Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Convergence towards equilibrium of Probabilistic Cellular Automata

Pierre-Yves Louis^{∗1}

submitted: 10 March 2003

1 Technische Universität Berlin Fakultät II:

Mathematik und Naturwissenschaften Institut für Mathematik Strasse des 17. Juni 136 10623 Berlin E-Mail: louis@math.tu-berlin.de

No. 823 Berlin 2003

WIAS

1991 Mathematics Subject Classification. 60G60 60J10 60K35 82C20 82C26 37B15.

Key words and phrases. Probabilistic Cellular Automata, Interacting Particle Systems, Coupling, Attractive Dynamics, Stochastic Ordering, Weak Mixing Condition, Ergodicity, Exponential rate of convergence, Gibbs measure .

∗ Supported by Deutsche Forschungsgemeinschaft via Graduiertenkolleg 251 “Stochastische Prozesse und Probabilistische Analysis”.

The author thanks the Weierstrass Institute for Applied Analysis and Stochastic for helpfully support.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We first introduce some coupling of a finite number of Probabilistic Cellular Automata dynamics (PCA), preserving the stochastic ordering. Using this tool, and under some assumption (A) we establish ergodicity for general attractive probabilistic cellular automata on S^{Zd}, where S is finite: this means the convergence towards equilibrium of these Markovian parallel dynamics, in the uniform norm, exponentially fast. For a class of reversible PCA dynamics on {−1, +1}^{Zd}, with a naturally associated Gibbsian potential φ, we prove that a Weak Mixing condition for φ implies the validity of the assumption (A); thus the ‘exponential ergodicity’ of the dynamics towards the unique Gibbs measure associated to φ holds. On some particular examples of this PCA class, we verify that our assumption (A) is weaker than the Dobrushin-Vasershtein ergodicity condition. For some precise PCA, the ‘exponential ergodicity’ holds as soon as there is no phase transition.

Contents

1 Introduction 2

2 Stochastic order preserving coupling of PCA 3 2.1 Definitions and general assumptions . . . . . . . . . . . . . . . . . . . 3 2.2 Increasing synchronous coupling of PCA . . . . . . . . . . . . . . . . 6 2.3 Comparison of finite & infinite volume PCA . . . . . . . . . . . . . . 8

3 Ergodicity for attractive PCA dynamics 10 3.1 Stationary measures . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.2 Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.3 Proof of the main result . . . . . . . . . . . . . . . . . . . . . . . . . 14

4 Reversible PCA dynamics on {−1, +1}^{Zd} 22 4.1 Class C_0 of PCA dynamics on {−1, +1}^{Zd} . . . . . . . . . . . . . . . . 22 4.2 Ergodicity under Weak Mixing condition . . . . . . . . . . . . . . . . 23 4.3 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1 Introduction

The main feature of Probabilistic Cellular Automata dynamics (usually abbreviated in PCA) is the parallel, or synchronous, evolution of all the coordinates or interacting elementary components. They are precisely discrete-time Markov chains on a product space S^Λ (configuration space) whose transition probability is a product measure. In this paper, S is assumed to be a finite set (so called spin space), and Λ (set of sites) a subset, finite or infinite, of Z^d. The fact that the transition probability kernel P (dσ|σ^′) (σ, σ^′ ∈ S^Λ), is a product measure means that all spins {σ_k : k ∈ Λ} are simultaneously and independently updated (parallel updating). This transition mechanism differs from the one in the most common Gibbs samplers, where only one site is updated at each time step (sequential updating). In opposition to these dynamics with sequential updating, it is simple to define PCA’s on the infinite set S^{Zd} without passing to continuous time.

Probabilistic Cellular Automata were first studied as Markov chains in the 70’s under the name locally interacting Markov systems or discrete local Markov systems. Most of these results may be found in [30]. They were also called synchronous dynamics by D. Dawson (see [4]). The terminology used here arose with [11]. We refer to [23] for detailed historical informations and list of possible applications of Cellular Automata dynamics.

In this article we will focus on local PCA i.e. each site interacts at each time only with a finite number of neighbouring sites and non degenerate PCA, whose local behaviour is never deterministic. Let us however first mention some recent works on other probabilistic cellular automata classes. In [7], the non-Gibbsian nature of equilibrium state of a degenerate PCA is established. In [25] numerical simulations’ investigation for this model is done. In [10, 14], some non-local PCA are studied and applied to mathematical finance, following the idea introduced by Föllmer in [8, 9], to use PCA as random media for financial stochastic models. For PCA dynamics considered in this paper, an application to credit risk modelling is in preparation.

The main purpose of this article is to study the convergence towards an equilibrium state of PCA dynamics on S^{Zd} where S is a finite totally ordered set. The expression ‘equilibrium state’ designs a stationary probability measure ν on S^{Zd} characterised by the relation νP = ν with the notations defined below. As usual, the Markov process P is said ergodic if it exists a unique stationary measure ν such that for all initial measure π on S^{Zd}: lim_{n→∞} πP^{(n)} = ν, for the weak convergence topology. A slightly stronger definition of ergodicity, which will be satisfied here, is: it exists a unique stationary measure ν such that for all local function f,

lim_{n→∞} sup_σ | | | ∫ f(ω(n)) P ( dω(n) | ω(0) = σ) − ∫ f dν | | | = 0, or equivalently:

lim_{n→∞} sup_{σ,η} D ( P ( ω(n) ∈ . | ω(0) = σ ) , P ( ω(n) ∈ . | ω(0) = η )) = 0, where D is a distance on the probability measures set compatible with the weak convergence topology.

Let us emphasise that the non-degeneracy hypothesis implies that the asymptotical behaviour of PCA dynamics on S^Λ where Λ ⋐ Z^d (called finite volume PCA dynamics) is perfectly known. It is a classical result for finite state space aperiodic irreducible Markov Chains. Such discrete time processes admits a unique stationary probability measure, and are ergodic. However, if the PCA dynamics is considered on S^{Zd} (infinite volume dynamics), some non-ergodic behaviour may arise (see for instance example 2 section III in [16]). The most famous condition which insures ergodicity of the PCA dynamics on S^{Zd} is due to Dobrushin and Vasershtein’s work (see [5, 31]), and applies in the high-temperature regime. Others conditions of ergodicity for general PCA can be found in the following works: [28, 18, 15, 26, 24]. See for instance Sections 6.1.2 and 6.1.3 in [23] for details. They all are effective when some high-temperature condition holds or in some perturbative cases.

We will here adopt another approach, partially inspired by Martinelli and Olivieri’s work for a class of continuous time Interacting Particle Systems called Glauber dynamics (see [27]), and based on a famous statement of Holley about rate of convergence ([13]).

In section 2, we develop some coupling of a finite number of Probabilistic Cellular Automata dynamics, preserving the stochastic ordering (Theorem 2.3). In section 3, we then establish four equivalent conditions, sufficient to insure ergodicity for attractive probabilistic cellular automata (first part of Theorem 3.4). Moreover, under the assumption (A), we establish our main result (second part of Theorem 3.4): convergence towards equilibrium in the uniform norm, with an exponential rate. It will then be illustrated in section 4, on a class of reversible PCA dynamics on {−1, +1}^{Zd}, associated in a natural way to a Gibbsian potential φ. We prove that Weak Mixing condition for φ implies the validity of this assumption (A), thus the ‘exponential ergodicity’ of the dynamics towards the unique Gibbs measure associated to φ holds (Theorem 4.3). For some precise PCA of this class, we verify that our assumption (A) is weaker than the Dobrushin-Vasershtein ergodicity condition and note that the exponential ergodicity holds as soon as there is no phase transition.

