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Recurrence of ancestral lines and offspring trees in time
stationary branching populations

- by
K. Matthes, R. Siegmund-Schultze and A. Wakolbinger

0. Introduction and summary

We are studying time-discrete branching populations or "systems of independent branching
Markov chains" on some complete, separable metric space of sites A : each n-th generation
individual branches, independently of the others, into a daughter population whose
distribution x(4) depends on the mother individual's site a only, and given the history of the
population up to time n, the (n+1)-st generation is the independent superposition of these
daughter populations. In particular, we will focus on time-stationary processes @ = (Ppnez
taking their values in the locally finite populations on A and following a branching dynamics
x of the described kind. By a suitable marking of the individuals (cf. the appendix) one can
keep track of their genealogical relationships; therefore one is enabled to speak of an
individual's offspring tree and an individual's ancestral path, and of the subsystems of
mutually related individuals in @, which we call the clans of ®.
Let us first have a look at a particular case, namely that of pure Markovian migration : For
time sationary "systems of independent Markov chains" on a discrete space of sites, it turns
out (cf. Thm. 7.6) that, a.s., each individual path is forward recurrent (i.e. will visit some site
infinitely often in the future) if and only if it is backward recurrent (i.e. has visited some site
infinitely often in the past). |
In the presence of branching, the future history of an individual is no more given simply by a
forward path, but by its offspring tree. Turnig first to the case of a discrete space of sites, let
us call an offspring tree recurrent if it hits some site infinitely often. In a time stationary x-
branching process ®, with probability one every clan which contains a recurrent offspring
tree also contains a unique both forward and backward recurrent "immortal trunk”, and the
clans with this property are just those which ever hit the region

. Apec ={aeA : T, is almost surely recurrent}.
In this sense (similaf to the pure migration case), a spatial separation of the "individually
forward recurrent” clans (i.e. those which contain some recurrent offspring tree) and the
"individually forward transient" clans hold true. Moreover, the individually forward recurrent
clans altogether constiute a time stationary K-branching subsystem of .
While, as just stated, every "individual forward recurrent" clan is hermetic in the sense that
all its individual ancestral paths are backward recurrent, the converse need not be true (cf.
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example 5.4 in [MSW IJ. Also, there exist equilibrium situations (even with a discrete space
of sites!) in which the hermetic and the immigrative clans (i.e. those with transient ancestral

paths) cannot be spatially separated (Ex. 7.3).

One central aim of the paper is to investigate the possibilities and the difficulties in extending
results of the just mentioned kind to the case of continuous spaces of sites, and to clarify the
role of "individual positive recurrence" therein. As it turns out, the latter exibits a remarkable
robustness (both concerning the "non-discreteness” of the space of sites and also towards the
"direction of time"); before we discuss this, let us briefly tell what happens with "forward and
backward individual recurrence" in continuous models (as described at the beginning of the
introduction):
We say that an ancestral path (respectively an offspring tree) is recurrent if it hits some
bounded set at infinitely mény time points; otherwise we call it transient.. Like in the discrete
case, the hermetic clans (i.e. those with recurrent ancestral paths) form a time stationary k-
branching subsystem. But, in contrast to the discrete case, individual forward recurrence does
not imply individual backward recurrence any more; and this may be so even in the absence
of branching: we give an example (1.3) of a purely migrating system on A = Ry in which all
individuals have transient lines of descent but follow forward recurrent paths. Also, another
nice feature of the discrete situation does not carry over to the continuous case: the subsystem
of individually forward transient clans need not necessarily follow the branching dynamics K
any more, cf. Example 1.9. So we are led to define the transient type part @yans of a time
stationary x-process @ as the system of those clans which actually never had a chance to
develop a recurrent offspring tree, i.e. which never hit the set

AREC ={aeA : T, is with positive probability recurrent}
Then both @yans and its complement in ® are time stationary x-process; all ancestral lines
of the latter grow out of ARgc (but, like in Example 1.9, some of them might indeed miss the
chance to develop recurrent offspring trees).

Remarkably, as far as positive recurrence is concerned, the forward and backward concepts
turn out to be equivalent also in the general class of models. Call an ancestral line
(respectively an offspring tree) positive recurrent if it visits some bounded set with a |
positive lower frequency. Let & be a time stationary K-process, then, almost surely, for each
clan ¥ in @ the following assertions are equivalent:

1) ¥ has a positive recurrent ancestral line

if) ¥ contains some positive recurrent offspring tree

iii) W hits the set

Aprec = {aeA : T, is with positive probability positive recurrent}.



iv) W contains a unique both torward and backward positive recurrent
genealogical line (which we call its trunk). .
Moreover (see 4.5 and 4.9), there exists an at most countable partition (Sx) of ApREC
depending on the distribution of ®) with the following properties:
a) For all k, there are finitely many clans in @ that ever hit Sk
b) the subsystem ®K consisting of those clans is again a stationary K-process
c) the positive recurrent part of @ is the (not necessarily indepéndent)
superposition of the ®K.
The processes @K consitute finitely fed equilibria in the sense of [LMW], section 2.10. : in Sk
there is a possibly random ﬁnite number of immortal individuals following a time stationary
Markov chain, and these individuals may generate emigrants outside of Sk (in fact only
outside of AprgC). Each of the processes @K consist of finitely many clans having positive

recurrent trunks.

Another main aim of the paper is to explore the gap beween "positive recurrence on the clan
level" and "individual positive recurrence"”. The former gets a rigorous meaning within the
"family dynamics" introduced in [LMW] (which corresponds to the “clan process" in the
measure-valued and "historical” scenario of [DP], sect. 6): there, the "equilibrium clans"
constitute a system of independent Markov chains, whose paths possibly break off. The
stationary x-processes @ with a finite number of clans can be characterized as those ones for
which there exists a sequence of regions X; cA whose random population numbers
@, (Xp) are tight and which capture (at least in probability) asymptotically all the ancestral
lines of present time individuals encountered in a bounded region (Thm. 6.1). As example
2.8.4 in [LMW] shows, with a completely transient behavior on the individual level, there
may still occur positive recurrence on the clan level. This is, however, impossible under
certain restriction on the fertility of the individuals (Prop. 6.8), e.g. if for all sitesa € A the
mean number of children of &, does not exceed 1. Even without any "supercriticalities",
however, the recurrence behaviour on the clan level may be different from that on the
individual level: we conjecture that, for the simple branching random walk on Z9, ’d >3, the .
equilibrium clans are recurrent (in the sense that they visit each site infinitely often) if and
only if d < 5. (The corresponding result for branching Brownian motion has recently been
proved in [SW]).

Section 7, which continues studies initiated in [MSW], is devoted to the case of a discrete
space of sites A. Like with Markov chains, the concepts discussed above can then be
localized to sites, and ARgc and A pric can be replaced by their subsets

Arec :={acA : Ty hits a almost surely}
and



Aprec '={a€A : Ty hits a in a time with finite expectation},
which, for any time stationary k-process, turn out to be essentially equal to AREC and AprEC,
respectively (7.5 and 7.15). "Mutual reachability" under the branching dynamics induces a
partition (Xk) of Arec which now renders a decomposition (Qk) of the recurrent part of any
time stationary x-process @ in much the same way as described above; the population
numbers <D0k(Xk) are finite exactly for those Qk which belong to the positive recurrent part
of @, or equivalently, for those Xk which are contained in Aprec (7.9, 7.13). Also, in the
discrete case it turns out that a time stationary k-process with finitely many clans having
recurrent ancestral lines in fact is finitely fed, thus growing out of positive recurrent trunks
(see 7.18, and 2.5 b) for a non-discrete counterexample). A tool for proving these results is
the age dependent Galton Watson dynamics embedded at a site as defined in [MSW 1],
which models the branching structure of excursion time lengths from site a in the offspring

tree Ty .

The additional assumption of finite first moments would forbid certain pathologies like that of
~ Example 1.3 also in the case of general spaces of sites. We have refrained from a special
treatment of the first order case in this paper in order not to make it longer as it already is; let
us just indicate that, also in the first order case, the "backward recurrence concepts" turn out
to be more robust than the "forward recurrence concepts”; for example, the question whether
a time stationary x-process @ of first order consists of hermetic clans only can be decided
from the intensity measure of ®¢ and the intensity (or mean) kernel of x only, whereas the
corresponding question with "hermetic" replaced by "individual forward recurrent” needs a
knowledge both on the intensity measure ®g and on ¥ itself.

1. Individual backward and forward recurrence and transience in
equilibrium branching populations

In our study of the recurrence and transience behavior of the individuals' ancestral paths and
offspring trees in equilibrium branching populations, we will always restrict to the following
class of models:

The individuals live in some complete separable metric space (A, p4), which can be viewed
as a space of sites or space of types. The collection of Borel-measurable subsets of A (which
we simply address as regions) is denoted by A4 . At each fixed time, the number of
individuals in each bounded region is a.s. finite. The random populations are thus modeled as
locally finite random counting measures ® on A and develop in discrete time in a Markovian
way: Given the prehistory (®y..., Pp.1, Py) up to time n, where &, =i§1 d a the random



population @, arises as the independent superposition ‘EI x; of the daughter populations y;
1€

of the mother individuals O,; the distribution of the random population ) ; is assumed to
depend on its mother’s site a; only .

The distribution of the daughter population %@ of a mother indivdual 8, at site a will be
denoted by 1(4); the family K = (K(g)aea , is thus the basic datum of the random dynamics

under consideration.

In the whole paper we will focus our attention to equilibrium situations, i.e. to situations in
which the distributions of &, and ®,,; coincide. In such equilibrium situations,
Kolmogorov's extension theorem renders a doubly infinite Markovian sequence (®p)pez of
random populations whose distribution is time stationary. We will refer to (Ppnez as a
stationary X—process, and to @ as a random K-equilibrium population.

Since @, is the independent superposition of the n-th generation offspring populations of the
individuals in &y , the assumed a.s. local finiteness of ®, enforces that the n-th generation
offspring of an individual 8, is a.s. locally finite for E®g-almost all a, or in the language of
[LMW], that the clustering powers KEZI) of (4 exist for E@g-almost all a.

We will require once and for all that the random n-th generation offspring population x@ of

an individual 8, is a.s. locally finite for all a € A and n21; beside the measurable
dependence a — x4 this will be our only requirement on the branching dynamics x.

By a suitable marking of the individuals (cf. Appendix), one is able to read off the
genealogical relationships between individuals of different generations. .

We say that the ancestral path (..., ay.1, ay) of an individual ) a, 10 the population @, is
backward transient if it enters from infinity in the sense that for all bounded subsets B of A,
ap, is outside of B for all sufficiently early times m.

Let us consider for a moment the special case of independent migration in which each
daughter population consists of exactly one individual - we are then in the scenario of
.independent Markov chains ([L], [LP]). One could guess that in an equilibrium situation of
independent Markov chains, backward transience of all individuals' paths implies forward
transience of all individuals' paths. The following example, however, shows that things may
be totally different from this even in the case of a deterministic migration dynamics. In this
example, the space of sites will be R := [0, ) with the usual metric.

L.1. Proposition. There exists a mapping 9: R, & R, with 8(x) =x-1 V x> 1, admitting

a sequence (Py)pez of random populations with the following properties:

1) Opy1=HPy) (where, for @ =73 §,, 0(P) denotes the "shifted"” population 3, 8yq)
i€l

i€



i) (®Pp)aez has a time stationary distribution ,
iii) the ancestral paths (..., X1, X,) of all individuals in ®, obey Xy —> o asm — oo, and

therefore are backward transient.

1.2. Remark. Intuitively, this scenario can be described as follows: Each individual migrates
in a deterministic way to the left until it reaches the unit interval. Since the migration step is
one, its "code" y = x—[x] is not changed during this migration. After having reached the unit
interval [0,1) at the location y, the individual jumps to the location ¥ (y) in the next step. This
makes already clear that the situation is forward recurrent: all paths will visit the unit interval
infinitely often. However, the equilibrium population will be constructed in such a way that
initially all paths enter from infinity !

The proof of Proposition 1.1 is provided by the following example together with the
mapping f(x) := ([x]+1, g(x~[x])) from R, onto N X {0,1} x K, where g is some bijective,
bi-measurable mapping from [0,1) onto {0, 1} X K, and K denotes the set of those 0-1
sequences (k;)jc N Which have infinitely many ones. (Note that, as a measurable subset of the
standard Borel space {0,1 }NO ,the set {0, 1} x Kis o-isomorphic to [0,1).)

1.3. Example. As indicated in the preceding remark, we put A:= N x {0,1} x K, and equip
A with the metric inherited from the Euclidian one under the mapping f. An elementa € A
consists of three components (q, v, s), where ¢ € N stands for the "position” of the
individual, v e {0,1} is an index which will indicate whether the individual, in the course of
its prehistory, has ever visited position 1, and s € K constitutes, together with v, the
individual's code. The position of the individual can be ihterpreted as its remaining lifetime:
an individual arriving at position 1 undergoes a renewal in the next time unit.
A mapping T on A is defined as follows:
T((q, v, s)) :=(@q-1,v,s) ifg>1
T((1, v, 8)) := (q(s), 1, &(s))

where , for s = (k;)ieN > q(s) := min{k;|i#0}, and t(s) := (ki+q(s))iegN-
The equilibrium population ®¢ is now constructed as the outcome from a stream of
immigrants as follows: First we assign to each n € Z arandom element s, = (kp )ien in K,
specifying the construction of (sp) only below. For each position n =1, we put by : =
(n, 0, sp), thus obtaining those individuals & b, in @o which are presently immigrating from
infinity and have not yet undergone a renewal. In oder to bring in also the actual effect of all
the "already renewed" individuals, we put forn =0, -1, -2,...

ap = TI((1, 0, sp)).

