k& > 0. Becauseof H(z,u,-) € C}(R¥*1)f.aa z € Qandalu € Y,
the integrand in the last term convergesto zero a.e. on Q2. Sincelnp;, h € K and t,, € [0, 1] wefind
0H

S ta2)5] < e ) 35 o,
J



and Trudinger’s imbedding result (68) supplies an integrable magjorant. Then Lebesgue's theorem ensures the
hemi-continuity of £(-, ). O

Lemmad4.2 For z € Z theoperator £(z,-): Y — Z* isLipschitz continuous (uniformly with respect to z).
Proof. Letu,ue€Y,ze€ Z.Since—P; € K1,i=1,...,m,weobtan

(E(z,u) — E(z,1) Z—/sz: [GZJ LUy 2) gZ(.7a,z)}Ejdx

7=0

m k

—/Q;(ui — U;)

Lemma 4.3 For any u € Y there exists a unique solution z € Z of £(z,u™) = 0. Moreover there are an
exponent ¢ > 2, constants ¢ > 0 and a monotonously increasing functiond: Ry — R such that

2)Z;jdr < cflu — ully[[Z] z.

:0 O

lz=zl|z <cllu—a|y VYu,meY, E(z,u")=EFut)=0, (12)

ol < e {1+ D llf uf s +d(lzl2) ) Vue Y, E(zut) =0,
=1

Jzollwro < e {143 fuillzwero +d(l2]2)} YueY, Ezut) =0.
=1
Finally, let S = [0,T], T > 0. Thenfor every u € L?(S,Y) there existsa unique z € L?*(S, Z) such that
E(z(t),ut(t)) =0faa te S. Ifue C(S,Y)thenz € C(S, Z) follows and the last equation is fulfilled for
altesS.

Proof. Itsufficesto provetheresultsfor u, w € Y. Let w € Y, according to Lemma4.1 thereis a unique
solution of £(z,u) = 0. For (z,u) and (Z,w) with £(z,u) = £(Z,w) = 0 Lemma4.2 and Lemma4.1 ensure

cllz = Zll% < (E(z,u) = EF u), 2 — F)z = (EEFT) — £(Z,u), 2 = D)z < clu Ty |z - Z] 2,

and the inequality (12) followsimmediately. If £(z,«) = 0 then, in particular
_ _ OH _ 1
eVzy - Vzo dx + T20Zo Al = [fo— —(-,u,z)]zoda} Vzo € Hy(QUTw).
Q T'y Q 0z
We apply [15, Theorem 1] and [14, Theorem 1] to that equation and obtain the estimates

0H
20l < e(ll5—

3 (u,2)|[pe +1), U(s)=(1+s)In(l+s)—sfors>0,
20

0H
llzollwia < C(Ha—zo(-,u, 2)lwra/@-1ys + 1) forsomeg > 2.

Usingrelation (4), Trudinger’simbedding result (68) and thefact that — P; € IC; and h € K, therelevant LY -norm
can be estimated by

ah =
wi= g (o)l < e (3 w4+ d(1z]12) + 1),

i=1

Again applying (68) and Sobolev’'simbedding result we get

oh
= g G lawrarn)- <c(§j||ul|\w2+q>+d<|| l2) +1)-
=1

The last claims of the lemmafollow from the pointwise existence result and (12). O



Later on we will use another formulation of the generalized Poisson equation wherewe set u = ap(-, z) where
a € R. Having in mind the identity — (ui Pi(2)) = a; gi” (-, z) wedefine€ : Z x R™ — Z* by

<g(z,a),5>z—/sv,20 VZo da:+/ T20Z0 dl’

I'n

m (13)

Op; _ _
‘/Z 82] X;Giazj("z)_fj Zjd$7 ZEZ.

Lemma4.4 For anya € R thereexistsa unique solution z € Z of £(z,a) = 0. Moreover, for every R > 0
thereisa constant ¢(R) > 0 such that

I20z, 20l < ¢(R) VaeR?T, ||la|lgm < R, E(2,a) =0,
Iz —Zllz < c(R) |a—a|r» Va, @€ RT, |la|rn, |[@re < R, E(2,a) = £(Z,a) = 0.

Proof. Sinceh € Kq s andIlnp; € K, the operator (-, a) is strongly monotone (uniformly with respect
to a). Moreover, £(-, a) is hemi-continuouswhich is proven asin Lemma4.1. Thus the existence and uniqueness
result follows. Since (£(z, a), z)z = 0, gzh (+,0), g—?z’;(-,OL f; € L*(9) the estimate

. G 3p1
cl2l|% < (E(z,a) — £(0,a), Z<‘/Z 82 +Z fj]zjdx‘
J
<c(l+ flallrm)l=l2
ensures the assertion for ||z|| 7. The result for the L°°-norm of z, follows asin Lemma 4.3. Let £(z,a) =

£(z,a) = 0. The monotonicity of H(z,,-) f.aa z € Q and the property that |(Opi/0z)(z,z)] < c(R) ae.
in§for ||a||r= < Rleadto

OH _
e =13 < /Z (52072~ 9 (0, 2)) (2~ Z)
J J

gA;(Z—Zc,mz)—%«,u,z))w—z—)dx

J

= [ 3% B~ e de < e(B)la—alnn | 7] .

4.2 Theenergy functional
We define the functionals 7, 7, : Y, — R by

JRELZTE +Za )y bdrs [ Zagar 14)

N

ak
Il

m

.7-'2(u) = /Z ul{ln——l} —|—p01}dx u€eYy, (15)

DPoi

where z € Z isthe solution of £(z,u) = 0. Thevalue 7, (u) + F»(u) can beinterpreted as free energy of the
state u. Because of (9) (with z = 0) thereexist ¢, ¢ > 0 such that

m

Fi(u) + Fou) > ¢ (Hz||2z + Z [ 1nui||L1) —Cc,ueY;. (16)
i=1



Letu,u e Y, and E(z,u) = £(Z,w) = 0. Using (9) we can estimate

Fuw - Fi@ = [ 5092 - [VaP)de+ [ T -
Q 'y

= \2
ry 2 (17
+/Q{H(-,a,z)—H(-,u,z)

k
+H(,u,z)— H(-yu,2) — Z %(-,u,z)(% — zj)} dr

j=0 =7
> (PZE),u—u)y +cllz— E||2Z > (PE),u—1u)y.

Thus F; is convex and continuous on the convex set Y, . By setting 7, (u) = +oo for u € Y \ Y, we extend
fl to Y. The extended functional fl .Y — R is proper, convex, lower semi-continuous and subdifferentiable
inall pointsu € Yy, and P(z) € 8F,(u). The properties of theintegrand in F, ensure that the functional 7 is
convex (see [3]) and continuous on Y-, The extended functional 7, : Y — R, Fa(u) = +ooforu € Y \ Yy, is
proper, convex and lower semi-continuous, too. Because of the inequality (v/z — /7)? < z(In(z/y) — 1) +y
we obtain for u,w € Yy withw > 6 > 0 the estimate

m

Fol In 2 (u; — +/1 Ins —Inw,)ds b d
o( /Z npm U;) 3 (Ins —Inw;) s} x
L (18)
ln—,u + Vv —Va ln— ,u — )., de.
> L =), 4 VTV = (0 DT,
Thus, inu € Yy withu > § > 0 the functional 7 is subdifferentiableand In - € 9F,(u). Now we extend the

functionalsﬁ, 1 = 1,2, tothe space X * and define
Fi=(Filx) X" =R, k=1,2, (19)
where the star denotes the conjugation (see [3]). We can summarize the properties of the free energy functional

asfollows (details of the proof can be foundin [8, Lemma8.12]).

Lemma 4.5 TheN functiongl F =F1+F iszroper, convex and lower semi-continuous. For v € Y, the
equality F(u) = Fi(u) + Fa2(u) holds where F;(u) and F»(u) are calculated according to (14), (15). The
restriction 7|y, iscontinuous. If u € Y, then P(z) € 0F1(u). If additionally - € X andu > 6 > 0 then

1npi € 0Fs(u), (=P)+In— = € 0F (u)
0

u
Do p(,z)
where z isthe solution of £(z,u) = 0.

Next we consider the conjugate functional 7* : X — R of F. In arguments ¢, where F* is subdifferentiable
and u € 0F*(¢) (and consequently ¢ € 9F (u)), we have

F(Q) = (u,Q)x = F(u), ¢ €F(u). (20)



Now let ¢ € R™, let z € (H{ (QUTx) N L®(2)) x R* bethe solution of £(z, &) = 0 andletu = p(-, 2) .
Thenu € Y, u/py € X,u >8> 0,¢ € 0F(u) andu € dF*(¢). Using (20) and (£(z,€°), z) z = 0 we get

FH (O = (. 0x = Falw)+ [ {5190+ (- ijzj}dx+/ T

_ 2 C —P;(z . T 2 m
_/{ V2ol + (- +Zp0 eCi—Pi(z) _ —Zoszj}dx—l—/rlvizodl",CGR .
=
Inthelast step we used the relation uicl —u;ln % + Uy — poi — U; Pi(z) = U; — Poi = in[eCi_Pi(Z) — 1]. We
define the restriction of 7* to R™,
G=F g~ :R™—>R. (21)
Because of (6) and (8) we establish for G(() the estimate
G(Q) = c{lzI + ¢ - PRI I3} -2, CeR™, e, >0, (22)
Applying the identity
pi(-,2) € Inpi(-, 2) — Inp;(-,7)] + pos e 1) — P
=p;(-,7) € i (G —C;) + poi [ ei—Pi(2) _ gli=Pi(2) _eZi—Pi(z)[Q — Pi(2) - ¢, _|_Pl.(g)H

and (£(z,p(-,2)€%), = — %)z = 0 we obtain for ¢, ¢ € R™ and the corresponding z, z, that

60~ Q) = [ > pit,2) (G~ Qe+ (D), (23)

+A {H(-,p(-7§)e47z) _H( eC _ Z aZj ,E)(Zj _Ej)

+Zp0 (e Pie) _ =P _ -PiE) (¢, - Py(z )_Zi+Pi(g)))}dx.

