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ABSTRACT

We prove that nonsmooth quasilinear parabolic systems admit a local, strongly
differentiable (with respect to time) solution in LP over a bounded three-
dimensional polyhedral space domain. The proof rests essentially on new ellip-
tic regularity results for polyhedral Laplace interface problems with anisotropic
materials. These results are based on sharp pointwise estimates for Green’s
function, which are also of independent interest. To treat the nonlinear prob-
lem, we then apply a classical theorem of Sobolevskii for abstract parabolic
equations and recently obtained resolvent estimates for elliptic operators and
interpolation results. As applications we have in mind primarily reaction dif-
fusion systems. The treatment of such equations in an LP context seems to be
new and allows (by Gauss’ theorem) to define properly the normal component
of currents across the boundary.

1. INTRODUCTION

Many phenomena in physics, chemistry and biology are described by systems of
evolution equations as

(1.1) up — V- (e Te(w)Vug) = Re(u, Vu) , u(Tp) =uo; u = (ug, ..., unm)

(see [2] and the references therein). The aim of this work is to prove that (1.1)
admits a unique solution from a space

C([To, T, (4 R™)) N CX((To, T], LP(; R™)).

Throughout this paper we impose Dirichlet boundary conditions which may depend
suitably on time. The underlying three dimensional domain 2 is a Lipschitz poly-
hedron, which means that €2 is a bounded Lipschitz domain with piecewise plane
boundary. Further we assume that ) is partitioned into a finite set of Lipschitz
polyhedra 4, ...,Q; such that the 3 x 3—matrix functions uy are constant on these
subdomains. The dependence of the functions Ry on Vu is not stronger than qua-
dratic.

The theory of systems of the form (1.1) is well developed if © and the coeflicient
functions ug are smooth (see e.g. [9] or [34]). Furthermore, existence and uniqueness
are studied exhaustively in the weak context; e.g. Holder estimates have been known
also in this case for long (see [21] or [32]).

The main advantage of our work in comparison to the concept of weak solutions
is the strong differentiability of the solution with respect to time and that the diver-
gence of the corresponding currents 7x = urJk(¢, u)Vug indeed are functions - not
only distributions. In a strict sense, only this justifies the application of Gauss’ theo-
rem to calculate the normal components of the currents over boundaries of (suitable)
subdomains.

The result on (1.1) rests upon the classical theorem of Sobolevskii on abstract
quasilinear parabolic equations in Banach spaces and estimates for elliptic trans-
mission problems. The problem is to find an adequate function space with respect
to which the suppositions of this theorem can be verified; see Sections 5 and 6. In
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the three-dimensional case, this question comes down to checking whether the linear
operators

(1.2) V- uV o Hy(Q) - (He® (Q))

are topological isomorphisms for some ¢ > 3 and any piecewise constant matrix
p = pg occurring in (1.1). The operator (1.2) corresponds to an interface (or trans-
mission) problem for the Laplacian, with different anisotropic materials given on the
polyhedral subdomains €4,...,8; of £ and with Dirichlet conditions given on 0S.

Unfortunately, in contrast to the pure Laplacian on a Lipschitz domain (see [15,
Thm. 0.5]), the solutions to such transmission problems only belong to L?*¢ near
vertices and edges where € > 0 might be arbitrary small in general. This is even
true for polygonal Laplace interface problems with four isotropic materials; see [16].
Therefore, a large part of this article is devoted to the optimal L? regularity for
(1.2).

It is well-known that the singularities of solutions to elliptic boundary value
problems near corners and edges can be characterized in terms of the eigenvalues
of certain polynomial operator pencils on domains of the unit sphere or the unit
circle. We refer to [20] in the case of the Dirichlet and Neumann problems and to
[11] for the polyhedral Laplace interface problem with two isotropic materials. To
our knowledge, the corresponding analysis for several anisotropic materials has not
been done so far. This will be the topic of Sections 2—4.

To avoid the rather complicated discussion of the optimal regularity near vertices,
we exploit the somewhat surprising fact that if the solution of the interface problem
belongs to L? for some g > 3 near each interior point of the interface and boundary
edges then the operator (1.2) is in fact an isomorphism; see Sections 2 and 4. Thus
we are able to reduce the regularity result for (1.2) to that for an interface problem
on dihedral angles having one common edge; see Theorem 4.1. The proof of this
relies essentially on sharp pointwise estimates of Green’s function, which will be
presented in detail in Section 3.

The main result of our linear regularity theory, Theorem 2.3, says that the oper-
ator (1.2) is an isomorphism provided that

g € [2,2/(1~a))
and that the spectral parameter /XQ (cf. Definition 2.1) satisfies the inequality
(1.3) do>1/3.

Note that XQ can be expressed in terms of the eigenvalues of certain transmission
problems on the unit circle, which are obtained applying the partial Fourier trans-
form along an edge and the Mellin transform with respect to radial direction (see

Section 3.5).

This result is sufficient for the treatment of the quadratic gradient terms in (1.1) if
the Banach space is a suitably chosen LP space. However, the condition (1.3) imposes
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a rather strong assumption on the geometry of the subdomains €2q,...,8; and
the coefficient ug, or equivalently, on the eigenvalues of certain pencils of ordinary
differential operators. We refer to Section 3.6 for a discussion of this condition.

Global existence results for (1.1) cannot be expected within such a rather general
approach (see e.g. [7] or [3] and the references therein) and are thus outside the
scope of this paper.

Let us introduce some notations. The space of complex—valued, Lebesgue measur-
able, p-integrable functions on @, p € [1,00), is denoted by LP(Q), whereas L>(2)
denotes the space of essentially bounded functions on €. In obvious cases we will
write simply LP. For the sake of brevity, we denote the space LP(2) x ... x LP(Q)
by L*.

H*? = H*(Q), s € [0,1], denotes the space of Bessel potentials according to the
differentiability index s and integrability index g on the set © (see [33]). (Note that
for s = 1 these spaces coincide with the Sobolev spaces W4(Q).) By Hy? = HJ%(Q)
we denote the closure of C°(Q) in H*9 .

If s € [—1,0], then H*? denotes the dual to H=*2 and H>? denotes the dual to
Hy*? when 1/g+1/q' = 1 holds. Further we denote the cross product H*?x. ..x H*?
by H*?, and the space HJ? x ... x Hy? will be denoted by H{™?.

For two Banach spaces X and Y we denote the space of linear, bounded operators
from X into Y by B(X;Y). If X =Y, then we abbreviate B(X). The norm in a
Banach space X will be always indicated by ||-||x, only in obvious cases the subscript
sometimes will be omitted.

Because we have to deal also with spaces of real-valued functions, we use the
notation Zg for the real analog of a complex space Z from above.

2. A LINEAR REGULARITY RESULT: REDUCTION TO A WEDGE PROBLEM

In the first part of the paper we study L? regularity of weak solutions of the
Dirichlet problem

(2.1) -V A(:IJ)V’U, =¢, z€, ’u,|an =0,

with a real, symmetric and strictly positive definite matrix function A(z). The do-
main {2 is a Lipschitz polyhedron partitioned into a finite set of polyhedra €4,...,8;
such that A is constant on each subdomain Q;. We are interested under which con-
ditions on @ and A the solution of (2.1) satisfies u € Hy%(Q) if the right-hand side
¢ € H; () for some g > 3.

To formulate the result, we need a parameter /XQ which can be obtained from the
geometry of  and the coefficient A(z) in the following way:

The matrix function A is constant on polyhedral subdomains of 2 and has there-
fore jumps at plane interfaces which intersect at certain interior or boundary edges.



4 V. MAz’yA, J. ELSCHNER, J. REHBERG, G. SCHMIDT

Let M be one of these edges or one of the edges of the polyhedron 2. Choose a new
coordinate system (y1, y2,ys) with origin at a point P in the interior of M such that
the direction of M coincides with the yz3—axis. Denote by ]\(y) the piecewise constant
matrix function which coincides in a neighbourhood of P with A~'A(A™!(y + P))A4,
where A denotes the corresponding orthogonal transformation matrix, and satisfies

A(ty',ys) = A", 0), ' = (y1,12), for all ys € R, ¢ > 0.

We assign to M a positive real number by solving the following nonlinear eigen-
value problem:

Let » = |3'|, 8 be polar coordinates in the y' plane and set U = r*u(8), V = r*uv(4),
A € €, where the functions u,v are given on the intersection ¢ of the unit sphere
S! in the 3’ plane with the support Q of A( ), 0= (N S'. If M is an interior edge
of 2, then o = S* and we denote by H = H*(S') the periodic Sobolev space on the
unit circle. Otherwise we set H = Hj(o). Let K’(y') be the upper left 2 x 2 block
of A(y) and define the operator II(A) by

(2.2) (M), ), %

/ X'(y’) VyU-Vy de’ , u,v€EH,
{1<]y’'|<2}nfd

where (-, "), is the L?(¢) duality. In Section 3 we will show that the spectrum of the
operator pencil II(A) : H — H' consists of isolated eigenvalues only. Denote by Aaq

log 2

the eigenvalue with the smallest positive real part and set /)\\M = Re Aum.
Definition 2.1. Let

/XQ dZEf mln(l,/)\\M) N
where the minimum is taken over all interior and boundary edges M of Q.

Definition 2.2. We say that the matrix A generates an admissible decomposition of
the Lipschitz polyhedron €2 into the polyhedral subdomains ©; (where A is constant)

if Ao > 1/3.

The regularity result which is needed for the nonlinear problem is the following
Theorem 2.3. If the piccewise constant matric A generates an admissible decompo-
sition of Q, then the operator —V - A(z)V : H(Q) — Hy'(Q) provides a topological
isomorphism between HY*(Q) and Hy "4(Q) for all g € [2,2/(1 — /XQ))

!

Since ||V - || ¢ is an equivalent norm on Hé’q’(Q), any ¢ € Hy 2 (Q) = (Hé’ql(Q))
can be represented as V - fwith ]?E L(Q)3, where the divergence is understood in
the distributional sense. Hence, Theorem 2.3 is proved if we show that the unique
solution u of the variational equation

(2.3) AMz)Vu-Vgde= | f-Vadz, Vee HY(Q),
/ /

satisfies the estimate

(2.4) IVl 2oy < el fllzaay
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with a constant ¢ not depending on ]?

The proof of (2.4) is based on local estimates for solutions of the Dirichlet problem
which can be obtained from model problems in an infinite wedge. Here we use the
representation integral by Green’s functions which are studied in Section 3. First
we prove a result for differential operators in R™ with measurable coefficients, which
will be applied in Section 4 to establish Theorem 2.3.