We will show in a minute that (s;))nez can be chosen such that
1. the distribution of (s,) is invariant with respect to a shift in n
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2. Y, kg <e almostsurely.
n21
We now put &o:= 3, 8, + 2> 8, . Because of 1., T(®Pp) has the same distribution as
n21

n<l

®,. Noting that the position component of a; equals 1 if and only if k., , =1, we conclude
from 2. that @ is locally finite.
It remains to ensure the existence of a random sequence (sp)pez = & dnez, ieN it K which
obeys 1. and 2. To this purpose, let (Mj)jcz be a two-sided i.1.d. sequence of random natural
numbers with infinite expectation. For allne Z,ie N, we set
.,=<1 ifn, 2i

1\ 0 otherwise

Then obviously (kp ;) obeys 1. and 2.; moreover, by the Borel-Cantelli lemma there holds

Y ko =c as., and therefore s( belongs to K a.s. ¢
izl

1.4. Notation: For all time points n, m € Z, and all regions XcA, ®nn x denotes the
subpopulation of all those individuals in &, which are related "in the direct line" to an X-
individual in @,. In other words, ®p, |, x is the subpopulation of those individuals i_n o
which, in the case n < m have an ancestor at time n in X, in the case n > m have a
descendant at time n in X, and in the case m = n are situated in X.

1.5 Definition. We say that a stationary k-process (®,)nezis immigrative if, with probability
one, all its ancestral paths are backward transient, and that (D), z is of transient type if,
with probability one, all individuals in (®,) have only finitely many descendants in each
Be B (the symbol B denotes the bounded, measurable subsets of A, which we will also
simply call "bounded regions").

Thus, with the notation introduced in 1.4, (®,),ez is immigrative iff, for all Be Band ke Z,

Z,l Dy ik, B (B) <o as,

nz

and (®p)yezis of transient type iff, for all Be Band ke Z, Z‘ Dyinik,B (B) <oo as.
n21

(Note that, due to the assumed stationarity of (®p)nez, it is enough to require these

properties only for k = 0.)

Example 1.3 provides an immigrative equilibrium population of non-transient type even in a
pure migration case, and example 5.4 in [MSW I] shows that even in the discrete case there
may exist first order equilibrium populations of transient type which are not immigrative.

We call a bounded region B immigrative for (®,)pe 7z if ; D108 (B) <o a.s, and

n=21

transient for (Oy)pez if ; D, 0B (B) <o as. Itiseasy to see that the union of two
n21

immigrative bounded regions B and B, is again immigrative. (Indeed, if an individual in Bil
would have inﬁnitel\y many ancestors in B, then with positive probability there would also
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exist individuals in B, having infinitely many ancestors in B;.) However, the union of two

transient bounded regions need not be transient, as the following modification of Example

1.3 shows:

1.6. Example. Let A be as in Example 1.3, and consider the following dynamics, which is
now not any more a pure migration, but still is deterministic: an individual at site (q, v, s )
steps to (g-1, v, s) as long as its position q is larger than one, from (1, 0, s) , where s = (k;),
it splits into the population ¥(s) := ¥, k; 8 1,¢) - and at (1,1,s) it simply dies. Let bg, be as in

i>1
Example 1.3, and put, for n<1, v := DI-0((1,0,sy)), where D™(a) denotes the n-th generation
offspring population arising from an individual 8, . Then ®@o:= 3 Yo+ X, 85 is an

n<1 n21
equilibrium population, for which both B; := {1}x{0}xK and By := {1}x{1}xK are
transient, but B 1UB; is not - in fact, an infinite offspring of each B1-individual reaches B, in

the course of time. ¢

1.7. Definition. For a stationary «-process @ = (®,)yez we denote by @pjimm the
subpopulation of ®, consisting of all those individuals whose ancestral paths pass through
any Be B only finitely often, and by @ perm := @n—Pp imm the subpopulation of &, consisting
of all those individuals whose ancestral paths pass through some B e B infinitely often. Due
to the following lemma, which will be used several times in the course of the paper, both
(Pnimm)nez and (Pprem)nez are stationary K-processes; they will be called the immigrative
and the hermetic part of (®,)nez, respectively.

1.8. Lemma. Consider a subset Y of A2~ which is measurable and invariant with respect to
the shift (...,c_1, ¢0) = (...,c_1) in the sense that (...,c_1, co)e Y iff (...,c_1)e Y. Let & =
(@n)nez be a stationary x-process, and let for alln € Z, v, be the subpopulation consisting
of all those individuals in @, whose ancestral paths (...,a_1, ag) belong to Y. Then also y=
(Ya)nez 1s a stationary x-process.

Proof. Writing v,"= ®—y,, te Z, we observe that the distribution of (Yp, Ya"), given (V,Y'i<n-1,
is, due to independence of the branching, the product of the x-offspring distributions of Y, 1

and Yp1'; hence (Yo)nez is a Markovian sequence following the dynamics x. On tﬁe other
hand, the distribution of v, equals that of y,_; due to the statioﬁarity of @ (also in a refined
model, in which individuals are "marked" with their ancestral lines). ¢ |

Let us now turn to "forward" concepts: The fact that a stationary k-process (®p)nez is of

transient type can be reexpressed as follows:



For almost all @ and all individuals 84 in @y, the total number of 8, 's random offspring in a

bounded region B, thatis, ¥ x{@(B) , is finite a.s. ; in other words, a.s. the population @
i>0 ’

does not chargev
ARgc :={a€A : for some bounded region B, ,
3 x{@(B) = e with positive probability}.

i>0
Clearly by its definition, immigration into ARgc is prohibited in the sense that
Ex@(Argc ) =0 forall a 2AREC -

Since a prohibited immigration in the forward time direction implies a prohibited emigration
of ancestral paths in the backward time direction, we infer that, in a stationary K-process
(Dp)nez, the random population @, is the sum of two subpopulations:

the population @, .. consisting of all those individuals of &, whose ancestral paths
originally come from ARgc, |

and the population @, 4ns consisting of all those individuals of &, whose ancestral paths
never .visited AREC- ‘

By Lemma 1.8, both (®yrec)nez and (®p rans)ne z are stationary x-processes, and will be
called the recurrent type and the transien type part of (®,),ez, respectively. .
For some time we conjectured that the recurrent type part (®p rec)ne z @s defined above just
always consists of those individuals which are related to some individual in (®,) having a
"recurrent offspring tree". But alas, having a positive chance to generate a recurrent offspring
tree is not the same as actually doing it, and in fact the conjecture turned out to be wrong:

1.9.Example. Modify example 1.3 as follows: an individual at site (1, 0, s) , that is, a "fresh
immigrant" at position 1, follows the dynamics of 1.3 only with probability 1-p, and dies
with probability p, where p € (0,1) is a fixed parameter. Like in 1.3, a steady stream of
immigrants gives rise to a stationary process (&, ). For this branching dynamics one has
AREC = A, and therefore (g rec) = (Pyp), since trivially all ancestral lines come from A, but
still there are also "transient individuals" in @ , whose line of descendants is extinct after
hitting {1}x{0}xK for the first time. This example also shows that it would be of no
advantage to replace "with positive probability" by "with probability one" in the definition of
AREG, since this would result in Argc = Nx{1}xK , which is eventually left by all ancestral
lines backward in time. ¢



2. Finitely fed equilibrium distributions

Let @ = (P,)nez be a stationary k-process with equilibrium distribution P. Recall that in 1.4
we defined &y x as the subpopulation of those individuals in ®p, which are related "in the

d
direct line" to an X-individual in ®,. Now a region X may have the property ®grnx—2 Do

d d e e et e
(or equivalently, ®g4x—> 0) as n—eo (where —> denotes convergence in distributions

of random populations w.r.to the vague topology, cf. the Appendix, and o stands for the void
population). In this case we call X a P-feeding region . In other words: X is a P-feeding
region iff, for each bounded region B the number of present time individuals in B, whose
ancestral lines did not pass through X at past time —n converges in probability to zero
as n —oo,
An equivalent formulation (in the language of the monograph [LMW]) is the following:
Let xP be the distribution of the restriction of ®¢ to X. Then X is a feeding region for
(Dn)nez if and only if the "clustered distributions" (xP)«n] converge weakly to P as n —ee.
The system Fp) of P-feeding regions is ascending and closed under finite intersections.
Writing Ap = E®g for the intensity measure of P, we note that from

Xe Fpy,X' € 4, ApXaX) =0
it follows that X' € Fp). A P-feeding region X is said to be essentially minimal if all
X' € Fpyobey Ap(X\X") = 0. Then, if it exists at all, an essentially minimal P-feeding region
S is uniquely determined by P up to an arbitrary Ap-null set in 4.
We will prove that any essentially minimal P-feeding region S is P-autonomous in the
following sense: with probability one, there is no S-immigrant (i.e. an S-individual with
some ancestor outside of S) in @ . By the way, an equivalent way to express this property is
the following (cf. [LMW]):

A region X is P-autonomous iff J(a,X) = 0 for Ap-almost all sites a € A,
where J(a, .) := Ex@(.) defines the intensity kernel J of the branching dynamics x.

2.1. Proposition. Each essentially minimal P-feeding region is P-autonomous.

"Proof. We will show that each non-P-autonomous P-feeding region S can be "essentially
decreased", still remaining P-feeding. To this end, we fix a P-feeding region S for which
Doi-1,4\s (S) is not a.s. equal to zero. We also fix a bounded region X S such that
(DOI-I,'A\S (X) > 0 with positive probability, and we write ‘¥':= Pgl.1,4\s -

Let us fix some other bounded region V. We first want to gvet some bound on the random
number of individuals entering X at time zero from outside S and having an n-th generation

offspring which charges V. For all k = 1, 2,... there holds
E[ j % (x(V)>0) ¥(db) ; ¥(X)=k] <k Prob [®y.1,45(V) >0, ¥(X)=k].
X
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Defining the measure q on X by

qL) = 3 KTEWL);¥YX)=k), LeA,LcX,
k>0

we obtaih
© [ (x(V)>0) q(db) < Prob [Pnl.1,45(V)>0] — 0 asn — .

For all 4-measurable subsets L of X we put

p(L) = kzo k-1 E(®o(L); Po(X)=k)

Due to our assumption, q(X) is nonzero; moreover, since ‘¥ is a subpopulation of ®g, q is
absolutely continuous w.r. to p. Let f be a version of the Radon-Nikodym derivative dq/dp,
and choose ¢>0 small enough such that L:= f-1([c,e)) has positive p-measure (and therefore
also positive intensity Ap(L)).

For all natural numbers m there holds

Prob{ Bio.. (V) > 0] < Prob[@o(X) > m] + 3, Prob{@gor (V) >0 ; Po(X) = i]
i=1
= Prob{@0(X) >m] + ¥ E[ Prob[@yo,L (V) >0 @g] :o(X) = ]

i=1

< Prob{®o00) > m] + 3, B [l (X(V)>0) @o(db) 5 Q0() = i
i=1 L
< Prob[®y(X) >m] +m ]@g (x(V)>0) p(db).

Since, when restricted to L, p is absolutely continuous w.r. to q with a bounded density, we

thus obtain from (o) :
lim _}sup Prob[ ®@pj01.(V) > 0] < Prob[®p(X) >m] +0.
n—oo

Since the r.h.s. can be made arbitrarily small for large enough m, we infer that
lim Prob[ @pio,1. (V) > 0] = 0, revealing that A\L is a P-feeding region. Hence also S\L, which

is essentially smaller than S, is a P-feeding region, and thus S cannot be essentially
minimal. ¢ |
In section 2.9 of [LMW] the ﬁnitely fed equilibrium distributions were introduced as those x-
equilibria P for which there exists a P-autonomous, P-feeding region X with the property
P(®(X)<eo) = 1. From [LMW], theorem 2.9.17, proposition 2.9.18 and theorem 2.9.23 there

results directly the following

2.2. Proposition. An equilibrium distribution P is finitely fed iff there exists a P-feeding
region X with the property P(®(X)<e) = 1. In this case there exists an essentially minimal P-
feeding region Sp with the property

x@@Sp)=1 as. for Ap-almost all sites a € Sp
(recall that x@ stands for the random daughter population of a mother individual at site a).
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2.3. Remark. The genealogical picture of finitely fed equilibrium distributions resp. their
associated stationary x-process @ thus is the following: With probability one, backwards in
time the ancestral lines of all individuals are eventually trapped in Sp; restricted to Sp, the
dynamics is that of a (possibly random) finite number of independently migrating individuals
(which may well generate also "emigrants” outside of Sp).

Let @ be a stationary x-process, and denote by r, the number of equivalence classes of
mutually related individuals in ®,. Clearly, ry is a.s. nonincreasing in n; due to the
stationarity of (®y), ry = rg a.s. The number r:=rg of clans in ®, which may be infinite, is
random in the sense that it depends on the realization of ®. We say that @ (resp. the
corresponding equilibrium distribution of ®yg) is of finite type if r is a.s. finite. The above
remark states in particular that each finitely fed equilibrium distribution is of finite type; the
converse, however, is not true.