2 Stochastic order preserving coupling of PCA

2.1 Definitions and general assumptions

Let the spin space S be a finite set, with total order denoted by ⩽. Let P denotes a PCA dynamics on the product space S^{Zd}, which means a time-homogeneous Markov Chain on S^{Zd} whose transition probability kernel P verifies, for all configuration η ∈ S^{Zd}, σ = (σ_k)_{k∈Z}d ∈ S^{Zd}, P ( dσ | η ) = ⊗_{k∈Zd} p_k( dσ_k | η ), where for all site k ∈ Z^d, for all η, p_k( . |η) is a probability measure on S, called updating rule. In other words, given the previous time step (n − 1), all the spin values (ω_k(n))_{k∈Z}d at time n are simultaneously and independently updated, each one according to the probabilistic rule p_k( . | (ω_k(n − 1))_{k∈Z}d). For any subset Δ of Z^d, and for all configurations σ and η of S^{Zd}, the configuration σ_Δη_Δc is defined by σ_k if k ∈ Δ, else η_k. Let the notation σ_Δ design (σ_k)_{k∈Δ} too. Let Λ be a finite subset of Z^d, which is denoted by Λ ⋐ Z^d. We call finite volume PCA dynamics with boundary condition τ (τ ∈ S^{Zd} or τ ∈ S^{Λc} ), the Markov Chain on S^Λ whose transition probability P^τ_Λ is defined by:

P^τ_Λ(dσ_Λ | η_Λ ) = ⊗_{k∈Λ} p_k( dσ_k | η_Λτ_Λc ).

It may be identified with the following infinite volume PCA dynamics on S^{Zd}:

P^τ_Λ (dσ | η_Λ ) = ⊗_{k∈Λ} p_k( dσ_k | η_Λτ_Λc ) ⊗ δ_{τΛc} (dσ_Λc ) (2.1)

where the spins of Λ evolve according to P^τ_Λ , and those of Λ^c are almost surely ‘freezed’ on the value τ.

Let us then recall some usual notations. For ν probability measure on S^{Zd} (equipped with the Borel σ-field associated to the product topology), νP refers to the law at time 1 of the PCA dynamics with law ν at time 0, in other words νP (dσ) = ∫ P (dσ|η)ν(dη). Recursively νP^{(n)} = (νP^{(n−1)})P is the law at time n of the system evolving according to the PCA dynamics P and initial law ν at time 0. For each function f on S^{Zd}, P (f) denotes the function defined by P (f)(η) = ∫ f(σ)P (dσ|η).

In the sections 3 and 4, PCA dynamics studied are non degenerate ones. It means the following condition holds: ∀k ∈ Z^d, ∀η ∈ S^{Zd}, ∀s ∈ S, p_k( s | η ) > 0 . (2.2) PCA dynamics are said to be local if ∀k ∈ Z^d, ∃ V_k ⋐ Z^d, p_k( . |η) = p_k( . |η_{Vk} ), that is the probabilistic evolution rule p_k depends only of the spin values of the finite number of the ‘neighbouring sites’ in V_k. PCA considered in sections 3 and 4 will be assumed to be local.

A PCA dynamics P on the infinite volume space S^{Zd} is said to be translation invariant (or space homogeneous) if the following condition holds: ∀k ∈ Z^d, ∀s ∈ S, ∀η ∈ S^{Zd}, p_k( s | η ) = p_0( s | θ_{−k}η ) , where θ_{k0} (σ) defines the translation of a configuration σ of S^{Zd} with θ_{k0} (σ) = (σ_{k−k0} )_{k∈Z}d. PCA dynamics will in sections 3 and 4 be assumed to be translation invariant too.

Let us now defined some notions of stochastic ordering ≼. Two configurations σ and η of S^Λ (with Λ ⊂ Z^d) are said to satisfy the stochastic ordering σ ≼ η if ∀k ∈ Λ, σ_k ⩽ η_k. A real function f on S^Λ will then be said to be increasing if σ ≼ η implies f(σ) ⩽ f(η). Thus two probability measures ν_1 and ν_2 satisfy the stochastic ordering ν_1 ≼ ν_2 if, for all increasing functions f on S^Λ, ν_1(f) ⩽ ν_2(f), with the notation ν_i(f) = ∫ f(σ)ν_i(dσ). As Markov chain, a PCA dynamics P on S^Λ (Λ ⊂ Z^d) is said to be attractive if for all increasing function f, P (f) is still increasing. Let us define too, for s ∈ S, σ ∈ S^Λ, the function G_k(s, σ) by: G_k(s, σ) = ∑ s^′⩾s p_k(s^′|σ), (2.3)

and note that G_k(s, σ) is always a decreasing function in s since G_k(s, σ) = ∫ 11_{{s}′_{:s}′_{⩾s}}(s^′) p_k(ds^′|σ) = 1 − F_k(s, σ), where F_k(s, σ) is the repartition function of p_k(.|σ). Then we state the following proposition which announce some equivalent definitions of attractivity:

Proposition 2.1 Let P be a PCA dynamics on S^Λ (where Λ ⊂ Z^d). The attractivity of the dynamics P is equivalent to each one of the following assumptions:

(i) for all probability measures ν_1 and ν_2: ν_1 ≼ ν_2 ⇒ ν_1P ≼ ν_2P ;

(ii) for all (σ, η) configurations of S^Λ, σ ≼ η implies P ( . | σ ) ≼ P ( . | η ) ;

(iii) for all (σ, η) such that σ ≼ η, ∀k ∈ Λ, p_k( . | σ ) ≼ p_k( . | η ) ;

(iv) for all k in Λ, and all value s ∈ S, the quantity G_k(s, σ) defined by (2.3) is increasing in σ.

Proof is a straightforward generalisation of Proposition 2.3.4 in [23] where the case S = {−1, +1} was treated.

Note that the last two characterisations use the product form of the transition probability kernel of a PCA. Moreover, when S = {−1, +1}, the last condition is equivalent to: ∀k ∈ Λ, ∀σ, η ∈ S^{Zd} such that σ ≼ η, p_k(+1|σ) ⩽ p_k(+1|η). Remark the obvious but important fact, that when P is attractive then,

ν_1 ≼ ν_2 ⇒ ν_1P^{(n)} ≼ ν_2P^{(n)}, ∀n ∈ N^∗ .

2.2 Increasing synchronous coupling of PCA

Coupling techniques for stochastic processes are now established powerful tools for the analyse of the time asymptotic behaviour of Interacting Particle Systems (see for instance [19]). It means the construction of a probability space on which several dynamics may evolve at the same time. The original idea for general coupling techniques and their applications comes from the pioneer work of Doeblin ([6]). See the references [21, 20] for more detailed informations. Here we construct in a new way a coupling of a finite number of (possible different) PCA dynamics which will be a PCA dynamics too and which has the property to preserve stochastic ordering. As far as we know, this kind of coupling was only mentioned in the following works: Steif (see [29]) defines such a coupling but just for two PCA and S restricted to {−1, +1}; and Lopez and Sanz (see [22]) proposed a general-but not easy to useapproach. In both of those works, none of the properties we need were studied. Moreover we give in this section a simple way to construct such a coupling which is efficient for numerical simulations’ algorithm.

