Weierstraß–Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Stochastic models and Monte Carlo algorithms for Boltzmann type equations

Wolfgang Wagner^1

submitted: 24th March 2003

1 Weierstrass Institute for Applied Analysis and Stochastics Mohrenstrasse 39 D-10117 Berlin, Germany E-Mail: wagner@wias-berlin.de

Preprint No. 831

Berlin 2003

1991 Mathematics Subject Classification. 65C05, 76P05, 82C80.

Key words and phrases. Boltzmann equation, stochastic models, Monte Carlo algorithms.

Edited by Weierstraß–Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail (X.400): c=de;a=d400-gw;p=WIAS-BERLIN;s=preprint E-Mail (Internet): preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

In this paper we are concerned with three typical aspects of the Monte Carlo approach. First there is a certain field of application, namely physical systems described by the Boltzmann equation. Then some class of stochastic models is introduced and its relation to the equation is studied using probability theory. Finally Monte Carlo algorithms based on those models are constructed. Here numerical issues like efficiency and error estimates are taken into account. In Section 1 we recall some basic facts from the kinetic theory of gases, introduce the Boltzmann equation and discuss some applications. Section 2 is devoted to the study of stochastic particle systems related to the Boltzmann equation. The main interest is in the convergence of the system (when the number of particles increases) to the solution of the equation in an appropriate sense. In Section 3 we introduce a modification of the standard “direct simulation Monte Carlo” method, which allows us to tackle the problem of variance reduction. Results of some numerical experiments are presented.

Contents

1. Kinetic theory and Boltzmann equation 1

2. Stochastic models and convergence 3

3. Numerical algorithms 10

References 20

1. Kinetic theory and Boltzmann equation

Kinetic theory describes a gas as a system of many particles (molecules) performing a chaotic motion. Particles interact through binary collisions, during which the two involved particles change their velocities. It is assumed that momentum and energy are conserved so that the pre-collisional velocities v, w and the post-collisional velocities v^∗, w^∗ are coupled via the relations

v^∗ + w^∗ = v + w , ‖v^∗‖^2 + ‖w^∗‖^2 = ‖v‖^2 + ‖w‖^2 . (1)

0Plenary talk at the 5th International Conference on Monte Carlo and Quasi-Monte Carlo Methods in Scientific Computing, Singapore, November 25-28, 2002

Since the number of gas molecules is huge (10^{19} per cm^3 at standard conditions), it would be impossible to study the behaviour of each individual molecule. Instead a statistical description is used – some function f(t, x, v) representing the relative amount of gas particles at time t having a position close to x and a velocity close to v . The basis for this statistical theory was provided in the second half of the 19th century. James Clerk Maxwell (1831-1879) found the distribution function of the gas molecule velocities in thermal equilibrium, f_{eq}(v) = 1 [2π T ]^{3/2} exp ( − ‖v‖^2 2 T ) , v ∈ R^3 . (2)

The number T corresponds to the temperature of the gas. Ludwig Boltzmann (1844-1906) studied the problem if a gas starting from any initial state reaches the Maxwellian distribution (2). In [Bol72] he established the equation ∂ ∂t f(t, x, v) + (v, ∇_x)f(t, x, v) = (3) ∫ R^3 dw ∫ S^2 de B(v, w, e) [ f(t, x, v^∗) f(t, x, w^∗)−f(t, x, v) f(t, x, w) ]

governing the time evolution of the distribution function f(t, x, v) , t ≥ 0 , x ∈ D ⊂ R^3 , v ∈ R^3 . Here ∇ denotes the vector of partial derivatives, ( ., . ) is the scalar product and S^2 is the unit sphere in R^3 . The collision transformation v^∗ = v^∗(v, w, e) = v + e (e, w − v) , (4) w^∗ = w^∗(v, w, e) = w + e (e, v − w) satisfies (1). The collision kernel B is determined by the interaction potential between molecules. For the hard sphere model (billiard collisions) it takes the form B(v, w, e) = c |(v − w, e)| , for some c > 0 . The classical Boltzmann equation (3) is used in such applications, where the mean free path (the average distance between subsequent collisions of molecules) is not negligible compared to the characteristic length scale of the problem. This means that either the mean free path is large, or the characteristic length is tiny.

A typical example with large mean free path is the reentry of a space shuttle into the atmosphere. Above an altitude of about 120 km , the mean free path is larger than 1 m and collisions between gas molecules can be neglected (free molecular flow). Below an altitude of about 70 km , the mean free path is smaller than 1 mm and local equilibria are reached due to the huge number of collisions. The distribution function takes the form f(t, x, v) = ϱ(t, x) [2π T (t, x)]^{3/2} exp ( − ‖v − U(t, x)‖^2 2 T (t, x) ) , where ϱ(t, x) = ∫ R^3 f(t, x, v) dv , U(t, x) = 1 ϱ(t, x) ∫ R^3 v f(t, x, v) dv , T (t, x) = 1 3 ϱ(t, x) ∫ R^3 ‖v − U(t, x)‖^2 f(t, x, v) dv are the local density, bulk velocity and temperature. The time evolution of these macroscopic quantities is determined by the fluid dynamics equations. Instead of finding one function of seven variables one has to find five functions of four variables each, which is much easier. Between the free molecular regime and the fluid dynamics regime the Boltzmann equation is relevant. Its solution delivers the necessary input information for the fluid dynamics equations. Another field of application, where the mean free path is large, is vacuum technology (e.g., material processing via vapour deposition).

However, there are also applications in our common environment. At standard atmospheric pressure and temperature 25^0 C , the mean free path of an oxygen molecule is about 50 nm . The molecule travels at an average velocity of about 500 m/s suffering about 10^{10} collisions per second. Its diameter is about 0.3 nm so that it travels a distance of 150 times its diameter between collisions. Applications with a tiny characteristic length scale are engineering of micro-electro-mechanical systems (MEMS) or calculating the flows in a disc drive (read/write head floats less than 50 nm above the surface of the spinning platter).

The physical values mentioned above are only rough estimates, but they illustrate the qualitative picture. We refer to [Cer88], [CIP94] concerning the theory of the Boltzmann equation, and to [Cer98] concerning the history of kinetic theory.

2. Stochastic models and convergence

In this section some sketch of the history of the subject is given. Stochastic models for the Boltzmann equation are based on systems of particles imitating the behaviour of the gas molecules in a probabilistic way. The main interest is in proving rigorously the convergence of the system (when the number of particles increases) to the solution of the equation in an appropriate sense.

We consider a stochastic particle system

Z^{(n)}(t) = ( x_1(t), v_1(t); . . . ; x_n(t), v_n(t) ) , t ≥ 0 , (5)

determined by an infinitesimal generator of the form

A^{(n)}(Φ)(z) = n∑ i=1 (v_i, ∇_{xi} )(Φ)(z) + (6) 1 2 n ∑ 1≤i≠j≤n ∫ S^2 [ Φ(J(z, i, j, e)) − Φ(z) ] q^{(n)}(x_i, v_i, x_j , v_j , e) de , where Φ is an appropriate test function,

z = (x_1, v_1; . . . ; x_n, v_n) , x_i, v_i ∈ R^3 , i = 1, . . . , n ,

q^{(n)} is an intensity function and

[J(z, i, j, e)]_k = (x_k, v_k) , if k ≠ i, j , (x_i, v_i + e(e, v_j − v_i)) , if k = i , (x_j , v_j + e(e, v_i − v_j )) , if k = j , (7)

is the jump transformation. Here we assume D = R^3 so that no boundary conditions are involved. We recall the pathwise behaviour of the system (5), which is a piecewise-deterministic process in the sense of [Dav93, Section 2]. Starting at z the process moves according to the free flow, i.e.