. A Indeed, [LMW], 2.8.4, provides the
time example of a stationary x-process @
with r = 1, i.e. consisting of one single
clan, where the deterministic branching
dynamics is such that the total offspring

number ¥ x@(A) of each individual
n=1
Jg is finite - and therefore @ is certainly

not finitely fed. Let us recall that in this
example the space of sites is A =

(U (4)x{L,..., 21}, where each site
>0

consist of a "position" and and "age"
component. The braﬁching dynamics is
such that an individual at position i
steadily ages, until it dies at the age j =
2i. At midlife j = 2i-1, it gives rise to

one daughter at each of the positions
—-i+1, -i+2,..., 0 and age 1. The picture

posi;)ns 5 4 3 2 1 0 disp.lays. (part of) the projection 'of a
realization of the random time-

stationary clan @ onto the position components. '
With probability one, every ancestral line in @ eventually leaves each of the countably many
sites in A forever; hence, if A is equipped, as usual, with a metric p 4 making just the finite

subsets of A bounded, then @ is clearly immigrative. We will show:
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2.4. Proposition. With a suitable metric p on the (countable) space of sites A, the time-
stationary x-process (®p) constructed in [LMW], Example 2.8.4, (which is of ﬁnite type) is
hermetic and of transient type.

Proof. We start from the observation that the region X:= {(-i, 1) : i > 0} is visited by the
ancestral path of each individual in (®y) infinitely often. We will construct a suitable metric
p which makes X a bounded set. To this purpose, first put, for a,b € A,

1 ifa,beXand a#b
oa,b) =

the Euclidian distance of a and b otherwise

For x, ye A, call any finite sequence ay,...,an with aj=xandap=y a path fromxtoy. We
define the length of a path wby Iwl := Y, o(qj,ai+1) , and put

1<i<n
p(x,y) := min{lwl : w is a path from x to y}. The metric p generates the discrete topology; a
subset B of A is p-bounded if the Euclidean distance of the elements be B to X is bounded.
The intensity measure v of ®@q , which (cf. [LMW] 2.8.4) is given by v({-i,j)}) = 2-1 is also
locally finite w.r. to p, and since for every site ac A the random n-th generation offspring %@

is finite, also the "a.s. local finiteness requirement" for the offspring populations formulated
in section 1 is met. As stated at the beginning of the proof, each ancestral line in @ visits the
(p-bounded) region X infinitely often, and therefore @ is hermetic. On the other hand, since

oo

the total offspring number Y’ X @(A) of each individual 3 is finite, @ is of transient type. ¢

n=1

2.5. Remark. a) Proposition 2.4 gives an example of a hermetic, finite type stationary k-
process which is not finitely fed. We will show in section 7 that, whenever a space of sites A
is countable and the metric p4 is such that just the finite subsets of A are bounded, then every
hermetic time stationary K-process of finite type is finitely fed. Thus, with the usual concept
of boundedness, on a countable space of sites peculiarities like the mentioned ones cannot
happen. . |
b) Note that, in the scenario constructed in Proposition 2.4, the bounded region X, which is
not immigrative, is the countable union of the immigrative singletons {x}, xe X.
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3. Equilibrium populations with frequent ancestors in a bounded region

The program of this section is to prove the following result which is the basic tool for the
decomposition theorems 4.5 and 5.3 in the next sections:

3.1. Theorem. A time stationary K-process is finitely fed provided there is a bounded region
X and a constant ¢>0 such that, with probability one, all ancestral lines visit X with an upper

frequency not less than c.

The proof of this theorem will be divided into several steps, some of them interesting in their
own right. To begin with, let us turn to simple zero-one sequences (having in the back of our
mind the time points at which a fixed ancestral line visits a fixed bounded region, and

planning to count these time points as "successes").

For a zero-one sequence y = (yj)i>0, we call an index i a success if y; = 1. For 0OSm<n, let us

n
call fy(m,n] := 1 Y, vyi the success frequency of y between m and n, and

0-M -y
lim supfy(0,n] the upper success frequency of'y.

n—e°

3.2. Lemma. Lety = (¥;)i0 be a zero-one sequence with upper success frequency ¢ > 0, and
(§);21 be a strictly increasing sequence of natural numbers such that fy(0, t;] > ¢/2 for all j=1.
Then, for an arbitrary fixed natural number n the following hold true:

a) For all suitably large j, there are at least (¢/8) tj indices k € {n,..., tj} such that for
allm=1,...,n there holds fy(k-m, k] = c/8.

b) For all suitably large j, there are at least (c/8) tjindices k € {1,..., 4} such that for
allm=1,...,n there holds fy(k, k+m] 2 ¢/8.

Proof. a) Let j be a fixed number, and denote by r the number of sucesses in {1,...,t;}. Calla
success iin {n,...,tj} bad if fy(i-mj, i] < ¢/8 for some mje {1,...,n}. Thus, the‘ set B of bad
successes is covered by the union of the "intervals" {i-mj+1, ..., 1}, i€ B . It is easy to check
that we find a B-covering subsystem of {{i-mj+1, ..., i}:ie B} such that each index ke
{1,..., 4} is covered at most twice. Indeed, for each index which is covered three times by
intervals Iy, I, I3 , we may drop one of these intervals without any loss. Hence the total
number b of covered indices is at least one half of the sum of all interval lengths of this
subcollection, and the total number of covered successes is less than 2b- ¢/8 <2 - ¢/8.
There are at least tj- 6/2—- n successes in {n,...,tj}, and at most tj- c/4 of them are bad. Now
take j large enough that ¢/2 —c/4 — n/t; >c/8.

b) is proved in a similar way. ¢
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3.3. Proposition. Let @ = (® )z be a stationary K-process such that @g is a.s. non-void.
Further, lef X be a bounded region and ¢ be a positive constant. Assume that with
probability one the ancestral line of an arbitrary individual in (®)ez visits X with an upper
~ frequency not less than c. Then the following hold true:

a) With probability not less than c/8, the realization (& ) has the following property
(F): there is an X-individual &4, in ®o which, for all n > 1, has some line of
descendants ag, a1®, ..., ap® visiting X with a frequency not less than c¢/8 in each of the
time intervals {0,1,...,m}, 0<m<n. .

b) With probability not less than c/8, there is an X-individual 84, in ®o whose line of
ancestors ( ...a_1,aq) visits X with a frequency not less than ¢/8 in each of the time intervals
{-m,—m+1,..., 0}, m>0. '

Proof. a) For each n21, say that the realization (®) has property Fyp if there is an X-
individual 84, in ®p which has some line of descendants ag, a1®, ap® visiting X with a
frequency not less than ¢/8 in each of the time intervals {0,1,...,m}, 0<m<n. Since obviously -
property Fy, is weaker than Fj 1, and (F) is equivalent to the validity of all Fy, all we have to
show is that Prob[(®;) has property Fy ] 2 ¢/8 for all n. Thus let n be a fixed natural number,
and let us, for a fixed realization (dy), estimate how large a percentage of the time-shifted
realizations (®.x), k=0, have property Fy. To this end, we take a fixed ancestral line
(...a-1,a0) in (®), and write y; := 1 x(aj) . By assumption, the upper success frequency of y
= (yj) is not less than c, hence by Lemma 1 there exists a strictly increasing sequence of
natural numbers (tj) (depending on the sequence y‘ and thus on the realization (®;)) which
provides, for any large enough j, at least (¢/8) tj indices k € {n,..., t } such that for all
m=1l,..., n there holds fy(k-m, k]) 2 ¢/8. But for each index k of this kind, the shifted
realization (®yx)nez certainly has property Fj. Therefore we obtain

oo

liminf< Y, L{(®y)ez has property Fp} 2 c/8.

== b o<ksy
On the other hand the individual ergodic theorem guarantees that

lim 1 > l{(®Px)ez has property Fp} exists for a.all realizations (®n) and has

T T o<t
Prob[(®,) has property Fy ] as its expectation, which thus cannot be smaller than c/8.
b) This is proved in a completely analogous way. ¢

- 34. Coro"ary. Under the assumptions of proposition 3.3, with probability 1 all ancestral
lines visit the region X with a lower frequency not less than c/8.

Proof. By cancelling all clans in (®;) whose ancestral lines do not have the stated property
we arrive at a stationary k-process (¥y); cf. Lemma 1.8. Assume that (¥) is non-void with
positive probability. Then the stationary k-process which arises by conditioning (¥ to
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{Wo=0} would meet the assumptions of Proposition 1, but violate its conclusion b). Since

this is a contradiction, (\V'y) is a.s. void. ¢

3.5. Proposition. Under the assumptions of Proposition 3.3, with probability one there exists
a genealogical line (at)ez in (Pi)ez visiting X both forward and backward in time with a
lower frequency not less than c/8. A
Proof. 1. Let (d;) be a fixed realization, and denote, for all re Zy, by Yo the subpopulation
of all those individuals 5a0 in @y which have a line of descendants ag, a1, ..., ar that visits X
with frequency at least ¢/8 in all time intervals {0,....k}, 0<k<r.
(Putting k=0 in this condition ensures that Ypr consists only of X-individuals)
Moreover, for all seZ;, we denote by s, the population of all individuals 85, in ®swhich
have a line of descendants ag, dg+1, ..., dg4r SUCh that ag, Aly ..., gy Astls «os Astr visits X
with frequency at least ¢/8 in all time intervals {0,...,k}, 0<k<s+r, where ag, aj, ..., as isa
part of the ancestral line of 84,. Since Ys,r+1 Obviously is a subpopulation of ¥sr , we conclude
that for all s 2 0 there exists the limit population Y co.
2. What we are aiming to prove in step 3 is that each individual in 7Yse. has a descendant in
Ys+1,00 . TO this purpose, it is helpful to check first that, for fixed s, the population 7  is finite
provided r is large enough. Indeed, for large enough r, each ancestral line ag, ay, ..., as, as+1,
..., agyr visiting X with a frequency not less than ¢/8 must visit X at least once during
{s+1,..., s+r}. So, an infinity of individuals in Ys; would lead to an infinity of X-individuals
between times s+1 and s+r, which is prohibited by a.s. local finiteness.
3. Now take a fixed individual Jin Yse.. Necessarily, for all r € Zy, it has an offspring in
Ys+1,r. For large enough r, by step 3, Ys41,r is finite, so our individual 7 has a finite collection
J1, .- Im, say, of daughters in Ys+1,r - On the other hand, forall t >r, Jhas a "good" line
~of descendants up to time s+1+t which has to pass through one of its daughters; this daughter
therefore belongs to Ys+1,¢ » and so at least one of the § belongs to Ys+1,e0 -
4. Proposition 3.3a) guarantees that Yp .. is with positive probability non-void. Part 3 together
with Corollary 3.4 thus ensures that the event E := {(in (®,)(c 7 there exists a geriealogical
line (ay)ez visiting X both forward and backward in time with a lower frequency not less than
c¢/8} has a positive probability.
5. The event E is invariant with respect to time shift. Assume that the probability of E were
less than one, then we could condition the distribution of () 7 to the complement of E. By
a well-known argument from the general theory of time stationary Markov chains (cf. e.g.
[LMW] 5.1.2), the resulting distribution is again that of a stationary k-process. It still meets
the assumptions of Proposition 3.3, but now assigns probability zero to the event E, which is
a contradiction to what was proved in steps‘ ltod. ¢

-16-



3.6. Proposition., Under the assumptions of Proposition 3.3, (®)ez is of finite type (i.e.
consists a.s. of only finitely many clans).

Proof. For any natural numbers k and n we put hg p := flf 2 HoiX) >k} .
0<isn

By the individual ergodic theorem, hyn converges as n— oo, a.s. towards a random variable
Ok , the expectation of which is Prob[ ®y(X) = k] . For all bounded regions B, denote by rg =
rg((d,)) the number of those clans in (®;) which have a represenfative in the restriction of
the population @ to B. For a fixed, non-void realization (P;), take B largé enough such that
®y(B) > 0. We choose from each of the clans which contribute to rg((®;)) one representative,
thus obtzﬁning a non-void, finite collection Sal,..., 53r}3 of B-individuals in ®q. For
abbreviation we set v := ¢/8. By assumption, there exists (with probabability one) a natural
number ng such that for all je {1,...,rg} and all n 2 ng the individual Saj has at least nv /2
X-ancestors in the time interval {-n,..., 1}. For all natural numbers m and n , denote by sp n
= Smn ((@)) the total number of those time points in {-n,...,~1} at which there are exactly

m of the representative individuals' ancestors in X. Obviously there holds

1
(*) Wkn:== D Smn < hkn .
n >
m=z=2k

The collection of those time points in {-n,...,—1} which carry a multiplicity of at leastk X-
ancestors can be charged by a total of at most n-wgn-TB X-ancestors, whereas the rest can
carry a total of at most n (1-w) (k—1). For n > ng, however, at least n (v/2) rg ancestors have
to be placed somewhere into {-n,...,—1}, which implies

WiknIB + (I-wgp) (k-1) = (v/2)rp.
This implies together with (*) (provided that rg 2 k):

%) (v/2) —-(-1)

p—(k-1)

Denote by p the probability that (@) has an infinite number of clans. Then choose B = Bk

< liminfhyg, .
oo k,n

large enough that , with probability not less than p/2, (v/2) rg exceeds 2k and rg exceeds k.
For each (@) such that (v/2) rg2 2k, we infer from (**) that lim sup hgn 2 v/4. Therefore,
‘ : N )

Prob[ @y(X) = k] = p/2- v/4 , which, since k was arbitrary, enforces that p=0. ¢

Each time stationary x-process @ = (®)icz of finite type consists of a random r number of
clans ¥; = (Vi) ., 1<i<r. Let ¥ := ¥, arise by a random sampling of t from {1,...,r}
- provided that r#0, and define W to be void if r = 0, that is, if the realization of @ is void.
Then ¥ again constitutes a time-stationary x-process, which we call the typical clan in the
K-process D.
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3.7. Proposition. A time stationary x-process (P )iz of finite type is finitely fed if and only
if its typical clan has this property.