By coupling of two time homogeneous Markovian dynamics P and P^′ defined on a state space E we mean a Markov Chain Q on E × E, such that marginal dynamics coincide respectively with P and P^′. Generalisation to coupling of a finite number of Markovian dynamics follows easily. A particular important case for coupling PCA dynamics is when Q has a PCA form too. Let P^1, P^2, . . . , P^N be N probabilistic cellular automata dynamics, each P^i being defined on S^{Zd} thanks to its updating rule (p^i_k)_{k∈Z}d. We call synchronous coupling of the PCA dynamics P^1, P^2, . . . , P^N a Markovian dynamics Q on (S^{Zd})^N , coupling of the (P^i)_{1⩽i⩽N} , which is a PCA dynamics too. It means that Q’s updating rules (q_k)_{k∈Z}d are such that: ∀i ∈ {1, . . . , N}, ∀s^i ∈ S, ∀ζ^i ∈ S^{Zd}, p^i_k(s^i | ζ^i) = ∑ s^j ∈S,j≠i q_k ( (s^1, . . . , s^N ) | | (ζ^1, . . . , ζ^N )). For instance, the trivial independent product case: ∀(s^1, s^2, . . . , s^N ) ∈ S^N , q_k ( (s^1, . . . , s^N ) | | (ζ^1, . . . , ζ^N )) =^{i=N} ∏ i=1 p^i_k(s^i | ζ^i),

defines a PCA dynamics Q which preserves the independence of each dynamics P^i on each component. However, this kind of synchronous coupling is not rich enough for our purpose. To study ergodicity, a coupling which has the coalescence property is indeed more convenient. It means, if it exists a time n_0 and a realization ω, such that two components i and j (i < j) coincide (ω^i(n_0) = ω^j(n_0)), then, for all successive time n ⩾ n_0, these components will almost surely remain equal, and more exactly: ∀n ⩾ n_0, ∀l, i ⩽ l ⩽ j, ω^i(n) = ω^l(n) = ω^j(n). It is easy to see that a preserving stochastic ordering coupling will have this property, emphasing the fact that with this coupling dynamics the evolutions on each components are strongly correlated.

Before establishing the main result of this section, we introduce a notion of order between N PCA dynamics on S^{Zd}.

Definition 2.2 Let (P^1, P^2, . . . , P^N ) be a N-uple of PCA dynamics where N ⩾ 2 and P^i = (p^i_k)_{k∈Z}d (1 ⩽ i ⩽ N). It is said increasing if:

∀k ∈ Z^d, ∀(ζ^1, ζ^2, . . . , ζ^N ) ∈ (S^{Zd})^N tel que ζ^1 ≼ ζ^2 ≼ . . . ≼ ζ^N , ∀s ∈ S

G^1_k(s | ζ^1) ⩽ G^2_k(s | ζ^2) ⩽ . . . ⩽ G^N_k (s | ζ^N ),

where, according to (2.3), G^i_k(s, σ) = ∑ s^′⩾s p^i_k(s^′|σ). A fundamental example of an increasing N-uple of PCA dynamics is: if P is an attractive PCA dynamics then for all N ⩾ 2, the N-uple (P, P, . . . , P ) is increasing.

Here is now the statement:

Theorem 2.3 Let (P^i)_{1⩽i⩽N} be N probabilistic cellular automata dynamics on S^Λ. It exists a synchronous coupling written P^1 ⊛ P^2 ⊛ . . . ⊛ P^N which preserves the stochastic order as soon as (P^1, P^2, . . . , P^N ) is an increasing N-uple; that is to say: for all initial configuration (σ^1, . . . , σ^N ) such that σ^1 ≼ σ^2 ≼ . . . ≼ σ^N and for all time n ⩾ 1, P^1 ⊛. . . ⊛P^N ( ω^1(n) ≼ . . . ≼ ω^N (n) | | (ω^1, . . . , ω^N )(0) = (σ^1, . . . , σ^N ) ) = 1. (2.4)

Such a coupling P^1 ⊛ P^2 ⊛ . . . ⊛ P^N will be called increasing synchronous coupling of (P^1, P^2, . . . , P^N ).

Proof: We explain here the way to construct explicitly the coupling P^1 ⊛P^2 ⊛. . .⊛ P^N , the fact that it preserves stochastic ordering is then easy to check. Because S is a totally ordered set, let us enumerate the spin set elements with: S = {−, . . . , s, s + 1, . . . , +}, where + (resp. −) denotes-symbolically-the maximal (resp. minimal) of S, and ’s+1’ denotes the successive element of s according to the increasing (⩽) enumeration.

Let n be a fixed step time. We now explain how to construct the configuration (ω^1, . . . , ω^N )(n + 1), knowing the configuration (ω^1, . . . , ω^N )(n). Let (U_k)_{k∈Λ} be a family of independent identically distributed uniform laws on [0, 1]. Since we are constructing a synchronous coupling, it is enough to precise the rule for a fixed site k ∈ Λ. Let call r a realization of the random variable U_k. Use the following algorithmic rule to choose the value ω^i_k(n + 1) for any i (1 ⩽ i ⩽ N):

if G^i_k(s + 1, ω^i(n)) ⩽ r < G^i_k(s, ω^i(n)) then assign ω^i_k(n + 1) = s . (2.5)

Note that G^i_k(+, ω^i(n)) = p^i_k(+|ω^i(n)) and G^i_k(−, ω^i(n)) = 1.

Remark that the stochastic dependence between the components i comes from the fact that we use the same realization‘r of U_k for all the components. ■

It is clear that if all the PCA dynamics (P^i)_{1⩽i⩽N} are moreover local then the coupling P^1 ⊛ P^2 ⊛ . . . ⊛ P^N is local too. And if each P^i is translation invariant, so is the coupling. Note however, that even if the P^i are non degenerate PCA dynamics, in general the coupling is far from being non degenerate, because of the strong correlation between the components.

Pay attention to the following compatibility property, easy to check (see Proposition 5.3.1 in [23]), that the introduced coupling presents. Let N and N^′ be two integers such that 1 ⩽ N < N^′. Let (P^1, . . . , P^{N ′} ) be N^′ PCA dynamics. The projection of the coupling P^1 ⊛ P^2 . . . ⊛ P^{N ′} on any N components coincides with the direct coupling of these N dynamics. In particular, when theses dynamics are identical (let us say, to P ), the marginal of P^{⊛N ′} on N components chosen in {1, .., N^′} is the same as the coupling P^{⊛N} . Using this property, from now on, the notation IP will denote the coupling P ⊛ P ⊛ . . . ⊛ P of N times the same PCA dynamics P , where N will be a finite large enough number. It means:

IP = P^{⊛N} . (2.6)

Moreover, if P is attractive, then, using Theorem 2.3, we known that the coupling IP will preserve stochastic ordering.

2.3 Comparison of finite & infinite volume PCA

In order to study, in section 3, the behaviour of a PCA dynamics P on S^{Zd} using finite volume associated dynamics P^τ_Λ on S^Λ with Λ ⋐ Z^d, we need some preliminary remarks and establish three lemma.

Remark first the following property, which is characteristics of discrete time Interacting Particle Systems. Let define Λ = ∪_{k∈Λ}V_k = Λ^{(1)}, and:

Λ^{(2)} = ∪_{k∈Λ}V_k = Λ^{(1)} (1) , . . . Λ^{(n)} = ∪_{k∈Λ}(n−1) V_k .

So Λ^{(n)} is the set of sites of Z^d which at time n_0 may influence the spin values of sites in Λ at time n_0 +n. Note that if at time 0, two different configurations coincide on Λ^{(n)} then, almost surely, they will coincide at time n on the sites of Λ. This is the purpose of the following statement: for n fixed, for all finite subset Λ of Z^d, for all configurations (σ, η) ∈ (S^{Zd})^2 such that σ_Λ(n) ≡ η_Λ(n) we have: IP ( ω^1_Λ(n) ≡ ω^2_Λ(n) | | |(ω^1, ω^2)(0) = (σ, η) ) = 1. (2.7)

We now establish the following useful lemma. For any time n ∈ N, let us define the quantity, which will be used in section 3 in order to control the ergodicity:

ρ(n) = IP ( ω^1_0 (n) ≠ ω^2_0 (n) | | |(ω^1, ω^2)(0) = (−, +) ) , (2.8) where + (resp. −) denotes the configuration of S^{Zd} equal, in all sites, to + (resp. −).