Z^{(n)}(t) = ( x_1 + t v_1, v_1; . . . ; x_n + t v_n, v_n ) , until a random jump time τ_1 is reached. The probability distribution of this time is determined by

Prob(τ_1 > t) = exp ( − ∫_t 0 λ^{(n)}(Z^{(n)}(s)) ds ) , t ≥ 0 , where

λ^{(n)}(z) = 1 2 n ∑ 1≤i≠j≤n ∫ S^2 q^{(n)}(x_i, v_i, x_j , v_j, e) de . (8) At the random time τ_1 the process jumps into a state z_1 , which is obtained from the state z^′ = (x^′_1, v^′_1; . . . ; x^′_n, v^′_n) of the process just before the jump by a two-particle interaction. Namely, two indices i, j and a direction vector e are chosen according to the probability density q^{(n)}(x^′_i, v^′_i, x^′_j , v^′_j , e) 2 n λ^{(n)}(z^′) (9) and the velocities v^′_i, v^′_j are replaced using the collision transformation (4).

The study of the relationship between the process (5) and the Boltzmann equation (3) was started by M. A. Leontovich (1903-1981) in the paper [Leo35] in 1935. Note that a version of Kolmogorov’s forward equation for a Markov process with density p and generator A reads ∂ ∂t p(t, z) = A^∗ p(t, z) . (10) Let p^{(n)}(t, z) denote the n–particle distribution function of the process (5). Applying properties of the collision transformation (4) and some symmetry assumption on q^{(n)} , one obtains from (10) the equation ∂ ∂t p^{(n)}(t, z) + n∑ i=1 (v_i, ∇_{xi} ) p^{(n)}(t, z) = (11) 1 2 n ∑ 1≤i≠j≤n ∫ S^2 [ p^{(n)}(t, J(z, i, j, e)) − p^{(n)}(t, z) ] q^{(n)}(x_i, v_i, x_j , v_j, e) de . Using the method of generating functions, Leontovich first studied the cases of “monomolecular processes” (independent particles) and of “bimolecular processes” with discrete states (e.g., a finite number of velocities). Under some assumptions on the initial state, he showed that the expectations of the relative numbers of particles in the bimolecular scheme asymptotically (as n → ∞) solve the corresponding deterministic equation. In the case of the full Boltzmann equation the stochastic process was described via (11) (even including a boundary condition of specular reflection). Concerning the asymptotic behaviour of the process, Leontovich pointed out the following. Let p^{(n)}_k denote the marginal distributions corresponding to the density p^{(n)} . If

lim_{n→∞} p^{(n)}_2 (t, x_1, v_1, x_2, v_2) = lim_{n→∞} p^{(n)}_1 (t, x_1, v_1) lim_{n→∞} p^{(n)}_1 (t, x_2, v_2) and lim_{n→∞} q^{(n)}(x, v, y, w, e) = δ(x−y) B(v, w, e) , (12) where δ denotes Dirac’s delta–function, then the function

f(t, x, v) = lim_{n→∞} p^{(n)}_1 (t, x, v) (13)

solves the Boltzmann equation. Leontovich noted that he was not able to prove a limit theorem in analogy with the discrete case, though he strongly believes that such theorem holds.

For example, (12) is satisfied for the choice q^{(n)}(x, v, y, w, e) = h^{(n)}(x, y) B(v, w, e) (14) and h^{(n)}(x, y) = { c^{−1}_n , if ‖x − y‖ ≤ ε^{(n)} , 0 , otherwise ,

where c_n is the volume of the ball of radius ε^{(n)} → 0 . In this case, according to (9), only those particles can collide which are closer to each other than the interaction distance ε^{(n)} .

Independently, the problem was tackled by M. Kac (1914-1984) in the paper [Kac56a] in 1956. Considering the spatially homogeneous Boltzmann equation ∂ ∂t f(t, v) = ∫ R^3 ∫ S^2 B(v, w, e)× (15) [ f(t, v^∗(v, w, e)) f(t, w^∗(v, w, e)) − f(t, v) f(t, w) ] de dw

Kac introduced a process

Z^{(n)}(t) = ( v_1(t), . . . , v_n(t) ) , t ≥ 0 , (16)

governed by the Kolmogorov equation ∂ ∂t p^{(n)}(t, z) = (17) 1 2 n ∑ 1≤i≠j≤n ∫ S^2 [ p^{(n)}(t, J(z, i, j, e)) − p^{(n)}(t, z) ] B(v_i, v_j, e) de ,

where z = (v_1, . . . , v_n) and J is appropriately adapted, compared to (7). He studied its asymptotic behaviour and proved (in a simplified situation) that lim_{n→∞} p^{(n)}_1 satisfies the Boltzmann equation. We cite from p.175 (using our notations): “To get (15) one must only assume that

p^{(n)}_2 (t, v, w) ∼ p^{(n)}_1 (t, v) p^{(n)}_1 (t, w)

for all v, w in the allowable range. One is immediately faced with the difficulty that since p^{(n)}(t, z) is uniquely determined by p^{(n)}(0, z) no additional assumptions on p^{(n)}(t, z) can be made unless they can be deduced from some postulated properties of p^{(n)}(0, z) . A moment’s reflection will convince us that in order to derive (15) the following theorem must first be proved.

Basic Theorem Let p^{(n)}(t, z) be a sequence of probability density functions ... having the “Boltzmann property”

lim_{n→∞} p^{(n)}_k (0, v_1, . . . , v_k) = k∏ i=1 lim_{n→∞} p^{(n)}_1 (0, v_i) . (18)

Then p^{(n)}(t, z) [that is, solutions of (17)] also have the “Boltzmann property”:

lim_{n→∞} p^{(n)}_k (t, v_1, . . . , v_k) = k∏ i=1 lim_{n→∞} p^{(n)}_1 (t, v_i) . (19)

In other words, the Boltzmann property propagates in time!” Kac calls equation (17) master equation referring to the paper [NLU40].

The two books [Kac56b] and [Kac59] contain more material related to the stochastic approach to the Boltzmann equation. In [Kac56b] the factorization property (19) is called “chaos property” (indicating asymptotic independence), and the statement of the basic theorem is called propagation of chaos. The following remark is made in [Kac59, p.131]: “The primary disadvantage of the master equation approach ... lies in the difficulty (if not impossibility!) of extending it to the nonspatially uniform case.” Research in the field of stochastic particle systems related to the Boltzmann equation was restricted to the spatially homogeneous case during a long period after the paper [Kac56a]. We refer to [McK66], [McK75], [Grü71], [Pic72], [Tan73],

[Tan78], [Tan83], [Mur77], [Szn82], [Szn84], [Szn91], [Smi89], [HK90]. It turns out (cf., e.g., [Tan83], [Szn84], [Uch87]) that the chaos property (18) (i.e., the asymptotic factorization) is equivalent to the convergence in distribution of the empirical measures (cf. (16)) μ^{(n)}(t, dv) = 1 n n∑ i=1 δ_{vi(t)}(dv) (20)

to a deterministic limit. The objects (20) are considered as random variables with values in the space of measures on the state space of a single particle. Thus, the basic theorem can be reformulated as the propagation of convergence of empirical measures. In this setup, it is natural to study convergence not only for fixed t , but also in the space of measure–valued functions of t (functional law of large numbers).