Proof. The interesting part is the "if" direction. Let S be a feeding region for the typical clan
¥ such that Prob[\W(S) < ] = 1. Then clearly also Prob[®((S) < =] = 1. Moreover, for
each k >0 such that Prob[r=k] > 0, conditioned on {r=k} each of the k clans ¥; , 1<i<k , must
have the property that Wo | _nas (B) converges to zero in probability as n—eo , since

otherwise ¥ would not have this property. Therefore, for each natural number k satisfying

, k ;
Prob[r=k] > 0, conditoned on {r=k}, ®Pp|_nas B)= Y, ¥ioi-na\s (B) converges to zero in
i=1

probability as n—eo. Since r is a.s. finite, this reveals that (®,) is finitely fed. ¢

3.8. Proposition. Let (P )z be a time stationary x-process consisting of exactly one clan ,
and assume that with probability one the ancestral line of one individual (and therefore of all
individuals) in (®;) visits some bounded region X with a positive upper frequency . Then
there exists with probability one exactly one two- sided genealogical line (athez in (D)
visiting X both forward and backward in time with a positive lower frequency. Moreover,
(D))t 7 1s finitely fed.

Proof. 1. For the first statement, in view of Proposition 3.5 it remains to show that with
probability 1 there exist no more than one two-sided genealogical line with the stated
property. Assume the contrary, i.e. there exists a constant v>0 such that, with postive
probability, an ancestral line splits into two lines of descendants, each line visiting X with a
lower frequency not less than v. By time stationarity, this splitting happens with positive
probability at time 0, and because of the ergodic theorem, with positii/e probability there are
an infinity of such splittings along the negative time axis. A counting argument very similar
to that in the proof of Proposition 3.6 now shows that this is impossible, since it would lead
to an "overflow", i.e. an infinity of X-individuals in a bounded time interval.

2. Put S:= {ae A : with positive probability, in the offspring (¥, x¢....) there is an infinite
line of descendants visiting X with a positive lower frequency}. Obviously, immigration into
Sis a.s. impossible, and therefore S is autonomous for (®,). Proposition 3.5 guarantees, that
with probability one ®p has at least one individual in S. On the other hand, it is a.s.
impossible that @y has more -than one individual in S, since this would contradict step 1.
Therefore Prob[®((S)=1] = 1, and, due to the autonomy of S, the ancestral line of this S-
individual never leaves S backwards in time. Since (&) consists of one single clan, every
ancestral line in (&) eventually gets trapped in S, revealing that S is in fact a feeding
region. ¢
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The proof of Theorem 3.1 now is immediate from Propositions 3.6, 3.7 and 3.8.

3.9. Remark. i) The converse of Theorem 3.1 false, as the following simple example shows:

PutA:= U {,1),..., (k,k)}, and consider deterministic migration from (k,j) to (k,j+1) as
0

long as j<k, and from (k.k) to (k,1). Placing one individual randomly into A, namely with
probability 2-% 1/k at site (k,j), we obtain a (singleton) equilibrium population which is
certainly finitely fed but violates the condition in Theorem 3.1.

ii) If we place, in the setting of i) , one individual at each site ae A , we obtain an equilibrium
population which obviously is not finitely fed, but in which each individual has an ancestral
line visiting a suitable bounded region (depending on the individual) with positive frequency.
It is this type of equilibrium populations whose structure we will investigate in more

generality in the next section.

4. Equilibrium distributions of positive recurrent type

The results of the preceding chapter also serve to show the following:
4. 1. Theorem. Let & =.((Dt)teZ be a stationary x-process and B be a bounded region. Then,

with probability one, lim % Y, 1g(awy) , ie.the asymptotic frequency of visits in B, exists
n—ree .
O<i<a

for each ancestral line (..., a_j, ;) in @.

Before proving this, we introduce the
4. 2. Notation. Let B be a bounded region and c a positive constant. For a stationary

process @ , we denote by @B« the subsystem of all those individuals whose ancestral lines

visit B with an upper frequency not less than c. ~
By Lemma 1.8, @B+ is again a stationary k-process, and by Theorem 3.1, @B-°is finitely fed.

Proof of Theorem 4. 1. For a fixed n, take the typical clan ¥ of the finitely fed stationary -
process ®B:1/n_ and denote its essentially minimal feeding region by S. Conditioned that
@B1M be non-void, there is a.s. exactly one S-individual &, in‘¥¢ ; it is part of a
genealogical line (..., a_j, ay, ay, ...) which constitutes a time stationary Markov chain on
S and visits BNS with a positive lower frequency (cf. Proposition 3.8). By the ergodic
theorem, a.s. the asymptotic frequency of the backward path's visits in BNS exists (and is

positive due to the assumption on the lower frequency of visits); since all ancestral paths in
the clan ¥ eventually coalesce with (ag, a_y,...), we have proved the assertion for ¥ and thus

also for @B.1n_Since those individuals in ® which do not belong to any of the ®B:/a have, by
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definition, ancestral paths visiting B with asymptotic frequency zero, the theorem is proved.
¢

Let here and in the rest of the section X, ,n =1, 2,..., be a sequence of bounded regions
which increases towards A in the sense that X, c X, for all n, and that each bounded
region B is included in some X,. For a stationary x-process @ = (®p)uez . the sequence
@Xn-1/n obviously increases towards the subsystem of individuals in & whose ancestral line
visits some bounded region with a positive upper frequency (or, equivalently, with a positive
frequency). This subsystem constitutes again a stationary ¥-process; we denote it by Dprec
and call it the positive recurrent part of ®. We say that @ is of posiiive recurrent type if ® =
Dprec 2.5., 1. if with probability one each ancestral line in & visits some bounded region with

a positive frequency.

4. 3. Remark. Every finitely fed stationary k-process @ is of positive recurrent type. Indeed,
if S is an essentially minimal ®-feeding region, then the typical clan ¥ of @ has a.s. exactly
one two-sided genealogical line (..., a_1, a4y, ap,...)in S, and this constitutes the path of a
Markov chain in equilibrium; therefore, by the ergodic theorem, with probabilify one the
weak limit of lim L D 84 exists, and it assigns positive measure to a suitably large
w2l g
bounded region (which may, however, depend on the particular realization). In addition, by
Proposition 3.8 with probability one (..., a_1, ag, a1, ...) is the only two-sided genealogical
line in ¥ which has both forwards and backwards a positive asymptotic frequency in a

suitable bounded region.

4. 4. Proposition. A stationary K-process of finite type is finitely fed if and only if it is of
positive recurrent type.
Proof. By the previous remark, every finitely fed stationary x-process is of positive recurrent
type. Conversely, assume that @ is of finite type and of positive recurrent type as well. Then
also its typical clan process ¥ is of positive recurrent type, and by Proposition 3.7 it suffices
to show that W is finitely ted. We put
A Sp:={aecA : with positive probability, (x¢)) contains an infinite line of descendants
visiting X, with a positive lower frequency}.

Also, let E, denote the event ' .

{¥ is non void and its ancestral line visits X, with an upper frequency not less than 1/n}.
From Proposition 3.8 we infer that ¥, when conditioned to E,, has with probability one

exactly one two-sided genealogical line in S, for each m>n, and therefore also in gsm =
m:
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U S, = S. This reveals that S is a feeding region for ¥, and since ¥(S) < 1 with

m21

probability 1, W is finitely fed. ¢

The following result clarifies the structure of the equilibrium distributions of positive

recurrent type.

4. 5. Theorem. Each stationary x-process ¢ of positive recurrent type can be represented as a

(not necessariiy independent) superposition @ = Y, @k (withKe {1,2,...,%0}) of finitely
0<k<K

fed stationary K-processes &* having essentially minimal feeding regions Sy with the
following properties:
i) the Sy are pairwise disjoint

ii) X(”)(USJ-)= x9Sy =1 as. forall ae Sg,0<k<K
0

iii) each Sk is @-autonomous

iv) kS =dSk) < = as. , 0<k<K
vw U S is an essentially minimal feeding region for .
0 .

vi) Prob[®f # 0] >0 , 0<k<K.
Proof. 1. Let us partition the clans of @ according to a recurrence behaviour of their ancestral
lines. To this end, put Bi:= X;\X;_1, where Xg := @ and (Xj)i=1.2... increases towards A , and
denote , forallnand m € N, by Cpp the set of all tho_se clans whose ancestral path visits
Bp with an asymptotic frequency fe (1/(m+1), 1/m]. Next, take an arbitrary numbering
(x.mpPke N of NXN and put

Yo:=9; Yk:= Cyomy\ Yk1 for k=12,

thus obtaining a sequence of pairwise disjoint sets whose union is Y := ) Ch,m . Note
m,n>0

that by assumption, with probability one each clan in @ belongs to Y, and therefore to exactly
one of the Yx. Moreover, we denote , for all n and m € N, by Dy the set of all those
forward genealogical lines (ag, a1,...) which visit B, with an asymptotic frequency
fe (1/(m+1), 1/m], and put ‘
 Zo=@; Zi:= Doypm\ Zka for k=12,....

2. For all k = 1,2,..., denote by @k the sum of all those clans which belong to Yy . By
Lemma 1.8, @k is a stationary k-process, and by Theorem 3.1, ¢k is finitely fed. Let Uy be ;
an essentially minimal ®k-feeding region. Because of Remark 4.3 we can choose the regions
Uy such that for all a € Uy , ()¢ )0 contains with probability one exactly one positive

recurrent genealogical line which, moreover, belongs to Zy . Since the Zy are pairwise
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disjoint, it follows that with probability one no individual in ¢* can have a child in some Uj
for j#k, in other words, ‘

* x@U =0 as. for ECI)I('; -almostall e A , where j is different from k

By an inessential shrinking of Ux we can achieve that (*) holds true for all ae Uy . Thus,
from now on we may and do assume that

©) X(a)(ﬁc) Up))=0 as. forallaeUx , k=12,..

3. Since the essentially minimal ¢¥-feeding region Uy is uniquely determined up to E(I)g-null

sets, we conclude by means of Proposition 2.2 that

1@UPY =1 as. for EQf-almostallae Ug , k=12,..
Put

SkV:= {ae Ux: x@Up =1 as. },
and define recursivley

Skm+D) := {ge Sym :x@ESm)=1 as.} , m=1.2,...;

then Sk:=( ) Si™ is an essentially minimal ok-feeding region such that
m>0

©00) x@Sp=1 as. for all ae Sk

Since the Sk arise by decreasing the Uy, the relation (0) holds for them as well. From (o) and
(00) it is obvious that the Sy are pairwise disjoint. _

4. Since Sg is an essentially minimal feeding region for @k, with probability one there
happens no immigration into Sk in the whole of &*. On the other hand, because of step 2,
with probability one nobody in & — &k ever has a child in Sg. Hence Sy is ®-autonomous.

5. Since with probability one, nobody in @ — &k stems from Sy (recall that the ancestral line
of an individual in @ gets trapped in S; backwards in time), we infer from 4. that , a.s.,

@ — & has no individuals in Sk at all, which, together with 3., proves iv).

6. From the remark in 5. it is clear that S := \_J Sk is a feeding region for ¢. Then since any
10

other ¢-feeding region L is ¢*-feeding for all k, there holds E(Dlg (SK\L) = 0 due to the essen-

tial minimality of Sk, and therefore also E®o(S\L) = ¥, E®S(S\L) =Y, E®K(Sx\L) = 0,
' k>0 k>0

proving v). .

7. Property vi) is simply achieved by cancelling those of the & which are a.s. void, and
renumbering the rest. ¢ L .

4.6. Remark. In the decomposition of @ provided by Theorem 4.5, the finitely fed
component @k consists of all those clans in ® which ever hit the region Sk; in this sense the
components of the positive recurrent type @ are spatially separated, at least concerning their
“trunks"” or "lines of survival" in the distinct essentiaily minimal feeding regions. In
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Corollary 5.3 we will see that there holds a similar spatial separation of the positive recurrent
part from its complement in a general stationary k-process, and we set immediately out to
prepare this result. '
4.7. Notation. We put

APREC =

{aeA : there exists a bounded region B such that Prob [ lirrl> inf % >, INGE® (B)) > 01> 0}
= 1 0disn

in other words, a site a belongs to Aprgc if the random offspring (¢, x§”, ...) of an
individual &, visits with positive probability some bounded region with a positive lower
frequency. ‘

4.8. Remark. a) Clearly , ¥9(Aprec) =0 a.s. for all sites a ¢ AprREC-

b) A similar reasoning as in Remark 4.3 shows that Edg-almost every site in an essentially
minimal feeding region S of a finitely fed stationary k-process @ belongs to Aprgc. Indeed,
let W the restriction of the typical clan of @ to S; if ¥ is non-void, then the line (ag, aj,
...) of descendants of the unique individual 8(,0 in W constitutes the path of a Markov

chain in equilibrium; therefore, by the ergodic theorem, with probability one the weak limit

of xll1_r)r°1° %oglsnsai exists, and it assigns positive measure to a suitably large bounded region B

(which, however, may depend on the ergodic component to which ag belongs). Thus, E¥¢ -

(and therefore also Edg -) every site in S belong to ApRrgc.

¢) We conclude from b) that Aprec is a feeding region for every finitely fed stationary -

process @.

d) Let @ be a stationary k-process of positive recurrent type, and (&) be a decomposition of
® into finitely fed components according to Theorem 4.5. For all k, according to a) and c),

ApREC is a ®k-autonomous, ®X-feeding region, hence with probability one, all ancestral lines
in ®¥, and therefore those in the whole of @, get eventually trapped in ApRrgC.