2.1 A PRELIMINARY RESULT

Let € be a bounded polyhedral domain in R™ n > 3, and consider the Dirichlet
problem

(2.5) L(z,0uE V- A(@)Vu=V-§, z€Q, ulpga=0,

with g € LI(Q)". Here A(z) is an n X n symmetric matrix of real, measurable and
bounded functions satisfying

al¢? < A(z)E-E<bl¢)P forall £ €R”
uniformly in z € Q with 0 < a < b. Using Green’s function G(z,y), which solves

/A(y)VyG(w,y) Vody =p(z), ¢e Hy(Q),

for all z € Q, the solution of (2.5) can be given by

(2.6) /VGa:y (y)dy .

For almost all z € Q the Green function belongs to the set H*(Q\ B,(z)) N W, ?(Q)
forall p>0and 1 <p<n/(n—1);cp. for example [30]. Here and in the following
B,(z) denotes the open ball in R™ with radius p and centre z. Moreover, for almost
all y € 2\ {z} the estimate

2.7 0< Gloy) < s
|z —y|*~

holds and, if |z — y| < dist(z, 0€)/2, then additionally
(2.8) G(z,y) =

c
|z =y~
where the constants depend on the ellipticity constants of A(z).

By the De Giorgi-Nash Theorem the solution of (2.5) is Holder continuous. More
precisely, there exists @ € (0,1) such that v € C*(Q), and for any z € Q and
0<p<R

(2.9) sup u — inf u < cpa(R_a sup |u|+ ||§||Lq),
QNB,(z) QNB,(z) QNBg(z)

where C' and o depend on the ellipticity constants of 4, n, @ and R (cf. [10]).
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Theorem 2.4. Letn < g < n/(1—a). For any zo € Q the solution of (2.5) satisfies
dz .
[ ute) ~swalp e < [ g
Q Q

The proof relies on several lemmas. In the following let zg = 0 and set B, = B,(0).
Lemma 2.5. Letr >n, v =r/(r —1) . Ifz € B,, then

/ VG, y)["dy < cpl—m/)
QnB,

with a constant not depending on x.

Proof. We establish the stronger (because of B, C Bs,(z)) inequality

/ IV,G(z,y)["dy < cplr=m/(r=1)

Qﬂng(z)
by proving
1= / IV,G(0,y)[" dy < cplr=/ =1
QnB,
We have
oo ’ oo B /2
I o2t VGO wra<eY (o2 ( f 19,6001 4y)
k=0 c . k=0 c .

P2 P2

where C; & QN (Bas \ Bs) and ][fda: stands for |C/|™" / fdz.
c c

We use a Caccioppoli type inequality for spherical layers: Let v € H* (2N (Bs,/2 \
B,/5)) with L(z,0)v = 0. Then

(2.10) /|Vv|2da: < ;62( / lv|dz + / |v|2daz).

Co QN (Bs,/2\Bzp) QN(Bo\B,/2)

Because of L(xz,0) G(z,y) = 0 in QN (Byy-k+2 \ Bya-x-1), after applying (2.10) and
(2.7) in C,5-+ we obtain

|G(0, y)|*dy

][ V,G(0,y)dy <

Co—k Qn(BPZ—k+2\Bp2—k—1)
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Thus
o (p27F) 1) & k( 1))
< _ —r'(n— (n—r'(n—
I—C3Z(p2 By (n=1) =c3p” 22 ’
k=0 k=0
and the series converges because of n —r'(n — 1) = (r —n)/(r — 1) > 0. O

Lemma 2.6. Let |z| < |y|/2, z,y € Q. Then

clz|*

Glay) GO < -

Proof. Set p = |y|. By (2.9) any solution of L(z,0)v = 0 satisfies
@) —0(0)| < ¢ 21 sup ol
P anB,,
for all z € QN B,/5, and by (2.7) we obtain G(z,y) <clz —y> " <cly* ™2 O

Lemma 2.7. Let 5p/2 < diam |Q] and |z| < p/4. Then

clz|*

(f VucOw - Gl wPi)” <

— pn—l—l—a .
p<lyl<2p

Proof. By (2.10)
][ V4(G(0,9) — Gl y))Pdy < < ][ 1G(0,4) — Gz, ) *dy,

P
Qn(BEp/Z\Bp/Z)

and applying Lemma 2.6 gives the result. 0

Proof of Theorem 2.4: Using the representation (2.6) we split

q
e [ lute) —uop < /\ | VuGlew) - ) - d) b
Q By e
9 dz
/\ | ViCE) - 60w )b
R™\Byq|
o K+ K, ,

where § is extended by zero onto R™ Let n < r < gq. Then from Lemma 2.5

r! r! alr’ q(r—n)/r
([ (96l + V.60, )" < clolt

QﬂB4|m|



8 V. MAz’yA, J. ELSCHNER, J. REHBERG, G. SCHMIDT

and Holder’s inequality leads to

K < /|m|nq/T [ lawra)’

B4|m

e \YT
< c/p”‘l‘”"/"dp(/T”‘ldT / 1G(y)] da)
0 sn-1

0

o0

— T q/r Il
< o [pmmiatrap(o [gairas)” < [ g
Sn—1 Q

0
The second last estimate follows from Hardy’s inequality since ng/r —n > 0.

We proceed with

ko) %(| | /| I9(Glen) - G0 ) ay)’
<c [ ([rar £ 196y - comldwl )’
Q 4|z| B3 \B~r

Here we use that for f > 0,a >0

(2.11) | fwdy=10g3 7 rar( [ ).

ly|>a T<]y|<37

Then from Lemma 2.7

Ko< [ / (- 19,(6(a,) ~ou)Pdy)”( flawra) ")’

||
Q 4|z B3, \B- B3, \B-
1/2\ q
/|m o) / _“dT( ][lg(y)lzdy) )
4|:E B3-,—\B-,—
oo oo 1o g
< c/p”‘l‘(l‘“)" dp (/T‘“dT( ][ Iﬁ(y)lzdy) ) ,
0 P B3T\BT

and in view of n > (1 — a)q, Hardy’s inequality leads to
K, < c/p”_ldp ][ y)|%dy < c/ y)|idy . O
Q

0 B3T\BT



2. A LINEAR REGULARITY REsSULT 9

2.2 REDUCTION TO A WEDGE PROBLEM

We return to the variational equation (2.3) in @ C R3 with piecewise constant A.
Let us choose a partition of unity of 2 which isolates the corners, let x be one of
these cut-off functions and denote €, = Q N supp x. From

/AV(Xu)-Vde:/(Xf—l—uAVX)-V@daz—l—/@(f—AVu)-dem
Q Q Q

with
< c([[ fllza@y) + l[ullze@o) I Vel Lo

‘ /(xf+uAVx) -Vgdz
Q
and

< c([[fllza@ollellze + lullza@ol Vel )

_(f—AVu)-V dz
[oir- 100

it follows that the function xu € H3(,) satisfies an equation of the form
V-A@)V(xu) = V-5 with [§lsay < el + elzey)

and the constant ¢ is independent of ]F and u. Using the imbedding Hy?(Q) C
L39/(3-9)(Q), estimate (2.4) and consequently the assertion of Theorem 2.3 follows
if we show that

(2.12) IVxu)llze < cllgl|zs -

Since , contains exactly one of the corners we have to consider the two cases of
an interior corner point and of a boundary vertex, where additional homogeneous
Dirichlet conditions are imposed. The case of an interior point corresponds to the
problem in the full space R® with a matrix A(z) constant on infinite polyhedral
cones €); with their vertex at the origin O. Hence their edges are rays originating
from O. In the case of a boundary corner point we get the Dirichlet problem in
some infinite polyhedral cone denoted by D with vertex at O, and A is constant on
polyhedral subcones ; C D. To unify notations we set D = R? for the case of an
interior corner and study the problem

(2.13) V- Az)Vv=V-§ with ge LYD)?

where A(z) is piecewise constant, satisfies A(tz) = A(tz),t > 0, and v =0 on 8D if
D +R3

Lemma 2.8. Denote D, = B,N D and suppose that in the spherical layer D3\ Dy,
the solution of (2.13) satisfies for some q > 3
(2.14) |Vv|[Lap,\Dy) < C(||§||L4(D3\D1/2) + ||U||L4(D3\D1/2)) :

Then
1Vv|[Lapy < cl|g]|zap) -
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Proof. Since the function vs(z) e v(éz), § > 0, solves
V- A(z)Vvs = stV Js ,

by dilation we obtain from (2.14)

o 1
215) [ Vellsaanne < e (Iglsmanrpan + 5 10lemrna)
Thus
Tds Tds/ 1
IVl 00 < ¢ [ 5 (18080000 + 551 Exmironm)
0 0

and from the relation

/%5 / |u|qdm:/|u|qdaz / %5:10g2/|u|qdm
D D

0 Dys5\Ds |]/2

we obtain therefore
q
/|Vv|qdm§c(/|§'|qdaz—|— %dm).
z
D D D

Since ¢ > 3, Theorem 2.4 implies the desired estimate. O

Lemma 2.8 reduces the proof of Theorem 2.3 to the proof of estimate (2.14). In
the spherical layer D3 \ Dy/s the coefficient matrix A(z) jumps at plane interfaces
which meet only at certain edges. Next we perform in D3\ Dy, a partition of unity
to isolate these edges. Let n be a cut—off function which isolates one edge. Then nv
satisfies in the domain Dy, :=suppn N (D3 \ Dy/3)

V-A@)V(pw)=V-h

with another right-hand side he LY(D,)3, and again we have ||]'_1:||Lq(D7,) <c (||§'||Lq(D,,)—|-
||'U||Lq(D7’)). Thus it remains to consider the localized problem

(2.16) V-Az)Vw=V-h, heL{(W)?,

where W either coincides with R? or is a wedge in R3, and the coefficient A is
constant on dihedral angles E; forming W and having the common edge M. In the
case of an exterior edge W # R3 the function w satisfies additionally w|sw = 0.