The spatially inhomogeneous case was treated by C. Cercignani in the paper [Cer83] in 1983. He considered a system of “soft spheres”, where “molecules collide at distances randomly given by a probability distribution”, and proved propagation of chaos (modulo a uniqueness theorem). The limiting equation is the so-called mollified Boltzmann equation (cf. [Cer88, Section VIII.3]) ∂ ∂t f(t, x, v) + (v, ∇_x) f(t, x, v) = (21) ∫ D ∫ R^3 ∫ S^2 h(x, y) B(v, w, e) × [ f(t, x, v^∗(v, w, e)) f(t, y, w^∗(v, w, e)) − f(t, x, v) f(t, y, w) ] de dw dy . This equation was introduced in [Mor55] and reduces formally to the Boltzmann equation (3) if the “mollifier” h is a delta-function.

A more general approach was developed by A.V. Skorokhod in the book [Sko83] published in 1983. In Chapter 2 he considered a Markov process

Z^{(n)}(t) = ( Z_1(t), . . . , Z_n(t) ) , t ≥ 0 , (describing it via stochastic differential equations with respect to Poisson measures) with the generator

A^{(n)}(Φ)(z) = n∑ i=1 (b(z_i), ∇_{zi} )(Φ)(z) + 1 2 n ∑ 1≤i≠j≤n ∫ Θ [ Φ(J(z, i, j, ϑ)) − Φ(z) ] π(dϑ) , where Φ is an appropriate test function, z = (z_1, . . . , z_n) ∈ Z^n , and

[J(z, i, j, e)]_k = z_k , if k ≠ i, j , z_i + a(z_i, z_j , ϑ) , if k = i , z_j + a(z_j, z_i, ϑ) , if k = j .

The symbol Z denotes the state space of a single particle, π is a measure on a parameter set Θ , and a is a function on Z × Z × Θ . This model is more general than the Leontovich model (6), (7), as far as the gradient terms and the jump transformation J are concerned. However, the distribution π of the jump parameter ϑ does not depend on the state z . It was proved that the corresponding empirical measures (cf. (20)) converge (for any t) to a deterministic limit F (t) which satisfies the equation d dt ∫ Z φ(z) F (t, dz) = ∫ Z (b(z), ∇_z)(φ)(z) F (t, dz)+ ∫ Z ∫ Z {∫ Θ [ φ(z_1 + a(z_1, z_2, ϑ)) − φ(z_1) ] π(dϑ) } F (t, dz_1) F (t, dz_2) , for appropriate test functions φ.

Further references concerning the spatially inhomogeneous case are [Fun86], [Ars88], [NT89], [Luk89], [LP90], [BFGR94], [Wag94a], [Wag96], [GM97]. Developing the stochastic approach to the Boltzmann equation, systems with a general binary interaction between particles and a general (Markovian) single particle evolution (including spatial motion) were considered. Results concerning the approximation of the solution to the corresponding nonlinear kinetic equation by the particle system were obtained in the case of bounded intensities, thus being restricted to the mollified Boltzmann equation (21). Partial results concerning the non-mollified case are contained in [CP95] (one-dimensional model), [Rez96a], [Rez96b], [RT97] (discrete velocities), [Mel98] (small initial data).

Finally we mention a result from [CPW98] concerning convergence in the stationary case. In many applications studying the equilibrium behaviour of gas flows is of primary interest. To this end, time averaging over trajectories of the corresponding particle system is used, 1 k k∑ j=1 [ 1 n n∑ i=1 φ(x_i(t_j ), v_i(t_j )) ] , t_j = t̄ + j Δt , where φ is some test function and t̄ is the starting time for averaging. To justify this procedure (for k → ∞), one has to study the connection between the stationary density of the process and the stationary Boltzmann equation. From the results mentioned above one can obtain information about the limit lim_{t→∞} lim_{n→∞} p^{(n)}_1 (t, x, v) while here one is interested in the limit lim_{n→∞} lim_{t→∞} p^{(n)}_1 (t, x, v) . The identity of both quantities is not at all obvious.

Before formulating the convergence theorem, we recall some facts concerning boundary conditions for the Boltzmann equation. A rather general form is f(t, x, v^′) (v^′, n(x)) = ∫ {(v,n(x))<0} R(x, v, v^′) f(t, x, v) |(v, n(x))| dv , for all x ∈ ∂D and v^′ : (v^′, n(x)) > 0 , where n(x) denotes the unit inner normal at the point x of the boundary ∂D . The reflection density R , which determines the behaviour of particles hitting the boundary, is assumed to satisfy ∫ {(v^′,n(x))>0} R(x, v, v^′) dv^′ = 1 , v : (v, n(x)) < 0 . The so-called “Maxwell boundary condition” is obtained for the choice R(x, v, v^′) = (1 − α) δ(v − v^′ + 2 n(x) (n(x), v^′)) + α 1 2π [T_b(x)]^2 exp ( − ‖v^′‖^2 2 T_b(x) ) (v^′, n(x)) , where α ∈ [0, 1] and T_b(x) is the temperature of the wall. The special case α = 0 corresponds to specular reflection, f(t, x, v^′) = f(t, x, v^′ − 2 n(x) (n(x), v^′)) . The special case α = 1 corresponds to diffuse reflection (or complete accommodation), f(t, x, v^′) = 1 2π [T_b(x)]^2 exp ( − ‖v^′‖^2 2 T_b(x) ) ∫ {(v,n(x))<0} f(t, x, v) |(v, n(x))| dv . Consider the (mollified) stationary Boltzmann equation (v, ∇_x) f̄(x, v) = ε ∫ D ∫ R^3 ∫ S^2 h(x, y) B(v, w, e)× (22) [ f̄(x, v^∗(v, w, e)) f̄(y, w^∗(v, w, e)) − f̄ (x, v) f̄(y, w) ] de dw dy , with the boundary condition of “diffuse reflection”, and introduce the notation

f̄_k (x_1, v_1, . . . , x_k, v_k) =^k ∏ i=1 f̄(x_i, v_i) . Consider the stationary density p̄^{(n)} of the corresponding n-particle process and the marginals p̄^{(n)}_k (x_1, v_1, . . . , x_k, v_k) .

Then the following result holds.

Theorem [CPW98, Theorem 2.5] There exists ε_0 > 0 such that

‖p̄^{(n)}_k − f̄_k‖_{L1} ≤ c^k n , ∀ n > k , for any 0 < ε ≤ ε_0 and k = 1, 2, ... , where c does not depend on ε, k, n .

Note that, beside the asymptotic factorization itself, one obtains even an order of convergence. The main restriction, the smallness of the right-hand side of the Boltzmann equation (22), is due to the fact that in the proof a perturbation technique is applied to the collision-less situation. Further assumptions concern the domain D (smooth, convex, bounded), the collision kernel B (bounded) and some cut-off of small velocities.

3. Numerical algorithms

This section is devoted to algorithmic and numerical aspects. Since the dimensionality of the Boltzmann equation is high (time, space, velocity), its numerical treatment is a typical application field of Monte Carlo algorithms. We discuss the “direct simulation Monte Carlo” (or DSMC) algorithm and its recently developed generalization called stochastic weighted particle method (SWPM). The new method contains several degrees of freedom which are used for the purpose of variance reduction. A convergence theorem for SWPM is presented, and some results of numerical experiments are given.