4.9. Theorem. For each stationary K-process of positive recurrent type, AprRgC is an

essentially minimal feeding region.

Proof. In view of the previous remark, we only have to show the essential minimality of-
AprEC. Assume we could take away from Aprgc a subset L of positive @o-interisity :
measure, so that Aprec\L is still @-feeding, or in other words,

@) II‘EE.,Pmb[@“'O-L (X)>0] =0 for all bounded regions X.

Without loss of generality we may assume that there exists a Be B and a positive real number
s such that all sites a € L obey
iminfl ¥ @
Prob[hrrlgx_)glfn 0<len ING (B)) > 0] 2.
This implies

Prob[ lim infl Z IN(Dj10,.(B))] 2 s Prob[ ®p(L) > 0] > 0.
o2 N g ;
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By Fatou's lemma we obtain
lim inf1 3 Prob[®joL(B))>0] > O
e 0

which contradicts (*). ¢
4.10. Corollary. From Theorem 4.9 and Remark 4.3 we obtain that each‘finitely fed
stationary K-process ® obeys ®(AprEC) < oo a.s. ¢

In the proof of the characterization theorem 4.12 we will need the following property of
stationary x-processes with a trivial positive recurrent part:

4.11. Lemma. Let @ be a stationary k-process whose positive recurrent part is a.s. void.
Then there holds for all bounded regions B:

1
li‘_l_r)n - 0§Sn Prob[®j0p (B)>0] = 0 .

Proof. By assumption, with probability one all B-individuals in ®¢ have ancestral lines
visiting B with asymptotic frequency 0. Now consider the event Yj:= {®_jo (B) > 0} =
{@o1j,8 (B) >0}, in other words, at least one B-individual in @ has a B-ancestor in ®_j .
Since with probability 1 there are only finitely many B- individuals in @ , there holds

hm Y, 1Y 0 a.s. Passing to expectations, we infer that hm Y, Prob[ ®qij,B (B)>0]
el ggs 1= 0g<a

=0, which amounts to ¢) by stationarity of ®. ¢
4.12. Theorem. For any stationary x-process @ the following assertions are equivalent:

a) @ is of positive recurrent type
b) inf sup Prob[ ®ginaL(B)>0] = 0 (BeB

c) mf f sup sup | Prob[g®gj_n € Y] - Prob[pdpe Y] = 0 (BeB)
B YeM

(where M denotes the collection of Borel-measurable sets of populations on A, and
B® := ®((.)NB) stands for the restriction of the population @ to the region B).
In words, b) says that, for all bounded regions B, the probability that there are present time
B-individuals stemming from spatially remote ancestors tends to zero with increasing
remoteness uniformly in the degree of the ancestors, and c) states that the distribution of that
present time B-subpopulation which stems from n-th degree ancestors in a bounded region L
tends in variation distance to the distribution of the whole present time B-population,

uniformly in n as L increases towards A.

Proof. 1. Assume that & is of positive recurrent type. Let & = }° @ be a decomposition of @
k>0

into finitely fed components &k with essentially minimal feeding regions Sk as in Theorem
4.5. (For simplicity of notation, we let the index k run through the natural numbers, at the
price that some of the ®* and consequently also some of the Sx may be void, which does no
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harm.) Put S:=\J Sy and Ry, := U Sk,m =12,... Also. let Ly be a sequence of
0 ‘

O<k<m
bounded regions with union S.
We will estimate @A\, (B) for arbitrary B € B. To this end, first take an arbitrary
bounded subregion U of S, and observe that for allk, m >0
oA (U) < DPoln AR, (U) + ©oknRpy (U)
= DoknARLUNARR)) + Pon,R Ly (U)
< Do(U\Rpm) + Poknr L (V) s
where we used the @ - autonomy of Ry, in the second equality. This entails that
Prob[ ®gn A\, (U) > 0] £ Prob[ ®o(U\Rpp) > 0] + Prob[(ID_n(Rm\Lk) > 0]
Since both summands on the right hand side in fact do not depend on n and can be made
arbitrarily small for large enough m and k (depending on m, recall that ®g(Rp) is a.s. finite),
- we infer that
*) inf sup Prob[®gin4\L(U)>0] = 0.
LB 50

Next, fix an arbitrary bounded subregion V of the complement of S, and observe that for all
k, m > 0 there holds '
#) DonALL (V) £ PoinAas(V) + DPon SR, (V) + Pon R (V)

The first summand on the r.h.s. tends to 0 in probability as n — <, since S is a @ -feeding

region. For the second summand there holds
Prob [®ora,sR (V) > 0] < Prob[ ¥ @ (V)>0] ;

i>m
since Y, CDB (V) is finite a.s. due to the boundedness of V, the expression on the r.h.s. tends
i>m
to 0 as m—>oo,
Finally, as to the third summand in the r.h.s of (+), for every fixed m, Prob[®_n(Rp\Ly) > 0]
= Prob[®oRn\Ly) > 0] tends to 0 as k— 0. So, what we have proved up to now is

inf lim sup Prob[®@gn4\(V)>0] = 0.
LB =0

Together with (*) this yields

inf lim sup Prob[®gnA\L(B)>0] = 0 (BeB.
LB 0

Thus, for given Be B and € > 0, there exists a set C¢ € B and a natural number ng such that
for all n > n¢ and all C'e Bwhich cover C¢ there holds

Prob[ ®gln4\c(B) >0] < e.
Now let (D;) be a sequence of bounded regions which increases towards A and starts with
D1:=C¢ . Choose, for all n<ng, i=i(n) so large that

Prob[ Doinap;(B)>0] < e.

Put D :=Dj* , where i*:= max {i(n) : 1<n<n¢} . Then there holds forall n>1
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Prob[®Ppn ADB) >0] < e.
We have thus proved that a) implies b).
2.ForallneN,BandL € B,and Y € M we have

| Prob[g ®oj_n 1€ Y] — Prob[p Ppe Y] |

= | Prob[p ®pl-n,1.€ Y] - Prob[(8 Poi-nL + BPOLnAL) € Y11

< 2 Prob[®gl-n 4\L.(B) > 0].
This shows immediately that c¢) is a consequence of b).
3. Now assume the validity of c). Then, for any B € B, any sequence Lk of bounded regions
which increases towards A, any sequence of nonnegative integers ng and eachm € Z there
holds:

| Prob[®gjny 1., (B) = m] — Prob[®o(B) = m] | -0 ask —eo;
in other words, the sequence (i has the same limit in distribution as the sequence {x+nk as
k —eo, where i := ‘DOL-nk,Lk(B) and Mg := (DOL-nk,A\Lk(B)- An elementary argument (cf.
LMW 2.7.37) shows that then ®pjn;, A\, (B) must converge to zero in probability as k —eo,

which, since (nk) was arbitrary, amounts to b).

4. Finally we set out to prove the implication b) = a). We have to show that ¥ := @ — Pprec is
a.s. void. Let us fix a bounded region B. Together with @, also y has property b). Since we
already know that b) and c) are equivalent, we can choose, for given € >0, an Le Bso large
that foralli=1,2,...

* l Prob[ym_i,L(B) > 0] - Prob[yo(B) >0] | <& .

By Lemma 4.11 there holds

lim rll Y Prob[yior (B)>0] = 0,

1= M ocish
leading together with (*) to
Prob[yp(B) > 0] |<e.
Since € and B, were arbitrary, Yo must vanish a.s., and therefore @ is of positive recurrent

type. ¢
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5. Equilibrium distributions with a trivial positive recurrent part

We start this section with a "forward characterization" of the equilibrium distributions with a
trivial, i.e. almost surely void, positive recurrent part:
5.1. Theorem. For all stationary k-processes @, the following assertions are equivalent:
a) Pprec is void a.s.
b) lixng Lnf Prob[®p0 B)>0]1 =0 (BeB
©) lim, % ¥, Prob[®iop (B)>0] =0 (BeB
0<i<n

Proof. By Lemma 4.11, a) implies c¢). The implication ¢) = b) is obvious. To show that b)
implies a) , we proceed indirectly, assuming that @prec is non-void with positive probability.
Then according to Theorem 4.5 there is a finitely fed x-stationary processes y which is a
subsystem of @ and which is non-void with positive probability . Condition 7 to be non-void,
and take its typical clan ¥. The (unique) two-sided infinite genealogical line (...a_1, ao,
ai,...)in ¥ follows a time-stationary Markov chain. For large enough Be B,

Prob[aje B] > 3/4 (e Z)
and hence ' '

Prob[ape B, a,e B} > 1/2 (n=1,2...)
Thus lilrlr_l) Lnf Prob[Whp s (B) >0]>0. ¢

5.2. Theorem. Let @ be a stationary x-process. Then @ prec is void a.s. if and only if
E®g(Apree) =0, in other words, if @ contains with probability one no individuals in AprgcC.
Proof. 1. Assume E®g(Aprgc) > 0. Similar as in the proof of the previous theorem, consider,
for some Be B and all natural numbers i, the event Z; := {®jop (B) > 0}. From our
assumption there results, for B large enough, that

lim, glfﬁl-oqz_sn lz; > 0 with positive probability.

By Fatou's lemma, this implies
lim inf1 3 Prob[®j05 (B)>0] > 0,
e o

hence, by Theorem 5.1, ®prec is not a.s. void.
2. Assume that E@y(Aprec) = 0. Then Y := @prec is a.s. void , since according to Theorem ’
4.9, Aprgc is a feeding region for @prec. ¢ V

5. 3. Corollary. For each stationary x-process @, with probability one its positive recurrent
part @prec consists of all those clans in @ which ever hit the region Aprgc (in the sense that
they have at least one individual in ApRrgc). ¢ ‘

S. 4. Remark. a) We do not know whether the conclusions of Theorems 4.9 and 5.2 (and

thus also of Corollary 5.3) would still hold true if one replaces, in the definition of APREG,

- lim inf by lim sup.
m 11 y n—>°'°p
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b) The following example shows that in condition b) of Theorem 5.1, lirg inf cannot be
n oo
replaced by li_r)n , in other words, there exists a stationary K-process @ with a trivial positive
n =-3

recurrent part and such that, for some Be ‘B, lim sup Prob[®yop (B) >0] > 0.

n—>e

5. 5. Example. 1. Put A := the set of non-zero counting measures T on Z. Following [MKM],
3.3.2, A can be equipped with a complete metric p4 which generates the restriction of the
vague topology to A. (this is just the topology of pointwise convergence, when 7 is identified
with the sequence (t({j}))jez ) and which makes exactly the subsets of finite unions of the
sets Alll, je Z, bounded, where AU is the set of all counting measures charging j. Consider the
deterministic dynamics k¥ which takes an individual 8¢ into dg¢, where 8t denotes the shifted
counting measure T((.)+1).

2. We focus on the bounded region B := Al%, and aim to construct a Poisson equilibrium

population &g = Y, 811 such that the associated stationary x-process ® has a trivial positive
el

recurrent part and obeys

@) lim sup Prob[®y08 (B) > 0] .

n—¥e°
Denote the intensity measure of ®g by W; then the requirement that the Poisson population
@ be in x-equilibrium boils down to stationarity of W with respect to 6, and (*) is certainly

implied by the condition
lim sup
**) 2 W0} >0,7({n})>0) > 0.

3. We claim that @ has a trivial positive recurrent part provided the process (®y) is ergodic
with respect to the shift ©: ), 85— . Ogr; . Indeed, assume that Pprec Were non-void with
i€l i€l
positive probability. Then there exists some finitely fed subsystem 7y of ®, also non-void with
positive probability. Due to the simple nature of the dynamics, g is an a.s. finite population.
Put y®) :=y if yo(A) < k, and ¥¥:= 0, te Z, if Yo(A) > k. For large enough k, ¥ is a
nontrivial subpopulation of @, the distribution of Y is @-stationary and the expectation of
W(A) is finite. By [MKM], 6.5.3, this would contradict the @-ergodicity of (Pp).
4. The remaining task is to construct a locally finite, 6-invariant measure W obeying (**) and '
such that the Poisson distribution ITyw with intensity measure W is ©-ergodic. Under the
additional assumption that Aw({0}) := f 1({0}) W(dt) = 1, both of these conditions'can be
reexpressed in terms of the Palm distribution Wy of W (cf. 9.2.1 in [MKM]); namely, the
ergodicity of Iy amounts to

) Wolim —L- ¥ t({ih=0) = 1,

S n— 2n+] nSj<n

and (**) is equivalent to
b) lim sup Wo(t({n})>0) > 0. )

n—

-28-



We will construct W as a vague limit of a sequence W ™) of stationary measures on A, all of
them obeying Ayym)( {0}) = 1. To this end, define inductively a sequence G, , m=1, 2,... of

elements of A by

o1:= 8g+ 01

Om+l := Om +0-10% 6, m=1.2,...
Note that 6, consists of a total of 2™ - extremely widespread- atoms.
The "typical cluster" oy, will now be placed in a shift-invariant way:

W) :=2-M 3 Bgi g

€Z

Note that Aym)({0}) = 1, and that (cf. [MKM] section 11.4) the Palm distribution of W@ ig

W = 2-m [ 85 o (di).
In order to see that the sequence W, m=1,2..., converges weakly (as distributions on the
counting measures on Z) , we use a representation of W(g‘) in terms of a {-1,1}-valued fair
coin tossing sequence & = (§ n)m=1,2,.... That is, we define inductively a sequence pp ,
m=1, 2,..., of random elements of A by

p1(§) = 8o+ 8°180

Pmt1(E) = pm(®) + 00 omlp ®) | m=12,..