The regularity of the solution of the wedge problem (2.16) can be studied using
the integral representation by Green’s function, which is the topic of the next section.
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3. THE GREEN FUNCTION OF THE WEDGE PROBLEM

Consider a wedge W with the edge M = {(0,0,z3) : z3 € R}. In the case of an
interior edge we assume that R3® = W is divided into dihedral angles E; = e; X
R; (7 =1...n), where e; are open sectors in the z'-plane, z' = (21, z2), with vertex
at the origin. In the following weset e=e;U...Ue, and E = E; U...UE,. Then
~v = Oe consists of n rays 7y ..., originating at 2’ =0, and ' =90E =T, U...UT,
with T'; = v; x R. Given real symmetric positive definite matrices A; (7 =1...n),
we suppose that A(z) = A; for z € E; and consider the transmission problem

Lu= -V -Az)Vu(z) = f(z), z€E,

(31) e = 0, [Bosulr = 9(a), @€,

where 0,z i W v (v denotes the normal to the interfaces) and [-]r is the jump
across I'.

In the case W # R? the wedge is divided by the dihedral angles F; and has the
boundary OW = I'qUT,,. Here I' denotes the interfaces I' = T'; U...UT',,_;. Further
we introduce w = {z' : £ € W} with Ow =y Uy, and vy =y, U...U~yp_1. We have
to consider the transmission problem (3.1) completed with the boundary condition

(32) u|3W =0.
With (3.1) and possibly (3.2) we associate the sesquilinear form

B(u,v) & /A(az) Vu-Vodz
E
and the energy space H(E) which is the completion of C§°(W) in the norm

def 1/2
s = [ Velzzgey * ([ 1Vui?da) ™
E

By Hardy’s inequality we have for any fixed zqg € M

/ 12— 20| ?Jul dz < || VaulZags
E

so that each v € H(E) belongs to L2 _(W). Consider the variational problem corre-

loc

sponding to (3.1) and possibly (3.2)

(3.3) B(u,v):/fﬁdm—l—/gﬁda, ve H(E),

where u is sought in the energy space H(E). Since B(u,u) ~ ||Vu||z2, the problem
(3.3) generates a continuous linear operator from H(FE) into H(E)'. In particular,
if fe L2,,,(W)and g € L2,,,(T), then (3.1) resp. (3.3) have a unique solution

u € H(E).
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Theorem 3.1.
i) There ezxists a unique solution of the boundary value problem
L(0:)G(,§) = 6(z = £), z,{ € E,
(3.4) [G(z,&)]eer = [0uaG(2,E)]eer =0, £ € E,
G(z,8)lscow =0 if W#R?, (€ E,

such that the function

= (1= x(|e — €le™)G(=, )
belongs to H(E) for arbitrary fized £ = (€',&3) € E and € > 0. Here x is a smooth
function on [0, 00| satisfying x(t) =1 fort <1/2 and x(¢t) =0 if t > 1.
it) The function G is infinitely differentiable with respect to z,& € E,z # £, and
homogeneous, i.e. G(tz,té) =t G(z,£) fort > 0. For |z — & < man(|z'], |€']) the
estimate

(3.5) 6202G (2, €)| < cla — ¢~ 1118l

holds, where ¢ is independent of z and €.
i11) G is also the unique solution of the problem

[G(m7€)]f€1—‘ = [6V,AG(:E7§)]£€F =0, S E7
G(“’;f”feaw =0 'Lf W 7£ R37 z € E7

such that the function
€ (1= x(lz —&e™)G(x,€)
belongs to H(E) for arbitrary fized x € E and € > 0.

Proof. i) If Gy, G are two solutions of (3.4), then G = Gy — G, is infinitely smooth
in a neighbourhood of ¢ implying G e H(E) and hence G = 0, which shows the
uniqueness of G. To verify its existence, let £ € Ey, for example, and let & be either
the fundamental solution (if W = R?) or Green’s function for the Dirichlet problem
in the wedge W # R3 of the operator —V - A; V. Reducing this to —A by a suitable
unitary transformation and afterwards by a dilation with respect to each axis, it can
be checked that & satisfies the estimate (3.5). For W = R? this is obvious since

-1/2

&i(z, &) = c(a1|a:1 - 51|2 + as|zy — 52|2 + aslzz — 53|2)

with some constants ¢, a1, as,a3 > 0, whereas the estimate for Green’s function in
the wedge follows from [23, Theorem 8.4]. Making the ansatz

G(:Ii,f) = gl(maé-) + ’U(:E,f),
for fixed £ € E;, we observe that v solves the problem
V. A(@)Var(2, ) = f(2,6), w€F,
(3.6) w(z,&lr =0, [Ohav(z,&)leer = g(z,¢),
’U(:E,f)|zeaw = 0 lf W 7£ R3,
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with
fl,6)=0,z€ E1, f(z,8) =V, A2)Vi&i(z,€), 2€ E\ Eq,
g(maf) = _[6U,Agl(m7€)]z€1" .

To obtain a (unique) variational solution of (3.6) for fixed ¢ € E;, we have to
check that the corresponding right hand side of (3.3) generates a continuous linear
functional on H(E): Note that f and g are infinitely smooth on Ex N {|z| < 1} and
[r N {|z| < 1}, respectively, for any k. Moreover,

f(z, ) <cle =€ , lg(z, &) <cle—¢™
with ¢ independent of z and €. Then, with v € H(E)

|fv|de < c( |a:|2 )1/2( / |m|—4dm)1/2

En{lz[>1} En{lz[>1}
S C1||V'U||L2(E)

by Hardy’s inequality, which shows that v — fE fv is continuous on H(E). To
verify this for v — fF gv, we note that

/ |gv|da§c( / |r;J|2 da)l/z( / |m|_3d0)1/2,

rnfz|>1} rnflel>1} rnlz|>1}

where the last integral is finite and the first on the right hand side can be estimated
by c||Vv||Lz again; see [23, §1]|. The construction of G(z, £) for fixed £ € Ey, (k =
2...n)is analogous hence 7) is proven. Since (z,§) — v(€, z) is a solution of (3.6)
with , ¢ interchanged, we obtain assertion iii).

ii) The homogeneity of G follows from that of the boundary value problem (3.4)
and the uniqueness of G. To prove the estimates (3.5) we apply well known local
elliptic estimates for transmission problems; see [28] and [27]:

SetU={zeW:1<2'|<2},V={zeW:1/2 < |z'| <4}, andletu € H(E)
be the solution of problem (3.1), (3.2) resp. (3.3). Then we have for any integer
[>0

37 NV*ullraEro) < c(IV fllzz@avy + 19l ame o) + 11V 22 @0v)) -
Let 1 = |z — ¢] < min(|2'[,]¢]). By the homogeneity of G it is then sufficient
to verify the estimates |8;‘8§G(a:,f)| < cop. It is enough to prove this for z’ € U;

otherwise a translation with respect to z and £ in direction z’ may be performed.
Consider, for example, the relation

0 G(x, &) = 0f&1(x, &) + Ofv(z, &), &€ By,
where w(z, £) = 8ﬂ (z, &) solves the problem (3.6) with right hand sides

def

fi d_Efaﬂf(maé-)a g1 = gﬂg(maé-)
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Applying the estimates (3.7) to this problem, we obtain that for |z — | = 1 the
quantity

||6:w($;f)||L2(EnU)
is uniformly bounded for any multi-index a since
||v:lzf1||L2(EﬂV) and ||91||Hl+1/2(rnV)
are so for any [. Together with Sobolev’s imbedding theorem, this implies

sup  |O7w(z,¢)| < ca
|lz—¢|=1,2'€U

for any multi-index a. This finishes the proof of (3.5). O

3.1 ESTIMATES NEAR THE EDGE

Here we shortly recall the definition of the operator pencil II(A) associated with the
edge M = (0,0,z3): let » = |z'[,6 be polar coordinates in the z' plane and set

A;(a:) = A;- for ¢’ € ej, where A;- = (a,(cjl))k,lzl,z (Jl.)

and ag; are the entries of the matrix
A;. Consider the family of sesquilinear forms

of 1 _
(3.8) a(u,v; A) & Tog 2 N YVuU -V Vd
o

{1<|z'|<2}nW

where U = r*u(8),V = r*v(6) and u,v € H. Here H = H'(S') if W = R? and
H = H}(c), o = S'N'W, otherwise. The form (3.8) generates a continuous linear

operator II(A) : H — H' by

(3.9) (TN, v)s = au,v;)), u,v € H,

where (-,-), denotes the (extended) L?(c) duality. The spectrum of the opera-
tor pencil II(A) consists of isolated eigenvalues only (see Sect. 3.5 for a detailed
discussion). Let A; be the eigenvalue with the smallest positive real part and set

3\\ = Re )\1.
Theorem 3.2. For |z — ¢| > min(|z'|, |€'|) there holds the estimate

. . / ba / é
(3.10)  [8387,858% Gla, )| < c |a — 5|—1—|al—lﬂl—ﬂ—k( i ) ( €] ) g
Tomees [z —¢l/ Nz —¢]
where ¢ is independent of ¢ and €, b = 0, by = min(l,j\\) —|a|—¢€ fora#0 ande
18 an arbitrary small positive number.

Corollary 3.3. Foré < min(l,X) we have

|z — ¢ if l¢ = ¢| < min(|2'], [€']),

V.VeG(z,€)| < c ; i
VaVeG(a, )l {|m'|6-1|5'|5-1|m—5|-1-25 if |2 — & = min[a'], [¢']) -
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Proof. The first estimate follows from Theorem 3.1 72), whereas Theorem 3.2 implies
the inequalities

VarVeG(z,€)| < cla — €717 |21 €1,
0230, G (, €)| < cla — €77 |21 €1

for example. O

To prove Theorem 3.2, we follow the approach used in [24, Sect. 2| to obtain a
corresponding result for Neumann problems in a dihedron. We also refer to [11]
where the transmission problem with two isotropic materials, i.e. problem (3.1)
with n = 2 and scalar (but in general complex-valued) quantities A;, Ay has been
treated. The fact that in our case the sesquilinear form is coercive simplifies the
arguments of [11] at several places.

The proof of Theorem 3.2 relies on local estimates which will be discussed in the

next section.

3.2 LOCAL ESTIMATES NEAR THE EDGE

Theorem 3.4. Let o, € C(W) such that o = ¢. If u € H(E) is a solution of
problem (3.3) (with right hand side from H(E)') where f = 0 and ¢g = 0, then

for all integers k,1 > 0 and § > max(1 — A,0) the estimate
(3.11) &'+ 8;, V** 2 pul| 2y < ¢ [[$ullmm)
holds, where ¢ does not depend on u.

The proof of (3.11) for k = 0 is based on the following

Theorem 3.5. For fited R > 0 let w € H(E) be a solution of problem (3.1) resp.
(3.3) such that suppu C Bgr(0), f € L*(E) and g € HY*(T"). Then

102, ullz28) + [|0es Varullz2gmy + |||2'° Vel z2g)

(3.12) < ¢ (Ifllz2@) + lgllmrem),

where ¢ does not depend on f and g.