DSMC is presently the most widely used numerical algorithm in kinetic theory. The method goes back to the papers [Bir63] (homogeneous gas relaxation problem) and [Bir65] (shock structure problem) by G.A. Bird. We refer to [Bir76] and [Bir94] (e.g., Sections 9.4, 11.1) concerning remarks on the historical development. The history of the subject is also well reflected in the proceedings of the bi-annual conferences on “Rarefied Gas Dynamics” ranging from 1960 [RGD60] to the present [RGD01]. The method is based on the process (5) but includes several numerically motivated modifications.

Independent motion (free flow) of the particles and their pairwise interactions (collisions) are separated using a splitting procedure with a time increment Δt . During the free flow step, particles move according to their velocities,

x_i(t + Δt) = x_i(t) + ∫_{t+Δt} t v_i(s) ds , i = 1, . . . , n , and do not collide. At this step boundary conditions are taken into account.

During the collision step, particles do not change their positions. At this step some partition D = ∪^{lc}_{l=1}D_l of the spatial domain into a finite number l_c of disjoint cells is introduced. Using a mollifying function of the form h(x, y) = 1 |D_l| l_c∑

l=1 χ_{Dl} (x) χ_{Dl} (y) , where |.| denotes the volume and χ is the indicator function, leads to a decoupling of collision processes in different cells. The cell process is determined by the generator (cf. (6), (14))

A^{(n)}_l (Φ)(z) = (23) 1 2 n |D_l| ∑ i≠j : x_i,x_j ∈D_l ∫ S^2 [ Φ(J(z, i, j, e)) − Φ(z) ] B(v_i, v_j , e) de .

The parameter of the waiting time between jumps takes the form (cf. (8))

λ^{(n)}_l (z) = 1 2 n |D_l| ∑ i≠j : x_i,x_j ∈D_l ∫ S^2 B(v_i, v_j , e) de .

The jump consists in choosing two indices i, j (of particles with positions in the cell D_l) and a direction vector e (from the unit sphere S^2) according to the probability density (cf. (9)) B(v_i, v_j , e) 2 n |D_l| λ^{(n)}_l (z)

and replacing the velocities v_i, v_j by v^∗(v_i, v_j , e), w^∗(v_i, v_j, e) according to (4).

A third numerically motivated modification (beside splitting and cell structure) is the introduction of fictitious collisions. Note that the generator (23) can be written in the form

A^{(n)}_l (Φ)(z) = 1 2 n |D_l| ∑ i≠j : x_i ,x_j∈D_l {∫ S^2 [ Φ(J(z, i, j, e)) − Φ(z) ] B(v_i, v_j , e) de+ [ Φ(z) − Φ(z) ] [ B̂ − ∫ S^2 B(v_i, v_j, e) de ]} , where ∫ S^2 B(v_i, v_j, e) de ≤ B̂ , for some B̂ > 0 . This suggests an alternative way of generating trajectories of the process. The waiting time parameter is

λ̂^{(n)}_l (z) = 1 2 n |D_l| ∑ i≠j : x_i,x_j ∈D_l B̂ =

B̂ n_l (n_l − 1) 2 n |D_l| ,

where n_l denotes the number of particles in the cell D_l . Indices i, j are chosen uniformly among particles belonging to the cell. With probability 1 − ∫ S^2 B(vi, vj , e) de B̂ the process does not change, i.e. performs a fictitious jump. With the remaining probability, a random vector e is chosen according to the density B(v_i, v_j , e) ∫ S^2 B(vi, vj, e) de and the two collision partners change their velocities according to (4).

The idea of fictitious collisions is applicable in general situations (cf. [EK86, Section 4.2]). In the context of the Boltzmann equation it has been introduced under different names in [Kou86] (null-collision technique), [IR88] (majorant frequency scheme), [Bir89] (no time counter scheme). The interest in studying the connection between stochastic simulation procedures in rarefied gas dynamics and the Boltzmann equation was stimulated by K. Nanbu’s paper [Nan80] (cf. the survey papers [Nan83], [Nan86], [IN87]). Starting from the Boltzmann equation, the author derived a method that, however, suffered from certain deficiencies (quadratic effort in the number of particles, conservation of momentum and energy only on average). Later Nanbu’s original method was considerably improved (cf. [Bab86], [Plo87], [Bab89]) so that it did successfully work in applications like the reentry problem (cf. [NGS91], [NS95], [NKS96], [Bab98]). Convergence for the Nanbu scheme and its modifications was studied in [Bab89] (spatially homogeneous case) and [BI89] (spatially inhomogeneous case). Convergence for Bird’s scheme (with the original time counter) was proved in [Wag92]. Among the numerous russian sources on stochastic algorithms for the Boltzmann equation we mention papers related to the Leontovich-Kac-process ([BY75a], [BY75b], [Kon86], [Khi86], [IR89], [IR90]), papers using branching processes ([ENS84], [EM87]) and papers following the Skorokhod approach through stochastic differential equations with respect to Poisson measures ([Ars87], [LS89]). Modifications of DSMC related to dense gases were introduced in [AGA95], [AGA97]. The corresponding limiting equation was found in [GW00].

A basic problem in many applications of DSMC (e.g., flows with high density gradients, or low Mach number flows) are large statistical fluctuations so that variance reduction is a challenging task. To this end, a modification of DSMC called stochastic weighted particle method (SWPM) was proposed in [RW96]. In SWPM a system of weighted particles is used, which allows one to resolve low density regions with a moderate number of simulation particles (cf. [RW01]). SWPM is based on a partial random weight transfer during collisions, leading to an increase in the number of particles. Therefore appropriate reduction procedures are needed to control that quantity. Various deterministic procedures with different conservation properties were proposed in [RSW98], and some error estimates were found. Further references related to weighted particles are [Sch93] and [Boy96].

Partial convergence results (not including reduction) were obtained in [Wag94b], [RW98]. A convergence proof for SWPM with reduction has recently been proposed in [MW02]. The basic idea was the introduction of new stochastic reduction procedures that, on the one hand, do not possess all conservation properties of the deterministic procedures, but, on the other hand, have the correct expectation for a much larger class of functionals. This idea is quite natural in the context of stochastic particle methods. Here we formulate an improved version of the convergence theorem, which includes the case of deterministic reduction. The proof, which is rather extensive, will be presented elsewhere.

The main modification in SWPM (compared to DSMC) concerns the collision simulation. During this step, the particle system approximates the solution of the spatially homogeneous Boltzmann equation (15). So we restrict our considerations to that case. We introduce a family of Markov processes

Z^{(n)}(t) = ( (v^{(n)}_i (t), g^{(n)}_i (t)) , i = 1, . . . , m^{(n)}(t) ) , t ≥ 0 , (24)

and study its asymptotic behaviour as n → ∞ . The process (24) has the state space

Z^{(n)} = { z ∈ Z : m∑ i=1 g_i ≤ C_μ , max_{i=1,...,m} g_i ≤ g_{max}(n) } , (25)

where Z = {( m; (g_1, v_1), . . . , (g_m, v_m) ) : m = 0, 1, 2, . . . , g_i > 0 , v_i ∈ R^3 , i = 1, . . . , m } . Here C_μ > 0 is some bound for the mass in the system, and g_{max}(n) > 0 is some bound for the individual particle weights.