It is easy to check (by induction) that the distribution of pp(E) equals W(g‘). Obviously,
pm(E) increases, as m—>eo, t0 a random cdunting measure po(&) , the distribution of Which
we denote by S.

The fact that Awm)({0}) = 1 together with the just proved weak convergence of W(g‘)
towards S implies (cf. 10.3.8 in [MKM]) that W(™) converges, as m— oo, vaguely towards a
measure W which obeys Ay/({0}) = 1 and whose Palm measure W equals S. The desired
properties a) and b) can now be read off directly from the properties of p(§): property a) is
clear since the atoms of p.{(E) are so terribly widespread, and property b) is clear since, for
allk=1,2,..., p=(§) charges 10K with probability 1/2. ¢

5.6. Remark. a) Though the stationary x-process @ constructed in the above example has a
trivial positive recurrent part, it is both hermetic and of recurrent type. Indeed, the support of
Wo-almost all (and thus also of W-almost all) clusters T is unbounded both from above and
from beiow, and therefore, with probability one, all the individual paths (08™)pez in @ hit
the bounded set A (9 infinitely often both backward and forward in time.

b) Let us now show that the entire space of sites A is an essentially minimal feeding region
for @ , by proving that for all je Z and all regions YC AUl with E®g(Y) = W(Y) > 0, the
sequence Prob[ ®gp,y(A®)] does not converge to 0 as n—eo . By shift-invariance of W, we

can assume without loss of generality that j =0, and we are certainly done if we manage to
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show that cn =W({6™t e Y, t({0})>0}) = W({'t € Y, 1({n}) > 0}) does not tend to O as

n—eo . In view of Aw({0}) =1 we have Wg = Z kWE{oh =k) W) It({0}) =k).
k>0

Hence from the assumption Y cA[9), there results Wo(Y) > 0, and cy— 0 is equivalent to

' :=Wo{{te Y,t({n})>0})—>0.
Coming back to the {-1,1}-valued fair coin tossing sequence €, we note that Prob[pe(§)e Y]
> 0. Conditioned on p&)e Y, (Em)m=1,2,... cannot tend to —1 in probability due to the
strong law of large numbers, and therefore, Prob[pe(&)e Y, Em= 1] cannot tend to O as
m—>oo. Since &m= 1 implies po(§)(10™-1) > 0, we infer that Wo{te Y, t({10m-1}) > 0})
does not converge to 0 as m—»oo. ¢

6. Equilibrium distributions with a finite number of clans

Recall (cf. Proposition 2.2) that the finitely fed stationary x-process @ are those for which

d
there exists a region X such that i) ®g_, x—> o and ii) Pp(X) < = a.s. Moreover, X can be

chosen such that, for alln € Z, @,(X) equals a.s. to the random number r of clans in D.
The more general class of finite type stationary x-processes @, i.e. those with an a.s. finite
number of clans, can be characterized in a quite similar way:
6.1. Theorem. A stationary x-process @ is of finite type if and only if there exists a sequence
of regions X such that |

a) %l-n,xn—d) Do
and  b) (P_,(Xy)) is tight (which is equivalent to the tightness of (®y(Xy)) due to the
stationarity of ®).
If @ is of finite type and (X},) is any sequence of regions with the property a), then there
exists a sequence of regions (Sy) satisfying a) as well as

b") ®_,(Sp) converges in probability to the random number r of clans in @
and ¢)SpcX,. '

Proof of Theorem 6.1. 1. Assume that there is a sequence (X;) having property a) and b).
Let (Bm) be a sequence of bounded regions increasing towards A , and denote by ro,m the
number of those clans in @ which charge the region By, at time point zero. Then there holds

for all natural numbers k and m :
™) Prob [rom = k] < sup Prob [®_,(Xy) 2 k].

n>0
Indeed, choose for given € > 0, the number n so large that Prob[®g_y ax,Bm) > 0] < €.

Since rom 2 k together with ®gi_y ax,Bm) =0 implies that ®_;(Xp) 2k, we infer that
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Prob [rom 2 k] < Prob [®_,(Xp) 2k] -&.

Using (*), we obtain for all k > 0:

Prob[r 2k] = Prob[ sup ro;m 2k] = sup Prob [rom 2k] < sup Prob [®_,(Xp) 2K].

m>0 m>0 n>0

Since, due to the tightness assumption b) the r.h.s. tends to zero as k— oo, the total number r

of clans must be finite a.s.
II. Conversely, assume that @ is of finite type. Without loss of generality we assume that

is a.s. non-void, and denote its typical clan by ¥ .

1. We will construct a sequence (Ry) of regions obeying
- d .
a) Yoror,— Yo
b)¥_,(Rp) — 1 in probability as n—eo;
this sequence then obviously also has the desired properties with respect to .

2.LetLy ,m=1,2,..., be a sequence of bounded regions increasing towards A, and choose
foreachm e {1,2,...} a natural number ty, such that for all n2ty, Prob[‘¥_nor (A4)=1] >

1-1/m.
3. Now fix m and n 2 tp, and write Y:= {‘P-mo,Lm(A) = 1}, describing the event that there is

exactly one individual in ¥_, whose offspring charges the region L at time 0. The
conditional probabilities Prob{YI'V_,] satisfy according to 2:

E[1- Prob[YI'¥_,]] < I/m;
by Markov's inequality this implies that

Prob[YI'V_4] >1-1/m with probability not less than 1-1/¥m .
4. We define By := {ac Al Prob[x® (Ly) > 0] >1-1/¥m }, and we claim that almost all
realizations W_, for which Prob[YI¥_,] = 1-1/ ¥m obey W_, (Bnm) =1, atleast form=7.
Indeed, let ¥_j, consist of the individuals 6, 84,,... and put Z; = 1{x;([,m) >0} > where
x; denotes the random n-th generation offspring of an individual at site g; . The Z; are
independent and sum to one with a probability larger than 1-1/¥'m . Then it follows from

elementary considerations (cf. e.g. LMW 2.8.5) that , provided m = 7, there is exactly one
index i for which Prob[Zi,=1] is larger than 1-1/¥m .

5. Combining steps-3 and 4 we infer that Prob[¥_, Bnm) = 112 1-1/ ¥m for all m 27 and
alln =ty

6. In order to construct the sequence Ry , take without loss of generality the sequence (ty)
strictly increasing, and for all n > t7, let m(n) be such that tyyp) < n < tmm)+1 » and put

Rn :=Bn,m(n) .
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By step 5, the sequence (Rp) obeys Prob[¥_, (Ry) = 1] 2 1-1/ y/m(@) ; this shows already
that (Ry) has property b'). In order to check that it has also property a), we reason as follows:
Putting m:= m(n), on one hand, from step 5 and the definition of By ;n , the probability that
there is at least one Ry-individual in W _ having an offspring in Wg which charges L, is not
less than (1-—1/r/_r-n- )2. On the other hand, due to step 2, the probability that all Lp-
individuals have one common ancestor in ¥ _y, is not less than 1-1/m. Hence the probability
 thatall Lm(n)-individuals in ‘¥ have one common Rp—ancestor in ¥_y tends to one as n—o.

7. To construct an S, which also meets condition c¢), assume that (Xy) obeys a), take a
sequence (Rp) obeying a) and b'), and put Sy := XpMRy. For a given €>0, choose a bounded
region L and a natural number ng, both so large that, forall n>ng, Prob [ ¥_po1 (A) =
Y noL Rp) =¥ _s(Rp) =11 > 1 - ¢, and moreover Prob[¥onax,(L) =0]>1-¢€. The
intersection of these two events implies that all L-individuals in ¥ ¢ have one common
ancestor in ‘¥'_p which belongs to both Ry, and Xy, and that, apart from this ancestor, there

are no other Ry, - individuals in W_. Consequently,
Prob{ Wornas,(L) =0, ¥_oSn)=1]>1-2¢. ¢

6.2. Definition. Let ® be a stationary x-process of finite type. A sequence of regions (Sp)
obeying

a) (DOI—n,Sn_d> Dy
and b)) ®_,(Sp) — (D) in probability
will be called an asymptotically minimal feeding sequence of regions for . .
(Note that b') is equivalent to "® (S — r(®) in probability”, since the random number
(D) is a.s. shift-invariant.) _
According to Proposition 2.2, a stationary x-process @ of finite type is finitely fed if and
only if it has a constant asymptotically minimal sequence Sy = S; in this case, S is an
essentially minimal feeding region for ®.
Theorem 6.1 guarantees that every stationary k-process with a finite number of clans has an
asymptotically minimal feeding sequence of regions; the next proposition states that it is

"asymptotically unique" in a probabilistic sense:

6.3. Proposition. Let @ be a stationary x-process of finite type and (Ry) be an asymptotically
minimal feeding sequence of regions for ®. Then another sequence of regions Xj is
asymptotically minimal feeding for @ iff ®_p(R n,AX)— 0 in probability.

Proof. 1. Assume that (X}) is another asymptotically minimal feeding sequence of regions.
Then, according to the last step in the proof of Theorem 6.1, also Sy, := XyNRy, has this

property. Since both ® _,(Ry) and ®_,(XnNRy) converge towards r(P) in probability, it
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follows that ® _(Rp\X ) converges to 0 in probability. Exchanging the roles of X and Ry,

then completes the "only if" direction of the proof.
2. Conversely, assume that ®_p(R;aAX,) — 0 in probability. Then clearly also (Xn) meets
condition b"). On the other hand, for all bounded regions B the event {®gln,Ax (B)>0} is

included in the event { ®gq ,A\Rn(B)>0}u{<I>_n(RnAXn)>O}, and therefore (Xp) also has
property a). ¢

The next proposition states, loosely speaking, that any asymptotically minimal feeding
sequence of regions Ry, is "slowly varying” for large n in a probabilistic sense:

6.4. Proposition. Let @ be a stationary x-process of finite type and (Rp) be an
aSymptotically minimal feeding sequence of regions for ®. Then ®_(RpARp+1)— 0 in
probability.

Proof. All we have to show in view of Proposition 6.3 is that Sp:= Rp—1, Sy =D is
asymptotically minimal feeding as well.

To check condition a) for (Sy), note that f6r all bounded regions B, L. there holds
{Dorn,R, 1 B)=Po(B)} 2{P-1lnr, (L) =DP_1(L)} N { Po1,L(B) = Po(B)}.

Now take, for fixed B and for given € > 0, L so large that Prob[®g_1 1.(B) # ®o(B)] < &/2.
Then choose ng so large that for all n > ng,

Prob[@_1pq,r, (L) # $_1(L)] = Prob[ Pp|--1),R,,_{(L) # PoL)] < &/2.

Then, for all n2ng, Prob[®ojn,s,(B)~=Po(B)] < €.

In order to ensure that (Sy) also obeys property b"), note that ®o(Ry) and hence also $o(Sp)
converge to r(P) in probability as n—eo. But the latter is equivalent to property b"), cf. the
remark after Definition 2.2. ¢

6.5. Example. Let us revert to the example 2.8.4 from [LMW] which we sketched in
section 2, and describe an asymptotically mimimal feeding sequence. For all natural
numbers n we put
X, ={acA: K{g') x({©.nH}h =1}.
Since the number of clans in @ a.s. equals 1, and since on the other hand by construction of
@ there holds a.s. @ ,({(0,1)} = 1, the sequence (X ) must be asymptotically minimal
feeding for @, and morover there must hold a.s.
X =1 n=1,2,..)
As one checks easily, a site (-i,j)€ A belongs to X if and only if there holds
M1gj<27 ;2 gnr1<j<oion
In particular one has n < 2l Ifn<2t! , then (¥*) is equivalent to
M _ns1 <<t
2 <n <2 , then (*) takes the form
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1<j<2in,
Denoting by i(n) the least natural number i with the property n <2', we can rewrite
X, = {(<im}x{L..., 2®n} U\ U=} x(2i1-n+1,..., 257,

i)

By some straightforward calculations which exploit the fact that

E ®y({(-i.,j)}) = 27 ((,j) € A),
one can show that
E®yX,,14X,) < 2/ n=12..). ¢

Note that in the preceding example the asymptotically minimal feeding sequence (X )
"diverges" in the sense that for any bounded region B and all suitably large n the region X, is
disjoint from B. As a general fact there holds
6.6. Proposition. Let (X)) be an asymptotically minimal feeding sequence of a stationary x-
process @ of finite type. Then the following assertions are equivalent:

a) the positive recurrent part @ of @ is a.s. void

-b) lim inf Prob[®y(X MB) >0] =0 (Be B).

n—yee

If, in addition, @ is immigrative, then in b) the lower limit can be replaced by the limit.
Proof. For abbreviation we put

S:= Apgrgc » -¢:=Prob[@ non-void].
1. Assume ¢ > (. Then there holds by Theorem 4.9

0 <c=Prob[wy(S) >0] ,
hence we can select a bounded region B with the two properties

BcS ;5 Problwy(B) >0] > 0.
Let us now show that property b) fails for this region B.
Obviously there holds

linrn_> Lnf Prob[ (X ,MB) > 0] 2 H;T» ‘ing Prob[wy(X ,NSMB) > 0] .
Since (X)) obeys property a) in Theorem 6.1 also with respect to ®, we can continue the
preceding inequality, using Theorems 4.9 and 6.1 and Proposition 6.3:

... =Prob[®y(SMB) > 0] = Prob[w,(B) >0] > 0.
Therefore a) is a consequence of b).
2. Conversely, let us assume that condition b) is violated for some bounded region B, . For
all Be B which contain B, there results
lill;r‘:l‘) Lnf Prob[ @, | op B)>0] = linrg Lnf Prob[ @ 0B (B)>0]

