Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Complete synchronization of symmetrically coupled autonomous systems

Klaus R. Schneider^1, Serhiy Yanchuk^2,

submitted: 5th May 2003

1 Weierstrass Institute

for Applied Analysis and Stochastics Mohrenstraße 39 D – 10117 Berlin Germany E-Mail: schneide@wias-berlin.de

2 Weierstrass Institute for Applied Analysis and Stochastics Mohrenstraße 39 D – 10117 Berlin Germany E-Mail: yanchuk@wias-berlin.de

No. 833 Berlin 2003

WIAS

2000 Mathematics Subject Classification. 34C15, 34C11, 34K20, 34K35.

Key words and phrases. complete synchronization, ordinary differential, delay differential equations, Goodwin oscillator, one-sided Lipschitz condition.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

In this paper we derive conditions for complete synchronization of two symmetrically coupled identical systems of ordinary differential equations and differential-delay equations. Using Lyapunov function approach we give an estimate of the region of attraction of the synchronized solution. We also established that complete synchronization is robust with respect to small perturbations of the identical systems.

1 Introduction

We consider the problem of complete synchronization of identical dynamical systems which are symmetrically coupled. The dynamical systems under consideration are systems of autonomous ordinary differential equations (ODE systems) dx dt = f(x) (1.1)

with f : R^n → R^n, and systems of autonomous differential-delay equations (DDE systems) dx dt = f(x, x(t − 1)) (1.2)

with f : R^n × R^n → R^n.

In what follows we restrict ourselves to the case of two symmetrically coupled identical systems, that is, we study the non-autonomous ODE-system dx dt = f(x) + g(t, x, y), dy dt = f(y) + g(t, y, x) (1.3)

with g : R^+ × R^n × R^n → R^n, as well as the non-autonomous DDE-system dx dt = f(x, x(t − 1)) + g(t, x, x(t − 1), y, y(t − 1)), dy dt = f(y, y(t − 1)) + g(t, y, y(t − 1), x, x(t − 1)) (1.4)

with g : R^+ × R^n × R^n × R^n × R^n → R^n.

Our goal is to derive conditions on the function f and on the coupling term g in order to guarantee a complete synchronization.

The phenomenon of complete synchronization has been studied by many researchers in applied fields such as electrical engineering [1], laser physics [2], coupled semiconductor Josephson junctions [3], electro-chemical reactors [4] and others [5, 6]. Mathematical methods for studying this type of synchronization have been developed, in particular, in [7-10]. In [11, 12], the application of the uniform invariance principle to the synchronization problem was demonstrated. Rigorous results on coupled lattices of nonlinear oscillators are given in [13].

The paper is organized as follows. In section 2 we recall necessary definitions from the theory of dynamical systems. In section 3 we reconsider the general problem of complete synchronization for coupled identical systems of ordinary differential systems. We prove by applying the technique of Lyapunov functions that we can replace the usual Lipschitz condition on f (see, e.g. [14]) by a one-sided Lipschitz condition. We derive conditions for synchronization in a bounded region and give a lower estimate for a coupling constant to ensure synchronization of linearly coupled systems. At the same time we estimate the region of attraction of the synchronized solution. Section 4 is devoted to the problem of robustness of complete synchronization. We perturb the identical systems and estimate the synchronization error as a function of the perturbation. Section 5 generalizes the obtained results to the case of differential-delay systems. In section 6 we illustrate some of the obtained results by means of two modified Goodwin oscillators describing a control system for the production of an enzyme.

2 Preliminaries

Let | · | be the Euclidean norm in R^n. We define the distance d(x, G) of a point x ∈ R^n from a subset G of R^n by d(x, G) = inf_{y∈G} |x − y|. A mapping φ : G × R → G is called a flow on G if the following relations are satisfied: (i). φ(x, 0) = x ∀x ∈ G. (ii). φ(φ(x, s), t) = φ(x, s + t) ∀x ∈ G, ∀s, t ∈ R. (iii). φ : G × R → G is continuous.

It is obvious that G is invariant under the flow φ, that is, it holds φ(G, t) ≡ G for all t ∈ R. If we assume that f in (1.1) is such that to any initial value x ∈ R^n there exists a unique solution φ(x, t) defined for all t, then φ satisfies the relations (i)–(iii), and we say that f defines a flow on R^n.

A mapping φ : G × R → G is called a semiflow on G if φ satisfies the properties (i) and (iii) above, and instead of (ii) the property

(ii’) φ(φ(x, s), t) = φ(x, s + t) ∀x ∈ G, ∀s, t ≥ 0. We note that if φ is a semiflow on G then G is positively invariant with respect to φ, that is, we have φ(G, t) ⊂ G for all t ∈ R^+.