=1

The convexity of H(z,u, ) and of the e-function ensure that w(¢,¢) > 0 foral ¢, ¢ € R™. Lemma4.4, the
strong convexity of the e-function on compact intervals and estimate (9) lead to the stronger result that for all
R > 0 thereisaconstant ¢; (R) > 0 such that we havefor al ¢,¢ € R™ with ||(||[gm, [|{||lr= < R

w(¢,¢) = ea(R){llz = zlIZ + I = ¢ = (P(2) = P(2))lZ-}- (24)

Moreover, becauseof thelocal Lipschitz continuity of 9, (In p;), 9, h and of the e-functionand because of Lemma4.4
foral R > 0 thereisaconstant co(R) > 0 such that

W(¢ Q) S e2R) €~ Clljm V¢, C € R™with[[¢][rm, [[CllRm < R (25)

The previous estimates ensure the following properties of the function G.
Lemma4.6 ThefunctionG = F*|g= : R™ — R isdtrictly convex, continuous and Fréchet differentiable,

ag(g)z/gép(-,z)dx, CeER™, E(z,&)=0.
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Next, we introduce the dissipation functional for problem () or more precisely alower estimate of the dissi-
pation functional. We define the set

Mp = {u € LY(QR™) : Va € X, wherea = u/p(-, z) and £(z, u) = o} (26)

and the functional D : Mp — R by

l
D =1 [ { L Db AVVEP+ 3 haslb VA" - VAPl (@)
Q1 (a,B)ER
u € Mp, whereb = u/pg, a = u/p(-,z) and z € (H(2) N L>(Q)) x R¥ isthesolution of £(z,u) = 0.

Remark 4.7 i) Wehave D(u) > 0 foral u € Mp.
i) Letu € Mp withD(u) = 0 and let z bethe solution of £(z, u) = 0. Then according to the assumptionsin (1)
iv), v) and vi) the corresponding quantitiesa = u/p(-, z) fulfil a € R and a® = o” for al (a, 8) € R.

4.3 Monotonicity and boundedness of the free ener gy

Theorem 4.8 Let (u,b, z) be a solution of (P), and set a = u/p(-,z). Then \/a € L (R4, X), u(t) €
Mp f.aa t > 0,andfor every A € R the following estimate holds

eM2 F(u(ty)) — €M Flu(ty)) < /tz MINF(ut) —D(u(t))}dt, 0<ty <t

Proof. 1. The proof is based on ideas of the proof of [16, Theorem 1]. Let (u, b, z) be a solution of (P),
A€ Ry, S =t ta]. Thenu > 0,u € H(S,X*), 2 € L3(S,Z), P(z) € L*(S,X) and VP(z) = Q(2)Vzo
(see Lemma9.1). Moreover, let u® = u + dpp and b® = b+ 6 for § > 0. Thenwu® € H' (S, X*), 1%, Inbv? €
L%(S, X) and VIn(u! /poi) = Vbi/(bi +6), i = 1,...,l. Lemma4.5 guarantees that

P(z(t)) € 0F 1 (u(t)), In(u’(t)/po) € dF2(u’(t)) faa t e S.

According to Lemma9.2 the functionst — F; (u(t)) and t — Fa(u’(t)) are absolutely continuouson S, and
d d

’U/6
SR = WO PEO)x. SF0) = (0,

)y faates. (28)

2. Weset ¢0 =1In(ud/p(-,2)) € L2(S,X) and a® = u®/p(-, 2) = e$’. From (28) we derive the relation

ta

e [Fi(ut) + Fa(u’ ()] |, = /t 2 E’\t{/\[]ﬁ(u(t)) + Fa(u (t))] + <u'(t),<5(t)>x} dt.
Using the evolution equation wefindf.aa ¢t € S

(u'(t), ¢ (1)) x = — (A1), 2(1) — R(b(t), 2(t)), ¢° (1)) x
n &

= — (A1), 0 (1), 2(1)) = R(b(1), 5 (1), 2(1)), ¢ (1)) x +6°(¢)

Whereﬁ, A\Z (X+ X X+ X Z) N LOO(Q,RQm+k+1) — X*,

<7/€(b7 v, 2),b))x = / Z kag(-,b7z)((a6)o‘ - (a‘s)ﬁ) (B—a) -bdr, beX,

2 (@,8)er

. _ L N _ 29
(A(b,b°,2),b)) x := / Z Di(+,b, 2)po; [Vb] + bQ;(2)V20] - Vb dz, b€ X, (29)
Q=1

0° = (A(b,b°, 2) — A(b, b, z) — R(D,b°, 2) + R(b,b, 2), () x.



We have Vad € L2(S, X) and V\/al = 1/aIV(?,i=1,...,1. Because of the relations

po [V0F + BQi(2)V20] - V! = pil-,2)al[VE P = dpi(-, 2) Va2,
(¢~ ) (a—p)- ¢ >aVa Va2 (.)€ R,

we obtain

l

4/t2/ﬂe*t{ Db 2 i Va4 Y sl b )Vab T Vad P} dra

131 i=1 (,B)ER

< [7 e (A, 11, 2(1) — R(b(1), B (1), (1)), (D) = O, (30)

t1

ta

t2
o = / e {A[F1(u(t) + Fa(u’ (1)) + 6°(0) } dt — & [F1(u(t)) + F(u’ ()] |,
t1
3. Now, let 6 — 0. Since #°(t) — 0 f.aa t € S and because of the continuity of J—'2|L2+(Q,Rm) we obtain

t2

0 - 0= /tQ A F(u(t)) dt — e F(u(t) ], -

L ebesgue’'s theorem ensures va® — +/a in L2(S,Y'), and therefore (at least for a subsequence) va® — /a ae.
on S x Q. For (o, 8) € R Fatou'slemma guarantees

to ta a
/ /e’\tkag(-,b,z)h/ao‘—\/55|2da:dtgli[rsniélf/ /Qe*tkaﬂ(.,b,zwa_é V& Pde .
t1 JQ - ty

Leti € {1,...,1}. Sincez € L>=(S, L> x R¥) and the sequence ©° is bounded, (30) gives a congtant ¢ > 0
suchthat [|[V\/a? || 12(s,22) < c. Thus[19, Proposition 2.4] supplies
Vi/ai € L*(S,L?), Vi/al — Vi/a;inL*(S,L?), i=1,...,1.

The weak lower semi-continuity of continuous quadratic functionalsleads to

to ta
/ /e)‘tDi(-,b,z)pi(-,z)|V\/a_i|2da:dt Sliminf/ /eMDl-(-,b,z)pi(-,z)|V\/af|2dxdt.
t1 Q 6—0 t1 Q

Therefore \/a € L?(S, X), and in summary we obtain fff eMD(u(t)) dt < O. O
Theorem 4.9 Along any solution (u, b, z) of (P) the free energy 7 (u) remains bounded by its initial value
F(U) and it decays monotonously,
t2
F(u(tz)) + D(u(t))dt < F(u(tr)) < F(U), 0<ty <to.
t1

Moreover, thereis a constant ¢ > 0, depending only on the data such that

Huilnui||Lm(R+’L1(Q)) S C, 1= 1,...,m, ||’MHL0¢(R+7L1(Q’R771)) S C,

oL ®ry Lr@rmy) < ¢ zllLemy,z) <6 20llL=®ry =) <

for any solution (u, b, z) of (P).

Proof. Thefirst assertions of the theorem are obtained by setting A = 0 in Theorem 4.8. The estimates of the
norms are derived from (16) and Lemma 4.3. O
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Remark 4.10 The last estimates from Theorem 4.9 together with the assumptions formulated in (1) iii)—vi)
guarantee the existence of constants c,,, ¢, €, € > 0 such that

o <pi(,2)<cp,ae iNnRy xQ,i=1,...,m,
kap(-,b,2) <cpae inRy xQ, (o, ) € R

Di(-,b,z) <cyae inRy xQ, i=1,. l

D;(-,b,2)po; > eae inRy x £, i:L...,l,
ka6, (10, 2)€TF) > Fae inRy xQ, j=1+1,...,m

)

for any solution (u, b, z) of (P).

4.4 Invariantsand steady states
Let S denote the stoi chiometric subspace belonging to the system of reactionsin (2),

S=gpa{a—F: (a,f) € R} CR™.
Integration of the continuity equationsover (0, ¢) x 2 leads to the following invariance property.
Lemma4.11 If (u,b, z) isasolution of (P) then/ {u(t)-U}dz €S VteR,.
Q

Therefore we are looking for steady states fulfilling such an invariance property, too. They are solutions of

A(b,z) =R(b,2z), E(z,u)=0, u=DB8b, /{u—U}deS } (SP)

ueyY, be XNLF(QR™), z€ZN(L*(Q)xR").
Lemma4.12 If (u, b, z) isa solution of (SP) then u belongsto Mp and D(u) = 0.