The time evolution of the process is determined by the generator

A^{(n)}(Φ)(z) = ∫ Z^{(n)}

[Φ(z̃) − Φ(z)] Q^{(n)}(z, dz̃) , z ∈ Z^{(n)} ,

where Φ is an appropriate test function and Q^{(n)}(z, dz̃) = { Q_{coll}(z; dz̃) , if m ≤ m_{max}(n) , Q^{(n)}_{red}(z; dz̃) , otherwise.

(26)

Here m_{max}(n) > 0 is some particle number bound indicating reduction. The transition measure, corresponding to collision jumps, is

Q_{coll}(z; dz̃) = 1 2 ∑ 1≤i≠j≤m ∫ S^2 δ_{Jcoll (z;i,j,e)}(dz̃) p_{coll}(z; i, j, e) de , (27) with the jump transformation (cf. (4))

[J_{coll}(z; i, j, e)]_k = (v_k, g_k) , if k ≤ m , k ≠ i, j , (v^∗(v_i, v_j, e), γ_{coll}(z; i, j, e)) , if k = i , (w^∗(v_i, v_j, e), γ_{coll}(z; i, j, e)) , if k = j , (v_i, g_i − γ_{coll}(z; i, j, e)) , if k = m + 1 , (v_j , g_j − γ_{coll}(z; i, j, e)) , if k = m + 2 .

The weight transfer function has the form

γ_{coll}(z; i, j, e) = 1 1 + κ(z; i, j, e) min(g_i, g_j ) , (28) where the weight transfer parameter satisfies 0 ≤ κ(z; i, j, e) ≤ C_κ , for some C_κ > 0 . (29) Particles with zero weights are removed from the system. The intensity function has the form p_{coll}(z; i, j, e) = (1 + κ(z; i, j, e)) max(g_i, g_j ) B(v_i, v_j , e) .

Note that

J_{coll}(z; i, j, e) ∈ Z^{(n)} , ∀ z ∈ Z^{(n)} , 1 ≤ i ≠ j ≤ m , e ∈ S^2 , (30) since collision jumps are mass-preserving and do not increase the maximum particle weight. The transition measure, corresponding to reduction jumps, has the form Q^{(n)}_{red}(z; dz̃) = λ_{red}(n) P^{(n)}_{red} (z; dz̃) , where λ_{red}(n) > 0 is some waiting time parameter. The reduction measure is assumed to satisfy P^{(n)}_{red} (z; Z^{(n)}) = 1 , ∀ z ∈ Z^{(n)} : m > m_{max}(n) , (31) i.e. for all possible starting point of a reduction jump (cf. (26)). It follows from (30), (31) that the process stays in Z^{(n)} , once the initial state belongs to Z^{(n)} . Using (29) and the assumption concerning the collision kernel ∫ S^2 B(v, w, e) de ≤ C_B , (32) we obtain (cf. (27), (25))

λ^{(n)}_{coll}(z) = Q^{(n)}_{coll}(z, Z^{(n)}) = 1 2 ∑ 1≤i≠j≤m ∫ S^2 [1 + κ(z; i, j, e)] max(g_i, g_j ) B(v_i, v_j , e) de

≤ (1 + C_κ) C_B m m∑ i=1 g_i ≤ (1 + C_κ) C_B C_μ m_{max}(n) .

Thus, the generator A^{(n)} is bounded, for any fixed n .

We consider the bounded Lipschitz metric as a distance between two measures ν_1 and ν_2 defined as ϱ(ν_1, ν_2) = sup_{‖φ‖L≤1} | | | ∫ R^3 φ(v) ν_1(dv) − ∫ R^3 φ(v) ν_2(dv) | | | , where

‖φ‖_L = max { ‖φ‖_∞ ; sup_{v≠w∈R3} |φ(v) − φ(w)| ‖v − w‖ } and ‖φ‖_∞ = sup_{v∈R3} |φ(v)| . For any r > 0, we introduce the function φ_r(v) = φ(v) β_r(v) , v ∈ R^3 , where

β_r(v) = 1 , if ‖v‖ ≤ r , r + 1 − ‖v‖ , if ‖v‖ ∈ [r, r + 1] , 0 , if ‖v‖ ≥ r + 1 , and the set D_r := {φ_r : ‖φ‖_L ≤ 1} . (33) Let μ^{(n)}(t, dv) = m^{(n)} (t)∑

i=1 g^{(n)}_i (t) δ_v(n)_{i (t)}(dv) (34)

denote the empirical measure of the process (24).

We assume that the initial state of the process belongs to Z^{(n)} and satisfies lim sup n→∞ E ∫ R^3 ‖v‖^2 μ^{(n)}(0, dv) < ∞ and lim_{n→∞} Eϱ(μ^{(n)}(0), F_0) = 0 , for some finite measure F_0 such that ∫ R^3 ‖v‖^2 F_0(dv) < ∞ , where the symbol E denotes mathematical expectation. The collision kernel is assumed to satisfy (32) and ∫ S^2 |B(v, w, e) − B(v_1, w_1, e)| de ≤ C_L [ ‖v − v_1‖ + ‖w − w_1‖ ] . The first assumption concerning the reduction procedure is P^{(n)}_{red} ( z; { z ∈ Z^{(n)} : m ≤ (1 − δ) m_{max}(n) }) = 1 , (35) for some δ ∈ (0, 1) and all z ∈ Z^{(n)} such that m > m_{max}(n) . This assumption assures that the reduction effect is sufficiently strong. The second assumption is that reduction should be sufficiently precise, namely (cf. (33))

lim_{n→∞} sup_{ψ∈Dr} sup

z∈Z^{(n)} : m>m_{max}(n) ∫ Z^{(n)}

[Φ(z̃) − Φ(z)]^2 P^{(n)}_{red} (z; dz̃) = 0 , (36) for any r > 0 , where Φ(z) = m∑ i=1 g_i ψ(v_i) , z ∈ Z . (37)

Furthermore, we need some bound on the possible energy increase, ∫ Z^{(n)}

Φ(z̃) P^{(n)}_{red} (z; dz̃) ≤ c Φ(z) , ∀ z ∈ Z^{(n)} : m > m_{max}(n) , (38) for some c > 0 , where Φ denotes the function (37) with ψ(v) = ‖v‖^2 . Finally, we assume that the particle weight bound satisfies lim_{n→∞} g_{max}(n) = 0 , (39) that the particle number bound indicating reduction satisfies lim_{n→∞} m_{max}(n) = ∞ and that the parameter of the waiting time before reduction satisfies lim_{n→∞} λ_{red}(n) = ∞ .

Theorem 3.1 Let the above assumptions be fulfilled. Then (cf. (34)) lim_{n→∞} E sup_{t∈[0,S]} ϱ(μ^{(n)}(t), F (t)) = 0 , ∀ S > 0 , where F is a solution of the equation ∫ R^3 φ(v) F (t, dv) = ∫ R^3

φ(v) F_0(dv)+ (40) 1 2 ∫_t 0 ∫ R^3 ∫ R^3 ∫ S^2 [ φ(v^∗(v, w, e)) + φ(w^∗(v, w, e)) − φ(v) − φ(w) ] × B(v, w, e) de F (s, dv) F (s, dw) ds , for continuous bounded test functions φ .

Note that equation (40) is a weak form of the Boltzmann equation (15).