Let A and B be subsets of R^n. We say that the set A attracts the set B under the semiflow φ if d(φ(x, t), A) → 0 as t → ∞ ∀x ∈ B. A subset A of G is called an attractor of the semiflow φ on G if the following relations hold

(i). A is compact. (ii) φ(A, t) ≡ A ∀t ∈ R. (iii) There is a neighborhood U of A in G such that A attracts U.

Let z := (x, y) ∈ R^n × R^n. We denote by ψ(z, t) = (ψ_1(z, t), ψ_2(z, t)) a solution of (1.3) satisfying ψ_1(z, 0) = x, ψ_2(z, 0) = y.

Definition 2.1 Let W be some subset of R^n × R^n such that for z ∈ W the solution ψ(z, t) of (1.3) exists for t ≥ 0. We say that two identical symmetrically coupled autonomous ODE-systems do completely synchronize for z ∈ W if it holds

|ψ_1(z, t) − ψ_2(z, t)| → 0 as t → ∞. (2.1)

Remark 2.2 The problem of complete synchronization for z ∈ W consists in deriving conditions under which the components describing the behavior of the subsystems are asymptotically identical, that is, for z ∈ W the solution ψ(z, t) of (1.3) satisfies d(ψ(z, t), P) → 0 as t → ∞, where P is defined by P := {(x, y) ∈ R^n × R^n : x = y}. It is easy to verify that P is invariant with respect to system (1.3).

In order to define the concept of complete synchronization for differential-delay systems we need the following notation.

Let C be the space of continuous functions mapping [−1, 0] into R^n. We denote by ψ(ϕ) : [−1, T ] → R^n × R^n a solution of the DDE-system (1.4) defined on the interval [−1, T ] and satisfying ψ(ϕ)(0) = (ϕ_1, ϕ_2), where ϕ_1, ϕ_2 ∈ C represent initial functions.

Definition 2.3 Let V be some subset of C × C such that for ϕ ∈ V the corresponding solution ψ(ϕ) of (1.4) is defined on [−1, ∞). We say that two symmetrically coupled autonomous DDE-systems do completely synchronize for ϕ ∈ V if

|ψ_1(ϕ)(t) − ψ_2(ϕ)(t)| → 0 as t → ∞.

Remark 2.4 As in the case of ODE systems, complete synchronization means that the components describing the behavior of the subsystems are asymptotically identical, i.e. we have d(ψ(ϕ)(t), P) → 0 as t → ∞ for all ϕ ∈ V,

3 Conditions for complete synchronization of autonomous ODE systems

We consider system (1.3) under the following assumptions (A_1). The function f satisfies a global one-sided Lipschitz condition in B ⊂ R^n, that is, there is a constant l (l can be negative!) such that (f(x) − f(y))^T (x − y) ≤ l|x − y|^2 ∀x, y ∈ B, (3.1) where z^T means the transpose of the column vector z.

(A_2). Let g : R^+ × B × B → R^n be continuous. There are two constants β_0 ∈ R and γ_0 ∈ R such that

(g(t, x_1, y) − g(t, x_2, y))^T (x_1 − x_2) ≤ β_0|x_1 − x_2|^2 ∀ (t, y) ∈ R^+ × B, ∀ x_1, x_2 ∈ B, (3.2)

(g(t, x, y_1) − g(t, x, y_2))^T (y_1 − y_2) ≥ γ_0|y_1 − y_2|^2 ∀ (t, x) ∈ R^+ × B, ∀ y_1, y_2 ∈ B. (3.3)

Inequality (3.2) says that g(t, x, y) is uniformly one-sided Lipschitzian in x, from (3.3) it follows that g is uniformly strictly monotone in y in case of a positive γ_0.

Proposition 3.1 Suppose the hypotheses (A_1) and (A_2) to be fulfilled with B = R^n. Moreover, we assume that there is a subset W ∈ R^n × R^n such that for z ∈ W the solution ψ(z, t) = (ψ_1(x, y, t), ψ_2(x, y, t)) of (1.3) exists for t ≥ 0. Then, for z ∈ W the following estimate holds |ψ_1(x, y, t) − ψ_2(x, y, t)| ≤ e^{−αt}|x − y|, (3.4) where α := γ_0 − β_0 − l. (3.5)

Proof. We introduce the function V : R^n × R^n → R^+ by V (x, y) := |x − y|^2. Under our assumptions, for z ∈ W the derivative of V (ψ(z, t)) with respect to system (1.3) satisfies dV (ψ(z, t)) dt = d dt [ (ψ_1(z, t) − ψ_2(z, t))^T (ψ_1(z, t) − ψ_2(z, t)) ]