Lemma 2.4 Let P be an attractive PCA dynamics, and IP denotes its coupling introduced in (2.6). Let σ, η ∈ S^{Zd} be such that σ ≼ η. The following inequality holds: IP ( ω^1_0 (n) ≠ ω^2_0 (n) | |(ω_1, ω_2)(0) = (σ, η)) ⩽ ρ(n) . Proof: First remark, using the compatibility property (stated at the end of Subsection 2.2): IP ( ω^1_0 (n) ≠ ω^2_0(n) | |(ω^1, ω^2)(0) = (σ, η) )

= IP ( ω^2_0 (n) ≠ ω^3_0 (n) | | |(ω^1, ω^2, ω^3, ω^4)(0) = (−, σ, η, +) ) . Since − ≼ σ ⩽ η ≼ +, and IP’s property (2.4), for all n, under IP ( (ω^1, ω^2, ω^3, ω^4) ∈ . | |(ω^1, ω^2, ω^3, ω^4)(0) = (−, σ, η, +) ) , we have:

ω^1(n) ≼ ω^2(n) ≼ ω^3(n) ≼ ω^4(n); thus:

ω^1_0 (n) ⩽ ω^2_0(n) ⩽ ω^3_0 (n) ⩽ ω^4_0 (n) IP ( . | | |(ω^1, ω^2, ω^3, ω^4)(0) = (−, σ, η, +) ) − a.s. Then the conclusion follows, using ω^2_0 (n) < ω^3_0 (n) ⇒ ω^1_0(n) < ω^4_0(n), and the compatibility property: IP ( ω^2_0 (n) ≠ ω^3_0 (n) | |(ω_1, ω_2, ω_3, ω_4)(0) = (−, σ, η, +)) ⩽ IP ( ω^1_0 (n) ≠ ω^4_0 (n) | | |(ω^1, ω^2, ω^3, ω^4)(0) = (−, σ, η, +) )

= IP ( ω^1_0 (n) ≠ ω^2_0 (n) | | |(ω^1, ω^2)(0) = (−, +) ) . ■ From now on, let Λ be a finite subset of Z^d. Let P^+_Λ (resp. P^−_Λ ) be the dynamics on S^Λ defined in (2.1) with the maximal (resp. minimal) boundary condition + (resp. −). If the PCA dynamics P is attractive, it is easy to check that, (P^−_Λ , P, . . . , P, P^+_Λ ) is increasing, and thus the coupling P^−_Λ ⊛ P ⊛ . . . ⊛ P ⊛ P^+_Λ has the property of preserving stochastic order.

Lemma 2.5 Let P be an attractive PCA dynamics and Λ ⋐ Z^d. Then, for each initial condition ξ on S^{Zd} and for any time n, we have: P^−_Λ ( ω(n) ∈ . | |ω(0) = ξ_Λ(−)_{Λc} ) (2.9) ≼ P ( ω(n) ∈ . | |ω(0) = ξ) ≼ P^+_Λ (ω(n) ∈ . | |ω(0) = ξ_Λ(+)_{Λc} )

Proof: For any initial condition ξ in S^{Zd}, note: ξ_Λ(−)_Λc ≼ ξ ≼ ξ_Λ(+)_Λc . Since P is attractive, the coupling P^−_Λ ⊛ P ⊛ P^+_Λ preserves stochastic ordering, and then:

P^−_Λ ⊛ P ⊛ P^+_Λ ( ω^1(n) ≼ ω^2(n) ≼ ω^3(n) | |(ω^1, ω^2, ω^3)(0) = (ξ_Λ(−)_{Λc} , ξ, ξ_Λ(+)_{Λc} )) = 1

Using the definition of the coupling, we then prove the statement. ■

Lemma 2.6 Let P be an attractive PCA dynamics, and consider (ρ(n))_{n∈N}∗ defined by (2.8); then the following inequality holds:

ρ(n) ⩽ P^−_Λ ⊛ P^+_Λ (ω^1_0 (n) ≠ ω^2_0 (n) |(ω^1, ω^2)(0) = (−, +)).

Proof: Using − ≼ − ≼ + ≼ +, and the preserving order coupling, we obtain an almost surely inequality, which applied at the site origin, gives: P^−_Λ ⊛ P ⊛ P ⊛ P^+_Λ ( . | |(ω1, ω2, ω3, ω4)(0) = (−, −, +, +)) a.s., ω^1_0 (n) ⩽ ω^2_0 (n) ⩽ ω^3_0 (n) ⩽ ω^4_0 (n).

Then: P^−_Λ ⊛ P ⊛ P ⊛ P^−_Λ ( ω^2_0 (n) ≠ ω^3_0 (n) | | (ω^1, ω^2, ω^3, ω^4)(0) = (−, −, +, +)) ⩽ P^−_Λ ⊛ P ⊛ P ⊛ P^+_Λ ( ω^1_0 (n) ≠ ω^4_0 (n) | (ω^1, ω^2, ω^3, ω^4)(0) = (−, −, +, +) ) ,

and the conclusion holds, using the compatibility property of the coupling: P^−_Λ ⊛ P ⊛ P ⊛ P^+_Λ projected on components 1 and 4 is equal to P^−_Λ ⊛ P^+_Λ , and projected on components 2 and 3 is equal to P ⊛ P . ■

3 Ergodicity for attractive PCA dynamics

Let us first emphasise the fact that all the measures considered here are probability measures. From now on, PCA dynamics considered will always be local, translation invariant, non degenerate and attractive.

3.1 Stationary measures

Before stating the main result in the next section, we prove two results, using dynamics’ attractivity. The first one (Proposition 3.1) establishes that the unique finite volume stationary measure ν^τ_Λ associated to finite volume dynamics P^τ_Λ increases (in the sense of stochastic order) when the boundary condition τ increases. It is a usual result for Glauber dynamics, but note that in our context, neither the explicit form of these measures is known, nor any (ferromagnetic) Gibbsian nature. This property will be fundamental for the development of our argumentation, and is essentially a consequence of the existence of the preserving order coupling.

The second result (Proposition 3.3) identifies extremal measures–with respect to the stochastic order–of the set of infinite volume stationary measures. They coincide with spatial limit of finite volume stationary measures with extremal boundary conditions, and with infinite volume temporal asymptotics of deterministic initial conditions + and −.

Proposition 3.1 Let Λ be a finite subset of Z^d. For all attractive PCA dynamics, stationary measures of finite volume associated dynamics P^τ_Λ have the following monotonicity property: τ ≼ τ^′ ⇒ ν^τ_Λ ≼ ν^{τ ′}_Λ . In particular, the measures ν^−_Λ et ν^+_Λ are the extremal measures of the set {ν^τ_Λ : τ ∈ S^{Λc} }.

Proof: Let τ et τ^′ be two boundary conditions such that τ ≼ τ^′ and let f be an increasing function on S^{Zd}. It is easy to check that (P^τ_Λ , P^{τ ′}_Λ ) is an increasing couple, thus P^τ_Λ ⊛ P^{τ ′}_Λ preserves stochastic order. Let σ ∈ S^{Zd} be an initial condition. Because, σ_Λτ_Λc ≼ σ_Λτ^′_Λc , at time n inequality is preserved, and using monotonicity of f, we have:

P^τ_Λ ⊛ P^{τ ′}_Λ ( f(ω^2(n)) − f(ω^1(n))| (ω^1, ω^2)(0) = (σ, σ) ) ⩾ 0 . Thus P^τ_Λ(f(ω(n)) | ω(0) = σ) ⩽ P^{τ ′}_Λ (f(ω(n)) | ω(0) = σ).

Conclusion follows letting n going to infinity, and using finite volume ergodicity. ■

For L integer, let us now denote by B(L) the ball B(0, L): B(L) = {k ∈ Z^d : ‖k‖_1 ⩽ L} , (3.1) where ‖k‖_1 = ∑_d i=1 |k_i| with k = (k_1, k_2, . . . , k_d) ∈ Z^d.