Proof. The proof usesidess of the proof of Theorem 4.8. Let (u, b, z) be asolution of (SP). For 6 > 0 we
definea = u/p(-, 2), u® = u+ dpo, b° = b+ 6, a® = ud/p(-,z) and ¢® = Ina’. Then¢?, Vad € X and for
the operators A, R defined in (29) we obtain (A(b,b°, z) — R(b,b%, 2), (%) x — 0 for § — 0. Moreover, we get
Va® — /ainY, and the estimate

4/9{.21313 (b, 2)pi(- 2) |v\f| 3 kaﬂ(-,b,z)h/a_é“—\/ﬁﬂﬁ}dx

(a,B)ER

< (AWD,V°,2) = R(0,0°,2),¢")x
ensuresthat V/a? — V/a; in L(Q),i = 1,...,1. Therefore \/a € X, u € Mp and
0<D(u) < lignjgf<ﬁ(b, b, 2) = R(b, b, 2), (%) x = 0. O
Let
N = {aERT: a® =d’V(a,B) ER, /Q{u—U}deS

whereu = ap(-, z) and z isthe solution of £(z,a) = 0, see(13)}.

Lemma4.13 If (u, b, z) isasolution of (SP) thena = u/p(-, z) belongsto \V. Viceversa, ifa € N and u, z,
b = B~y are chosen asin the definition of A" then (u, b, z) isa solution of (SP).

Proof. The first assertion follows from Lemma4.12 and Remark 4.7. Because of Lemma 4.4, fora € N
we havez € Z N (L>=(92) x R¥). Moreover, b = ae~"(*) € X N L>(Q,R™), u = ap(-,2) > 0, Vb; =
—b; 9% oo (2)V20 = —b;Qi(2)Vzp, i =1,... 1. Thusweget A(b, z) = R(b, 2) =0, E(z,u) = E(z,a) =0. O
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Theinvestigation of solutions of (S7P) can be reduced to the discussion of aminimum problem for afunctional
Go : R™ — R defined by

Gol€) = G(O) + Is2.(O) —/QU-Cd% CeR™,

where G isgivenin (21). Based on propertiesof G the function G, is proper, convex and lower semi-continuous.
Note that domG, = S+. According to Lemma 4.6 the function G is continuous. Thus the Moreau-Rockafellar
theorem (see[3]) ensures

0Go(C) = BG(C) + 0ls: (C) — /Q Uds, ¢ € R™. (31)

Following the argumentsin the proofs of [16, Lemma 9, 10] and using the estimate (22) we obtain the following
assertions (for the complete proofs see [8, Lemma8.21, 8.22]).

Lemma4.14 1) Ifa e NN intR', then( = Inaisaminimizer of G,. Viceversa, if ¢ € R™ isaminimizer
of Go thena = & € N N intR’}".

2) N'n intR’" consists of at most one element; A" N intR"" % @ if and only if

/U-Zda;>o V(eSt,(>0,C#0. (n
Q

In summary we get the following results concerning the solutions of (SP).

Theorem 4.15 We assume (1) and (I1). Then there exists a solution (u*, b*, z*) of (SP). It hasthe properties
a* =u*/p(-,2*) € R™,a* > 0and(* = Ina* € S*. Moreover, thereisa constant ¢ > 0 suchthat u* > c a.e.
on Q. If additionally

N NORT = N

isfulfilled, then there is no other solution of (SP).

45 Exponential decay of the free energy
Theorem 4.16 We assume (1) — (111). Then, for every R > 0 thereisa constant cg > 0 such that

F(u) — Fu*) < cr D(u) VueMR:{ueMD:]-'(u)—}'(u*)§R7 /Q(u—U)deS}.

Proof. 1. Foru € Mg let z, a bedefinedvia&(z,u) = 0, a = u/p(+, z). According to Lemma 4.3 thereis
ac(R) > 0 suchthat ||z]|z, ||z0]lL~ < ¢(R) for adl u € Mg. Since

Vaifait =1 =/pi(25)/pi( 2)(Vui/uis = 1)+ V/pi(, 2 [pil-, 2) = 1

wefindfor u € Mg that

k
IVa/a* =1y < e®) (IVu/u* =1y + ll20 = 25|12 + D |z = 251)-
j=1

Setting F'(u) = F(u) — F(u*) and using the properties¢* = Ina* € S+ (cf. Theorem 4.15), Jolu—u*)dz e S
(cf. Lemma4.11), (17), (18) (used for u = u*), Lemma4.3 and theinequality z(In(z/y) —1)+y < 1/y (x—y)?,
we obtain for all © € Mg the estimates

{IVu/ur =103 + |2 = 213} < ¢ F(u), (32)
a@®{lIVafa* =15 + |z = 2|3} < F(u), (33)
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F(u) < e2(R) [lu—u*[[3, (34)

D(u) > cs(R)D(a),

Bl = [ {10yl + 3 bapa Ve vl

(a,B)ER

with positive constants ¢, (R). Next, we show: For every R > 0 thereisacy > 0 such that
F(u) < ¢gD(a) Yue Mg\ {u*} (with a corresponding to u).

2. Supposethat assertion to be false. Then therewould be an R > 0 and sequences {c,,} in R, {u,} withu,, €
My, and corresponding a,, z, (determined by £(z,,, u,,) = 0, an, = u,/p(-, 2,)) such that ¢,, — +oo and

0 < ¢n D(an) < F(un) < R. (35)

Estimates (33) and (35) imply that || 2,,|| z, [|v/@nllL2(0,rm) < ¢(R)and D(ay) — 0. ThusthereisaZ € Z, such
that (for subsequences) zgp,, — Zp in H', zo,, — 2o in L?, znj — 2z iNR,j=1,... k. Fori=1,... [ thereis
aa; € Ry with \/a,,; — va; in H' and L?, p < oo. Fori =1 + 1,...,m thanksto assumption (1) vi) thereis
a specia reaction which ensures

! Qo
(OF] 2
/ | I I \/anj /@ — api/a;|” dz — 0,

and we find at least a,,; — @; € Ry in L?. Fatou's lemma guaranteesthat a® = a” for al (o, ) € R.
Setting u = ap(-,z) weobtainu, — uinY. [,(u, —U)dz € Sleadsto [(u — U)dr € S. The estimate
lzn+k — znllz < c||tntr — un|ly (Se€LEmmad.3) guaranteesz,, — zin Z. Lemmad.1lensuresthat £(z,,, u) —
E(z,u) in Z*. Moreover, from £(z,,u,) = 0 and Lemma 4.2 we conclude that £(z,,u) — 0in Z*. Thus
E(zZ,u) = 5(2,6) = 0 and we have verified that @ € N. Assumption (I11) suppliesthat @ = «*, @ = u* and
z = z*. Sinceu, — u* inY theinequality (34) leadsto F'(u,,) — 0.

3. We define

wn:\/an/a*_17>\n:\/ﬁ(un)avn:%ayn:un;u 7/1%:211/\_2 .

In the formulafor the dissipation rate

l m
f)(an):/ﬂ{wamM S° basem| [10 +wni)® = [T+ wa)*
=1 =1 ]

(a,B)ER

we use the binomial expansion

m m m

1
1 + Wy *=1 + i Whi + w(Wy ) T (W (Wn S & A77, Uni 2 + )\ﬁa71 Uni Po
[T+ > (), - olwn)] S e 3 {Aalon [onsf" }
where p, = max{2,>"", o;}. Theinequalities (33) and (35) ensurethat |||z, ||vn | L2(0rm) < ¢(R) and
D(a,)/)2 — 0. Thereforethereisi € Z with .o — fo in HY, pno — fio in L? and p,,; — fi; in R,

j=1,...,k Moreover,fori =1, ..., I thereare?; € R, withv,; — v; in H! andineach LP, and additionally
An|lv2;]| 2 — 0. Based on assumption (1) vi), fori = I + 1, ..., m the convergence

J

1
1 2
)\—{ | | (1 + wyj)¥®7 — 1} — 205 — M2, dz — 0
not il
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and the already proved convergencesfor w;, v;, 7 = 1,...,[, guarantee the existence of quantitiesv; € R,
i=1+1,...,m,suchthat 2v,; + \,v%, — 20; € Ry inL%i=1+1,...,m. Becauseof \,v,; > —1 weget

nt

(Uni - 61)(2 _Anvni)
2 - Anvni

[ni — 0| = < (vni = 0:)(2 =Aa0ni)| < |20ni + Anv2; — 20i] + A [0ni || 0]
which leadsto
vni — Bill 22 < ¢ ([|20ni + Anv2; — 20i]| 2 + A l|vnil|z2) — O.
Fatou'slemmayields (o — 8) -9 = 0 for dl (o, 3) € R whichmeanst € S+. Now, lety = (41, .. ., U ) Where
Ui = aipi(-, z*)(2@ — 0. P(z%) - ﬁ)

Using that — P; € K; and conclusions from Remark 2.2, v) we derive (for details see [8, p. 114, 115])
k m
o = Glly <c(B®){llon = Blly + l1tno = Follzz + liim = 51+ a3 Io2illzz +1) } —o.
j=1 i=1

Joyndx € Simplies [,ydx € S, too. Sincev € S+ we obtain (7,7)y = 0. Because of £(zy,,u,) =
E(z*,u*) = 0andsince (-, u) is monotone we find

1 * * 1 * * % *
0> EQ:(Z aun) _E(znaun)vzn_z >Z - E<S(2 ,un)—é'(z » U )’Z”_Z >Z
1 m m
= —— zPi ) n — * i ; L = — zPi BE nYyni .
2 /{2;8 (2*) - (zn — 2")(u; — uf) do /an (2") - pnyni d

~

Passing to the limit and taking (b, 7)y = 0 into account we arrive at

RPN I L NP PO R e [
0>—/ﬂ; G )-,Uzyidx—/Q;{?Ui_E(z )'M}yidfc—/QZszde.