= 2(ψ_1(z, t) − ψ_2(z, t))^T (f(ψ_1(z, t)) + g(t, ψ_1(z, t), ψ_2(z, t)) −f(ψ_2(z, t)) − g(t, ψ_2(z, t), ψ_1(z, t))) = 2(ψ_1(z, t) − ψ_2(z, t))^T (f(ψ_1(z, t)) − f(ψ_2(z, t))) +2(ψ_1(z, t) − ψ_2(z, t))^T (g(t, ψ_1(z, t), ψ_2(z, t)) − g(t, ψ_2(z, t), ψ_1(z, t))) ≤ 2l|ψ_1(z, t) − ψ_2(z, t)|^2

+2(ψ_1(z, t) − ψ_2(z, t))^T (g(t, ψ_1(z, t), ψ_2(z, t)) − g(t, ψ_2(z, t), ψ_2(z, t))) +2(ψ_1(z, t) − ψ_2(z, t))^T (g(t, ψ_2(z, t), ψ_2(z, t)) − g(t, ψ_2(z, t), ψ_1(z, t))) ≤ (2l + 2β_0 − 2γ_0)|ψ_1(z, t) − ψ_2(z, t)|^2 = −2αV (ψ(z, t)).

From the inequality dV dt ≤ −2αV (3.6) we obtain the estimate (3.4).

In view of the Proposition 3.1 we have the following result

Theorem 3.2 Suppose the assumptions (A_1) and (A_2) to be fulfilled with B = R^n. Moreover, we assume that for all z ∈ R^n × R^n the solution ψ(z, t) = (ψ_1(x, y, t), ψ_2(x, y, t)) of (1.3) exists for t ≥ 0. Then, under the additional condition α := γ_0 − β_0 − l > 0 (3.7) system (1.3) synchronizes completely in R^n × R^n.

Proof. The proof follows immediately from (3.4), (3.7).

A special case of system (1.3) is the case of linearly diffusively coupled identical systems dx dt = f(x) + K(y − x), dy dt = f(y) + K(x − y) (3.8)

Concerning the vector field f and the coupling matrix K we assume: (A_3). The function f satisfies a global Lipschitz condition in R^n, that is, there is a positive constant L such that |f(x) − f(y)| ≤ L|x − y| ∀x, y ∈ R^n. (3.9) (A_4). The coupling matrix K has the form K = kI, where I is the identity in R^n and k is positive.

In [14] the following result about complete synchronization of (3.8) has been proved.

Theorem 3.3 Suppose the hypotheses (A_3) and (A_4) to be valid. Then, under the condition k > L/2 system (3.8) completely synchronizes in R^n × R^n.

If we put g(t, x, y) ≡ K(y − x) in (1.3), then we get system (3.8). Thus, under the hypothesis (A_4) the relations β_0 = −k, γ_0 = k hold. Hence, we get from Theorem 3.2 the following result which generalizes Theorem 3.3.

Corollary 3.4 Suppose f and K satisfy hypotheses (A_1) and (A_4) with B = R^n. Furthermore, we assume that for all z ∈ R^n × R^n (3.8) has a solution ψ(z, t) = (ψ_1(z, t), ψ_2(z, t)) defined for t ≥ 0. Then, under the condition

k > l/2 (3.10)

system (3.8) completely synchronizes in R^n × R^n.

System (3.8) describes two autonomous systems which are bidirectionally coupled. If we consider the unidirectional coupling dx dt = f(x) + K(y − x), dy dt = f(y), (3.11)

then we can treat the problem of complete synchronization by the same approach. As a result we get

Theorem 3.5 Suppose f and K satisfy hypotheses (A_1) and (A_4) with B = R^n. Additionally we assume that for all z ∈ R^n × R^n there exists a unique solution ψ(z, t) of (3.11) for t ≥ 0. Then, under the condition k > l system (3.11) completely synchronizes in R^n × R^n.

Theorem 3.5 can be formulated also in the following way.

Theorem 3.6 Let y^∗ : R^+ → R^n be any half-trajectory of (1.1) starting for t = 0 at y. Then, under the assumptions of Theorem 3.5, there exists a linear feedback controller such that system (3.11) tracks this target trajectory, that is, it holds lim_{t→∞} |ψ_1(x, y, t) − y^∗(t)| = 0. A coupling of identical systems of the type dx dt = f(x) + g(t, x, y), dy dt = f(y) − g(t, x, y), (3.12)

where g satisfies g(t, x, x) ≡ 0 ∀t ≥ 0, x ∈ R^n, (3.13) can be considered as a generalization of the linear diffusive coupling. At the same time, (3.12) is a special case of system (1.3) when g fulfills g(t, x, y) ≡ −g(t, y, x) ∀t ≥ 0, x, y ∈ R^n (3.14) which implies the validity of (3.13). It is easy to verify that a function g(t, x, y) which satisfies a uniform one-sided Lipschitz condition with respect to x with the constant β_0 and fulfills relation (3.14), also satisfies a one-sided Lipschitz condition with respect to y and with the same Lipschitz constant. Thus, we get from Theorem 3.2 the result

Theorem 3.7 Suppose f satisfies hypothesis (A_1) and g satisfies the inequality (3.2) and the relation (3.14). Moreover, we assume that that for all z ∈ R^n × R^n (3.12) has a unique solution ψ(z, t) = (ψ_1(z, t), ψ_2(z, t)) defined for t ≥ 0. Then, under the condition

−2β_0 − l > 0

system (3.12) synchronizes completely in R^n.