We proceed with the proof of Theorem 3.4, starting with the case £ = 0: assume
first [ = 0. Then we have
def

Llpu) = of+ Ve -AVu+ (V- -AVp)u = f

[pule = 0, [Bua(pu)lr = g — [(Av - Ve)ulr = g1,

oulaw =0 if W #R?,
Since pf = 0, pg = 0, the estimates
| fillzzgy < cllYulla@y ,  llallare < clldulae
hold, and (3.12) then implies
(3.13) 162, pullz2(m) + |02y Vo] p2(m) + ||2'*Vispull2(s) < [Yull i),
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hence (3.11) for k =1= 0.
Setting w = O, ¢pu, we obtain w € H(E) by (3.13), and w solves the boundary
value problem
(3.14) Lw=04f1, [wr=0, [Oaw]r =00
with homogeneous Dirichlet conditions if W # R3. From (3.13) one has the estimate

||6z3f1||L2(E)+||6z391||H1/2(1") > C{||‘9:zav901u||L2 ‘|‘||<9z3901u||L2(E)}
< clYullma

where ¢; € CP(W) is such that @190 = @, e, = ¢;. Applying Theorem 3.5 to
problem (3.14), this gives (3.11) for & = 0, [ = 1. Iterating this procedure, we
obtain Theorem 3.4 for £ = 0 and any [. Now we will treat the case k > 0: Setting
v = 8i3 wu, we have to deduce the estimate

(3.13) 12" 1*+*V 20 | 2y < cllvpul sy
from the already established bound
(3.16) 112" 1°V20] z2(m) < e llbul )

Let Uj={z e W: .27 < [z/| <127} and V; = {2 € W: 2777 < [/ <
c22_j} such that {Uj};o is an open covering of supp ¢ and {V}};o is another open
covering with U; C V; and V = U,;V; C supp ¢. Set U = U;U;. Using the local
elliptic estimates (3.7) (with f = g = 0) and a scaling argument, we obtain

||vk+2’U||L2(UJ-ﬂE) < ¢ 22j ||Vk'u||Lz(er1E)

for any k,j > 0. Multiplying this inequality by 2776**) and summing over 7, this
gives
(3.17) &' [*HEV** 20| L2 wnmy < ok |12/ VE0 || 2w ).

Now we have from (3.16) and (3.17) (for k£ = 1)
I|6+1v3 C||:IJI|6v2’U||L2(E)

cl[pullzz)

where we have applied Hardy’s inequality in the second last estimate. Furthermore,

from (3.16) and (3.17) (for k = 2) we obtain

22V ]| 2y < elll2'] V20l z2m) < cllvullm)

|z vllzm) < clll2'I* 7 Vollzvas)

<
<

Proceeding this way, one gets (3.15) for k > 2. O

3.3 PROOF OF THEOREM 3.2

To deduce Theorem 3.2 from Theorem 3.4 we proceed exactly as in [24, Sect. 2.5|
and first establish the following
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Lemma 3.6. Let 2o € W such that dist(zo, M) < 4. Moreover, let @, infinitely
differentiable functions with support in Bi(zo) such that v = 1 on supp ¢. If
u € H(E), Lu =0 in E N By(zo) and [Opaulr =0 on I'N By(x0), then
(3.18) sup [&'| 03,050 (x)u(z)] < cllullz(m)

z€E

where 84 1s defined as in Theorem 3.4 and ¢ does not depend on u and zo.

Proof. Consider first the case o # 0 and let é be a real number with max(1 —/)\\, 0) <
§ < 1. Then the estimates (3.18) can be written as
(319)  sup o [0 Bhp(e)u(e) < cpullugm, k21, 120

zeE
From Theorem 3.4 it follows that |2/|*t*8) V5 (ou)(-,z3) € L?(e) for all k,! and
almost all z3. Applying Sobolev’s theorem and Hardy’s inequality it can be shown
that

sup |71 8, Vii(ou)()| < ¢ sup [|'[*T*0%, Va2 (pu) (-, z3) | p2(e)
zeE z3ER
Moreover, using the continuity of the imbedding H*(M) — C(M) and Theorem 3.4,

the last expression can be bounded by
o120, V5 2 pulaqey + 100595 oull o) < clpulie
which gives (3.19).
Let now a = 0. By Theorem 3.4 we have z’ — [2'|°07 (ou)(2’,z3) € L*(e) for
almost all z3, and together with the imbedding result of [19, Lemma 7.1.3] this
implies

sgglai;(so u)(z)| < csup ||| - [°02, VZ(ou) (-, z3)| 12(e)

z3ER

Proceeding as in the case a # 0, we obtain (3.18). O

Proof of Theorem 3.2: Because of the homogeneity of G, we may assume that
|z — €] = 2, which implies max(|z'|, |¢'|) < 4. Let ¢ and 1 be infinitely differentiable
functions with support Bi(z) resp. Bi(€). Applying Lemma 3.6 to the function
0! 8%G(z, ), we obtain

(E3:E

(3.20) €'7% 103,050, 0 G (2, )| < c|[$(") 05,05 G (2, )| (e)

xr3 T xr3 T

Consider the solution u(z) = (¥(-)f(:),G(z, ))r of the variational problem (cf.

(3.3))
B(u,v) = (F,v)g, VYve€ H(E)
with F' € H(E)'. Since ¢ F vanishes in the ball B;(z), we conclude from Lemma 3.6
that
||~ |82, 05u(=)| < c|lpulla(my
Therefore, the mapping
H(E) 5 F = || %28}, 05u(e) = |2'| 7 (F(-),%()8:,05C(z, )5

xr3 T
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represents a continuous linear functional on H(E)' for arbitrary z € E, with norm
independent of z. This implies

[’ 7 ()07, 058G (z, Ml mm) < ¢,

which, together with (3.20), yields the desired estimate and finishes the proof of
Theorem 3.2. 0

The following subsections are devoted to the proof of Theorem 3.5 (which implies
Theorem 3.4) and to the spectral properties of the operator pencil II(}).

3.4 REDUCTION OF THEOREM 3.5 TO A 2D PROBLEM
Following the standard approach for elliptic problems in domains with edges, we
apply the partial Fourier transform F,,,, to the problem (3.1). Using the notation
A def ~
(1) % Fuymu(', 25) = (e, 7)
in the following, (3.1) then takes the form

L(n)u et Vo - NVt — 2in(a130, + 2305, )0 + n’aaaii f ine,

(3.21) [4)y =0, [Ouat + in(aisvs + asstn)t]l, =g on v, n€ER,
ulay =0 if w#R?,

where 0, 5/ def A1y Vg, N = (akl)k 12" Recall that w is the intersection of W with

the z'-plane and ax (k,l = 1,2,3) are the entries of A which are constant in each

sector e;. Since
Fz3.—>,,(AVu . Vﬁ) = A( Z;;lu ) . ( vf”;)

—nv

the sesquilinear form B transforms to

B(u,v;m) = &ef /(A'Vz:u Vot + 10 (2130, + agga,,;Z)

—’1/)’]5 (alga,,:l + CL236¢2 )’lAI, + nzaggﬁg)dm' .

Since A is positive definite (uniformly in ), for any 4 € C§°(w) we obtain the
estimate

(3.22) B(u,u;m) > ¢ / |V n € R.

With the variational problem (3.3) we can now associate the family of problems

(3.23) B(Mn):/%dmur §odo, Vi€ H(en), neER,

e v
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where the solution 4 is sought in the energy space H(e;n), which is the completion
of C§°(w) with respect to the norm

U U

Hem) = || Vertt||z2(e) + (7] L2(e)-

Let now u € H(E) be a solution of (3.1) with support in the ball Bg(0) such that
fel?, (R%*andge Hclfj/,ip(f‘). For every nn € R the function 4(n) then belongs to

comp

H(e;n) and satisfies (3.21) resp. (3.23). Furthermore, inequality (3.12) in the case
g = 0 is equivalent to

(324)  [l* @)l + [InVartis(m)lzage) + || |2'PVEGM) 2 < el f()llz2(e) »
for any n € R.

Remark 3.7. It is sufficient to prove (3.12) for g = 0. In the general case one may
choose uo € H(E) with compact support and such that ue|s, € H?(E;) for all 7,

uglr = 0 and [0, auolr = according to the trace theorem. Then u; Ll — Up
(o] , 9, g
solves the problem

Luy = f — Lug € L*(E), [wr=0, [Boaw]r=0

with homogeneous Dirichlet conditions if W # R3, and the desired estimate of
u = u; + ug follows from that of u;.

To reduce the estimate (3.24) to the case n = 0, we need the following result
which will be proved in the next section.

Theorem 3.8. Let u € H'(e) be a solution of the problem
L0)u = =VugA'Vu=f e,
(3.25) =0, el =g on 7,
ulow =0 if w#R?,
such that supp u C Br(0), f € L?(e) and g € H/?(v). Then the estimate

(3.26) e PV ulzage < {1 F 2 + glln e}
holds, where ¢ does not depend on f and g.

Proof of estimate (3.24) for n # 0: From
L(n)a(n) = f(n), [a(n)ly =0, [Buain)+ in(assvs + azswa)i(n)]y = 0

we obtain

L(0Ya(n) = f(n) + 2in(a138s, + a2305,)8(n) — n*assi(n) = ful(n),

[Bunr6(n)]y = —inl(ars1 + aasra)i(n)]y = g1(n).
Setting 0 = ¢ in (3.23) and using (3.22), this gives

1) z2(6) 160 |26y > Bl tin) > e{|IVaris(m)l3aqe) + 72 l1(n) 220}
> cn || Varti(n)| 22 (e) [|12(7)]] 22(e)-

(3.27)

(3.28)
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On the other hand, it follows from (3.27) and (3.28) that

[F1(m)lz2(e) < ellF ()l z2ce)
g1 (M a2 12y < enl| Vart(n)l|z2e) < el f(m)l]z2(e)-
Applying Theorem 3.8 to problem (3.27) then yields the bound
V2l < el Fllorers

which, together with (3.28), implies (3.24) for any 1 # 0. Thus we have reduced the
proof of Theorem 3.5 to that of Theorem 3.8. 0

Remark 3.9. As in Remark 3.7, one reduces the assertion of Theorem 3.8 to the
case g = 0.