= YaPi
Thus, 7 = 0, and (34) givesthe contradiction 1 < c2(R)||yn||3- — 0. O

Theorem 4.17 We suppose (1) — (I11). Then the free energy F (u) decays exponentially along solutions (u, b, z)
of (P) toits equilibriumvalue F(u*), that isthereis A\ > 0, depending only on the data such that

F(ut)) — F(u*) <e M (FU) - F(u*)) Vt>0.

Proof. Theorem4.9and Lemma4.11 ensurethat u(t) € My f.aa ¢t > 0if R = max{1, F(U) — F(u*)}is
considered. We set A = 1/cg. Then Theorem 4.8 and Theorem 4.16 give the desired estimate. O

Corollary4.18 Let (u*, b*, z*) bethe (uniquely determined) steady state of () andlet (u, b, z) beany solution
of (P). Thenthereisaconstant ¢ > 0, depending only onthedata such that with A from Theorem4.17 the estimates

u(t) = u*|[r@mmy > [6() = b i@mmy s [12() — (|2 < ce?/? Vie Ry (36)
arefulfilled. Moreover, the inequalities ||b; — b || 2w ,22) < ¢, i =1,...,1, hold.

Proof. Let (u,b, z) be asolution of (P). Theorem 4.9 guaranteesthat ||z || L<(r, ,z), [ 20l L= ®,2) < €
’L. =

and [|a| L= (r, L1 @.Rrm)), D) lLyry) < o llVa/a* = 1pem,y) < ¢ [[VVai/afllLzm,,12) <
1,...,1. According to (32), (33) we have

Fu(t)) = F(u*) > cl|z(t) = 2*[[ + el vult) = Vur|f3

37
> cl|2(t) = 2% + el Val(t) = Va* ||} Yt € Ry. 0
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Therefore Theorem 4.17 ensures that

l2(t) = 2z, [[V/ut) — Vur|y, [Vat)/a* = 1]y < ce™™? vte R,
lva/a* — 1||L2(R+,Y) <ec

With the inequality |lu; — ufllL < ||\/u; — /ulllL2|[\/u; + \/uf| L2, with Theorem 4.9, Theorem 4.17 and
(38) we verify the remaining estimatesin (36). Let now ¢ € {1,...,1}. Previousresults and estimates (38) lead
to [\/ai/a; — 1| r2r, 1) < c. Thereforeinterpolation between the spaces L?(R, H') and L>*(R, L?)
yields [|\/ai/af — 1| ar.,z4) < c. Since z and z* are bounded and the functions p;(z, -) arelocally Lipschitz
continuous (see Remark 2.2, ii)), we can estimate

[bi = b7| < c(lai/a] =1+ ||z = 2" [[me+1) < elV/ai/a; =11 + [Vai/af —1] + ||z —2*|[re+).

Thus, fori =1,...,1, weverify

(38)

16: = b} 172w, .12

C{H\/ ai/a; = zaw, 1o+ IVai/a; = 7am, 12y + 2 = Z*|‘%2(R+7Z)} <c O

5 Global apriori estimates

Now we establish global upper boundsfor the chemical activitiesb; and densities «;. For thisreason we addition-
ally assume that for the reaction system the properties

m m

max - {(a —a”)(Br — ax) }<cZa +c, Z O”Z Bi =0Va e R, V(a,B) €R (IV)

i=l+1 i=l+1

arefulfilled. We start with estimates of the L>°(R., L?)-norm and the L>°(R., L*)-norm of the chemical activ-
itiesb;. Afterwards, the final result will be achieved by Moser iteration. Here mobile and immaobile species must
be handled in a different way. In the proof we use the constants e, €, € > 0 defined in (1), iii) and Remark 4.10.

Lemma5.1 Weassume (1) — (1V). Let ¢ be the exponent from Lemma 4.3. Then there are constantsc, ¢, > 0
depending only on the data such that
Hbl(t)HL2 <c Vit € R+, 1= 1, e,y ||ZOHLO¢(R+’W1J1) < Cq

for any solution (u, b, z) of (P).

Proof. 1. From Lemma4.3 and Theorem 4.9 we get

m m

[20()lwra < c(l + Z [Jua(t ||L2q/<2+q>) < (’(1 + Z (s (¢ ||L2q/(2+q>) faatcR.. (39)

2. We usethe test function 2€* b for the evolution equation in (P). According to the assumptions (1), vi) and (1V)
we can estimate the occuring reaction terms as follows

m l
> Ras(b,2)(B=a) b= Yo {07 b2+ bid? +82 + 1) — &bt
(a,B8)ER j=l+1 =1

m

l ~
< cZ|bi|3+c—§ 3 bl
=1

j=l+1
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3. Using this estimate, inequality (66) and Young'sinequality it resultsthat forall t € R

m

> (o€ ba(t)l72 — cllUil72)

=1

t l
< /0 & { DA 2elballd + cllbillorlzollwra bill e + 1b:l12s + 1)}
i=1

(40)

+ 30 { b+ eyl s

j=l+1

t l m ~
S ~ €
< /Oe { > Lelvill e lzollwa 1ill e + 1Bill 72 + 1) = ellbil 7 3= > §Hbj||%3}d8

i=1 j=l+1
wherer = 2¢/(q — 2). We make use of the estimate (39), of Theorem 4.9, of the estimate ||b; | ;24/c2+a) <

1651152776127 < ¢||b,||24", of Gagliardo-Nirenberg'sinequality (66) and obtain

m
cllbsl| L[| zolwra | bil| 1 < ellbill e (1 +y HijL2<z/<2+q)) 1[03]] rr1

= (41)

2/r 2/r 2(r—1)/r €
< eflbil 22 1+Z|\b IZNeall 7" < Sllball3n +clles 120 3 1051 +c.
j=1

Thistogether with (40) leads to

m

¥ DIl <[ eS{——ZHb - 30 il

j=l+1
m l
+CZ(ZHbz‘”QH+1)||bj||2L2+c}ds+c
j=1 =1
g 3
{——Zl\b - 30 Cibls
i=1 j=l+1

m l
Z St — b 11Ze + 1) [1b]12 + 1}ds Yo VteR,.
Gagliardo-Nirenberg’sinequality (66) and Young'sinequality guarantee

— € .
cllbillZ < ellbill L [1bll < §Hbil\§p +ellbillg, i=1,...1

1/2 3 2 € .
elballze < elloll A2 Ibll7E" < GllbillEs +elbillr, i=1+1,....m
Since [|b| LR, (2,rm)) < c (see Theorem 4.9) we can proceed by

m m

¢ an 2 < cé +(’/ ZZH() b | 2allbs |22 ds Vi € Ry

j=11:=1

According to Corollary 4.18 the function n := 22:1 1b; — bj||2L2(Q) has afinite L' (R )-norm. Therefore we
can apply Gronwall’slemmaand obtain that foral ¢t € R

t
e an )2 < c€ +/ cern(s) e mo ds < cel (14 [|n) w1 ®0) < cé
0
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4. Since2q/(2 + q) < 2 the estimate for || zo| o (r ., ,w1.4) IS @adirect consequence of (39) and the first estimate

inLemmab.1. O
We define
K= cir +1 wherer =2¢/(¢g—2), g¢fromLemmad4.3, ¢, fromLemmab.1. (42)

Lemma5.2 Weassume (1) — (IV). Then there exists a constant ¢+ > 1, depending only on the data such that
lb:s(t)|lps <cps VEE€ Ry, i=1,...,m,

for any solution (u, b, z) of (P).

Proof. Weusethetest function4e’ (b3, ...,b3,). First we estimate the reaction terms
3" Rap(02) S (8 — aib? <Z{Z{b2+1 + (03 + )0} + b7} — @0}
(a,B)ER i=1 =141
<Yl =5 > Il
i=1 g I+1

With g from Lemma4.3and r = 2¢/(q — 2) weobtainforal ¢t € R

m m

Y (o€ lIbi(t)l|zs — cllUilza) / > (= 2€lbslgs + 116511 24)

=1 j=l+1
l
37 (=2l + eIV z0l ol V@R 167 e + Bal +1)) } s
i=1

Next we apply theestimate ||b;[|7. < 2€]|b;[|55 + ¢, j =1+1,...,m, and theinequality (66). Moreover, we use
Lemmab.1, (42) and Young’'sinequality to get

1/r 2—1/r
eoeznb ||L4</ Z { = 213+ elzollwa 1021 10215

Bl MBI + 1) s + c

<c/ Z{H||b2||L1+||b2HL1+1}dS+C<Ce Vit € Ry.

i=1 [

Theorem 5.3 We assume (1) — (1V). Then there exists a constant ¢ > 0 depending only on the data such that
16:() e <e¢, Jui(t)|lpe <c VEeERy, i=1,...,m, (43)
for any solution (u, b, z) of (P).