The assumptions of Theorem 3.2 do not guarantee that ψ(z, t) stays in a bounded region for t ≥ 0. In the sequel we consider identical systems with a generalized diffusive coupling and derive conditions to ensure that the complete synchronization takes place in a finite region.

Concerning the uncoupled system (1.1) we suppose

(A_5). There exist positive numbers R and γ and a differentiable function V : |x| ≥ R → R^+ such that

(i) V (x) > 0. (ii) V (x) → ∞ as |x| → ∞. (iii) V^′(x)f(x) ≤ −γ.

(iv) V^′(x) is uniformly continuous.

Assumption (A_5) implies that system (1.1) is dissipative. Thus, it has a global attractor A.

With respect to the the coupling we consider a generalized diffusive coupling, that is, we study systems of type (3.12). We suppose

(A_6) g is continuous and satisfies (3.13). Additionally, to any ε there is a δ = δ(ε) such that uniformly for t ≥ 0 it holds |g(t, x, y)| ≤ ε for |x − y| ≤ δ. Theorem 3.8 Suppose the assumptions of Theorem 3.7 hold. Additionally, we assume that the hypotheses (A_5) and (A_6) are valid. Then system (3.12) completely synchronizes for z ∈ R^n × R^n, where the synchronized state belongs to some bounded set.

Proof. We define a δ-neighborhood of P by P_δ := {(x, y) ∈ R^n × R^n : |x − y| ≤ δ}. Let ϵ_0 be some given positive number. According to hypothesis (A_6) there is a δ_0 such that uniformly for t ≥ 0 |g(t, x, y)| ≤ ϵ_0 for |x − y| ≤ δ_0. (3.15)

Under the hypotheses of Theorem 3.7, inequality (3.4) holds with α > 0 such that any trajectory of (3.12) eventually enters the δ_0- neighborhood of P. By assumption (A_5), V^′(x) is uniformly continuous for |x| ≥ R. Hence, there is a δ_1, δ_1 ≤ δ_0, such that |V^′(x) − V^′(y)| ≤ 1 for |x − y| ≤ δ_1. We define the subregions P^R_{δ1} and P^s_{δ1} of P_{δ1} , by P^R_{δ1} := {(x, y) ∈ P_{δ1} : |x| ≥ R, |y| ≥ R}, P^s_{δ1} := {(x, y) ∈ P_{δ1} \ P^R_{δ1} } In P^R_{δ1} we define the function W by W (x, y) := V (x) + V (y). For the function W it holds (i): W > 0 for |x| > R, |y| > R. (ii): W (x, y) → ∞ as |z| = |(x, y)| → ∞. (iii): For (x, y) ∈ P^R_{δ1} we have by hypothesis (A_5) dW dt | | |_{(3.12)} = ∂V (x) ∂x (f(x) + g(t, x, y)) + ∂V (y) ∂y (f(y) − g(t, x, y))

= ∂V (x) ∂x f(x) + ∂V (y) ∂y f(y) + ( ∂V (x) ∂x − ∂V (y) ∂y ) g(t, x, y) ≤ −2γ + | | | | ∂V (x) ∂x − ∂V (y) ∂y | | | | |g(t, x, y)| ≤ −2γ + γ = −γ < 0. Thus, we can conclude that system (3.12) is dissipative and the synchronized state belongs to the region P^s_{δ1} .

In the case of autonomous coupling dx dt = f(x) + g(x, y), dy dt = f(y) − g(x, y), (3.16)

where g satisfies g(x, x) ≡ 0, (3.17) we can prove a more precise result.

Theorem 3.9 Assume the hypotheses of Theorem 3.2 and assumption (A_5) to be fulfilled. Let g(x, y) be uniformly continuous in a small neighborhood of P and satisfies (3.17). Then system (3.16) completely synchronizes in R^n × R^n, where the omega-limit set S of the corresponding trajectory belongs to P ∩ A × A = {(x, y) : x = y ∈ A}, where A is the global attractor of (1.1).

Proof. Under the assumptions of Theorem 3.2 system (3.16) generates a semiflow ψ on R^n × R^n. We note that the hyperplane P is invariant under the semiflow ψ. According to (3.17), the dynamics of (3.16) on P is governed by system (1.1). Assumption (A_5) implies the dissipativity of (1.1) and the existence of a global attractor A ⊂ R^n of system (1.1).