The notion of the reduction procedure P^{(n)}_{red} is very general. Here we give one specific example and check the conditions of the convergence theorem. The first step of the reduction procedure consists in arranging the particle system z into groups G^{(n)}_i (z) = ( (g_{i,j} , v_{i,j} ) , j = 1, . . . , m_i ) , i = 1, . . . , γ^{(n)}(z) . (41) At a second step, each group is replaced by one particle

(g̃_i, ṽ_i) = (_{mi} ∑ j=1 g_{i,j} , v_{i,k} ) , (42)

where the index k is chosen at random according to the probabilities g_{i,k} ∑_{mi} j=1 g_{i,j} , k = 1, . . . , m_i . (43) Thus, the state after reduction is z̃ = ( g̃_1, ṽ_1, . . . , g̃_γ(n)_{(z)}, ṽ_γ(n)_{(z)} ) . The group reduction procedures are assumed to be independent of each other.

Since the reduction procedure is mass-preserving, assumption (31) reduces to max i=1,...,γ^{(n)} (z) m_i∑

j=1 g_{i,j} ≤ g_{max}(n) , ∀ z ∈ Z^{(n)} : m > m_{max}(n) . (44)

Assumption (35) takes the form

γ^{(n)}(z) ≤ (1 − δ) m_{max}(n) , ∀ z ∈ Z^{(n)} : m > m_{max}(n) . (45) According to (42), (43) one obtains

E g̃_i ψ(ṽ_i) = m_i∑

k=1 g_{i,k} ψ(v_{i,k}) , ∀ i = 1, . . . , γ^{(n)}(z) , (46) and ∫ Z^{(n)}

Φ(z̃) P^{(n)}_{red} (z; dz̃) = γ^{(n)}(z)∑

i=1 ∫ Z^{(n)}

g̃_i ψ(ṽ_i) P^{(n)}_{red} (z; dz̃) = γ^{(n)}(z)∑

i=1 m_i∑

k=1 g_{i,k} ψ(v_{i,k}) = Φ(z) , where the function Φ is defined in (37). Thus, assumption (38) is fulfilled. Using (46), (44) and independence, one obtains ∫ Z^{(n)}

[Φ(z̃) − Φ(z)]^2P^{(n)}_{red} (z; dz̃) ≤ γ^{(n)}(z)∑

i=1 ∫ Z^{(n)}

[g̃_i ψ(ṽ_i)]^2P^{(n)}_{red} (z; dz̃) ≤ g_{max}(n) ‖ψ‖^2_∞ C_μ .

Consequently, assumption (36) follows from assumption (39). Thus, the remaining restrictions on the reduction procedure concern the group formation (41). Namely, the group weights should satisfy (44) and the number of groups should satisfy (45). Note that a necessary condition for the consistency of these restrictions is (cf. (25))

C_μ ≤ (1 − δ) inf_n m_{max}(n) g_{max}(n) .

Finally, we present results of numerical experiments from [MW02]. They illustrate both convergence and considerable variance reduction, for the specific problem of calculating tails of the velocity distribution. Another example (flow with large density gradient) can be found in [RW01]. We consider the relaxation of a mixture of two Maxwellians

f_0(v) = α M_1(v) + (1 − α) M_2(v) ,

where

M_i(v) = 1 (2π T_i)^{3/2} exp ( − ‖v − V_i‖ 2 T_i )

and α = 0.1 , V_1 = (94.82, 0, 0) , V_2 = (−10.54, 0, 0) , T_1 = T_2 = 1 ,

to a Maxwellian M_∞(v) with

V_∞ = (0, 0, 0) , T_∞ = 334 .

We calculate the tail functional ∫ {‖v‖>105} f(t, v) dv , t ∈ [0, 50] , (47) i.e. the mass outside some ball with large radius. The relevant parameters are

n = 10^5 , m_{max}(n) = 2 n , g_{max}(n) = 2 n , κ = 1 . Confidence bands for the functional (47), calculated with DSMC and SWPM, are displayed in Figure 1. The left graph shows that both algorithms model the same time evolution. The right graph shows how the algorithms approximate the very small value at equilibrium, ∫ {‖v‖>105} M_∞(v) dv = 3.2 · 10^{−7} .

Beside convergence, these results illustrate the effect of variance reduction, which was the motivation for introducing SWPM. The number of repetitions is chosen in such a way that DSMC and SWPM need almost the same CPU time. In this particular example, SWPM is about 16 times more time consuming (per trajectory),

Figure 1: Tail functional (47) and zoom (right).

Figure 2: Number of particles in the system (left) and in the tail (right).

so that the gain factor in efficiency of about 50 results from a tremendous variance reduction.

An interesting feature of SWPM is the variable number of simulation particles displayed in Figure 2. First we note that SWPM produces a correct result despite the strong fluctuation in the overall number of particles (left graph) and the correspondingly large number of reduction steps. The variance reduction effect is explained best by looking at the curves for the number of simulation particles in the tail (right graph). At the beginning, both algorithms do not have particles inside the tail. Then SWPM produces such particles rather quickly and keeps them. At the end, in SWPM 10% of the particles are in the tail, while in DSMC the relative amount corresponds to the value of the functional. However, the number of particles is just an illustrative quantity, the important point is that they have appropriate weights. This is achieved by dividing the velocity space into a relatively large number of shells and keeping the number of simulation particles in all shells almost equal. Thereby a sufficient “communication” between different parts of the velocity space is guaranteed. Here we use the freedom provided by the reduction procedure.

References

[AGA95] F. J. Alexander, A. L. Garcia, and B. J. Alder. A consistent Boltzmann algorithm. Phys. Rev. Lett., 74(26):5212–5215, 1995.

[AGA97] F. J. Alexander, A. L. Garcia, and B. J. Alder. The consistent Boltzmann algorithm for the van der Waals equation of state. Phys. A, 240:196–201, 1997.

[Ars87] A. A. Arsenev. Approximation of the solution of the Boltzmann equation by solutions of Ito stochastic differential equations. Zh. Vychisl. Mat. i Mat. Fiz., 27(3):400–410, 1987. In Russian.

[Ars88] A. A. Arsenev. Approximation of the Boltzmann equation by stochastic equations. Zh. Vychisl. Mat. i Mat. Fiz., 28(4):560–567, 1988. In Russian.

[Bab86] H. Babovsky. On a simulation scheme for the Boltzmann equation. Math.

Methods Appl. Sci., 8:223–233, 1986.

[Bab89] H. Babovsky. A convergence proof for Nanbu’s Boltzmann simulation scheme. European J. Mech. B Fluids, 8(1):41–55, 1989.

[Bab98] H. Babovsky. Die Boltzmann-Gleichung: Modellbildung–Numerik–Anwendungen. B. G. Teubner, Stuttgart, 1998.

[BFGR94] P. H. Bézandry, R. Ferland, G. Giroux, and J.-C. Roberge. Une approche probabiliste de résolution d’équations non linéaires. In Measure-valued processes, stochastic partial differential equations, and interacting systems (Montreal, PQ, 1992), volume 5 of CRM Proc. Lecture Notes, pages 17–33. Amer. Math. Soc., Providence, RI, 1994.

[BI89] H. Babovsky and R. Illner. A convergence proof for Nanbu’s simulation method for the full Boltzmann equation. SIAM J. Numer. Anal., 26(1):45–65, 1989.

[Bir63] G. A. Bird. Approach to translational equilibrium in a rigid sphere gas.

Phys. Fluids, 6:1518–1519, 1963.

[Bir65] G. A. Bird. Shock wave structure in a rigid sphere gas. In J.H. de Leeuw, editor, Rarefied Gas Dynamics, volume 1, pages 216–222. Academic Press, New York, 1965.

[Bir76] G. A. Bird. Molecular Gas Dynamics. Clarendon Press, Oxford, 1976.