Proof. The main idea in the proof is a Moser iteration. First we verify the global bounds for the mobile

species. Then, using these bounds we prove the assertion for the immobile species. Let v; = (b; — K)™T,
1=1,...,m, where K := max{l, ||Uv1/p(31||Loo7 Ceey ||Um/pOmHL°C}-
1. Bounds for the mobile species. For p > 8 we usepe’ (v! ", ... 0?0, ...,0) astest function for the

evolution equation and denote w; := vf/ 2, According to assumption (1V) we get

l m

l m
DR ITUED STRMESIS 3) SUSSITARS SITHS prrar I
i=1

(,B)ER i=1 i=1 j=1 j=i+1
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Lemmab5.2 and Holder’s inequality ensure

1 1 1
/Q P2 de < foslPad o oyl 2e < allus 2200

Thus we obtain

l t l
c€ Y lwit)]7: < / ey { — 2€l|wil| 31 + epl| V20| Lal| Vil 2 ([Jwil| - + 1)
i=1 0 i=1

2(p+1 1
+ ep(lwil[35080 + allws| 75005 +1) fds v e Ry

Now we apply for r, p := 2(p+ 1)/p and p := 4(p — 1)/p theinequality (66)

l t l
€ Y wi(t)[|7- < / ey { — ellwill7 + ep® (lz0ll31.0 + D) (Jwill72 + 1)
i=1 0 i=1

2 (3p—4)/2 1/2
o+ ep(llwil| 52 P will s + Eallunll 52 ) + 1) } ds

/ Z Allwil3+ 1) +p* il 37 72+ phedallusl 3 PO +1} ds

!
< op*(k+cla)é€ Z sup |lvi(s) ip//(gpﬂ) +1) vVt e Ry
i=1 S€R+

Thusit results the iteration formula

. ) 2p/(p=2)
S IOl +1 < pPenn + ) (Z sup [los(s) 7472 +1) ViER,, p>S8,
i=1 i=15€

where ¢y > 1 depends only on the data; «, r and ¢z« are defined in (42) and Lemmab.2. Next, we set p = 27,
n € N, n > 3. Therecursion formulaensures

o0

n 2J
Yn < (2%enr (k4 ¢fa) 12) %", leséurl o) T + 1, o= Hl 51
7 j=

Passing to the limit n — oo we establish

ZHUZ M < \/—(24TCM (k+c54) (Z sup ||vi(s)]|7a —l—l))ce vVt e Ry,

136 -+

and Lemmab5.2 leads to the desired estimates for b;, u;, i = 1,...,1.
2. Bounds for the immobile species. We use pe! (0, . . ., 0705’;11, ..., vP=1), p > 2, astest function. Applying
the assumptions (1), vi) and (1V), theinequalitiesb; > v; > 0 andthe L>°(R 4, L*°)-boundsfor b;,i =1, ...,1,

we obtain that a.e. in Q2

Lo m 1)/

ScZZ(bQ—I—b + v 1—62 vp+1<ch —EZ vf“ﬁ(m—l)m.

i=1 j=I+1 j=l+1 j=l+1 j=I+1
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Thuswe find
A<p+1)/2 . p+1)/2
€Qe ;JrlH’UJ ||LP <p/ / — ~(;D 0/2 dxd8§6p|Q|(m—Z)m Vt€R+
J

This ensures the estimate

o3 (t)lle < (P19 (m — ) VET feo) /" EfE<e VEERy, j=1+1,...,m, ¥p>2.
Passing to thelimit p — oo weobtain ||v;(t)||z~ < /¢/€forallt € Ry, j=1+1,...,m, whichleadsto the
desired L>°-estimatesfor b;, u;,j =1+1,...,m. O
6 Existenceresult

6.1 First regularized problem (Py)

To prove the existence of a solution of () we investigate two regularized problems which are considered on an
arbitrary given interval S = [0, 7. We start with a problem (Py) defined asfollows. Let N € R, N > 0 be
givenand let py : R™ A+ — [0, 1] be afixed Lipschitz continuous function satisfying

0 if |(b,2)]ec = N,
b,z):= ) , b, 2)|o00 := bil, ..., |bml, e .
otz = { DT N 0 ol )
We introducethe functionsr;: @ x R7 x RFF1 = R,i=1,...,m, by

ri(@,b,2) == pn(b,2) > Rap(e,b,2)(B; — ).
(e, B)ER

These functions r; are Carathéodory functions. Moreover, the functionsr; (z, -, -) are Lipschitz continuous (uni-
formly with respect to ). Further essential properties of these functionsare

> ri(w,b,z) (Inb; + Pi(2)) <0faazeQ, V(b,z) e RT x RxR", b >0, (44)

i=1

ri(a,b,2)| < e(N) faazeQ,V(b,z2) cRTxRxRF i=1,....,m. (45)
We definean operator Ry : X1 x Z — X* by

m

(R (b, 2),b /Zm b,z)b;dzr, be X,

and formulate our first regularized problem as follows

w'(t) + Ab(t), z(t)) = Ry (b(t), 2(t)),  E(2(t),u(t)) =0, wu(t)=DBb(t) faates,
u(0) =U, we HYS,X*)NL3S,Y), (Pn)
be L3(S, X)NL=(S,LY(Q,R™)), z€ L3(S,Z) N L®(S,L>(Q) x RF).

6.2 Energy estimatesfor solutionsof (Py)
We use the energy functional F from 84 and define the functional Dy : Mp — R,

/Zw b, 2)pi(-, 2)|V/ai|* dz,  u € Mp (cf. (26)). (46)

Notethat Dy isalower estimate of the dissipation functional correspondingto problem (Py). Similar to the proof
of Theorem 4.8 we can verify the following lemma (for the complete proof see [8, Lemma8.32]).
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Lemma 6.1 Along any solution (u, b, z) of (Py) the free energy F(«) remains bounded by its initial value
F(U) and decays monotonously,

u(tz)) /DN Ndt < Flu(th)) < FU), 0<t; <ty <T.

Moreover, there exist positive constants, which do not depend on N and 7" such that for any solution of (P )

HUZ‘IHUZ‘HLOO(S7L1(Q)) <ec, 1=1,...,m, ||uHLoo(SL1(Q rRm)) <G (47)
HZ||L°°(S,Z) <g¢ ||ZO||L°° (S,L>(Q)) » HZJ||L°° <car,j=1,....k

Remark 6.2 The boundsfor = obtained in (47) coincide with those of Theorem 4.9. Therefore Remark 4.10
remainsvalid for solutionsof (P ) and we will now use the constants e and € from Remark 4.10 again. Moreover,
inequality (39) with ¢ from Lemma4.3 remainstrue.

6.3 A priori estimatesfor solutionsof (Py)
Asfor solutions of (P) the proof of apriori boundsfor solutionsof (P ) consists of three steps, namely to prove

estimates for b;, i = 1,...,m, in L>(S, L3(Q)), L>=(S, L*(2)) and in L>°(S, L>°(2)). In our proof the con-
stants will depend on 7", but not on N.

Theorem 6.3 We assume (1) and (1V). Then there exist constantscys > 0, c49 > 1 and c59 > 0 not depending
on N such that

10:()|lrz < cus VEES,i=1,...,m, (48)
10:()|lps <cag VEES,i=1,...,m, (49)
Hbi(t)”LOO <ecyo VEES, i=1,...,m, (50)

for any solution (u, b, z) of (Py).

Proof. 1. We use the test function 2b. Accordingto (1) iv), vi) and (1V) we get with € from Remark 4.10

l

m m l
S (b2 b < pw(b,2) S {cZ(b?—i—bfbj—kbib?—kb?—kl) —zbgf} <eX b te
i=1 j=l+1 = i=1 i=1

Therefore, similar to the argumentsin the proof of Lemmab5.1 we obtainfor¢ € S

m

> (eollba®lF2 = cllUillz2) /Z{ (il llzollwa l1Ballrre + 1Bl + 1) — €llbil7s } s

=1

withr = 2¢/(¢ — 2) and ¢y and e from (1) iii) and from Remark 4.10. We apply the estimate (41) and verify that

m t m 1
Z b;(#))12: < c/ ZZ 16|22 105122 ds + ¢ Ve S. (51)
j=1

j=11i=1

First, leti € {1,...,1} befixed. Lemma 6.1 and (46) ensure that ||V \/a;||12(s,12) < ¢ [|uillpoe(s,1) < €
[20l[Lo(s,L) < ¢ lzjllLe(s) < e j = 1,...,k, and therefore || \/a;||r2(s,m1) < ¢ [[Vaill=(s,z2) < c.
Interpolation yields ||/a;|| La(s,L4) < ¢, and thus [|b; || L2(s,12) < c. Thereforewe can apply Gronwall’'s Lemma
in (51) and obtainthat ||b;(¢)|| 2 < c¢,i=1,...,m,fordl t € S. Hence, for ¢ fromLemmad4.3thereisac, > 0
not depending on N such that || zg || o (s,w1.a) < ¢4 for al solutions (u, b, z) of (Py). We denote

~

k=" + Lwithr =2¢/(q — 2), q fromLemma4.3. (52)
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2. Next, we use thetest function 4(b3, . . ., b2,) for (Py) and estimate the reaction terms by

m m

Sorilb2) b < pnlbz) Y e Z{b2+1 + (62 + 1)} + 0} — “bS}<cZ|b|5+c

i=1 =141 i=1

Similar to the proof of Lemma 5.2 by applying (66), (52) and Young'sinequality as well as (48) we find
m t 1
> eollbi(t)l1 s < / S L= 1820 + @B IO IR + 1520 s 10211577 + 1) } ds

t
Sc/ SO (R + BRI, + 622, + 1} ds < Vies.
0 ,_

3. Theproof of the L°°-boundsagainisdonein two steps, namely for the mobile and theimmobile species, respec-
tively. We employ some techniques of the proof of Theorem 5.3 and refer to the notation v;, w; and ¢y introduced
there.

Bounds for the mobile species. We use pe! (v?™",...,vP™",0,...,0),p > 8, astest function for (Py) and esti-
mate the regularized reaction terms by

l m
IEEIEET 3) SURRIESETS SICERED DRIt B
= i=1j i=1

j=l+1

ae. on ). Estimate (49) and Holder'sinequality supply [, oo de < o250 lojlf2s < Bollwi |25 1P
Following step 1 of the proof of Theorem 5.3 we arrive at

l l
o€ Y lwi(t)lze < ep* (R +cy)e D (sup [lils PP 41y vees

=1 =

which leadsto

Z [lo; ()] L= < \/—(24T (R+c5g)e ZSUPHUz Nia+1))° Vte s,

zls

and with estimate (49) we obtain the desired L>°-estimatesfor b;,7 =1, ...,1.