Similarly to the proof of Theorem 3.8 we can show that the function W (x, y) = V (x)+V (y) implies that the coupled system is dissipative. Therefore, there exists a global attractor D ⊂ R^n × R^n of system (3.16). Since P is exponentially attracting for all orbits, we have D ⊂ P. Since P is invariant under the semiflow ψ and since ψ has a global attractor P ∩ A × A on P, it follows D = P ∩ A × A.

In what follows we consider the linearly diffusively coupled system (3.8) and relax the assumption (A_5) for system (1.1) by the following two hypotheses.

(A_{5.1}) f is continuously differentiable f ∈ C^1(G, R^n) in some region G ⊂ R^n. The corresponding system (1.1) generates a semiflow φ on G with a global attractor A in G. (A_{5.2}) There exists a convex set U_A ⊂ G containing A with the properties (i). U_A is positively invariant under the semiflow φ. (ii). A attracts U_A.

Theorem 3.10 We assume the hypotheses (A_1), (A_4) with B = W_A and k > l/2, and the assumptions (A_{5.1}) and (A_{5.2}) to be valid. Then system (3.8) completely synchronizes for z ∈ W_A = W_A × W_A and the omega-limit set of the trajectory ψ(z, t) belongs to the invariant set S = P ∩ (A × A).

Proof. It follows from [15] that under the conditions A_{5.1} and A_{5.2}, the region W_A is positively invariant with respect to (3.8). In analogy to Theorem 3.2 we can prove that under the additional hypotheses of Theorem 3.10, system (1.3) completely synchronizes for z ∈ W_A. Therefore, we have only to prove that S attracts W_A. But this follows immediately from the inequality (3.4), which has been used to establish the first part of the theorem, and the positive invariance of W_A.

The property that f is continuously differentiable in W_A, can be used to derive a condition ensuring that f satisfies a one-sided Lipschitz condition in W_A. To this end we introduce the symmetric matrix M(x) by

M(x) := f^′(x) + (f^′(x))^T , (3.18)

where f^′ is the Jacobian matrix of f. If we denote by κ(x) the maximum of all eigenvalues of M(x) (they are real) and if we introduce the number

κ̄ = sup_{x∈WA} κ(x), (3.19)

then we have for all x, y ∈ W_A

(f(x) − f(y))^T (x − y) = (f^′(x̄)(x − y))^T (x − y) ≤ κ̄ 2 |x − y|^2. (3.20)

Consequently, we have

Corollary 3.11 We assume the hypotheses of Theorem 3.10 to be satisfied, except (A_1). Then, under the additional condition k > κ̄/4 system (3.8) completely synchronizes for z ∈ W_A = W_A ×W_A where the closure of the synchronized state belongs to S = P ∩(A×A).

4 Robustness of synchronization

In the previous sections we studied symmetric coupling of two identical autonomous ODE systems. In this section we consider symmetric coupling of perturbed identical systems, that is, we consider the system dx dt = f(x) + εh_1(t, x, y) + g(t, x, y), dy dt = f(y) + εh_2(t, x, y) + g(t, y, x), (4.1)

where ε is a positive parameter. Concerning the perturbations h_1 and h_2 we assume (A_8). For i = 1, 2, the functions h_i : R^+ × B × B → R^n are continuous and uniformly bounded in R^+ × B × B, that is |h_i(t, x, y)| ≤ m_0 ∀ (t, x, y) ∈ R^+ × B × B. Theorem 4.1 Suppose the hypotheses (A_1), (A_2) and (A_8) to be satisfied. Additionally, we assume that for z ∈ B × B the solution ψ(z, t) = (ψ_1(z, t), ψ_2(z, t)) of (4.1) is defined for all t ≥ 0. Then it holds |ψ_1(x, y, t) − ψ_2(x, y, t)| ≤ 2ε m_0 α + e^{−αt} ( −2ε m_0 α + |x − y| ) ∀z ∈ B, t ≥ 0 (4.2) where α is defined by α := γ_0 − β_0 − l (see (3.5)).

Proof. Let V : B × B → R^+ be defined by V (x, y) = |x − y|^2. The derivative of V (ψ(z, t)) along a solution ψ(z, t) of (4.1) is dV (ψ(z, t)) dt = 2(ψ_1(x, y, t) − ψ_2(x, y, t))^T (f(ψ_1(x, y, t) + g(t, ψ_1(x, y, t), ψ_2(x, y, t)) + εh_1(t, ψ_1(x, y, t), ψ_2(x, y, t)) − f(ψ_2(x, y, t)) − g(t, y, ψ_1(x, y, t)) − εh_2(t, ψ_1(x, y, t), ψ_2(x, y, t)) ≤ −2α|ψ_1(x, y, t) − ψ_2(x, y, t)|^2 + 4εm_0|ψ_1(x, y, t) − ψ_2(x, y, t)| = −2αV (ψ(z, t)) + 4εm_0 √ V (ψ(z, t)). The solution of the initial value problem dV dt = −2αV̄ + 4εm_0 √ V , V (0) = V_0 > 0 is V (t) = [ 2ε m_0 α + e^{−αt} ( −2ε m_0 α + √ V_0 )]_2 . Hence, we have V (ψ(z, t)) = |ψ_1(x, y, t) − ψ_2(x, y, t)|^2 ≤ [ 2ε m_0 α + e^{−αt} ( −2ε m_0 α + |x − y| )]_2 for t > 0. This implies the validity of the relation (4.2). From Theorem 4.1 we obtain