[Bir89] G. A. Bird. Perception of numerical methods in rarefied gas dynamics.

Progr. Astronaut. Aeronaut., 118:211–226, 1989.

[Bir94] G. A. Bird. Molecular Gas Dynamics and the Direct Simulation of Gas Flows. Clarendon Press, Oxford, 1994.

[Bol72] L. Boltzmann. Weitere Studien über das Wärmegleichgewicht unter Gasmolekülen. Sitzungsber. Akad. Wiss. Wien, 66:275–370, 1872.

[Boy96] I. D. Boyd. Conservative species weighting scheme for the direct simulation Monte Carlo method. J. of Thermophysics and Heat Transfer, 10(4):579–585, 1996.

[BY75a] O. M. Belotserkovskij and V. E. Yanitskij. Statistical particle in cell method for problems in rarefied gas dynamics. I. Construction of the method. Zh. Vychisl. Mat. i Mat. Fiz., 15(5):1195–1209, 1975. In Russian.

[BY75b] O. M. Belotserkovskij and V. E. Yanitskij. Statistical particle in cell method for problems in rarefied gas dynamics. II. Numerical aspects of the method. Zh. Vychisl. Mat. i Mat. Fiz., 15:1553–1567, 1975. In Russian.

[Cer83] C. Cercignani. The Grad limit for a system of soft spheres. Comm. Pure Appl. Math., 36(4):479–494, 1983.

[Cer88] C. Cercignani. The Boltzmann Equation and its Applications. Springer, New York, 1988.

[Cer98] C. Cercignani. Ludwig Boltzmann. The man who trusted atoms. Oxford University Press, Oxford, 1998.

[CIP94] C. Cercignani, R. Illner, and M. Pulvirenti. The Mathematical Theory of Dilute Gases. Springer, New York, 1994.

[CP95] S. Caprino and M. Pulvirenti. A cluster expansion approach to a one– dimensional Boltzmann equation: a validity result. Comm. Math. Phys., 166:603–631, 1995.

[CPW98] S. Caprino, M. Pulvirenti, and W. Wagner. Stationary particle systems approximating stationary solutions to the Boltzmann equation. SIAM J. Math. Anal., 29(4):913–934, 1998.

[Dav93] M. H. A. Davis. Markov models and optimization. Chapman & Hall, London, 1993.

[EK86] S. N. Ethier and T. G. Kurtz. Markov Processes, Characterization and Convergence. Wiley, New York, 1986.

[EM87] S. M. Ermakov and N. M. Moskaleva. Branching processes and the Boltzmann equation. Numerical aspects. Vestnik Leningrad Univ. Ser. 1, 3:38– 43, 1987. In Russian.

[ENS84] S. M. Ermakov, V. V. Nekrutkin, and A. S. Sipin. Sluchainye protsessy dlya resheniya klassicheskikh uravnenii matematicheskoi fiziki. Nauka, Moscow, 1984. English translation: [ENS89].

[ENS89] S. M. Ermakov, V. V. Nekrutkin, and A. S. Sipin. Random processes for classical equations of mathematical physics, volume 34 of Mathematics and its Applications (Soviet Series). Kluwer Academic Publishers Group, Dordrecht, 1989.

[Fun86] T. Funaki. Construction of stochastic processes associated with the Boltzmann equation and its applications. In K. Ito and T. Hida, editors, Stochastic processes and their applications, volume 1203 of Lecture Notes in Mathematics, pages 51–65. Springer, Berlin/Heidelberg, 1986.

[GM97] C. Graham and S. Méléard. Stochastic particle approximations for generalized Boltzmann models and convergence estimates. Ann. Probab., 25(1):115–132, 1997.

[Grü71] F. A. Grünbaum. Propagation of chaos for the Boltzmann equation.

Arch. Rational Mech. Anal., 42(5):323–345, 1971.

[GW00] A. L. Garcia and W. Wagner. The limiting kinetic equation of the consistent Boltzmann algorithm for dense gases. J. Statist. Phys., 101(5- 6):1065–1086, 2000.

[HK90] J. Horowitz and R. L. Karandikar. Martingale problems associated with the Boltzmann equation. In Seminar on Stochastic Processes, 1989, volume 18 of Progress in Probability, pages 75–122. Birkhäuser, Boston/Basel/Berlin, 1990.

[IN87] R. Illner and H. Neunzert. On simulation methods for the Boltzmann equation. Transport Theory Statist. Phys., 16(2&3):141–154, 1987.

[IR88] M. S. Ivanov and S. V. Rogazinskij. Comparative analysis of algorithms of the direct statistical modeling method in rarefied gas dynamics. Zh. Vychisl. Mat. i Mat. Fiz., 28(7):1058–1070, 1988. In Russian.

[IR89] M. S. Ivanov and S. V. Rogazinskij. Efficient schemes for direct statistical modeling of rarefied gas flows. Mat. Model., 1(7):130–145, 1989. In Russian.

[IR90] M. S. Ivanov and S. V. Rogasinsky. Statistical modelling of rarefied gas flows on the basis of the majorant frequency principle. Dokl. Akad. Nauk SSSR. Ser. Aerodynamics, 312(2):315–320, 1990. In Russian.

[Kac56a] M. Kac. Foundations of kinetic theory. In Third Berkeley Symposium on Mathematical Statistics and Probability Theory, volume 3, pages 171–197, 1956.

[Kac56b] M. Kac. Some Stochastic Problems in Physics and Mathematics. Magnolia Petroleum Co., 1956.

[Kac59] M. Kac. Probability and Related Topics in Physical Sciences. Interscience, London, 1959.

[Khi86] A. I. Khisamutdinov. A simulation method for statistical modeling of rarefied gases. Dokl. Akad. Nauk SSSR, 291(6):1300–1304, 1986. In Russian.

[Kon86] Yu. N. Kondyurin. A statistical approach to the solution of the Boltzmann equation. Zh. Vychisl. Mat. i Mat. Fiz., 26(10):1527–1534, 1986. In Russian.

[Kou86] K. Koura. Null–collision technique in the direct–simulation Monte Carlo method. Phys. Fluids, 29(11):3509–3511, 1986.

[Leo35] M. A. Leontovich. Basic equations of the kinetic gas theory from the point of view of the theory of random processes. Zhurnal Teoret. Ehksper. Fiziki, 5(3-4):211–231, 1935. In Russian.

[LP90] M. Lachowicz and M. Pulvirenti. A stochastic system of particles modelling the Euler equation. Arch. Rational Mech. Anal., 109(1):81–93, 1990.

[LS89] A. V. Lukshin and S. N. Smirnov. An efficient stochastic algorithm for solving the Boltzmann equation. Zh. Vychisl. Mat. i Mat. Fiz., 29(1):118–124, 1989. In Russian.

[Luk89] A. V. Lukshin. Stochastic algorithms of the mathematical theory of the spatially inhomogeneous Boltzmann equation. Mat. Model., 1(7):146– 159, 1989. In Russian.

[McK66] H. P. McKean. Speed of approach to equilibrium for Kac’s caricature of a Maxwellian gas. Arch. Rational Mech. Anal., 21:343–367, 1966.

[McK75] H. P. McKean. Fluctuations in the kinetic theory of gases. Comm. Pure Appl. Math., 28(4):435–455, 1975.

[Mel98] S. Meleard. Stochastic approximations of the solution of a full Boltzmann equation with small initial data. ESAIM Probab. Statist., 2:23–40 (electronic), 1998.