Bounds for the immobile species. We use pe' (0, ..., 0, vf’ﬂl, ..., vP=h p > 2, astest function for (Py). Be-

cause of (1) vi) and (1V) the regularized reaction terms can be estimated by

m l m m
Z rj(-7b,z)v§_1§p(b,z)(cz Z (b7 +b; + 1)v 1—€ Z vﬁ-’“)
j=l+1 i=1 j=I+1 j=l+1
m apt1)/2 apt1)/2
- p—1 _ ~ p+1 _ne _pne
z)(e Z g € Z v; ) < p(b, z)(m l)g(p—l)/z < (m l)’é'(pfl)/Q
j=l+1 j=l+1
a.e. in Q. Now we can argue as in the second step of the proof of Theorem 5.3. O

6.4 Second regularized problem (Py,)

The existence of solutions of problem (Py) for fixed NV is shown by asecond regularization (P,,). For this pur-
posewetake M > M* := max {N + 1, max;—1,...m ||Ui/p0i||Lm} and use the projection

y for ye[-M,M], yeR.
M for y> M,

—-M for y<-—M,
om(y) =
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Moreover we introduce the regularizationsof D;, i =1, ...,1,
DiM(i,b,Z) = Di(fabJr;UM(ZO);UM(Zl); . ,UM(Zk)), €N, beR™, z € RkJrl,

and definethe operator Ap;: X x Z — X* by

l
(Ant (b, 2),B)x = /Q 7 Dini (b, 2)por (Vb + [orr ()] Qi(2)V 20) - Vi e, B e X.

We consider the regularized problem

W(t) + An (b(t), 2(t)) = Ry (b*(t), 2(t)) faates,
E(2(t),ut(t)) =0, u(t)=Bbt) faates, (P
w0)=U, we H'(S,X*)NL3(S,Y), be L2(S,X), z € L*(S, Z).

Note that solutions (u, b, 2) of (P,,) possess the regularity propertiesu, b € C(S,Y) and z € C(S, Z).

6.5 Existenceresult for (Pyy)

First we give an equivalent formulation of (P,s). We write b intheform b = (v, w) wherev = (by,...,b),
w = (bj41, .. ., by) ad introduce the spaces

Yi=L*QR), Yy =L(QR™), X' = H'(Q,R'), X" = (X)",
W= {ve L*S,X": (Byv)' € L*(S,X")} c C(S,Y")

and the operators B, : L?(S,Y!) — L2(S,Y"), B, : L*(S, Y™ ) — L2(S, Y™ 1),

l
v)(t),0)yr = ;0 (0T de, TEY,
(Bov) (), )y /Q Sponmds, TV

m—I

<(BwUJ)(t),m>ym—z = / Zpo(l+i) Uji(t) w; dx, w e Y’mil, tesS.
Q=1

Additionally, we define operators A, : L?(S, X!) x L2(S, X") x L*(S, Y™ !) x L%(S,Z) — L3(S,X"™),
A0 Ryt L2(S, XU L2(S, Y™ 1) x L2(S, Z) — L2(S, X'*) and Ry : L2(S, X1)x L2(S, Y™ 1) L*(S, Z) —
L2(S, Y™ 1) by

!
(Ap(v;0,w,2),0) 25, x1) = / / Z(DiM(-,ﬁ,w,Z) poi Vi - VU; + v;7;) da ds,
SR

1
<A2(U7w72)76>L2(S,X1) :2/ / Z(DiM(',U,’U),Z)pOi (o2 (v:)]TQi(2) V2o - VU; —v;v;) dw ds,
SR
(Ro(v,w, 2),0) 12(5,x1) ::/(RN(U+,w+,z)7(E7O)>X ds, Te L*S,X"),
s
(Ruw (v, w,2),W) 25,y m—1) ::/(RN(U+,w+,z),(O7E)>X ds, we Lg(S,Ym*l).
s

For every givenv € L2(S,Y!) andw € L%(S,Y™!) the vector (B,v, B,w) liesin L?(S,Y"). Therefore, ac-
cording to Lemma4.3 thereisaunique solution z € L2(S, Z) N (L>(S, L™ x R¥)) of

E(2(1), Bov) (1), Bow)t (1) =0 faates.
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Let7,: L2(S, YY) x L2(S, Y™~ 1) — L2(S, Z) denotethe corresponding solution operator suchthat z = 7_ (v, w).
Then problem (P;,) can be formulated equivalently as follows:
(va)l + Av (’U7 v, w, 7;(”7 w)) = RU(U7 w, 7; (’U, w)) - Ag (’U, w, 7;(”7 w))a

1 (53
(Byv)(0) = (Un,...,Up), veW,

(Buw) =Ry (v, w, T.(v,w), (Buw)(0) = (Uit1,...,Un), Bwwe HY(S,Y™ ). (54)

The existenceresult for (P,) isshown by proving that the system (53), (54) can be solved. We remark that thanks
to Lemma4.3the solution operator 7., : L?(S,Y) — Z of our generalized Poisson equation possessesin principle
thesameessential structural propertiesasthe sol ution operator of the nonlinear Poisson equationin[13, Subsection
3.5], only the range differs. In our operators A%, A,, R,, R, the dependences of the quantities D s;, pn, kag
and Q; on z are nearly of the same quality asin the operatorsin [13]. Thereforewe can follow the principleideas
and estimates of the different steps of the existence proof in [13, Subsection 3.5]. For a complete proof of the
existence of solutions of (P;;) see [8, Subsection 8.6.5]. Here we give only a short summary of the proof and
refer to the corresponding lemmasin [13].
At the beginning we fix some © € W' and solve theinitial value problem

(Buow) = Ru(@, w0, T.(5,w)), (Bow)(0) = Uy, Bywe HY(S,Y™ ).

Asin[13, Lemma 3.8] one proves that this problem has a unique solution w = 7,0 with a solution operator
Tw: WE— HY(S, Y™ ). Next we solve the problem

(Bov)' + Ay (039, 70,8, T2 (3, T,0)) = R (T, Tu0, T.(0, Tu0)) — A0, To,0, T.(3, Tw0)),
(Bov)(0) = Uy, veW"

According to Lemma 9.3 there is a unique solution v = Qv of this problem. The operator Q: W! — W is
completely continuous (see [13, Lemma 3.10]). By means of Schauder’s Fixed Point Theorem similar to [13,
Lemma3.11] we can prove the existence of afixed pointv € W of the mapping Q.

Theorem 6.4 Thereisa solution (u, b, z) of problem (Py).
Proof. Sincethe mapping Q hasafixed point there isa solution v of the problem

(Byv)" + Ay (v;0, Ty, T, (v, Tyv)) = Ry (v, Tov, T (v, Tyyv)) — A%(v, Tov, T (v, Tyyv)),
(B,v)(0) = (Uy,...,U;), veWh

We definew := T,v € H'(S,Y™!). Thenthe pair (v, w) satisfies the system (53), (54) which is an equivaent
formulation of problem (Px). O

6.6 Energy estimatesfor solutionsof (Pyy)
Lemma6.5 If (u, b, z) isasolution of (Pys) thenb(t) > 0, u(t) > 0ae onQforallt e S.

Proof. Let (u,b, z) beasolution of (P,,). We use thetest function —b~ for the evolution equation and take
into account that

(Vb + [om (b)) TQi(2)V20) - Vb, <0, i=1,....0, —ri(-,b,2)b; <0, i=1,...,m.
Thenwefind that ||b=(¢)||3- < 0 for al ¢ € S which provesthe lemma. O
We use aregularized energy functional F,; which isadapted to the regularizationsdonein problem (P,,). Let

L (y) = Iny if 0<y<M,
MW= mM -1+ £ if oy > M.
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We define the functional ]-"MQ Y - Ras

]__M2 /Z/ Mm(y/poi)dydx if weYy, (55)
+oo if uweY\Yy,

and introduce
JTMQZ(fX/[2|X)* ZX*HE, Fu=F +fM21X*—>ﬁ with F; from(14).

Since the function [, has the same fundamental properties as the function In which appears in the definition of
the functional F> we obtain similar to the proof of Lemma 4.5 the following result.

Lemma 6.6 Thefunctional Fy; = F; + Fae : X* — R is proper, convex and lower semi-continuous. For
u € Y7 it can be evaluated according to (14), (55). Therestriction F )|y, iscontinuous. If u € Y, and z isthe
solution of £(z,u) = 0 then P(z) € 0F;(u ) IfueY,u>d6>0andu/py € X thenlp(u/po) € OFna(u).
Here i5;(b) meansthe vector {las(b;)}i=1,...,

Note that also the regularized free energy ]—" v hasthe important property that

Fulw) 2 e {Iel + 3 futmud e} e vs. 59)

i=1

Lemma 6.7 Along any solution (u, b, z) of problem (P,,) the regularized free energy 7, remains bounded
by itsinitial value F;(U) = F(U) and decays monotonously,

f]y[(u(tg)) < .7-"M(u(t1)) < ]:(U), 0<t; <ts.

Moreover, there are positive constants ¢, cs7, ¢ss Which do not depend on A such that

llzollLoo(s i)y < ¢ luwilnw||peo(s iy, |willpe(s,pi)y <c, i=1,...,m,
Hbilnbi||Loo(S7Ll(Q)) §C57, i:l,...,m, (57)
lzollLoo(s,Lo0())s 125l Lo sy < €58, G =1,...,k, (58)

for any solution (u, b, z) of (Pas).