Corollary 4.2 Under the hypotheses of Theorem 4.1 and under the additional assumption α > 0, the solution ψ(z, t) enters eventually a given small δ-neighborhood of the hyperplane P provided ε is sufficiently small.

Under the conditions of Corollary 4.2 the slightly perturbed identical systems in (4.1) approach the synchronized state of the identical systems with an error characterized by 2εm_0/α. Thus, Corollary 4.2 represents a robustness result for complete synchronization of symmetrically coupled identical systems.

5 Coupled systems with time delay

In this section we consider two identical differential-delay systems which are symmetrically coupled. More precisely, we investigate the system dx(t) dt = f(x(t), x(t − 1)) + g(t, x(t), x(t − 1), y(t), y(t − 1)), dy(t) dt = f(y(t), y(t − 1)) + g(t, y(t), y(t − 1), x(t), x(t − 1)) (5.1)

with f : R^n × R^n → R^n, g : R^+ × R^n × R^n × R^n × R^n → R^n. Analogously to the case of ordinary differential equations, we assume that the function f satisfies a one-sided Lipschitz condition with respect to the first variable. With respect to the second variable f is assumed to obey a usual Lipschitz condition. Similar properties are assumed concerning the function g. Summarizing we suppose:

(A_9). There are constants l_1, l_2, β_1, β_2, γ_1, γ_2 such that for all t ∈ R^+, x, y, x_i, y_i, ξ, η, ξ_i, η_i ∈ R^n the following inequalities hold (f(x_1, y) − f(x_2, y))^T (x_1 − x_2) ≤ l_1|x_1 − x_2|^2, |f(x, y_1) − f(x, y_2)| ≤ l_2|y_1 − y_2|, (g(t, x_1, y, ξ, η) − g(t, x_2, y, ξ, η))^T (x_1 − x_2) ≤ β_1|x_1 − x_2|^2, |g(t, x, y_1, ξ, η) − g(t, x, y_2, ξ, η)| ≤ β_2|y_1 − y_2|, (g(t, x, y, ξ_1, η) − g(t, x, y, ξ_2, η))^T (ξ_1 − ξ_2) ≥ γ_1|ξ_1 − ξ_2|^2, |g(t, x, y, ξ, η_1) − g(t, x, y, ξ, η_2)| ≤ γ_2|η_1 − η_2|,

(5.2)

Theorem 5.1 Suppose the hypothesis (A_9) to be satisfied. Let V be some subset of C × C such that for ϕ ∈ V (5.1) has a unique solution ψ(φ)(t) = (ψ_1(ϕ_1, ϕ_2, t), ψ_2(ϕ_1, ϕ_2, t)) defined on [−1, ∞). Then, under the additional condition l_1 + l_2 + β_1 + β_2 − γ_1 + γ_2 < 0 the following inequality holds |ψ_1(ϕ_1, ϕ_2, t) − ψ_2(ϕ_1, ϕ_2, t)| ≤ e^{−αt}|ϕ_1 − ϕ_2|_C , (5.3) where |ϕ|_C = sup_{−1≤t≤0} ϕ(t), and α > 0 is uniquely determined from the equation 2α = γ_1 − β_1 − l_1 − (γ_2 + β_2 + l_2)e^α. (5.4)

Proof. As in the proof of Proposition 3.1, we use the function V : R^n × R^n → R^+ defined by V (x, y) := |x − y|^2. In order to simplify notation in the proof, we will write ψ(ϕ)(t) = ψ(t), since this will not create a misunderstanding in the context of the proof. The derivative of V with respect to a solution ψ(ϕ)(t) of (5.1) reads 1 2 dV dt (ψ((t)) = d dt [ (ψ_1(t) − ψ_2(t))^T (ψ_1(t) − ψ_2(t)) ]