Lemma 3.2 Let P be an attractive PCA dynamics. Let ν^τ_{B(L)} be the stationary measure of the finite volume dynamics P^τ_{B(L)} associated to P . For all P -stationary measure ν, and for all integer L, the following relation holds : ν^−_{B(L)} ⊗ δ_{(−)B(L)c} ≼ ν ≼ ν^+_{B(L)} ⊗ δ_{(+)B(L)c} . (3.2) Proof: The triple (P^−_{B(L)}, P, P^+_{B(L)}) is increasing, so P^−_{B(L)} ⊛ P ⊛ P^+_{B(L)} preserves stochastic order. Then, for any configuration ξ ∈ S^{Zd}, − ≼ ξ ≼ + implies P^−_{B(L)} ( ω(n) ∈ . | |ω_{B(L)}(0) = −) ≼ P (ω(n) ∈ . | |ω(0) = ξ) ≼ P^+_{B(L)} ( ω(n) ∈ . | | |ωB(L)(0) = + ) . Let ν be a P -stationary measure. Integrating ξ with respect to ν in the precedent relation, and using stationarity, we then have: P^−_{B(L)} ( ω(n) ∈ . | | |ωB(L)(0) = − ) ≼ ν( . ) ≼ P^+_{B(L)} ( ω(n) ∈ . | | |ωB(L)(0) = + )

Finite volume ergodicity states now, for s = + and s = −: lim_{n→∞} P^s_{B(L)} ( ω(n) ∈ . | | |ωB(L)(0) = s ) = ν^s_{B(L)}( . ) ⊗ δ_{(s)B(L)c} . We conclude letting L go to infinity. ■

Proposition 3.3 Let P be an attractive PCA dynamics and ν^τ_{B(L)} be the stationary measure of the finite volume associated dynamics P^τ_{B(L)}. Then, the volume limits lim_{L→∞} ν^−_{B(L)} ⊗ δ_{(−)B(L)c} and lim_{L→∞} ν^+_{B(L)} ⊗ δ_{(+)B(L)c} exist, respectively coincide with the temporal limits: lim_{n→∞} δ_−P^{(n)} and lim_{n→∞} δ_+P^{(n)}. Furthermore they are extremal elements (eventually equal) of the set S of stationary measures for P . This means: all P -stationary measure ν verifies:

ν^− ≼ ν ≼ ν^+ (3.3) where:

ν^+ = lim_{n→∞} δ_+P^{(n)} = lim_{L→∞} ν^+_{B(L)} ⊗ δ_{(+)B(L)c} and ν^− = lim_{n→∞} δ_−P^{(n)} = lim_{L→∞} ν^−_{B(L)} ⊗ δ_{(−)B(L)c} . In particular, P admits a unique stationary measure ν if and only if ν^− = ν^+.

Proof: Note that the limits lim_{L→∞}(ν^−_{B(L)} ⊗ δ_{(−)B(L)c} ) and lim_{L→∞}(ν^+_{B(L)} ⊗ δ_{(+)Λc} ) exist due to monotonicity of the following sequences: (ν^−_{B(L)} ⊗ δ_{(−1)B(L)c} )_L and (ν^+_{B(L)} ⊗ δ_{(+1)B(L)c} )_L. This comes from the fact that ℘_Λ ν^+_Λ′ ≼ ν^+_Λ where Λ and Λ^′ are two finite subsets of Z^d such that Λ ⋐ Λ^′, and ℘_Λ denotes the projection on Λ. This last relation is easily checked using the increasing coupling (P^+_Λ′ , P^+_Λ ) and similar argumentation as in Lemma 3.2’s proof. Since ν^s_L is P^s_Λ-stationary, the limits lim_{L→∞}(ν^−_{B(L)} ⊗ δ_{(−)B(L)c} ) and lim_{L→∞}(ν^+_{B(L)} ⊗ δ_{(+)B(L)c} ) are P -stationary.

Using inequalities (3.2), we have, for all P -stationary measure ν: lim_{L→∞} ν^−_{B(L)} ⊗ δ_{(−)B(L)c} ≼ ν ≼ lim_{L→∞} ν^+_{B(L)} ⊗ δ_{(+)B(L)c} . (3.4)

On the other hand, it is easy to check δ_+P ≼ δ_+, so using P ’s attractivity, (δ_+P^{(n)})_{n∈N} is decreasing. Analogously, (δ_−P^{(n)})_{n∈N} is increasing. Thus, the limits lim_{n→∞} δ_−P^{(n)} and lim_{n→∞} δ_+P^{(n)} exist, and then are obviously P -stationary measures.

Let ν be a P -stationary measure. Because P is attractive, and δ_− ≼ ν ≼ δ_+, we have:

lim_{n→∞} δ_−P^{(n)} ≼ ν ≼ lim_{n→∞} δ_+P^{(n)}. (3.5)

Using the fact that all measures lim_{L→∞}(ν^−_{B(L)} ⊗ δ_{(−)B(L)c} ), lim_{L→∞}(ν^+_{B(L)} ⊗ δ_{(+)Λc} ) lim_{n→∞} δ_−P^{(n)} and lim_{n→∞} δ_+P^{(n)} are P -stationary, we apply to them inequalities (3.4) and (3.5). Recall that if two probability measures π_1 and π_2 are such that π_1 ≼ π_2 and π_2 ≼ π_1, then (see p. 135 in [19]) π_1 = π_2. Conclusions follow. ■

Pay attention to the immediate corollary of the Proposition 3.3: Because δ_− and δ_+ are translation invariant, so are lim_{n→∞} δ_−P^{(n)} = ν^− and lim_{n→∞} δ_+P^{(n)} = ν^+.

And then, S = {ν} ⇐⇒ S_s = {ν}, where S_s denotes the subset of S which are translation invariant.

Finally, thanks to Proposition 3.1, note that ν^−_{B(L)} ≼ ν^+_{B(L)} so: ∫ σ_0 dν^+_{B(L)} − ∫ σ_0 dν^−_{B(L)} ⩾ 0 , (3.6)

and remark that, if a PCA dynamics P admits a unique stationary measure ν then: lim_{L→∞} ( ∫ σ_0 dν^+_{B(L)} − ∫ σ_0 dν^−_{B(L)} ) = 0. (3.7)

3.2 Main result

In Theorem 3.4 we present equivalent conditions for the ergodicity of an attractive PCA dynamics; in particular assertion (3.7) is a sufficient condition for ergodicity. Moreover, if we prove that this quantity decreases to 0 with an exponential rate, then the ergodicity happens with an exponential rate too.

Let f be a real valued function on S^{Zd}. It is said local if it depends only on a finite number of sites, that is: ∃Λ_f ⋐ Z^d, ∀σ ∈ S^{Zd}, f(σ) = f(σ_{Λf} ). We define, for each f continuous function on the compact S^{Zd}and for all k in Z^d,

Δ_f (k) = sup {| |f(σ) − f(η) | | | : (σ, η) ∈ (S^{Zd})^2, σ{k}c ≡ η{k}c } , and the semi-norm |‖ f |‖= ∑ k∈Z^d Δf (k). Recall that the set of continuous function

such that ∑ k∈Z^d Δf (k) < +∞ is a dense set in the set of continuous function on

S^{Zd}(see for instance p. 21 in [19]).