3.5 PROOF OF THEOREM 3.8: REDUCTION TO A 1D EIGENVALUE PROBLEM

Consider the boundary value problem
(3.29) L(0)u = f,[u)y = [B,au]y =0 and uls, =0 if w# R?

and let u € H'(e) be a solution of (3.29) such that suppu C Bgr(0) and f € L*(e).
Passing to polar coordinates z' = (21, z2) = r(cos 8, sin 8) we have

V =V = (cos 00, —r 'sinf dp,sin 6 8, + r* cos § F)

and

r? L(0) = —rV - A'rV + (Vr) - A'rV
_ [ cos 070, —sinf O [ a1 an cos 870, — sin 8 Oy
(3.30) - sin@ 70, + cos 8 O a1y Qoo sin@ 70, + cosf O
cos 0 [ a1 an cos 870, — sinf Oy
T sin # a1y Qoo sin@rd, +cos80y |~
The transmission condition of (3.29) can be written in the form

[u’]ej =0 )
[rOunule, = [v - A'rVule, =

B —sin 8 [ e a2 cos 070, — sin 8 Oy _ 0
o cos 0 a1y Qg9 sin @70, + cos 8 O v o o
7
where the angle 6; corresponds to the ray v;, 7 = 1,...,n if w = R?% or j =
1,...,n — 1 otherwise.

(3.31)

Following Kondratiev’s method [17], we now apply the Mellin transform with
respect to the radial variable:

(A, 0) = /T_A_lu(r,ﬂ) dr, XeC.

R+
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Using (3.30) and the relation Tm = — A4, we obtain

———

r2L(0)u = — p(a11 5in® 6 — 2a;5 sin 8 cos 8 + agy cos® §)Bpt
+ A0 ((agg — ay1)sin @ cos 6 + a;5(cos® § — sin’ 0))'&
+ )\((agg — ay;)sin @ cos 8 + a;5(cos® § — sin’ 0))8912

— X*(ay; cos® 8 + 2a;1, sin 0 cos 8 + agy sin® 8)d.

Furthermore, taking the Mellin transform of (3.31) and using the notation g & rf
and

bo(6) &ef a1, cos? @ + 2aq5sinf cos § + azysin? b,

b2(6) &ef a118in? 8 — 2a15sin f cos § + aqy cos® 4,

b1(6) &ef (az2 — a11) sin @ cos 6 + a15(cos® § — sin®4)

the boundary value problem (3.29) can then be written as the following one-dimensional
problem with parameter A on o Ne:

~ def

H()\)u == —(991)28912 + )\69[)1’&, + )\blae’&, — >\2b0’&, == g,
(3.32) [Qle, =0, [b28sh — Abyiilg, =0, j=1,...,n if o=35",
orj=1,...n—1, and additionally a(6y) =u(6,)=0.
For fixed A € C, problem (3.32) generates a continuous linear operator II(A) : H —

‘H' via the sesquilinear form

def

(3.33) a(t, 7y \) = / (62051050 — by U0sD + AbyOgtit — A2botiD) df .

a

Note that II()) is just the operator pencil defined at the beginning of Sect. 3.1. We
now investigate its spectral properties.

Lemma 3.10. Let A = £ + i, [(| < C. Then there exist constants ¢ > 0 and
c1 = ¢1(C) such that

Re a(d, 35 3) > e (|05 3a() + 135
for alld € H and |n| > .
Proof. From (3.33) we have
Rea(d,a; A)

> / (ba|B6l? + (72 — €2)bolal? — 27y Im (Bpiiis)) db

a

> c / (2186l + n?bolil? — 2In] b1 16| ) d8 — o[ ooy -

a
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A straightforward calculation gives bybg — b2 = aji1a22 — a?,, and this quantity is
bounded from below (on o) by a positive constant since A’ is (uniformly) positive
definite. Therefore the last integral can be estimated from below by

¢ (186l z2(0) + n*[|llz2(s)) - 0
Corollary 3.11. II(}) is an analytic Fredholm operator function which has only
isolated eigenvalues of finite multiplicity. For |£| < C and sufficiently large |n| the
operator IL(X) (A = & + in) is invertible with the uniform bound
(3.34) ITL(X) 73]l z2(eno) + 2* (A TGl 22(0) < e Nl z2(0)-
Here the norm in H*(e N o) is defined by
ol azene) = vl + Y 11850l 2(e;00)-
3

If Ao is an eigenvalue of mazimal rank k, then in a neighbourhood of g the repre-
sentation

k

(3.35) I(A)™ = BA)+ > _ Bi(A— Xo)™
=1

holds, where By, ..., By are finite rank operators and

B(\): H*(ena) — L*(0)

18 an analytic operator function.

Proof. From a(@,4; A) = [ gt and Lemma 3.10 we obtain

011106t 2oy |1l 22y < € (106|320 + n°l1Elz2(0)) < €lldllzoey 1222 (o)
which implies
1°||dl|z2(e) + 11110 220y < €[22 (o)-
Moreover, from (3.32) and by > ¢ > 0 on o, we have
> 185 z2(e50) < € lldllzee)
3

which completes the proof of (3.34). The other assertions follow from standard
results on Fredholm operator functions; see e.g. [18, Appendix A|. 0

Lemma 3.12. If W # R3, then the line Re A\ = 0 contains no eigenvalues, otherwise
1t contains the single eigenvalue A = 0.

Proof. Let A = in (n € R) be an eigenvalue and ug an eigenfunction. From (3.33)
we have

0 = a(uo, uo;tn) = / (bg|89u0|2 + bon®|uol? — 2nby Im ((%uoﬂo)) dé

> ¢ (||Gsti]| £2 (o) + ?72||’&||?:2(a))
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cp. the proof of Lemma 3.10. This gives n = 0 and ug = const if o = S!, otherwise
the Dirichlet conditions imply ug = 0. 0

Proof of Theorem 3.8: Let u € H'(e) be a solution of problem (3.29) such that
suppu C Bg(0) and f € L%*(e), where R > 0 is fixed. We have to show that for

0<d<1,8 >1— X the estimate
(3.36) 17 V20| 12y < || fllz2(e)
holds, where c is independent of f. Recall that X =Re A1, where ) is the eigenvalue

of TI(A) with smallest positive real part. By Corollary 3.11 and Lemma 3.12 for
any sufficiently small ¢ > 0 the operator function II(A)~! is analytic in the strip
S={-e<Rel< Py e} obeying the bound (3.34) with the possible exception of
a neighbourhood of A = 0. By Lemma 3.12 this is the case if W = R? and then the
representation (3.35) holds. We set

(X, 0) =TI(\)7'g(A,8), reS,0co.
Note that g = 72 f has finite weighted L?- norm

I gllzae) < e(B) I Flzae  for any B> —2.
Let B such that —1 — 8 € S and 8 # —1. Denoting by vg the inverse Mellin

transform of ¥ on the line ReA = —1 — (3, we obtain as in [17] that vg solves the
problem (3.29) and satisfies the estimate

12V ?vg| 2y + 7 Vusllzage) + lIrvsllzege) < cllrgllze
<cl[fllzz(e)-
Note that the left hand side of (3.37) can be estimated from above by
) ) 1/2
([ AFIBO ey + 15O i) )
ReA=—1-8

which can be bounded by
5 1/2
([ 180y @) < el

Red=—1-8

(3.37)

using the estimate (3.34). Furthermore, since
||7ﬁu||Lz(e) < c||7ﬁ+1Vu||Lz(e) < c||Vullzeey, B> -1

by Hardy’s inequality, we obtain that u = v._; for some £ > 0 sufficiently small.
Hence, if II(A)~! is analytic in the strip S = {—¢ < ReX < 1 — § + ¢}, then also
u = vs_p and (3.37) gives (3.36).

Otherwise we use the Residue Theorem (see [17]) which gives the equation

(3.38) u=vvsa+ Y ci(g)¥ logi(r)u,(6),

0<j<k—1
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where 9 is a smooth cut—off function with ¢ = 1 on Bg(0), ug = 1 is the eigenfunc-
tion and u; (7 > 1) are generalized eigenfunctions corresponding to the eigenvalue
A =0 of II(A). Moreover, ¢;(g) are continuous linear functionals in the sense that
i (a)l < e (IF* gllzae) + 17 *gllz2 ()
Using (3.37) for 8 = § — 2 and the fact that uw € H'(e), we see that c¢;(g) = 0 for
7 > 1in (3.38), which implies the desired estimate (3.36) for u. O
3.6 VERIFICATION OF THE CONDITION (1.3)

We conclude this section with some remarks on the verification of the condition
(1.3), which is needed for our main regularity result (Theorem 2.3). For any operator
pencil II(A) of the form (3.32) corresponding to problem (2.1) near an interface or
boundary edge, we have to check that

(3.39) X=Re) >1/3,
where A; is the eigenvalue of II(A) with smallest positive real part.

Following [6], we may determine the eigenvalues of II(A) by using a solution basis
of the form
def def

(340)  9*(1,0) E (0t £ 1P, p(),0) X

on each arc e; N o, where

ei)\e(a—e—%e T 1)>\

y_ttB o —
ot = - , o =a
i—p
and ( is the root of the quadratic equation

azzﬁz +2a128+ a1 =0

satisfying Im 8 < 0, with the real constants a1, a1z = @21, as2 from (3.30). Thus we
have

1(asy — A) —a def
(22 ) 2, AZ (aniazs — d?y)

1/2

1
= ——(a1p +14), of =
b Q22 (212 +14) “ 1(az2 + A) + a1z

Moreover, we assume without loss of generality that all polar angles corresponding
to rays vy; satisfy 8; € (—m,7) and define the function z* occurring in (3.40) by
> exp(Alog(|z| + thargz), argz€ (—m, 7.
If all materials are orthotropic, we may assume that
a1 =1, a2 =0, azzztz

with some t > 0 on each sector e;. Then (3.40) takes the form

©T(X,0) = (tcosf +isind)*, (X, 8) = (tcosd —isinh)*.
Denoting the functions (3.40) on e; N o by cp;!E and inserting the ansatz

def

(,0()\,0) = C;—(P;—(A70)—|—CJ_(P]_(A70)7 b € €jﬂ0',j: L...,n
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into the homogeneous equations (3.32), we obtain a linear system
C(AN)z=0, =z= ((CJ‘-",CJ-_) c7=1,...,n),

for the unknown vector z € C**. Then the eigenvalues of II()) are given by the
roots of the transcendental equation

(3.41) det C(\) =

and by determining the location of its roots we may find lower bounds of the quantity
X. We refer to [6] for further discussion and algorithmic aspects. The explicit form
of equation (3.41) in the case of a pure transmission problem with two anisotropic
materials can be found in [14].