[Mor55] D. Morgenstern. Analytical studies related to the Maxwell–Boltzmann equation. J. Rational Mech. Anal., 4:533–555, 1955.

[Mur77] H. Murata. Propagation of chaos for Boltzmann-like equations of noncutoff–type in the plane. Hiroshima Math. J., 7:479–515, 1977.

[MW02] I. Matheis and W. Wagner. Convergence of the stochastic weighted particle method for the Boltzmann equation. Technical Report 739, Weierstraß–Institut für Angewandte Analysis und Stochastik, Berlin, 2002. To appear in SIAM J. Sci. Comput.

[Nan80] K. Nanbu. Direct simulation scheme derived from the Boltzmann equation. I. Monocomponent gases. J. Phys. Soc. Japan, 49(5):2042–2049, 1980.

[Nan83] K. Nanbu. Interrelations between various direct simulation methods for solving the Boltzmann equation. J. Phys. Soc. Japan, 52(10):3382–3388, 1983.

[Nan86] K. Nanbu. Theoretical basis of the direct simulation Monte Carlo method. In V. Boffi and C. Cercignani, editors, Rarefied Gas Dynamics, volume 1, pages 369–383. Teubner, Stuttgart, 1986.

[NGS91] H. Neunzert, F. Gropengiesser, and J. Struckmeier. Computational methods for the Boltzmann equation. In R. Spigler, editor, Applied and Industrial Mathematics, pages 111–140. Kluwer Acad. Publ., Dordrecht, 1991.

[NKS96] H. Neunzert, A. Klar, and J. Struckmeier. Particle methods: theory and applications. In ICIAM 95 (Hamburg, 1995), pages 281–306. Akademie Verlag, Berlin, 1996.

[NLU40] A. Nordsieck, W. E. Lamb, Jr., and G. E. Uhlenbeck. On the theory of cosmic–ray showers. I. The furry model and the fluctuation problem. Physica, 7(4):344–360, 1940.

[NS95] H. Neunzert and J. Struckmeier. Particle methods for the Boltzmann equation. In Acta Numerica 1995, pages 417–457. Cambridge University Press, Cambridge, 1995.

[NT89] V. V. Nekrutkin and N. I. Tur. On the justification of a scheme of direct modelling of flows of rarefied gases. Zh. Vychisl. Mat. i Mat. Fiz., 29(9):1380–1392, 1989. In Russian.

[Pic72] G. Pichon. Sur la propagation du chaos moléculaire. C. R. Acad. Sci.

Paris Sér. A, 274:1667–1670, 1972.

[Plo87] H. Ploss. On simulation methods for solving the Boltzmann equation.

Computing, 38:101–115, 1987.

[Rez96a] F. Rezakhanlou. Kinetic limits for a class of interacting particle systems.

Probab. Theory Related Fields, 104(1):97–146, 1996.

[Rez96b] F. Rezakhanlou. Propagation of chaos for particle systems associated with discrete Boltzmann equation. Stochastic Process. Appl., 64(1):55– 72, 1996.

[RGD60] Rarefied gas dynamics: Proceedings of the First International Symposium held at Nice, International Series on Aeronautical Sciences and Space Flight, Division IX, Vol. 3, Pergamon Press, New York, 1960.

[RGD01] Rarefied Gas Dynamics, Proceedings of the 22nd International Symposium (Sydney, Australia, 9-14 July 2000), eds. Bartel, T. J. and Gallis, M. A., volume 585 of AIP Conference Proceedings, AIP Publishing Center, New York, 2001.

[RSW98] S. Rjasanow, T. Schreiber, and W. Wagner. Reduction of the number of particles in the stochastic weighted particle method for the Boltzmann equation. J. Comput. Phys., 145(1):382–405, 1998.

[RT97] F. Rezakhanlou and J. E. Tarver. Boltzmann-Grad limit for a particle system in continuum. Ann. Inst. H. Poincaré Probab. Statist., 33(6):753– 796, 1997.

[RW96] S. Rjasanow and W. Wagner. A stochastic weighted particle method for the Boltzmann equation. J. Comput. Phys., 124(2):243–253, 1996.

[RW98] S. Rjasanow and W. Wagner. A generalized collision mechanism for stochastic particle schemes approximating Boltzmann-type equations. Comput. Math. Appl., 35(1/2):165–178, 1998.

[RW01] S. Rjasanow and W. Wagner. Simulation of rare events by the stochastic weighted particle method for the Boltzmann equation. Math. Comput. Modelling, 33(8-9):907–926, 2001.

[Sch93] M. Schreiner. Weighted particles in the finite pointset method. Transport Theory Statist. Phys., 22(6):793–817, 1993.

[Sko83] A. V. Skorokhod. Stokhasticheskie uravneniya dlya slozhnykh sistem.

Nauka, Moscow, 1983. English translation: [Sko88].

[Sko88] A. V. Skorokhod. Stochastic equations for complex systems, volume 13 of Mathematics and its Applications (Soviet Series). D. Reidel Publishing Co., Dordrecht, 1988.

[Smi89] S. N. Smirnov. On the justification of a stochastic method for solving the Boltzmann equation. Zh. Vychisl. Mat. i Mat. Fiz., 29(2):270–276, 1989. In Russian.

[Szn82] A.-S. Sznitman. Équations de type de Boltzmann, spatialement homogènes. C. R. Acad. Sci. Paris Sér. I Math., 295:363–366, 1982.

[Szn84] A. S. Sznitman. Équations de type de Boltzmann, spatialement homogènes. Z. Wahrsch. Verw. Gebiete, 66(4):559–592, 1984.

[Szn91] A. S. Sznitman. Topics in propagation of chaos. In Lecture Notes in Mathematics, volume 1464, pages 165–251. Springer, Berlin, 1991.

[Tan73] H. Tanaka. On Markov processes corresponding to the Boltzmann equation of Maxwellian gas. In Lecture Notes in Mathematics, volume 330, pages 478–489. Springer, Berlin, 1973.

[Tan78] H. Tanaka. Probabilistic treatment of the Boltzmann equation of Maxwellian molecules. Z. Wahrsch. Verw. Gebiete, 46(1):67–105, 1978.

[Tan83] H. Tanaka. Some probabilistic problems in the spatially homogeneous Boltzmann equation. In G. Kallianpur, editor, Theory and Applications of Random Fields, volume 49 of Lecture Notes in Control and Inform. Sci., pages 258–267, Springer, Berlin, 1983.

[Uch87] K. Uchiyama. Fluctuations in population dynamics. In M. Kimura, G. Kallianpur, and T. Hida, editors, Stochastic Methods in Biology, volume 70 of Lecture Notes in Biomathematics, pages 222–229, Springer, Berlin, 1987.

[Wag92] W. Wagner. A convergence proof for Bird’s direct simulation Monte Carlo method for the Boltzmann equation. J. Statist. Phys., 66(3/4):1011– 1044, 1992.

[Wag94a] W. Wagner. A stochastic particle system associated with the spatially inhomogeneous Boltzmann equation. Transport Theory Statist. Phys., 23(4):455–477, 1994.

[Wag94b] W. Wagner. Stochastic systems of particles with weights and approximation of the Boltzmann equation. The Markov process in the spatially homogeneous case. Stochastic Anal. Appl., 12(5):639–659, 1994.

[Wag96] W. Wagner. A functional law of large numbers for Boltzmann type stochastic particle systems. Stochastic Anal. Appl., 14(5):591–636, 1996.