Theorem 3.4 Let S be a totally ordered finite set with maximal (resp. minimal) element denoted by +(resp. −). Let P be an attractive, translation invariant, non degenerate, local PCA dynamics on S^{Zd}. The following statements are then equivalent:

(i) the PCA dynamics P is ergodic;

(ii) it exists only one stationary measure ν;

(iii) it exists only one translation invariant stationary measure ν;

(iv) lim_{L→∞} ( ∫ σ_0 dν^+_{B(L)} − ∫ σ_0 dν^−_{B(L)} ) = 0 , where ν^+_{B(L)} (resp. ν^−_{B(L)}) is the stationary measure of P^+_{B(L)} (resp. P^−_{B(L)}). Moreover, if the following (assumption (A)) holds: ∃C > 0, ∃M > 0, ∀L ∈ N^∗ , lim_{L→∞} ( ∫ σ_0 dν^+_{B(L)} − ∫ σ_0 dν^−_{B(L)} ) ⩽ Ce^{−ML}, (3.8) then the dynamics P is ergodic and converges towards the unique equilibrium state ν with exponential rate: ∃λ > 0, ∃n_1, ∀n ⩾ n_1, ∀f local function on S^{Zd} :

sup_σ | |δ_σP_{(n)}(f) − ν(f) | | ⩽ 2|‖ f |‖ e_{−λn}. (3.9)

3.3 Proof of the main result

In this section, we state several results used to prove the previous main result. In all this subsection P denotes a PCA dynamics as stated in Theorem 3.4. Here is the strategy:

First we prove equivalence between conditions (i) . . . (iv). Implications (i) ⇒ (ii) ⇒ (iii) ⇒ (iv) are trivial. Proof of the implication (iv) ⇒ (i) is a consequence of Lemma 3.7 and Lemma 3.6.

The more delicate part of the proof of Theorem 3.4 is then to establish the exponential rate of convergence towards equilibrium. The main framework is partly analogous to Martinelli and Olivieri proof of exponential ergodicity for continuous time Glauber dynamics on {−1, +1}^{Zd} (see [27]). If we assume the exponential bound (3.8), then thanks to Lemma 3.7, we know lim_{n→∞} ρ(n) = 0. Reporting then assumption (A) in the inequality (3.16), we can use Lemma 3.9 to deduce that (ρ(n))_{n∈N}∗ converge to 0 faster than^1_{nd} . Finally, using inequality (3.15) and Lemma 3.10, we conclude that ρ(n) converges to 0 exponentially fast; thus, thanks to inequality (3.11), the conclusion holds.

Let us now prove these mentioned lemma.

Lemma 3.5 Let (Ω, A, P) be a probability space, and Z a random variable with values in a finite set {z_1 < . . . < z_m} of R^+ , such that P(Z ⩾ 0) = 1. Then, it exists a real positive constant κ such that: P(Z ≠ 0) ⩽ κ ∫ ZdP. Proof: Let us denote by κ the following positive real number: κ = (min{z_i > 0, 1 ⩽ i ⩽ m})^{−1}. Conclusion is straightforward:

P(Z ≠ 0) = P(Z > 0) = ∑ z>0 P(Z = z) ⩽ κ ∑ z>0 z P(Z = z) = κ ∫ ZdP. ■ Note the important fact that the constante κ is universal: it does not depend on the law of Z under P.

Lemma 3.6 Let ρ(n) be the quantity defined in (2.8). The sequence (ρ(n))_{n∈N}∗ is

decreasing, and for all local functions f, and for all configurations σ and η: | | |P (f(ω(n)|ω(0) = σ)) − P (f(ω(n)|ω(0) = η)) | | | ⩽ 2 |‖ f |‖ ρ(n) . (3.10) Thus, if lim_{n→∞} ρ(n) = 0, the dynamics P is ergodic, and:

sup_σ | | |P (f(ω(n)|ω(0) = σ)) − ν(f) | | | ⩽ 2 |‖ f |‖ ρ(n) , (3.11) where ν denotes the unique stationary measure.

Proof: The monotonicity of the sequence (ρ(n))_{n∈N}∗ comes from the coalescence

property of the increasing coupling IP. For any σ, η configurations in S^{Zd}, let us

write: | | |P (f(ω(n)|ω(0) = σ)) − P (f(ω(n)|ω(0) = η)) | | | ⩽ | |P (f(ω(n)|ω(0) = −)) − P (f(ω(n)|ω(0) = σ)) | | + | | |P (f(ω(n)|ω(0) = −)) − P (f(ω(n)|ω(0) = η)) | | | = | |IP ( f(ω^1(n)) − f(ω^2(n)) | |(ω^1, ω^2)(0) = (−, σ) )| | (3.12) + | | |IP ( f(ω^1(n)) − f(ω^2(n)) | | |(ω^1, ω^2)(0) = (−, η) )| |. On the other hand, because f is local, for all ξ^1, ξ^2, | | |f(ξ^1) − f(ξ^2) | | | depends only

on ξ^1_{Λf} and ξ^2_{Λf} . Using interpolating configurations between ξ^1_{Λf} and ξ^2_{Λf} we write:

|f(ξ^1) − f(ξ^2)| ⩽ ∑ k∈Λ_f Δf (k)11σk ≠ηk , and so: | | |IP ( f(ω^1(n)) − f(ω^2(n)) | | (ω^1, ω^2)(0) = (−, σ)) | | | ⩽ ∑ k∈Λ_f ‖∇_k(f)‖_∞ IP ( ω^1_k(n) ≠ ω^2_k(n) | |(ω_1, ω_2)(0) = (−, σ)) .

Because P is translation invariant, so is IP, and then: | | |IP ( f(ω^1(n)) − f(ω^2(n)) | | (ω^1, ω^2)(0) = (−, σ)) | | | ⩽ ∑ k∈Λ_f ‖∇_k(f)‖_∞ IP ( ω^1_0 (n) ≠ ω^2_0(n) | |(ω^1, ω^2)(0) = (−, θ−kσ) )

⩽ |‖ f |‖ ρ(n), where the last inequality comes from Lemma 2.4. Equation (3.12) then gives: | |P (f(ω(n)|ω(0) = σ)) − P (f(ω(n)|ω(0) = η)) | | ⩽ 2 |‖ f |‖ ρ(n) .

If we then assume lim_{n→∞} ρ(n) = 0, this implies the ergodicity of the dynamics, and then integrating with respect to the unique stationary measure ν, and taking the supremum in the other configuration, inequality (3.11) holds. ■

Note that due to the monotonicity of ρ(.), we can restrict ourselves to the case ρ(.) > 0. Lemma 3.7 It exists κ such that, for each Λ subset of Z^d, the following inequality holds: lim_{n→∞} ρ(n) ⩽ κ ( ∫ σ_0 dν^+_Λ − ∫ σ_0 dν^−_Λ ) . (3.13)

Proof: Let Λ be a subset of Z^d. Since the coupling preserves the order:

P^−_Λ ⊛ P^+_Λ ( ω^1_0 (n) ⩽ ω^2_0 (n)) | | (ω_1(0), ω_2(0)) = (−, +)) = 1.

So, thanks to Lemma 3.5, applied with P = P^−_Λ ⊛ P^+_Λ ( . |(ω^1(0), ω^2(0)) = (−, +)) and Z = ω^2_0(n) − ω^1_0 (n) we have:

P^−_Λ ⊛ P^+_Λ ( ω^1_0(n) ≠ ω^2_0(n) | | |(ω^1(0), ω^2(0)) = (−, +) ) (3.14) ⩽ κ ( P^+_Λ (ω_0(n)|ω(0) = +) − P^−_Λ (ω_0(n)|ω(0) = −) ) , where κ = (min{s − s^′ : s > s^′, s ∈ S, s^′ ∈ S})^{−1}. By Lemma 2.6, ρ(n) is bounded from above by the l.h.s of equation (3.14). Taking the limit in n, and using the finite volume ergodicity, the r.h.s of equation (3.14) converges to ( ∫ σ_0dν^+_Λ − ∫ σ_0dν^−_Λ ) , which concludes the proof. ■

Let us denote by R = sup_{k∈Z}d max_k′_{∈Vk} ‖k^′ − k‖_1 the finite range of the local PCA dynamics P .