Proof. 1. We use the techniques of the proof of Theorem 4.8 and define u® = w + dpo, b = b + § for
§€(0,1). Thenu® € H' (S, X*), In(b°) € L2(S, X) and Vips (b9) = Vb Jor(b9), i = 1,...,1. Lemma6.6
guarantees the relation 15, (0° (t)) € 0F a2 (ud(t)) f.aa t € S and according to Lemma 9.2 the function ¢ +—
Fara(ud(t)) is absolutely continuous on S and

%}'Jvn( 2(t)) = (u'(b), ZM(u‘s(t))>X faates.

We define ¢§, = P(z) + 1a(b°), ¢4 = P(2) +In(b%) € L*(S, X) and get

to

[Fr(u) + Fuae )] 11 = | (W (1), €y () k.
Using the evolution equation we can write a.e. on S
(W', ) x = (R (b,2) = An (b, 2), () x = (R (6,6, 2), (%) x — (Au(b,6°,2), Ch)x + h°
with
= (Au (0,1, 2) = Anr(b,b,2), C3r) x + (Rav(b,b, 2) = Rv (b, 1%, 2), Chr) x
+ (R (6:0°,2), G2 = ).
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where the operator R v isdefined similar to the operator R givenin (29) but here additionally the factor p (b, 2)
isinvolvedin theintegrand and A, : (X x X x Z) — X* isgiven by

(An (0,6, 2), b)) x :—/ Z Ding (-, b, 2)po; [V + [oa(09)] T Qi(2)Vzo] - Vb dz, b € X.
Because of (R (b, b, 2), (%) x < 0and (A (b, b7, 2),¢3,)x > 0 wefind the inequality

[F1(u(t)) + Fara(u / ho(t) (59)

For small § dueto the choice of M we havethat py (b(x), z(z)) = 0if 3,;(z) # ¢ (x), and thusthe last termin
h9 vanishesidentically.

3. Next,welet§ — 0. Since Fasa|y, iscontinuousweobtain Fazo (v’ (ty)) — Farz(u(te)), k = 1,2. Moreover,
the definition of A, and L ebesgue’s Theorem ensure that the time integral of the first term in h° tends to zero
for § — 0. A corresponding convergence isvalid for the second term (here the uniform Lipschitz continuity of

ri(z,-,-) is used). Thuswegetf t)dt — 0ford — 0, which leads together with (59) to Fas (u(t2)) <
Fur(u(t)). Since M > max;=1,...m ||U/p01||Loo we obtain F;(U) = F(U). Now al other assertionsfollow
from (56) and Lemma4.3. O

6.7 Further estimatesfor solutionsof (Py;)
Theorem 6.8 Thereisa constant cgy > 0, not depending on M such that

l|bill oo (,00) < c60, @ =1,...,m, (60)
for all solutions (u, b, z) of (Pas).

Proof. 1. The constantsin the proof may depend on N (and T"). Asin the corresponding proofsfor (P) and
(Px) the present proof is done in three steps namely estimating the norms of b; in L2(Q), L*(Q) and L>=(1Q2).
Using the test function (0, .. .,0, ujt1, . .., um,) and the property (45) of r; we find that ||u;(¢)||z2 < ¢ for all
teS,i=10141,...,m. Andtherefore ||u;(t)||;~» < cfordlt e S,i=1+1,...,m,wherer’ =2¢/(2+ q)
with ¢ > 2 from Lemma4.3. Thus, for solutions (u, b, 2) of (P,) we obtain

m

|\ZO(>||WH<¢(1+Z||% ||LT,)<C(1+Z||b ||L,) vt € 8. (61)

2. Letr = 2¢/(q — 2). Wetest the evolution equation in (Pys) with 2(by, ..., b;,0,...,0), estimate [oas (b;)] "
by b;, use (45), theinequalities (61), (66), Young'sinequality and Lemma6.7. Then we get

l

> (eollbi)1Z2 — cllUsz2) /Z{ (Ioill - llzollwr.allbill e + 1Bl 7> + 1) — 2€][bil| 0 } ds

=1
< / Z{znbmunbium S byl e dlbilfds vees.
i=1 j=1

We handle the integrand as follows. We use (67) for p = 2 and Lemma 6.7

l l l l l
& bl bl ey Ibsll e < (él\billifﬁ clbill=y Hbjl\ia)ﬁz (511BillF: + cllbillz2)
i=1 Jj=1 i=1 Jj=1 i=1
l
<Z Slbill3n + (R b b [ [bill e + ellbillze)”) < D ellbill3n +ec.

i=1
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In summary we thus obtain positive constants ¢, x not depending on M such that
Noi(t)l2 <c,i=1,....m, [[20(t)l}pra + 1<K VteS. (62)

3. Wefollow theideasin the second and last step of the proof of Theorem 6.3, estimate [0 5, (b;)]™ by b; , takethe
constants ¢,  from Lemma4.3 and  from (62) instead of <. Thuswe find for all solutions (u, b, z) of (Pas)

[bi(t)||ps <& Vte S, i=1,...,m,
Co
ZH b, — ()] Lo <\/<24r cT(Zsup| bi — K)T (s )||L4+1)) Vte S,
1 s€S

(b — K)*()|pe < Vte S, i=1+1,...,m,

(with K and ¢y from the proof of Theorem 5.3), which leads to the desired L °°-boundsfor b. O

6.8 Existence proof for problem (Py)
Theorem 6.9 We suppose (1). Then there exists at least one solution of (Py).

Proof. We choose

M = max {0587 ceo, N + 1, i:I{laXm ||Ui/p0i||LoQ}

(see Lemma 6.7, Theorem 6.8). According to Theorem 6.4 there exists at least one solution (u, b, z) of (Pzr.

This solution fulfilsu > 0 (see Lemma 6.5). Because of Lemma 6.7 and Theorem 6.8 all solutions of (Py;) are
bounded, HZOHLOO(S7LOQ(Q)), HZj”Loo(S) < M,j=1,...,k, ||biHLoc(S7Loo) < M,i=1,...,m. Thus the
solutions (u, b, z) of (Py;) are solutions of (Px), too. O

6.9 Existenceproof for problem (P)

Theorem 6.10 We assume (1) and (1V). Then there exists at least one solution of (P).

Proof. It suffices to prove the existence of a solution of (P) on any finite time interval S := [0,7]. Such
problems are denoted by (Ps). We choose N := 2max{c47,c50} (cf. Lemma 6.1, Theorem 6.3). According

to Theorem 6.9 there is a solution (u, b, z) of (Px). The choice of N guarantees that the operators R+ and R
coincide on this solution. Thus (u, b, z) isasolution of (Pg), too. O

7 Asymptotic behaviour

In addition to the results formulated in Theorem 5.3, Theorem 4.17 and Corollary 4.18 the following assertions
concerning the asymptotic behaviour of solutions of () can be verified.

Theorem 7.1 Wesuppose (1) —(IV). Letp € [1, 00). Thenthereareconstantse, ¢, A, A >0, depending only
on the data such that

lui(t) = il|ze, [|bi(t) = b} |o < ce™™' Vi€ Ry, i=1...,m, p€l,00),

llz0(t) — z&llwia, [|20(t) — 25 llL < e Vte Ry, g¢asinLemma4.s3,
for any solution (u, b, 2) of (P).
Proof. Using the estimatesin (36) and Theorem 5.3 we obtainforp € [1,+),i =1,...,m,

i) =il < fuat) = uf || fluit) —uf |7 < P& Vie Ry (63)
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Because of ||b;(t) — bf||pr < cllui(t) — uf|lpr and [|b;(t) — bf||pe < cljui(t) — uf||L~ fordl ¢t € Ry this
inequality supplies the assertion of the theorem for b;, © = 1,..., m. Theregularity result for elliptic equations
with mixed boundary conditions[14, Theorem 1] applied to the solution ¢(t) = 2o(t) — 25 € H (QU T y) of

/ V(1) - Vo da + / 6(t)Z0 dT = / n®)zode vz € HY(QUTY),
Q 'y Q

) = o, 27) = G (), 2(0)

guarantees that
[20(t) = 25/l < cll20(t) = 25 lwra < clln(t)]] 2. (64)
Because of |||, [|z0(t)l| L=, [2]], [25(t)] < ¢, 5 =1,...,k t € Ry, andsinceh € Ko, —P; € Ky, theterm

n(t) can be estimated by

oh oh Z ‘ opP;

o] < ef| 502 = gz +

m k
< c;{mi(t) i + 10 Y 100 - 551

J=0

which ensures that [|n(t)[|2 < c{[|z(t) — 2*[|z + i, lui(t) — uf| 22 }. Therefore inequality (64), Corol-
lary 4.18 and (63) lead to the last assertion. O