If all materials are isotropic, then (3.32) is a Sturm-—Liouville problem having only
real eigenvalues, and we refer to [26] for a detailed discussion of (3.41). Moreover,

from [26, Thm. 6.2] we obtain that condition (3.39) is fulfilled if additionally

(1) (3.32) is a pure transmission problem with at most three materials (i.e. n < 3)
and 6 < 3w /2, or

(ii) (3.32) corresponds to an interface problem with two materials and Dirichlet
conditions on the boundary, and 6 < 37 /2.

Here 6 denotes the maximal interior angle of the sectors e;.

4. PROOF OF THE LINEAR REGULARITY RESULT

Now we are in the position to study the L regularity of the wedge problem (2.16).
Its solution can be represented as

(4.1) /V G(z,y) - h(y)dy,

with the corresponding Green function G(z,y). Recall the definition of the number
Am given in Section 2. It is uniquely determined by the values of A(z) near M.

Theorem 4.1. If h € L4(W)3 with q € [2,2/(1 — B\\M)), then the solution of (2.16)

satisfies
IVwllzaw) < ellr]lzow

The proof of Theorem 4.1 follows from
Lemma 4.2. Let § € (O,B\\M). There exists a constant ¢ such that for anyr > 0

— |Vw|qda: < c |h|qda:
)”q‘,f—? /0 5 [ se) "o

(4.2) -
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where C, denotes the cylindrical layer C, f {z:r<|2'| <2r,zs e R}NW.

Proof of Theorem 4.1: We simply integrate the g-th power of the terms in (4.2) over
rdr. Then

d
/T T/TdT//|Vwr ,x3)|7df dzs = log2///|Vwr ,x3)|? 7 dr df dz5 .

To the terms at the second line of (4.2) we apply additionally Hardy’s inequality
which provides for g — ¢ < 2

o0 o0 o0 o0

- adp\ e - l/a d q
6—1 -2 q ap 1—g+qd q P

/rdr(r /(p /|h| daz) p‘s) / dr / /|h| daz) p5+2/q)
0 T Cp p

7 . Tdr [

< c/rl_q"'q&"'q_z_&q dr/|h|qda: = c/—r/|h|q dz
7
0 Cr 0 Cr

and for ¢ + ¢gé > 2 we obtain

e 5 N9 | —o—ab - /a dp \1
/rdr / /|h|qdaz p dp) = /7‘ q dr(/(/|h|qdaz) p2/q—5)
0 0 o ¢,
1-q—qé+q—2+4 Y dr Y
<c [ r ¥ dr [ |hl%dz=c | — [ |h|%dz. O
7
0 Cr 0 Cr

Proof of Lemma 4.2: Using (4.1) and the notation %udaz Lef -2 /udm, we split

Cr Cr
the integral on the left-hand side into three parts

(7[|Vw|qda;) " = (7[( / VaVyG(z, )] |f_£(y)| dys dy')qda:) e

Cr |y'|<r/4
R q 1/q
#(F( [ 199,600 ()] dndy') do)
Cr |y |>4r

1/9 4o
) YN+ L+ I,

+(7£‘vz / V,G(z,y) - Aly) dys

Cr r/a<|y’|<4r
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where & is extended by zero onto the whole space if W # R3. For the first and
second integral we have |z — y| > min(|z'|, |y'|), hence by Corollary 3.3

A (y)| dy' dys e\l
<
L <Lc (7[( / (l&' — y'| + |zs — y3|)1+25|m’|1—5|y’|1—5) da;)

Cr ly'|<r/4

c dys Ry, ys)| dy'\ 7\ /9
< d U d A 1 d3/1 7
_TH(IZ[ / (/ (|'] + |25 — ya|)1+2 / [y|2-2 )) ’

ly'|<r/4

where K, = {z': z € C,}. Denoting

|A(y', ys)| dy’
H(ys,r) = / |y’|—1‘5’

ly'|<r/4

the convolution integral is bounded by

dys
4 H
/ Z3 / (|m’|_|_ |$3—y3|)1+26 (y3,7’)
R

R
which implies together with Minkowski’s inequality

c dz' \1l/a 1/q
L < ,,,1—6( /|26q) (/ |H(y3,r)|qdy3)
R

|z
r/4
- g 1/q
: ][lh(y’,ys)l dy') dys)
K,

([ (]38
R 0

q

C
< W/|H(y3,7’)|qd’y3,
R

r/4 r/4
c c - 1/q
<= / s ][ ke, <5 [ oo (Flhera) "
0 ¢,

The second integral can be estimated by

h(y',ys)| dy 7\ 1/a
Py : Ay,
Iz >~ c(][dill /diEg ( / (|m/ o y/| + |:I:3 _ y3|)1+25|m’|1_5|y’|1_5) )

K. R ly'|>4r
h(y' d g\ 1/q
S 1c6(/dm3( / I | (y7y3)|1y26 7|1 6) )
T (ly'| + |za — ya|) 2 |y'|*~
R ly'[>4r

| /\

/dm /pdp/ Ry, ys)| dy’ ))1/'1
7,1 18 3 p—|—|a:3—y3 )1-|—26 :
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Applying again Minkowski’s inequality, we obtain similar to I;

c s |hy ys)| dy’ a 1/q
n< w/ o [ den ([t f G ) )

c 7 1 - g 1/q 7 p
< 15 /p‘sdpﬁ(/(][lh(y',ys)ldy’) dys < —5 I"dy
4r R K, 4r

To estimate the third integral I3, note that

t+r
7£|vw,(m)|qdm _ Zi/dt/dmg][ww,(m',mg)wdm' _ /dt][ YV, (2)|? dz,
'S
Cr R t—r Ky R Qrt

where
wy(z) def / V,G(z,y) - ﬁ(y) dy

r/4<ly’|<4r

and Q. o {z:2' € K,,t —r <23 <t+r} Nextwe split

def

][ V0, % < ][ Vo (wr — wy,)|dz + ][ Vaw | 2de < Ty +

Here we set

with
Q.. E{z:r/4 < |a| < dr,t—2 <z5<t+2r}.

If z € Qrtand r/4 < |y < 4r, |lys — t| > 2r, then again |z —y| > min(|z'|, |¥']),
and additionally |z' — y'| + |23 — y3| > ¢(|&'| + |z3 — y3|). Hence

- q
J = ][‘ / VaV,0(z,y) - hly) dy| dz

'r/4<|y |<4r
lys —t|>2r
<_°_ ( / |h(y)| dy )qdm‘
r(1-8)g (12| + |zs — ys|)1+2|y! |12
mEor/acly|<ar

lys —t[>2r
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Integration over t gives

c h(y)] dy :
[
[rosmwmf (| Gy
R

Cr  r/a<|y’|<4r

c dys Ry, ya)| dy'\ @
<« _° [ dz' | d ( 7—)
= p(1-d)g v / i / (|’£’| + |$3 - ysl)”” / |y'|1_6 ’
K, R R

r/4<]y’|<4r

and proceeding as in the estimation of the integral I;, we obtain

1/q 1/q 1/q
([t f 190 —woopraz) ™ = ([ )™ < 5 / an(Litra) ™
R Qe 2

r/4 Co

To estimate J,, note that by the homogeneity of Green’s function

/ iz / V.V,G(z,y) - h(y)

Qr,t Q"r‘,t
B TS/ d / vzvyG(may) ) E(T(y + (07 Oat))) dy ’
QI,O Q;,O

We can choose C* cut-off functions ¢(z) and ¥ (y) equal to 1 on @, , respectively
Q;.,O such that

G(z,y) = o(2)$(y)VaVyG(z,y)
satisfies the estimate
10205G (2, y)| < clz — y| 3171

for all z,y € R3. This follows easily from Theorem 3.1. Hence, G fulfills the require-
ments of a Calderon—Zygmund kernel (cf. [5]). To prove that the mapping

(4.3) /gmy

is a Calderon-Zygmund operator, it remains to show that K : L?(R%)3 — L?(R3)3
is bounded. For any g € L?*(R?)? the vector function g can be written as Kg(z) =
w(z)Vu(z), where u solves the partial differential equation

V- A@)Vu= V- (%),

and obviously
loVullz, < [|VullL, < ¢lldgllz, < lg]z, -
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Consequently, K € B(L(R3)3) for any 1 < g < 0o, and therefore

/dm /VzvyG(m,y)-ﬁ(r(y—l- (0,0,4))) dy|"

Ql,o Q;,O

_ i, g -39
= KRG+ (0,0, ) < e IFlE4 g

/dt][ Vw4 tde < c/dt][ Bi(y)|dy
R Q'r,t R "r‘,t

Hence

and therefore

1/q o 1/q
(Fvuas) " <c( F hwra)”+ / pdo (FRw)pay) . O
Cp

C, r/2<|y’|<4r r/4

5. THE NONLINEAR SYSTEM: ASSUMPTIONS7 EXACT FORMULATION OF THE
PROBLEM, FUNCTIONAL ANALYTIC TOOLS

Having Theorem 2.3 at hand, we will now develop the tools for solving the non-
linear equation (1.1) during the subsequent sections. We start this section by formu-
lating our assumptions on the coeflicient functions Jg, the right hand sides Ry and
the boundary values. Afterwards we give equation (1.1) a precise meaning between
appropriate spaces.

Definition 5.1. We define for k € {1,..., m} the operators
(5.1) —V -,V HY? — H M
as usual via the corresponding forms. The operator

H? S (41, ., 0m) — (=V i Veby, ..o, =V - um Vb)) € Hy M2
will be denoted by —divugrad.

Remark 5.2. For the restriction of these operator to an LP space, this definition
incorporates homogeneous Dirichlet conditions in the usual way (see [8] or [4]).

Assumption 5.3. We suppose that for each k the piecewise constant 3 X 3-matrices
pr generate an admissible decomposition of € (see Definition 2.2).

Remark 5.4. Theorem 2.3 guarantees for any k the existence of a number g > 3
such that the corresponding operator —V -y V provides a topological isomorphism
between Hy'® and H;“%. Furthermore, each of these operators is also an isomor-
phism between Hé’z and Ho_l’z. Interpolation (see Proposition 5.14 below) between
Hé’q’“ and Hé’z (Ho_l’q’“ and H0—1,27 respectively) then yields that the operator also
establishes an isomorphism between Hy? and H; V% if g € [2, qi].
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Definition 5.5. Let g € (3,4] be a number such that each of the operators —V -
1V, ..., =V - u, V provides a topological isomorphism between Hé’q and Ho_l’q.
We define p as the number ¢/2. Finally, we denote by D the domain of the operator
—divugrad when the range space is restricted to LP. D means the real part of D.