Lemma 3.8 The following two inequalities hold:

∀n ∈ N^∗ , ρ(2n) ⩽ (2nR + 1)^dρ^2(n) ; (3.15)

∀n, ∀L ∈ N^∗ , ρ(2n) ⩽ 2(2L + 1)^dρ^2(n) + 2κ ( ∫ σ_0 dν^+_{B(L)} − ∫ σ_0 dν^−_{B(L)} ) , (3.16)

where κ is defined in Lemma 3.5.

Proof: Let n be a fixed integer.

Proof of inequality (3.15) Let ν^{−,+}_n denote the distribution on S^{Zd} × S^{Zd}:

ν^{−,+}_n ( . ) = IP ( (ω^1, ω^2)(n) ∈ . | |(ω_1, ω_2)(0) = (−, +)) .

Using Markov property of IP:

ρ(2n) = ∫ IP ( ω^1_0 (2n) ≠ ω^2_0 (2n) | |(ω^1, ω^2)(n) = (ξ^−, ξ^+) ) ν^{−,+}_n (dξ^−, dξ^+) . Note that ν^{−,+}_n almost surely, ξ^− ≼ ξ^+, thus IP( . | (ω^1, ω^2)(n) = (ξ^−, ξ^+)) preserves stochastic order. Let A be the subset of S^{Zd} × S^{Zd} defined by A = {(ξ^−, ξ^+) : ∃k ∈ Z^d, ‖k‖_1 ⩽ nR, ξ^−_k ≠ ξ^+_k } . So: A^c = {(ξ^−, ξ^+) : ∀k ∈ B(nR), ξ^−_k = ξ^+_k }. We decompose the integral representation of ρ(2n) into two parts, respectively on A and A^c. Thanks to (2.7), observe that the exact control of information’s propagation for PCA implies that the integral on A^c vanishes because B(nR) ⊃ {0}^{(n)} so ξ^−_{B(nR)} ≡ ξ^+_{B(nR)}. Then:

ρ(2n) = ∫ A IP ( ω^1_0(n) ≠ ω^2_0 (n) | |(ω_1, ω_2)(0) = (ξ_−, ξ_+)) ν_−_{,+}_n (dξ_−, dξ_+) .

Using Lemma 2.4, we find ρ(2n) ⩽ ρ(n) ν^{−,+}_n (A). Writing A = ∪_{{k∈Z}d_{: ‖k‖1 ⩽nR}}{(ξ^−, ξ^+) : ξ^−_k ≠ ξ^+_k } we deduce: ν^{−,+}_n (A) ⩽ ∑ k∈Z^d,‖k‖_1 ⩽nR IP ( ω^1_k(n) ≠ ω^2_k(n) | | |(ω^1, ω^2)(0) = (−, +) ) .

Since P is translation invariant, the conclusion follows from: ν^{−,+}_n (A) ⩽ ρ(n) #B(nR) ⩽ ρ(n)#B(nR) = ρ(n)(2nR + 1)^d , where ‖k‖_{max} = max_{1⩽i⩽d} |k_i|, with k = (k_1, k_2, . . . , k_d) ∈ Z^d, and #B(nR) denotes the cardinality of B(nR).

Proof of inequality (3.16) Let us first write:

ρ(2n) = ∫ IP ( ω^1_0(2n) ≠ ω^3_0 (2n) | | |(ω^1, ω^2, ω^3)(0) = (−, η, +) ) ν(dη) where ν denotes a P -stationary measures. Note that ω^1_0 (n) ⩽ ω^2_0 (n) ⩽ ω^3_0(n), IP ( (ω^1, ω^2, ω^3) ∈ . | | (ω_1, ω_2, ω_3)(0) = (−, η, +)) almost surely, so that

{ω^1_0 (n) ≠ ω^3_0 (n)} = {ω^1_0 (n) ≠ ω^2_0 (n)} ∪ {ω^2_0(n) ≠ ω^3_0 (n)},

where the union is non necessarily disjoint (unless cardinality of S is 2). Thus, following decomposition holds: ρ(2n) ⩽ ∫ IP ( ω^1_0(2n) ≠ ω^2_0(2n) | | |(ω^1, ω^2)(0) = (−, η) ) ν(dη) + ∫ IP ( ω^1_0(2n) ≠ ω^2_0 (2n) | |(ω_1, ω_2)(0) = (η, +)) ν(dη) . (3.17)

It is then enough to prove that each of these quantities are bounded from above by half the quantity wanted.

Consider first the second term in the r.h.s. Let ν^{η,+}_n be the law on S^{Zd} × S^{Zd}:

ν^{η,+}_n = IP ( (ω^1, ω^2)(n) = . | | | (ω^1, ω^2)(0) = (η, +) ) . ∫ IP ( ω^1_0 (2n) ≠ ω^2_0 (2n) | |(ω_1, ω_2)(0) = (η, +)) ν(dη) = ∫ ∫ IP ( ω^1_0 (n) ≠ ω^2_0(n) | | |(ω^1, ω^2)(0) = (ξ^1, ξ^2) ) ν^{η,+}_n (dξ^1, dξ^2) ν(dη) . Let L ∈ N^∗ and A_L = {(ξ^1, ξ^2) ∈ (S^{Zd})^2 : (ξ^1)_{B(L)} ≡ (ξ^2)_{B(L)}}. Let decompose the integration with respect to (ξ^1, ξ^2) into an integration on A_Lc (part (I)) and an integration on A_L (part (II)). We will prove that:

(I) = ∫∫ A^c_L IP ( ω^1_0 (n) ≠ ω^2_0 (n) | | |(ω^1, ω^2)(0) = (ξ^1, ξ^2) ) ν^{η,+}_n (dξ^1, dξ^2) ν(dη) ⩽ (2L + 1)^dρ^2(n) (3.18) and (II) = ∫∫ A_L IP ( ω^1_0 (n) ≠ ω^2_0 (n) | |(ω^1, ω^2)(0) = (ξ^1, ξ^2) ) ν^{η,+}_n (dξ^1, dξ^2) ν(dη) ⩽ κ ( ∫ σ_0 dν^+_{B(L)} − ∫ σ_0 dν^−_{B(L)} ) . (3.19)

Let us consider part (I). Thanks to ν^{η,+}_n (ξ^1 ≼ ξ^2) = 1, and using Lemma 2.4, we have (I) ⩽ ρ(n) ∫ ν^{η,+}_n (A^c_L) ν(dη). Note that A^c_L may also be written ∪_{k∈B(L)}{(ξ^1, ξ^2) : (ξ^1)_k ≠ (ξ^1)_k}. Thus we have:

ν^{η,+}_n (A^c_L) ⩽ ∑ k∈B(L) ν^{η,+}_n {(ξ^1, ξ^2) : (ξ^1)_k ≠ (ξ^2)_k} .

At this point, using translation invariance of the coupling, and Lemma 2.4, it comes:

ν^{η,+}_n {(ξ^1, ξ^2) : (ξ^1)_k ≠ (ξ^2)_k} = IP ( ω^1_k(n) ≠ ω^2_k(n) | |(ω_1, ω_2)(0) = (η, +))

⩽ IP ( ω^1_k(n) ≠ ω^2_k(n) | | |(ω^1, ω^2)(0) = (−, +) ) ⩽ ρ(n) .

So ν^{η,+}_n (A^c_L) ⩽ ρ(n) (#B(L)), and then (3.18) follows.

Part (II): let τ ∈ S^{B(L)} be fixed, and define sets A_{L,τ} by:

A_{L,τ} = {(ξ^1, ξ^2) : (ξ^1)_{B(L)} ≡ (ξ^2)_{B(L)} ≡ τ} .