8 Comments

1. Examples. We consider a (reduced) pair diffusion model for the redistribution of dopantsand defectsin hetero-
geneous semiconductor structures. Such a model is physically motivated in [6] and mathematically prepared in
[12] and fitsto theform (2). Therelevant speciesare dopants A and (possibly charged) interstitials I, vacanciesV,
dopant-interstitial-pairs AI and dopant-vacancy-pairs AV. They underly reaction-drift-diffusion processes and
for the (lumped) species the following continuity equations are fulfilled:

uy +V-jr =Ri+ R§+ RY,
uf, +V-jv =Ri+ RS+ R{,

wy; +V - jar = Ry — R — R, (65)
uf4V+V-jAV:R§4—Rf—Ré4,
u'y = —R{ — Ry + 2R} + R

with reaction terms

Ry = ki1 (-,v0,Gn) (1 —aray), R§t = k3 (-, v0,Cn) (a4 — avaar),
R{ = k4 (-, v0,Cn) (aa — agaav), R = ki (-, v0,Cu) (aaraav — a?),
RE = ki (-, v0, () (aar — aran), R§ = kg (-, v0, ) (aav — ayaa)

and flux densities ji, K = I, V, Al, AV,

jK = _DK(a Vo, C'Il) ’I,LKV(IH Clk) = _DK(7 Vo, C'n,) PoK (VbK + QK(U()v Cn)bKv’UO)
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where

a = uiK b _ u_K

K pK('av()aCn)’ K pOK’
prc(wv0,Ga) =T (x) Y Oy € 5 00H ) pope(a) = pre(,0,0),

Jj€JK
Pok 0Py
P " :1 pr (- 00,Cn)’ »6n) = ySn )y
K('UOag ) npK(',’UQ,gn) QK(’UQ g ) avo (UO C )
Ur(2) S .., Di () Ck ; e 9% (vottn)
Dx(2,v0,(n) = k()Y je s, Prj(x) Ok
i (2,00, Cn)

with suitable constants C'x ; , gx,; and functionsug, D ;. Here vy is the electrostatic potential and ¢, is an
additional unknown functiont — (¢, (t) € R (electrochemical potential of the electrons). The continuity equa-
tions (65) are coupled with the nonlinear Poisson equation and the global charge conservation

OH O0H
-V (EV’UO) + 8_’00('711’71]03<n) = f07 0 a_é-n('au7’U07Cn) dz = fl |Q|
where
H(z,u,v0,Cn) = h(z,v0,Cn) — > P (vo, Cn)urk,

K=I,V,AI,AV,A

h(w,v0,n) = Un(w)(€0F = 1) + 1, () (€™ 0 F<m) — 1)
with suitable positive functions ,,, @,. The kinetic coefficients ky, k#, i = 2,...,6, Dx, K = I,V, AI, AV,

and the functions Px, Q k = 0Pk /v, here depend on the sum vy + ¢,

Now we additionally include in our model another dopant B and the corresponding dopant-defect-pairs BI
and BV with the related reactions RZ to BE. Moreover we introduce pairs of dopants AB and consider pairing
reactions Al + BV = AB and AV + BI = AB with reaction rates

R7; = k7(-,v0,¢n) (aarapv —aap), Rs =ks(-,v0,(n) (@avapr —aag).

The resulting model equations contain nine continuity equations and 13 reactions and are of the form (2), too.
Next, we reduce that model under the assumption that the kinetic processes of the point defects are very fast
(D1, Dy, k1 — o0) and that the reactions R are very fast (k¥ — oo, L = A, B,i = 2,...,6). Sincethe
expressions for the flux densities j;, 7y and the reaction rates of the fast reactions must remain bounded these
assumptions lead to

V({; =VlIna; =0, aV:e‘CI, CLLIZCLLGCI, CLLV:CLLG_CI, L=AB,

where (7 only depends on time. Then the resulting model equations contain three continuity equations for the
lumped concentrationsuy, = ur, + urr + urv, L = A, B, andfor uap = uap, namely

W, +V-jr = —(kr+ks)(aaap —aap), L=A,B,
Wyg+V-jap = (k7 +ks)(asap —aaB)
where
jL = _{DLIPOLI &P 4 Dy pory e%”PLV}aLVln ar, L=A, DB,

~ _pP
jaB = —Dappoap€ "*FPaspVinaap.

Moreover, that reduced model contains a nonlinear Poisson equation and two nonlocal constraints, namely the
global charge conservation and the global conservation of the defect difference

oh _ P _
—V - (eVwy) = fo — T (-,00,Cn) + por€ T Qr + pove TV T Qv + poane TAEQapaas
0

+ Z {Poue*P“JrC'QLI +porve PV TUQLy +p0LeprQL}CLL7
L=AB
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oh _ P, _
/ { (-,v0,Cn) — por€ T Qr — pove TV T Qv — poape TAEQapaap
0

9
- Z {poue*P“H’QLz +porve TV TUQLy +p0L97PLQL}aL } dz = f1 €],
L=A,B
/ {POIGP’H’ + Z por1€ TH T ay, — poye VT4 — Z pOLVePLVCIaL} dz = f2 |Q].
Q L=A,B L=A,B
We assume that

por1(z) = cripor(x), porv(x) = crvpor(x) Witheps, cpy postiveconstants, L = A, B.

We use the vector z = (2, z1, z2) = (vo, (n, ¢7) and the functions
PaB(-,Z) =paB(-, 20,21), DOAB = DOAB,
ﬁL(_7 g) _ pOL{e*PL(Em%) + CLIezzprI(Eo,%) + CLVe*EQ*PLv(Eo,%)} ’

ﬁOLzﬁL('aO)7 L:AaBa ﬁL(z)zlnﬁOL_lnﬁL('vz)7 L:AaBaABa
and define

h(-,Z) = h(-,Z0, 1) + pore” FrFo20)+22 o e PvGodn =22 0 oy

H(z,,2) =h(z,2)— Y. Pu(3)iL.

L=A,B,AB

In this notation the nonlinear Poisson equation, the global charge conservation and the global conservation of the
defect differenceread as
. OH, _ OH , .
_V‘(EVZO)‘F—,V(‘,U,E):]‘.O, T(auag)dx:f] |Q|7 ]:1a27
(92’0 Q 8Zj
and also that reduced model turns out to be a special case of the electro-reaction-diffusion system (2).

2. Uniqueness. If additionaly to the assumptions (I) — (111) the diffusivities D, do not depend on b and the
functions D;(z, -) arelocally Lipschitz continuous uniformly with respectto z, ¢ = 1, ..., then uniqueness of
the solution of () can be proved by means of the techniques of [12, Lemma7.2].

3. Global lower bounds. If we additionally to (1) — (1V) suppose that theinitial values are strictly positive,

U >c>0aeonQ, i=1,...,m,

we can obtain lower boundsfor the solutionsof (P), u;(t), b;(t) > C > 0ae onQforalt e Ry,i=1,...,m,
(see [8, section 8.7]). Note, that here the asymptotic behaviour is exploited to find global lower bounds for the
solutions.

4. Boundary reactions. All results of the paper remain true if one additionally takes into account boundary
reactions of at most first order between the mobile species. Then, for the mobile species X,...,X; the boundary
conditionsin the continuity equationsin (2) are substituted by

l l
veji= Z (o —ﬁi)kgﬂ(bl,...,bl,z)[Haiai — Haf’i}, i=1,...,L

(@, B)ERT i=1 i=1

This caseisinvestigated in [8, Chap. 8].
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9 Appendix

We suppose that 2 ¢ R? is abounded Lipschitzian domain. We use Sobolev’s imbedding results and trace in-
equalities (see[17]) and some other imbedding results, especially we apply the Gagliardo-Nirenberg inequality

wllLe < e w2 llwl[: P Yw e HY(RQ), 1 <p < oo (66)

(see[4, 20]). Asan extended version of thisinequality one obtainsthat for any § > 0 and any p € (1, 00) there
existsacs,, > 0 such that

lwll, < 8wl fwlllp lwlfnt +esp lwlln Vw € HY(Q). (67)

Thisinequality isverifiedin[1] for bounded smooth domainsand p = 3. But (67) istruefor bounded Lipschitzian
domainsand p € (1, c0) since (66) isvalid in this situation, too. Trudinger’simbedding theorem says

el fler < dp(flw]mn) Ywe HY(Q), 1<p< oo (68)
(see[21]). And especially, weak convergencew; — win H'(£2) leadsto strong convergencee®s — e* in L%(12).
Moreover, we make use of two chain rules from the calculus of weakly differentiable functions.
Lemma9.l Let f : R — R belocally Lipschitz continuous, let u € W,..'(Q). Then f o u € W' (), and

Vfou=0,Vu=0 aeon{z:u(z) e N},
Viou=f'(u)yVu ae on{z:u(z)¢ N}

where N denotesthe set of pointswhere f is not differentiable.
For the proof see [7, p. 127-129].

Lemma 9.2 Let X bea Hilbert space, X * itsdual, S = [0, 7. Let the Functional ' : X* — R be proper,
convex and semi-continuous. Assumethat v € H'(S, X*), f € L?(S,X) and f(t) € OF (u(t)) faa t € S.
Then the function F o u : S — R isabsolutely continuous, and

du

dl:i;u(t) = <E(t)7f<t)>x faates.

Proof. LetJ: X — X* betheduality map. Thenwe have Jf € L*(S, X*),
Fw)—Fu(t) > wv—-ul®),ft)x =(Jf{#),v—ul)x- YVve X", faates,
and the assertion resultsfrom [2, Lemma 3.3]. O

Let pg € L°°(Q), essinfreq po(z) > ¢ > 0. Wedefine B: L?(Q) — L*(Q2) by Bw := pow, w € L*(Q).
Let S = [0, 7] be acompact interval. The extended operator B: L2(S, L*(Q)) — L2(S, L?(Q)) is defined by
(Bw)(t) := B(w(t)) f.aa t € S. Thefollowing existence result can be proved asin [5, Chap. 1V].

Lemma9.3 Let A: L2(S, H'(Q)) — L2(S, H'(22)*) be the operator
T
(Aw, W) 25,11y = / / {an -Vw + dw@} dxds, w,we L*(S, H'(Q)),
0 Q

wherea, d € L°°(S x Q) witha(t, x), d(t,z) > ¢ > 0faa. (t,z) € Sx Q. Thenfor every f € L2(S, H(Q)*)
and every U € L?(1Q) there exists a unique solution of

(Bw) + Aw = f, (Bw)(0) = U, w € L*(S,H'), (Bw)" € L*(S, H').
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