We will now formulate our assumptions on the operators Jx, Ry and the boundary
values. The reader will notice that the assumptions on Ry also include nonlocal op-
erators, which enlarges the class of possible applications considerably (see Example

2 below).

Assumption 5.6. i) For any k € {1,...,m} there is a twice continuously
differentiable mapping ( : [To, T1] X R™ — (0, 00) such that the operator

Ti : [To, Ty) x Hy? s H?
is given by
(5.2)  Jalt,u)(@) E Gltw(z),. . um(z), w=(u,.um), @€ Q.

ii) Ry maps [To, Ty] x Hg? into L%. Additionally, there is a constant 5 € (0,1)
and for any R > 0 a constant C(R) such that

(5-3) IRk(tr,%1) — Rie(tz, Yo)llzz < C(R) (1t — taf” + [[1 — 2l gg20)
for all (t1,%1), (t2,%2) € [To, Th] x Hg? and k = 1,...,m.

iii) We assume the existence of functions ®4,...,®,,
[To, T1] D t > ®4(t) € Hy?

such that the corresponding distributional derivatives —V - ui V@ are from
the space L and the mappings

(5.4) [To, Th] 3 t — ®x(t) € Hy”,
(5.5) [To, Th] 2 t = =V - ux V®(t) € LY
and
0
(5.6) [To, Ty 3 t 6—; €I?
are Holder continuous with respect to the index n. For any k € {1,...,m}

the function ®; represents the boundary conditions for ug in the sense of
traces; one has

(5.7) uk(t)|aa = Px(t)]sa-

In the sequel we will denote the function ¢ — (®1(¢),..., ®m(t)) by ®.

We now give two examples for mappings R:

Example 1 Let
S [To,Tl] x R™ x R3m|—> R
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be a function which satisfies the following condition: there is a positive constant
n and for any compact set X C R™ a constant T such that for any t;,t, €
[Ty, T1], a,b € K, d,e € R® the inequality

[S(t1,a,d) — S(t2, b, e)] < T[[ts — taf" + |a = blrm (|d[zsm + le[sm)
+ Tld — e[gom (|d|gem + |e[rsm)
holds. S defines a mapping R in the following way: for every u € C*®°(Q;R™) we
put
(5.8) Ri(t,u,Vu)(z) = S(t,u(z), (Vu)(z)) for z e
and afterwards extend R by continuity to the whole set [To, T1] X Hﬁgq.

Example 2 Assume v : R — (0,00) to be a positive, continuously differentiable
function. Further, let £ : Hg? — Hy? be the mapping which assigns to u € Hy?
the solution ¢ of the (inhomogeneous) Dirichlet problem

(5.9) —V - v(u)Ve = 0.
If one defines
R(u) = |V (L(u))?

then, under a reasonable supposition on the boundary value of ¢, R satisfies As-
sumption 5.6 ii).

This second example comes from a model which describes electrical heat conduc-
tion, see [3] and the references therein.

We will now present a formulation of the equations (1.1) and (5.7) which will
later enable us to prove local existence and uniqueness for the system under our
consideration:

Definition 5.7. Let Fy : [Ty, Ti] x Hy% — Hg? be defined by
Fe(t,w) = Jk(t,w + ®(1))
and the mapping X : [To, T1] X Hézf{ — L% be given by
Xe(t,w) = Re(t,w + ®(t), Vw + V®(¢)) .

Then we say that u is a local solution to (1.1) including the boundary condition
(5.7) if

v=u-®c C((T,,T],D)nC'((T,, T],L%) N C([T,, T], LE)
satisfies

5 0d
Tk Rt V)V - mVor = VE(t,V) - s Vo + Xa(t, w) — 6—tk

(5.10) Ot
+ Fk(t,v)v-ukV¢k+VFk(t,v)-,ukV<I>k, k= 1,...,m
on an interval (7o, T] and v(To) = ug — ®(70).
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In this definition an initial value problem for a system of operator differential
equations in the real space LE has been formulated. However, the methods for its
solution operate in complex Banach spaces, cf. Proposition 5.11. That’s why we
now pass over to a complex version of the problem. We start with the following

Definition 5.8. Let P : HY? — Hi’q denote the mapping onto the real part of
H'? which takes componentwise the real part of the function, and let @ : L% — LP
denote the canonical imbedding of the real space into the complex one. Further we
define for v € H'?

def def

Fie(t,v) = Fp(¢,Pv) and Xi(t,v) = QXi(¢, Pv).

For the sake of simplicity, we denote the complexified functions Q®; and the vector
(Q@l, ey Q@m) again by ®; and ®, respectively.

Remark 5.9. It is easy to see that the continuity properties of Fj and Xj carry
over to Fp and Aj.

Furthermore, in referring to the assumptions on Fj we also implicitly refer to
Remark 5.9. Thus, the complexified version of (5.10) reads as follows:

Problem 5.10. Find a function
v E C((T07 T]: D) N Cl((T07 T]: Lp) N C([Toa T]: Lp)

which satisfies

5 0d
9% _ Fi(t, V)V - uaVor = VFi(t,v) - px Vg, + Xi(t,v) — a—tk

(5.11) 0t
—I—J-"k(t,v)V-MkV(I)k—l—V}"k(t,v)-ukvcﬁk, k= 1,...,m
on an interval (7o, T] and v(To) = ug — ®(70).

For the convenience of the reader, we will now establish the functional analytic
background we will use in the following. We start by quoting Sobolevskii’s theorem
which will serve as the ultimate instrument for solving our quasilinear problem.
Then we continue with a resolvent estimate for elliptic operators on LP spaces and

finish this section with two interpolation results which will be needed in the next
section.

Proposition 5.11. [29] Let Aq be an operator on a (complez) Banach space X with
dense domain Dy. Assume that Ay admits the resolvent estimate

(5.12) sup (14 [2])[(Ao +2) " lsx) < oo.
ez>0

Suppose B > a and vy € dom(Ag). Additionally, let
[To, T1] x dom(Ag) > (¢,v) — A(t,v) € B(Do, X)
be a mapping satisfying A(To,vo) = Ao and
(5.13) [[(A(t1, A5%v1) — Altz, Ag%v2)) A5 [5x) < C(R) ([tr — ta|" + [lv1 — v2]|x)
for t1,ts € [To, T1] and ||v1]|x, |v2]|x < R.
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Finally, let
[To, T1] x dom(Ag) > (¢,v) — f(t,v) € X

be a mapping obeying the estimate
(5.14) 1£(t1, Ag%v1) — f(t2, Ag%vs) | x < C(R) ([tr — to|” + [lv1 — vel|x)
for t1,t2 € [To, Th] and ||vi]|x, [lve]|x < R.

If || ASvo||x < R, then there is a (nontrivial) interval [To, T such that the equation

0

(5.15) 5 FAGYE = (), o(T) = v

admits ezactly one solution on [Ty, T| which belongs to the space

C([To, T}; dom(A2)) N C*((To, T]; X) N C((To, T]; Do) .

The next result, which is proved in [12], says in essence that the operator Ao,
specified in Definition 6.1, satisfies the required resolvent estimate (5.12).

Proposition 5.12. [12]| Let A be a measurable function on Q with values in the set
of the real, symmetric 3 X 3 matrices which 1s essentially bounded, and assume that
def . .
A =essinf inf Alz)y-y>0.
2€ lyllgs =1 (=)
Let © be an LE(Q) function with positive upper and lower bounds O and Q, respec-
tively. Assume r € (1,00) and denote by Ay the restriction of the operator —V - AV
(including homogeneous Dirichlet conditions) to L™. Then the operator —© A, gen-

erates an analytic semigroup on L and satisfies the following resolvent estimate for
z with Rez > 0:

_ 6 I|A]| peo 1
1 A Ugim < — M
(5.16) [(©Ax + 2)" [|szr) < o ( A ,r) T2

where
M:(1,00) x (1,00) — (0,00)
18 locally bounded.

The subsequent proposition will allow us to substitute the domain of fractional
powers (including the corresponding graph norm) by a suitable interpolation space
between the domain and the Banach space (and vice versa).

Proposition 5.13. Let Z be a Banach space and B a densely defined operator on
X satisfying the resolvent estimate

sup (14 )[|(B +1)7[|s(z) < oo

te[0,00]
If9,0.€(0,1) and 9 < ¢ then
(5.17) [Z, dom(B)], — dom(B?)
and

(5.18) dom(BL) — [Z,dom(B)]s
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(the domains being topologized by a norm equivalent to the graph norm of the corre-
sponding operator).

Proof. The assertions are obtained from [33, 1.15.2, 1.10.3, 1.3.3|. O

Lastly, we will exploit the following interpolation result:
Proposition 5.14. [13]| Let v € (0,1),1 < po,p1 < 0o. Furthermore, suppose that
v#1/p=(0—=7)/po+7/p1. Then
(5.19) [LPo, HyP), = HY®.

6. THE NONLINEAR SYSTEM: EXISTENCE AND UNIQUENESS OF THE SOLUTION

In this section we will show that (1.1) has a (local) solution in the spirit of
Definition 5.7, which is also unique. Having an application of Proposition 5.11 in
mind, the outline of the section is as follows: first we define an operator valued
mapping A on [To, T1] x H"? the restriction of which later on becomes the operator
valued mapping A from Proposition 5.11.

Having fixed in particular the operator Ao within this procedure, we then prove
that dom(A§) continuously imbeds into Hcl)’q for suitably chosen a. Thus, the re-
striction of A to [Ty, T1] X dom(Ag) makes sense. Denoting this restriction by A, we
will then prove that A satisfies the suppositions from Proposition 5.11. Afterwards
we will show that the same is true for the right hand side of (5.11) what then enables
us to apply Proposition 5.11. Finally, we prove that the solution in fact belongs to
the corresponding real space.

Let us start with the following
Definition 6.1. We define a mapping

A [To, Tl] X Hl’q — B(D, Lp)
by putting for ¥ = (¢1,...,%m) € D

A, W)@, %) = (—FiE W)V 1 Viby, = Fonlt, W)V - i V).

Moreover, we set

Ao & A(Ty,uo — ®(Th)) .
Remark 6.2. This definition is justified because for any (¢, w) € [To, Ty] x H? the
function Fi(¢, w) is from H'? < L* and, hence, a multiplier on LP. Additionally,
any function Fi (¢, w) is bounded from below by a positive constant, cf. Definition 5.7

and Assumption 5.6.