= llll;_ﬂ_)lonf PrOb[d)Ol—n,XnﬁB (B) > 0]

> lim infProb[®_ (X NB)> 0]

n—e°
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— lim sup Prob[®_, (X ,MB) >0; @, (B) =0].

n—>ee
If we choose B sufficiently large, then the right hand side of this chain of ‘inequalities
becomes positive, and we conclude by means of Theorem 5.1 that @ is not a.s. void.
3. Now assume that @ is immigrative and of finite type.
For all bounded regions B, the sequence (D 0B (B)),50 tends to O a.s. by assumption.
Therefore, for any B € ‘B, we obtain like in the second step of the proof: ’
0= rlri_r)l‘l'Prob[CDO {_n,B (B)>0]

2 lim sup Prob[ ®(X ,"B) > 0] — Prob[®,# 0 ; Dy(B) =0] .

n—e°
For sufficiently large B the last term becomes arbitrarily small, and there results
lim sup Prob[®(X ,"B) >0] = 0 By B. ¢ '

n—e°

In case of a "substochastic intensity kernel”, all stationary x-processes of finite type just

consist of a finite number of independently migrating particles only:

6.7. Proposition. Assume that Ex@(A) < 1 for all ae A, and let @ be a stationary k-
processes with finitely many clans. Then with probability one there is no branching in @; in
other words, is @ is finitely fed and the region A is essentially minimal ®-feeding.
Proof. It suffices to show the assertion for the typical clan ¥ of @, which in addition is
conditioned to be non-void. Let (Ry) be an asymptotically minimal feeding sequence of
regions. For given € > 0, take a bounded region L so large that
Prob[W¥o(L)>0] > 1-¢.
Then choose n so large that
Prob[‘l’m-n,R‘n(L) = WYo)] > 1-€
and Prob[Y_Rp)=1] > 1-€.
We then have
(*)  Prob[Yopr (L) 21; ¥ aRp)=1] >1-3¢;
on the other hand there holds .
((*%)  Prob[ornr, L) = 1 ; ¥_n®y) = 1]+ 2 Prob[¥onr (L) > 1 ¥ 4Rp) = 1]
<E[¥ornr L) YaRp)=1] < 1,
the last inequality coming from our assumption that Ex(@W(A) < 1 for all a€A. .
From (*) and (**) theré resulfs
Prob[Woinr, (L) > 1 ; W_nRp) = 1] <3¢,
and thus "
Prob[Wo(L) > 1] < S¢.
Since L was arbitrarily large, we obtain that Prob[Wg(A) =1] =1. ¢
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Even a weaker restriction on the fertility than that of Proposition 6.7 enforces all stationary
K-processes of finite type to be finitely fed:

6.8. Proposition. Let @ be a stationary x-process with finitely many clans and assume that
there exists a feeding region X for @ such that the familiy of random variables ¥*(X), a €

X,
t=1,2,...,is tight. Then ®p(X) is a.s. finite.

Proof. Like in the previous prdposition, it suffices to show the assertion for the typical clan
¥ of @, which in addition is conditioned to be non-void. Let (R,) be an asymptotically
minimal feeding sequence of regions for @ such that R, ¢ X for all n 2 1. For all bounded
regions L < X and all natural numbers n, k there holds

Prob[‘l’o|-n,Rn(L) 2k; YRy =1] £ sup Prob [Xg“)(X) >k] = 0(k).

a€X, 0
Therefore there holds
Prob[WoL) =2k ]
< lim sup Prob[ Yoi-n,r, (L) # Yo(L)] + lim sup Prob[¥_sRp) # 1] + 3 (k)
n—e ‘ n—oe
= 8(k).

Hence, for all natural numbers k, Prob[Wo(X) =2k ] < 8(k). Since d(k) tends to 0 as k —
due to the assumed tightness, ¥ o(X) must be finite a.s. ¢

-36-



7. The discrete case

In the whole section we will assume that the space of sites A is at most countable, and is
equipped with a metric p4 which makes just the finite subsets of A bounded. Thus, the
symbol B will simply stand for the collection of finite subsets of A. The mean (or intensity)
matrix J of the branching dynamics k under consideration is given by

Ixy) = Ex®O({y}), xyeA
Like in [MSW] we say that two sites x,y € A are J-equivalent if

Y Jhl(x,y) >0 and Y Ibl(yx) >0

n20 n20
i.e. if the total progeny of an x-individual including itself charges y with poitive probability,
and vice versa. (Recall that the entries J("l(x,y) of the intensity matrix J are the expected
numbers of the n-th generation offspring at site y of a mother individual at site x.)
For each site ae A we denote the corresponding J-equivalence class by A(q].
Now let @ be a stationary x-process. We call a site a ®-immigrative if, a.s., there are no
ancestral paths in @ that visit ¢ infinitely often, in other words, if the singleton {a } is
immigrative for ®. In contrast, we call a site a ®- hermetic if it is charged by E® and, with
probability one, the ancestral line of every a-individual in @ visits the site a infinitely often.
In [MSW 2] we proved: ,
7.1. The J-equivalence class of a @-hermetic site in a stationary x-process @ consists of P-

hermetic sites only and is ®-autonomous.

Since the finite or countable union of ®-autonomous regions is again ®-autonomous, 7.1
implies |
7.2. The set of all @ -hermetic sites (which we denote henceforth by Aperm,g ) is &-

autonomous.

Like in [MSW 2] we say that a stationary x-process @ is of standard type if all sites are
either ®-hermetic or ®-immigrative. In this case, the immigrative and the hermetic part of ®
arise through a spatial separation: ®imm consists of all those clans in & which never hit
Aherm,®, and Prerm consists of all those clans whose ancestral lines emerge from Aperm g. In’

particular (cf. section 2 for the notation) there holds with S := A herm,@:

d d
*)  DPons= Poherm »  Pornas— Pojimm
The following example shows that in general (i.e. if ® is not of standard type) there need not
exist any region S with the properties (*), and hence also in this weaker sense a spatial
separation of the immigrative and the hermetic part is not always possible. Let us recall (cf.
[MSW 1] that an age dependent Galton Watson dynamics on the space of sites (or
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"remaining lifetimes" A = N admits a nontrivial branching at most from the site 1; on all
sites n # 1, it consists just in the shift n—>n-1.

7.3. Example. In [MSW1], section 7 , a subcritical age dependent Galton-Watson branching
dynamics y was constructed that admits a nontrivial hermetic stationary y-process &. On the
other hand (cf. [MSW 1], Prop. 6.1) there exists a nontrivial immigrative stationary y-process
1 as well, whose construction is by far easier than that of §. Indeed, let for n=1,2,..., &;
denote the n-th generation offspring population of an individual at site 1 (where all the {, are

independent) , then ng := Y, 8y + 3, {nis an immigrative equilibrium population (the first
n21 n21

summand describing the fresh immigrants from infinity, the second summand, which is
locally finite due to the subcriticality of 7y , describing the already renewed individuals). The
independent superposition @ of £ and 11 is a stationary y-process for which the site 1 (and by
the way, all other sites, too) is neither hermetic nor immigrative. We claim that there exists
no set SN such that (*) holds true. Indeed, assume that S has these properties. Then it must

S d
be infinite, since otherwise, due to the subcriticality of 'y, ®p0, s—> 0 , contrary to the

d
assumed convergence ®po, s— Eo .

Since § is hermetic, the probability py that there are 1-individuals in &y whose ancestral lines .

have not passed through 1 during the times -m+1,..., -1, converges to 0 as m—oo. By
stationarity, pm equals the probability that there are 1-individuals in ;.1 whose ancestral

lines have not passed through 1 during the times 0, ..., m-2. On the other hand, the latter
event certainly is implied by {Eg({m}) > 0}, and therefore Prob[Ep({m}) > 0] — 0 as m —>ee.

We show now that the infinite set S cannot meet the second one of the two requirements in

(*), in other words, that the convergence

(+) Doy, N\s—q') no
is impossible.
To this end, we choose a strictly increasing sequence nj< n2 <... in S. Let m be a natural
number and ng > m. We know already that, if m —eo, the individuals in ®p_p, at positionm
are most probably "fresh immigrants" which had'posit-ion nk at time zero, i.e. in ®g. So, for
any given £>0, by choosing m large enough, we get for all k satisfying ng>m:

PrOb[(I)nk_mm, Nns({m}) > 0] <e.
On the other hand there holds

Prob[ne({m})>0] =1 (m=1,2..),
which is incompatible with (+). ¢

Let us now "localize" also the forward recurrent behaviour and put
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Arc:={aeA: Y y@({a})>0 as. },
i>0
i.e. Arec consists of all sites ae A which are x-recurrent in the sense that a is a.s. visited by

some member of the total progeny of an a-individual.

7.4. Theorem. Let @ be a stationary x-process and B be a finite region. Then the following

assertions are equivalent:
) EQoBMrec) =0
i) Y, ®niopB) < = as.

n>0

iii) 3 PniopX) <= as. (Xe B).

n>0

Proof. 1. Assume E®g(BNA:) > 0. We pick up some site a in BNAec which is charged
by E® and observe that ‘

2 @niop®B)2 3 Do (y{ad) ,

n>0 n>0
which.is infitite with positive probability. Hence ii) implies i).
2. Obviously ii) is a consequence of iii).
3. For the implication i) = iii), it is enough to show that, given any a € A\ Arec Which is
charged by Edo, all sites be A satisfy

® X x@({b}) < as.

i>0
We will proceed in three steps, first proving (*) for a=b, then for b € A[y\{«}, and finally for
be AA[q.

4. By 3.5. in [MSW 1], for all xeA which are charged by E®, the embedded branching
dynamics Yy is either subcritical or critical. The dynamics [, cannot be a pure migration ,

since by assumption a does not belong to Arec. Hence
CProb[ X x[@({a}) <] = Ul X ea({1}) <] =1,

i>0 n>0
where (cf. section 3 in [MSW 1]) U, denotes the distribution of the offspring (91, ¢2,...)
of of an individual at site 1 under the embedded branching dynamics Y[, . Hence (*) holds at

least for b= a.

5. Now let b be any site in A(g)\{a}. The embedded branching dynamics yf5; cannot be a pure
migration either , since this would imply be Arec, and hence by 10.1 in [MSW 1] also a€ Arec.

Hence almost surely a b-individual has at most finitely many b-descendants, i.e.
®  UplX ealflh <] =1.

n>0

Assume for a moment
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2 x{9({b}) = with positive probability.

i>0°
Then (+) would imply that with positive probability an a-individual J should have infinitely
many direct b-descendants , i.e. b-descendants without b-ancestors on the ancestral line back
to J. Since by assumption there is some natural number m such that J ml(h.a) > 0, the
probability for an a-individual to have infinitely many a-descendants would be positive,

contradicting step 4.

6. Finally, take some b € A\A[y]. Since (*) is clearly satisfied if J(M(a,b ) =0 for all m =
1,2,..., we may assume that J[ml(b,a) =0 forallm=1,.2,... '

The idea is now to show that in each offspring tree of an g-individual that contains exactly k
a-descendants, there can be a.s. no more than finitely many b-descendants.

Thus, let k be any nonnegative integer such that
> xi(“) ({a}) =k  with positive probability

i>0

Writing &, for the number of those a-individuals in &, which have exactly k a-descendants

in the realization @, we obtain a shift-invariant random population y := ¥} EnOn onthe
’ n€ZzZ

time axis Z.
The random number of b-descendants at time n+j of an a-individual that contributes to y at
time n is given by the distribution of xj(”) ({b}) conditioned under { Y, Xi(“) ({a}) =k}. For all

i>0
ne Z, let, on the time axis Z, N® be a random daughter population (of a mother individual

dn) whose distribution is that of Y, xj(“) ({b}) 8n+j conditioned under { 3 ¥ ({a}) =k}.
i>0 i>0

Taking W as random mother population, we infer that its daughter population p is a.s. locally
finite on Z , since p({n}) has the same distribution as the random number of thoseb-indi-
viduals in @, whose ancestral lines contain an a-individual that has exactly k a-descendants.
That is, we have a shift invariant , non-trivial distribution Q on the counting measures on Z
(namely that of ) and a stationary clustering field on Z (given by the distribution of @)
“such that "the clustered distribution exists". Hence, by the same argument as in the proof of
4.8. in [MSW 1] we conclude, using a result of K. Hermann (cf. [MKM] 11.2.4), that
Y. Prob[n©® {j}>0] must be finite. By construction, this latter expression equals the sum of
ji>0 . ' ‘

the conditional probabilities

2 Prob[y® ({b})>01 ¥ ¥ ({a}) =k 1.

j>0 i>0
Hence, by the Borel-Cantelli lemma, .
Prob[ 3 ¥ ({b}) <=1 X x® ({ah) =k]=1.

i>0 i>0



Since this relation holds for all k 2 0 obeying Prob[ Y, Xi(“) ({a}) = k] > 0, we obtain the

i>0
validity of (*). ¢
Theorem 7.4 shows in particular that for any site a#Arec and all bounded regions B
there holds
Prob[ ¥, ®n10,(a)(B) =1 =0.

n>0

If in addition E®g({a}) > 0, this implies Prob[ 3 XD B) =] =0 ,ie. ae ARec.

n>0
Therefore we have
7.5. For each stationary k-process @, EQg(Arec A rec) =0.

Also, note that Ape is a subset of ARgc , because an an individual 8, having a.s. at least one

a-descendant has a.s. at least infinitely many of them.