= (ψ_1(t) − ψ_2(t))^T (f(ψ_1(t), ψ_1(t − 1)) − f(ψ_2(t), ψ_2(t − 1)) +g(t, ψ_1(t), ψ_1(t − 1), ψ_2(t), ψ_2(t − 1)) −g(t, ψ_2(t), ψ_2(t − 1), ψ_1(t), ψ_1(t − 1))) = (ψ_1(t) − ψ_2(t))^T [f(ψ_1(t), ψ_1(t − 1)) − f(ψ_1(t), ψ_2(t − 1)) +f(ψ_1(t), ψ_2(t − 1)) − f(ψ_2(t), ψ_2(t − 1)) +g(t, ψ_1(t), ψ_1(t − 1), ψ_2(t), ψ_2(t − 1)) −g(t, ψ_1(t), ψ_2(t − 1), ψ_2(t), ψ_2(t − 1)) +g(t, ψ_1(t), ψ_2(t − 1), ψ_2(t), ψ_2(t − 1)) −g(t, ψ_2(t), ψ_2(t − 1), ψ_2(t), ψ_2(t − 1)) +g(t, ψ_2(t), ψ_2(t − 1), ψ_2(t), ψ_2(t − 1)) −g(t, ψ_2(t), ψ_2(t − 1), ψ_1(t), ψ_2(t − 1)) +g(t, ψ_2(t), ψ_2(t − 1), ψ_1(t), ψ_2(t − 1)) −g(t, ψ_2(t), ψ_2(t − 1), ψ_1(t), ψ_1(t − 1))].

Now using (A_9) we obtain 1 2 dV dt ≤ l_2|ψ_1(t) − ψ_2(t)| · |ψ_1(t − 1) − ψ_2(t − 1)|

+l_1|ψ_1(t) − ψ_2(t)|^2 + β_2|ψ_1(t) − ψ_2(t)| · |ψ_1(t − 1) − ψ_2(t − 1)|

+β_1|ψ_1(t) − ψ_2(t)|^2 − γ_1|ψ_1(t) − ψ_2(t)|^2 +γ_2|ψ_1(t) − ψ_2(t)| · |ψ_1(t − 1) − ψ_2(t − 1)| ≤ (l_1 + β_1 − γ_1)|ψ_1(t) − ψ_2(t)|^2 +(l_2 + β_2 + γ_2)|ψ_1(t) − ψ_2(t)| · |ψ_1(t − 1) − ψ_2(t − 1)| ≤ (l_1 + β_1 − γ_1)|ψ_1(t) − ψ_2(t)|^2 +(l_2 + β_2 + γ_2)|ψ_1(t) − ψ_2(t)| sup_{t−1≤σ≤t} |ψ_1(σ) − ψ_2(σ)|.

Hence, we have shown that the function W (t) = V (ψ(t)) satisfies the following inequality dW (t) dt ≤ 1 2 (l_1 + β_1 − γ_1)W (t) + 1 2 (l_2 + β_2 + γ_2) sup_{t−1≤σ≤t} W (σ), t ≥ 0. (5.5)

Applying Halanay’s inequality [16, 17] we get W (t) ≤ e^{−αt} sup_{−1≤σ≤0} W (σ), t ≥ 0, where α is determined as in (5.4). This implies (5.3).

Remark 5.2 Theorem 5.1 can be proved in the same manner for DDE systems with nonconstant bounded delay τ(t). Our choice of fixed delay was made only to simplify notations.

6 Application

We illustrate our results by means of a model describing the feedback control mechanism for the production of an enzyme (see [18], 145 ff.). It represents a slight generalization of a model proposed by Goodwin (Goodwin oscillator, see [19]) dx_1 dt = 1 1 + x^m_3 − x_1, dx_2 dt = x_1 − x_2, dx_3 dt = x_2 − 0.5x_3.

(6.1)

Here, x_1, x_1, x_3 represent the concentrations of the mRNA, the enzyme and the product, respectively, m is the Hill coefficient. It is known (see, e.g., [18]) that for m ≥ 8 system (6.1) has a stable limit cycle Γ as a global attractor, otherwise it has a stable equilibrium point as a global attractor. It is easy to verify that the parallelepiped G := {0 ≤ x_1 ≤ 1, 0 ≤ x_2 ≤ 1, 0 ≤ x_3 ≤ 2} (6.2) is a positively invariant set for (6.1). For the following we set m = 20. The symmetric matrix M(x) introduced in (3.18) has the form

M(x) = −2 1 − 20x^{19}_3 (1 + x_3)^{20} 1 −2 1 − 20x^{19}_3 (1 + x_3)^{20}

1 −1

The maximal eigenvalue κ̄ of M(x) in G can be estimated by κ̄ ≤ 6. Thus, applying Corollary 3.11, we get that two linearly diffusively coupled Goodwin oscillators completely synchronize for k > 1.5 and that the limit cycle Γ located in the plane x = y attracts all points from the set G × G of the phase space. Figure 1 illustrates the limit cycle Γ located in the invariant manifold P and Figure 2 shows how the “synchronization error” |ψ_1(z, t) − ψ_2(z, t)| tends to zero with the increasing of time for k = 2.0.