As announced above, our first goal is to prove
Theorem 6.3. For every o € (3 + %, 1) the space dom(AS‘) (equipped with the

norm || A3(-)||te) continuously imbeds into Hy?.

For the proof we need the subsequent
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Lemma 6.4. Assume s = = — % and 7 =32 — L and set p = 7 — 5. Then for any

g 2
Iukv)gﬂ maps HO_"’2 continuously onto HO_T’z.

3
P
ke {1,...,m} the operator (—

Proof. First one observes that p is positive because ¢ > 3 and s is nonnegative
because p < 2. Secondly, the operator V - pxV generates analytic semigroups on
both, Hé’z and L2. Thus, powers of —V - uxV and —V - ux V|2 are well defined and

the usual rules for calculus hold. In this spirit, we consider the operators

BYE (=V . V)2 HY? s [

and
def

C=(-V - wV)V2: L* — Hy 2.
Clearly, we have
(B = (B = C°
By a well known theorem (see [33, Ch.1.15.2]), B¢ maps dom(B") isomorphically
onto dom(B?). On the other hand, B is positive and selfadjoint, what yields
dom(B") = [L?,dom(B)], = [L%, Hy?y, v =7,

(see [33, Ch.1.18.10]). Because these interpolation spaces are identical with HY"? (see
Proposition 5.14), B¢ provides a topological isomorphism between Hg? and HS?.
Hence, by duality, C? = (=V - uxV)#/? maps Hy >® isomorphically onto H, ™?. [

Proof of Theorem 6.3: Obviously, it suffices to show for all £ € {1,...,m} and
a € (% + %, 1) the existence of an imbedding
dom((—OV - uV)*) — Hy*

whenever © is a real L* function bounded from below by a positive constant. In
order to do so, we first notice that the definition of s and 7 yield the (continuous)
imbeddings

IP — Hy®® and H,™ — H;™,
(see [33, Ch.4.6.1]). Denoting by k; and s, the imbedding constants between the
corresponding spaces, we may estimate

[(=V- Mkv)g/z_lnlS(LP;Hé"’)
<M=V V) a2y 1=V - 1eV) am gy

< K1k [[(=V - Nkv)_1||B(Hgl"1;ng4) 1(=V- Nkv)g/znzs(H;“'Z;H;T'Z)'

The third factor is finite by Definition 5.5 and the last factor is finite by Lemma 6.4.
Thus,

dom((—V - ,ukV|Lp)1_9/2) — Hy".
Hence, if @ > 1 — p/2, then Proposition 5.13 implies

(6.1) [LP,dom(—V - uxV|r)]a — HyA.
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Because the domains of —V -y V| and —OV - px V| s are identical including the
equivalence of the corresponding graph norms, (6.1) gives

[LP,dom(—OV - uxV|rr)]a — HyA.

Another application of Proposition 5.13 then leads to the assertion of Theorem 6.3.
O

Before we can prove one key result which afterwards enables us to apply Sobolevskii’s
theorem, we have to reinforce the above assumption on the initial value ug:

Assumption 6.5. There exists a number 3 € (% + %, 1] such that
Up — (I)(TO) S [Lf@ D]ﬂ - [Lpap]ﬂ :

In the sequel we fix a number a € (% + %, B) and denote the imbedding constant
from dom(AS‘) into H? by «.
Definition 6.6. Let A be the restriction of A to [Tp, T1] X dom(Ag).

The reader should notice that the definition of A is justified by Theorem 6.3.

Lemma 6.7. Let M be a bounded set in dom(AS‘). Then there is a constant c,(M)
such that for any y1,y2 € M

(62)  [IFk(ts, ¥1) — Felte, y1)ll e < cr(M) ([tr — taf” + | ASy1 — ASyaller) -
Moreover,

(6.3) sup | Fe(t, ¥)||mre < oo
(t,y)€E[To,T1]xM

Proof. By Theorem 6.3, M constitutes a bounded set in H»9. Thus, applying Defi-
nition 5.7 we may estimate

||'7:k(t17}’1) - fk(tz,Y2)||H1,q

< || Tk(t1, Pyr + @(t1)) — T(ta, Pyas + ®(t2)) | mra-

If one brings Assumption 5.6 into play, one obtains a constant ¢(M) such that the
right hand side of (6.4) is not greater than

(6.5) (M) (ts — 2" + [Py1 + @(t1) — Pya — @(t2)[| 1) -

Let Ag denote the Holder constant of ® (cf. Assumption 5.6 iii); then we may
continue

(6.4)

< (M) (|t — 2" + Aalts — 2" + [[y1 — yallzrea)
< ¢(M) ((1+ As)ltr — to|" + 5[ ASy1 — ATy1[lLs).
The second assertion follows from the first. O

Theorem 6.8. The domain D of Ao (¢f. Definition 6.1) is dense in LP and A
satisfies the resolvent estimate (5.12). Additionally, A satisfies the estimate (5.13)
from Proposition 5.11.
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Proof. The density of the domain and the resolvent estimate (5.12) for Ag are implied
by Remark 6.2 and Proposition 5.12.

Let Br &ef {||lw|lLr < R} be the closed ball of radius R in LP. Clearly, the set
Ag®Bp is then identical with the R-ball in dom (AS‘) and, consequently, runs at most
through a bounded subset of H*? (cf. Theorem 6.3). Assume now t,ts € [To, T1]
and wy,wy € Br. If we denote A;*w; by y; and Ag%wsy by ya, then

[(Fre(ti,y1)V - eV — Filta, ¥2)V - e V) (Fe(To, uo — ®(To))V - ueV) 7|

= [(Fats,y1) = Flt2, ¥2) V- V)V - V)7 (Fi(To, w0 — @(To)) ||

1
<
~ inf fk(To, g — q)(To))

||'7:k(t17}’1) - fk(tz,}h)HLw ,

where the operator norm is taken in B(LP). Applying Lemma 6.7 and inserting for
Y1,Y2, one obtains the assertion. =

In order to apply Sobolevskii’s result for our quasilinear system, we still have
to prove that the right hand side of (5.11) satisfies the estimate (5.14) of Proposi-
tion 5.11. This will be done now:

Theorem 6.9. Let fi denote the mapping
[To, T1] x HY2 5 (¢, w) = (¢, (w1, ..., wm)) — VFr(t,w) - g Vg
(6.6)
+ Xk(t,W)) — q);c(t) + fk(t,W)v . ,Ll,kvq)k(t) + ka(t,w) . ,Ll,kvq)k(t) .

Then fr maps [To, T1] x H® into LP. Moreover, there exists a constant C(R) such
that

(6.7) I fe(tr, Ag®W1) — fu(ta, A W2)|ze < C(R) ([t — to|" + [W1 — W2 |Ls)
for any t1,t2 € [T,To] and any wi,wy € Br = {w : [|w||L» < R}.

Proof. The first assertion immediately follows from the estimates (6.4) and (6.5),
Definition 5.7 and the assumptions on the mappings Ry and the functions ®j (see
Section 5).

To prove the second assertion we put y = A;%w; and §y = A;%w, with wy, wy €

Bgr. Then one has
1 fe(t,y) = fe(te, 9)llze < [[@r(t1) — i (t2)l e
+ || VFe(t1,y) - s Vyr — VFi(t2,¥) - Vi ||zv
(6.8) + ([ Xt y) — X(ta, 9)||ze
+ [ Fe(t, ¥)V - ueVOx(t1) — Filt2, ¥)V - eV i (t2) || e
+ || VFr(t1,y) - i VOr(t1) — VFi(t2, ) - e VOi(t2) ||z -
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We consider the terms on the right hand side of (6.8) separately and show that each
of them has an upper bound of the form

(6.9) C (Jtr — ta" + | Ay — ATF|ILe) -

For the first term this follows directly from Assumption 5.6 iii), whereas the
second term can be estimated as follows:

< |\ V(Fr(tr,y) — Fulta, §)) - e Vyrlle + |V Fr(ta,¥) - 46V (ye — Ge) | e

< | Fete,y) = Falta, ¥)llmra sup [|pa(z)llses) [[y]les

zed
+ | Fr(t, 9)l mr.s sup k()| Bsy Iy — ¥l m2e-
z€

Taking into account the imbedding dom (AS‘) — H'? and again applying Lemma 6.7,
this sum may be estimated by (6.9).

By Assumption 5.6, the third term may be bounded by
C(As™Br)([ts — to|" + [ly — ¥ lr2e)
< C(A;*Bgr) max(1, k) (|t1 — "+ || Ay — AS‘S’||LP) :

Moreover, the fourth term may be estimated by

[ Fe(te,y) — Felte, ¥)llze |V - peVr(t1)]| e
[ Frlte, ) (V- e VOR(8) = V- e VOi(22)) [ s -

Then another application of Lemma 6.7 and Assumption 5.6 yield an estimate of

the form (6.9).
Finally, the fifth term is not greater than

IV (F(ts,y) — Falte, §)) - iV i(t1)|| 2o
+ [[VFe(t2,9) - eV (Pr(t1) — Bi(t2)) | 1o

S 7t y) = Felta, P)llee sup llue(e)lse) sup [19e(t)llmys
z€

te[To,T1]
+ sup |k (2) 3oy sup | Fr(t, y) e | a(t1) — Pr(ta)l| e
z€

where the last supremum is taken over (¢,y) € [To, T1]x Ag*Bgr. Applying Lemma 6.7
together with Assumption 5.6 yields the desired estimate for the last term. If one
inserts for y and ¥, one obtains the assertion. O

After these preparations we can formulate our final result:

Theorem 6.10. Problem (5.10) admits ezactly one solution v, which is from

C([To, T), dom(A2)) N C((To, T, P) N C*((To, T], LP)
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with T € (To, T1).
The function u LV +® is then a solution of (1.1) in the sense of Definition 5.7.

Proof. Assumption 6.5 together with Proposition 5.13 gives
V(To) = Ug — q)(To) € dOl’l’l(Ag)

whenever v < (. Thus, the first assertion is implied by Proposition 5.11, Theo-
rem 6.8 and Theorem 6.9.

Furthermore, it is easy to see that the complex conjugate Vv = (v1,...,7;) is also
a solution of (5.11) and has the same initial value. Hence, ¥ and v must coincide.
Thus, v takes its values in R’ and also satisfies (5.10), what proves the second
statement. U
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