We have seen in Example 1.3 that in the general situation there exist examples of
immigrative stationary x-processes that are not of transient type. For the discrete case
considered in the present section, however, we read off from [MSW1], Thm 8.1, and
[MSW2], Thm 15.2, respectively:

7.6. Theorem. Every immigrative stationziry x-process is of transient type. If y@(A) <1
a.s. for all sites ae A (i.e. if the dynamics K is a "substochastic shift"), then also the converse
is true.

An immediate consequence is:

7.7. Corollary. For each stationary x-process @, its immigrative part ®jpnm is a.s. a
subsystem of its transient part ®yans » and its recurrent part @ijmm is a.s. a subsystem of its
hermetic part @pern - If X is a substochastic shift, then @ijnm = Prrans -5, and Pperm = Prec
as.

As was shown at the beginning of section 10 in [MSW1], there holds
7.8. Every k-recurrent site which is charged by the intensity measure E®g of a stationary -
process D, is also ®-hermetic.

From [MSW1], 10.1, one réads off:

7.9. Every J-equivalence class X < A which is charged by the intensity measure Edg of a
stationary x-process @ is either contained in or disjoint from Arec . The former case holds
true if and only if the branching dynamics % constitutes within X a "stochastic shift" (i. e. a

pure Markovian migration) whose transition matrix (J(x,y))x,ye X is irreducible and recurrent.

Now consider a stationary x-process & of recurrent type, and put
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S :={a€ Arec : EQp{a} > 0}. Due to 7.5, a.s. all ancestral paths in @ get trapped in S
backwards in time. Therefore, all x € A\S must be ®-immigrative. Since by 7.8 all ae S are
d-hermetic, we observe: .
7.10. Proposition. Every stationary k-process @ of recurrent type is also of standard type,
and there holds

Apherm @ = {a€Arec: E@p{a} >0}

In contrast to this, in [MSW], 14.3 we gave an example of hermetic stationary x-

process which is not of standard type.

7.11. Remark. a) Let @ be a stationary x-process. According to 7.9, the set S := {ae€ Arec :

E®g{a} > 0} consists of full J-equivalence classes, and these are all ®-autonomous by 7.1

and 7.8. As a countable union of ®-autonomous regions, S is @-autonomous as well.
Another application of 7.9 reveals that the branching dynamics x constitutes within S a
recurrent Markov chain with transition matrix (J(x,y))x,yex. The statements in section 4 on
the structure of the stationary x-processes of positive recurrent type thus can be carried over
(in the discrete case) with one exception: Now the set S need no more be a union of pairwise
disjoint, @-autonomous, finitely populated regions: This is the case if and only if and only if
®o(X) is a.s. finite for all J-equivalence-classes X in S, i.e. if (J(x,y))x,ye§ is the transition
matrix of a positive recurrent Markov chain.

b) If, for a J-equivalence-class X cS, ®o(X) is with positive probability infinite, i.e. if
(J(a,b)) g, bex is null-recurrent, then it follows from [LP], Theorem 1.4, that the restriction of
@y to X is a doubly stochastic Poisson population. :

7.12. Notation. For a site a € A, we put
Tg := min{neN: ) ({a} >0}, where min & =e.

In these terms we get Apc :={a€A: T, <o a.s.} , and we define
Aprec == {acA:Etg< e } ;

note that Aprec clearly is a subset of Aprgc defined in 4.7. As a counterpart to 7.9 we have
(cf. 10.2 in [MSW 1]): :
7.13. For a J-equivalence class X which is charged by the intensity measure E®q of a
stationary x-process @, the following assertions are equivalent:

) XA prec# & i) XA prec

iii) the branching dynamics x constitutes within X an irreducible positive recurrent

Markov chain
iv) Xis ®-autonomous and ®g (X) <o as.
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As a counterpart to 7.4 there holds
7.14. Theorem. Let @ be a stationary k-process and B be a finite region. Then the following

assertions are equivalent:

i) E‘I’O(Bmprec) =.0

ii) ®p1oB(B) — 0 in probability

iii) ®pj0BX) — O inprobability (Xe B).

Proof. I. Assume i) is false, i.e. there exists some site a in BMA prec which is charged by E®o.
If we denote by d the period of the irreducible Markov chain induced by x in the J-
equivalence class A[g] , then by 7.13 the sequence Prob[x®) ({a}) > 0] has a positive limit.
This is in conflict with ii), and therefore ii) implies i).

II. Obviously iii) implies ii).

II. For the implication i) = iii) , it suffices to fix a site a outside of Aprec and charged by
E®y, and to show that forall be A

®  x9({b}) - 0 in probability as n—ee,

By 3.5. in [MSW1] the embedded clustering dynamics Y[ is subcritical or critical.

1. If y[q] is not a stochastic shift, i.e. if the site a does not even belong to Arec, then we obtain

from Theorem 7.4:
Y XD ({b}) <+ee as. forallbeA

n>0
which implies (*).
2. For the rest of the proof we assume that 7y[g is a stochastic Shlft and therefore
ac ArecMprec. Then by 7.9 and 7.13 the restriction of K to S :=A[4] constitutes an irreducible

recurrent Markov chain, whose transition kermel K obeys
K™ @, 2 —0.
Hence (*) is true in the special case b = a. To show it also for all other be A, let us denote
by d the period and by Z1, Z3,... the cyclic subclasses of K, assuming that a € Zj.
3. As an intermediate step, we will show:
(0) lim I Probly ({b)) > 0] - ProbP({6)H>0] | = 0 (xeZy).

To this end we note first kthat for all natural numbers m, n with m < n there holds
| Prob[xff) {b}h)>0]- ,[ Prob[)(f,y_)m {b}) >0] K[m](a, dy) |

< Prob[ X Im, A\S (b >0] =cpn -
Writing ¥ for that "component” of ® whose ahcestral lines come from S, we obtain:

Cma < Prob[¥o({a})>01" Prob[¥aim, as ({ b})>0].
But for fixed m, this latter expression tends to 0 as n— oo, since S is a feeding region for ¥ .
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The same convergence holds true if we substitute the site ¢ by any x € Zj. Writing llull :=

> lu({yH! for any finite signed measure | on C, we obtain for all natural numbers m, n
yeC

satisfying n > m:
Jprob[xg)m (5) > 01 K™, dy) - [Problx®. ((6)) > 01 K™x, dy) |
<KM@, () - K™, ()1,
which tends to zero for m — oo due to our assumptions on K, ¢ and x. Summarizing, we
obtain the asserted convergence relation (o).
4. Now assume that (*) is violated for some site b, i.e. that there exists a number n >0 and a

sequence n] <np < ... such that
Prob[xgg_} {b}) >01>2n (m=12,.)

Our assumptions imply that K9 s aperiodic and null-recurrent in each of the sets Zi,
Z3,...,Zq, and E®p(Z1) > 0. Thus an application of 7.13 to the case where x is substituted by
k¥ yields
"¢ :=Prob[®y(Z1) =] > 0.
For any natural number k, choose s large enough so that
Bsm)({k, k+1, ...}) > 1/2,
where B(s,n) stands for the binomial distribution with s trials and success probability 1. Let
L be any finite subset of Z such that
Prob[®g(L) 28] = ¢/2
and choose, in virtue of (0), m large enough such that Prob[xf’g ({b}) >0]>n (xeL).

Then there would result
Prob[ @y ({5}) 2k] 2 Prob[®g(L) 2s] B(s,n)({k, k+1,...}) = c/4,
which leads to a contradiction since k was arbitrary.
Thus the convergence relation (*) indeed holds for all beA . ¢
Theorem 7.14 shows in particular that for any site agAprec and all bounded regions B there
holds
®n10,{a)(B) — 0 in probability .
If in addition Edg({a}) > 0, this implies the convergence of Prob[}@ (B) >01] to 0 as n—yes,
and consequently ag Aprgc. Therefore we have the following companion to 7.5:
7.15. For each stationary k-process @, EPo(Aprec VAprec) = 0.

Theorem 7.14 also yields the following complement to 5.1:

7.16. A stationary k-process @ has a trivial positive recurrent part if and only if it satisfies
*) li_x;n Prob[®hpg B)>0] =0 (BeB.
n OO



~ Proof. 1. Clearly, (*) implies condition b) of 5.1, which in turn enforces ®prec to be a.s. void.
2. Conversely, assume that @ prec is a.s. void, i.e. EQp(Aprec) = 0. Then (*) results
immediately from Theorem 7.13. ¢

We conclude with two specialities of the discrete case which both have counterexamples in

the general setting (see 5.6.b) and 2.5 b)).
7.18. Theorem. A stationary k-process @ is of positive recurrent type if and only if it has an

essentially minimal feeding region. In this case S := {ae Aprec‘i E®o{a} > 0} is even strictly
minimal feeding, in the sense that it is covered by any other feeding region of ®.

Proof. 1. First let us show that each feeding region X for @ covers S. Indeed, assume there
would exist an a € S\X. Then, on one hand, ®y0,(4)({a}) does not converge to 0 in
probability as n—oo due to Theorem 7.14, on the other hand it does converge to 0 in
probability , since X is a feeding region; hence ScX.

2. Now assume that ® is of positive recurrent type. Then by Theorem 4.9 and 7.15, Aprec is
essentially minimal feeding tfor ®.

2. Conversely, assume that X is an essentially minimal feeding region for ®. Assume there
would exist a b € X\S which is charged by E®(. Then, on one hand, there exists a bounded
set B such that '

@y 10,{b) (B) does not converge to 0 in probability due to the essential minimality of X; on
the other hand it does converge to 0 in probability by 7.14. Hence also S is ®-feeding, and
therefore @ is of positive recurrent type. ¢

The following theorem states that in the discrete case and for a stationary- x-process with
finitely many clans, individual backward recurrence implies individual forward positive
recurrence.
7.19. Theorem. A stationary x-process @ is finitely fed if and only if it is hermetic and of
finite type.

Proof. 1. The "only if" direction is clear from Remark 4.3.
" 2. For the rest of the proof we assume that @ is hermetic and of finite type For all sites a,

denote by @4 the subsystem consisting of all those individuals in & whose ancestral paths
visited the site a infinitely often; by Lemma 1.8, ®¢ is again a stationary x-process, and it
consists of a.s. finitely many clans as well. If we can show that a.s. the ancestral line of each
clanin @2 visits the site a with a positive frequency, then @ must be of positive recurrent

type, since each clan in @ , which is by assumption hermetic, belongs to at least one of the
da,

3. Fix a site ae A, and assume that ®¢ is non-void with positive probability. Let ¥ := Yial
denote the branching dynamics of the age dependent Galton-Watson dynamics embedded at
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site a, and £ denote the corresponding stationary y-process (whose successive populations &,
live on the space {1,2,...} of remaining lifetimes [of the excursions from site a ]). The
number of clans in § is the same as that in ®¢, and in particular it is a.s. finite. Since, due to
[MSW1] 3.5, Y[a) assigns to each individual an expected number of daughters less or equal
to 1, we infer from Proposition 6.5 that & is finitely fed, and hence by 4.3 with probability
one the asymptotic frequency of ancestors at site 1 in the ancestral line of each individual in
& is positive. Equivalently, with probability one the asymptotic frequency of ancestors at site
a in the ancestral line of each individual in @4 is positive.

4. By 3. and 2., @ is of positive recurrent type. The number @ ((Aprec) of clans in @ is by
assumption a.s. finite, and therefore @ is even finitely fed. ¢



8. Appendix.

Throughout the paper we have freely been speaking of genealogical relationships between
individuals in a process which follows a branching dynamics x . These relationships,
however, remain disguised as long as we model the subsequent generations merely as
counting measures on the space of sites. Similar as in [MSW], section 1, one can, however,
easily display the genealogical relationships by passing to a suitably refined branching
model, in which every individual carries as a mark two numbers from the unit interval : every
daughter inherits as her first number the second one of her mother and chooses her second
number, independently of her sisters, uniformly distributed from [0,1]. Formally, this is
achieved by defining the refined space of sites A=A x [0,1]2, equipped with the metric
pi (a, xy), (b, u,v)) := pa(a,b) + Ix—ul + ly—vl. The refined branching dynamics ¥ sends an

individual S(a,x,yj into the random daughter population Y 8 y,v;) » Where 3 Op; is the
i€l i€l

random daughter population of 8(4x,y) under x, and the v; are independent and uniformly
distributed on [0,1]. Clearly, every %-equilibrium population renders a x-equilibrium
population by projection. Conversely, we can lift a K-equilibrium population @ to a K-
equilibrium population @ in the following way: we choose independent marks uniformly
from [0,1]2 for all the individuals in ®, which gives a population "f’ on X , whose daughter
population under X is the desired %-equilibrium population. This lifting and projection
establishes a 1-1 correspondence between the k-equilibrium distributions and the X-
equilibrium populations. Now almost all realizations é-: (EJ wneZ of a stationary %-process

have the following property:

(7T)  Allindividuals in i carry different marks, and for all ne Z every individual §(,yv) in

~ ~
&, has exactly one ancestor (qx,y) in @1 in the sense thaty = u.

On the other hand, for each realization § having property (7°) and each individual in

D, its ancestral path, its offspring tree and its clan are well defined.

In this way (cf. MSW IJ, 1.5), we could also associate with almost every C'Bn the
population Hy of its ancestral paths, thus obtaining a (discrete time) "historical process" in
the spirit of Dawson and Perkins ([DP], ch. 6).

As mentioned above, many statements and proofs of the paper indeed require to keep
track of the genealogical relationships of individuals, and therefore should (and can) be
properly reformulated in a "refined" or "historical model" as dgséribed above. We have
decided to omit this (in most cases rather starightforward) reformulation in order not to
overburden the notation.
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