Figure 1: An orbit approaching asymptotically stable limit cycle of system (6.1)

In order to illustrate our result on the robustness of complete synchronization, we consider two non-identical Goodwin oscillators which are linearly diffusively coupled, that is, we consider the system dx dt = f(x) + εg(t, x) + k(y − x), dy dt = f(y) + k(x − y), (6.3)

where x, y ∈ R^3, f is determined by the right hand side of (6.1), g(t, x) = (x_2 sin t, 0, 0)^T , k is the coupling constant, and ε is a perturbation parameter. For k = 2 we have

m_0 := max_{t∈R,x∈G} |g(t, x)| ≤ 1, l ≤ κ̄/2 = 3, γ_0 = 2, β_0 = −2, α = γ_0 − β_0 − l = 1

such that from Theorem 4.1 we obtain the following estimate for the synchronization error

Δ(t) := |x(t, x_0, y_0) − y(t, x_0, y_0)| ≤ 2ε + e^{−αt} ( − 2ε + |x − y| ) .

Figure 2: Behavior of the “synchronization error” Δ(t) := |ψ_1(x, y, t) − ψ_2(x, y, t)|.

(a) (b)

Figure 3: Behavior of the synchronization error |ψ_1(x, y, t)−ψ_2(x, y, t)| for two nonidentical Goodwin oscillators (6.3) with ε = 0.1 (a) and ε = 0.2 (b).

Numerical calculations for two different values of the perturbation parameter are shown in Fig. 3 (note the different scales of the vertical axis).

References

[1] L.M. Pecora and T.L. Carroll, “Synchronizing chaotic systems”, IEEE Trans. Circuits Syst. CS-38, 453-456 (1996).

[2] R. Roy and K.S. Thornburg, “Experimental synchronization of chaotic lasers”, Phys.

Rev. Lett. 72, 2009-2012 (1994).

[3] K. Wiesenfeld and P. Hadley, “Attractor crowding in oscillator arrays”, Phys. Rev.

Lett. 62, 1335-1338 (1989).

[4] W. Wang, I.Z. Kiss, and J.L. Hudson, “Experiments on arrays of globally coupled electrochemical oscillators: Synchronization and clustering”, Chaos 10, 248-256 (2000).

[5] E. Mosekilde, Yu. Maistrenko, D. Postnov, “Chaotic synchronization. Applications to living systems”. Singapore: World Sci., 428 p (2002).

[6] A. Pikovsky, M. Rosenblum, J. Kurths, “Synchronization: a universal concept in nonlinear sciences”. Cambridge: Cambridge University Press. 411 p. (2001).

[7] H. Fujisaka and T. Yamada, “Stability theory of synchronized motion in coupled oscillator systems” Prog. Theor. Phys. 69, 32-46 (1983).

[8] V.S.Afraimovich, S.N.Chow, J.K. Hale, “Synchronization in lattices of coupled oscillators”, Physica D 103, 445-451 (1997).

[9] C.-W. Wu, “Synchronization in coupled chaotic circuits and systems”, Singapore:

World Sci., 174 p (2002).

[10] S. Yanchuk, Yu. Maistrenko, E. Mosekilde, “Loss of synchronization of coupled Rössler systems”. Physica D 154, No. 1-2, 26-42 (2001).

[11] H.M. Rodrigues, “Uniform invariance principle and synchronization. Robustness with respect to parameter variation”, J. Differential Equations 169, 228-254 (2001).

[12] H.M. Rodrigues, “Abstract methods for synchronization and applications”, Appl. Anal.

62, 263-296 (1996).

[13] C.-H. Chiu, W.-W. Lin, and C.-C. Peng, “Asymptotic synchronization in lattices of coupled three-dimension nonlinear chaotic equations”, J. Math. Anal. Appl. 250, 222- 244 (2000).

[14] Z. Huang and J. Ruan, “Synchronization of chaotic systems by linear feedback controller”, Comm. Nonl. Sci. & Numer. Simul. 3 N 1, 27-30 (1998).

[15] S. Yanchuk, “Preserving of one-sided invariance in R^n with respect to systems of ordinary differential equations”, Nonlinear Oscillations 5 No. 2, 278-285 (2002).

[16] H. Tian, “The exponential asymptotic stability of singularly perturbed delay differential equations with a bounded lag”, J. Math. Anal. Appl. 270, 143-149 (2002).

[17] A. Halanay, “Differential equations, Stability, Oscillations, Time Lags”, Academic Press, New York, (1966).

[18] J. D. Murray, “Mathematical biology”, Springer-Verlag, (1989). [19] B.C. Goodwin, ”Oscillatory behaviour in enzymatic control processes”, Adv. in Enzyme Regulation 3, 425-438 (1965).