So A_L = ⨆ τ ∈S^{B(L)} A_{L,τ} , and following decomposition holds:

(II) = ∫ ∑ τ ∈S^{B(L)} ∫ IP ( ω^1_0 (n) ≠ ω^2_0 (n) | |(ω^1, ω^2)(0) = (ξ1, ξ2) ) 11_{AL,τ} (ξ^1, ξ^2) ν^{η,+}_n (dξ^1, dξ^2) ν(dη) . Let us now use the finite volume dynamics. ν^{η,+}_n almost surely, we have ξ^1 ≼ ξ^2, (ξ^1)_{B(L)} = (ξ^2)_{B(L)} = τ and also:

ξ^2 = τ(ξ^2)_{B(L)}^c ≼ τ(+)_{B(L)}^c and τ(−)_{B(L)}^c ≼ ξ^1 = τ(ξ^1)_{B(L)}^c .

Then: P^−_{B(L)} ⊛ P ⊛ P ⊛ P^+_{B(L)} ( ω^1 ≼ ω^2 ≼ ω^3 ≼ ω^4 | | | | |(ω^1_{B(L)}, ω^2, ω^3, ω^4_{B(L)})(0) = (τ, τ(ξ^1)B(L)^c , τ(ξ^2)B(L)^c , τ) ) = 1,

which implies: IP ( ω^1_0 (n) ≠ ω^2_0 (n) | |(ω_1, ω_2)(0) = (τξ_{1B(L)c} , τξ_{2B(L)c} )) ⩽ P^−_{B(L)} ⊛ P^+_{B(L)} ( ω^1_0 (n) ≠ ω^2_0 (n) | (ω^1, ω^2)(0) = (τ, τ) ) . We can now write: (II) ⩽ ∫ ∑ τ ∈S^{B(L)} P^−_{B(L)}⊛P^+_{B(L)} ( ω^1_0 (n) ≠ ω^2_0(n) | | | (ω^1, ω^2)(0) = (τ, τ) ) ν^{η,+}_n (A_{L,τ} ) ν(dη) . (3.20) Use now the following inequality:

ν^{η,+}_n (A_{L,τ} ) = IP ( ω^1(n)_{B(L)} ≡ ω^2_{B(L)}(n) ≡ τ | | |(ω^1, ω^2)(0) = (η, +) )

⩽ ν^{η,+}_n ( {(ξ^1, ξ^2) : (ξ^1)_{B(L)} ≡ τ} ) = P (ω_{B(L)}(n) = τ| ω_{B(L)}(0) = η) .

On the other hand, P^−_{B(L)} ⊛ P^+_{B(L)} ( . | | (ω^1, ω^2)(0) = (τ, τ) ) almost surely, we have

ω^1_0(n) ⩽ ω^2_0 (n); so, using Lemma 3.5, we can write P^−_{B(L)} ⊛ P^+_{B(L)} ( ω^1_0(n) ≠ ω^2_0(n) | | (ω^1, ω^2)(0) = (τ, τ) )

⩽ κ ( P^+_{B(L)}(ω_0(n) | ω_{B(L)}(0) = τ) − P^−_{B(L)}(ω_0(n) | ω_{B(L)}(0) = τ) ) .

Reporting the two last estimates in the equation (3.20) we find (II) ⩽ κ ∫ ∑ τ ∈S^{B(L)} ( P^+_{B(L)}(ω_0(n) | ω_{B(L)}(0) = τ) − P^−_{B(L)}(ω_0(n) | ω_{B(L)}(0) = τ) )

P (ω_{B(L)}(n) = τ| ω_{B(L)}(0) = η) ν(dη) .

Let us now denote with (a) and (b) the quantities:

(a) = ∫ ∑ τ ∈S^{B(L)} P^+_{B(L)}(ω_0(n) | ω_{B(L)}(0) = τ) P (ω_{B(L)}(n) = τ| ω_{B(L)}(0) = η) ν(dη)

and (b) = ∫ ∑ τ ∈S^{B(L)} P^−_{B(L)}(ω_0(n) | ω_{B(L)}(0) = τ) P (ω_{B(L)}(n) = τ| ω_{B(L)}(0) = η) ν(dη) ,

so (II) ⩽ κ ( (a) − (b) ) . Let us write (a) = ∫ P ( f_{n,+}(ω_{B(L)}(n)) | | | ωB(L)(0) = η ) ν(dη) with f_{n,+}(τ) = P^+_{B(L)}(ω_0(n) | ω_{B(L)}(0) = τ). Using the fact that the function f_{n,+}(.) is increasing, and Lemma 2.5, we state: (a) ⩽ ∫ ∑ τ ∈S^{B(L)} P^+_{B(L)}(ω_0(n) | ω_{B(L)}(0) = τ) P^+_{B(L)}(ω_{B(L)}(n) = τ | ω_{B(L)}(0) = η_{B(L)}) ν(dη) .

Using Markov property for the P^+_{B(L)} finite volume dynamics, we find: (a) ⩽ ν(f_{2n,+}). The function f_{2n,+} is increasing; thanks to inequality (3.2) of Lemma 3.2, we thus have (a) ⩽ ν^+_{B(L)}(f_{2n,+}). We can now write: (a) ⩽ ∫ P^+_{B(L)}(ω_0(2n)|ω_{B(L)}(0) = η_{B(L)}) ν^+_{B(L)}(dη_{B(L)}) = ∫ σ_0 ( ν^+_{B(L)}P^+_{B(L)}^{(2n)} ) (dσ) = ∫ σ_0 dν^+_{B(L)},

where the last equality comes from the fact that ν^+_{B(L)} is stationary for the P^+_{B(L)} dynamics.

Analogously we prove (b) ⩾ ∫ σ_0 dν^−_{B(L)} using inequality (2.8) of Lemma 2.5, the fact that f_{n,−}(ξ) = P^−_{B(L)} ( ω_0(n) | | ω(0) = ξ) is increasing, and inequality (3.2).

Thus, the following inequality holds: (II) ⩽ κ ( (a) − (b) ) ⩽ κ (∫ σ_0 dν^+_{B(L)} − ∫ σ_0 dν^−_{B(L)} ) , which gives the estimate of the second term in inequality (3.17). The first term is treated in the same way. So the recursive inequality (3.16) is established. ■

Lemma 3.9 If lim_{n→∞} ρ(n) = 0 and if:

∃ (C̃, M) ∈ (R^+_∗ )^2, ∀(n, L) ∈ (N^∗ )^2, ρ(2n) ⩽ 2(2L + 1)^dρ(n)^2 + 2C̃e^{−ML}

then lim_{n→∞} n^dρ(n) = 0.

Proof: Let n be fixed. Let L be defined according to n: L(n) = [[−^2_M log ρ(n)]] ∈ N where [[x]] denotes the integer part of the real x. Thanks to the recursive inequality, one easily checks: ρ(2n) ⩽ 2 [( − 4 M log ρ(n) + 1 )_d + C̃e^M ] ρ(n)^2 .

Since ( − 4 M log ρ(n) + 1 )_d + Ce^M = O ( 1 √ ρ(n) ) , and lim_{n→∞} ρ(n) = 0, we deduce that for n big enough, ( − 4 M log ρ(n) + 1 )_d + C̃e^M ⩽ 1 √ ρ(n) , and so:

∃n_0, ∀n ⩾ n_0, ρ(2n) ⩽ ρ(n)^{32} . (3.21) (ρ(n))_{n∈N}∗ is then a decreasing sequence of real positive numbers, with limit 0 and verifying the above recursive inequality. It is then quite easy to deduce that n^dρ(n) tends to 0 (see for more details Lemma 6.4.9 in [23]). ■

Note that inequality (3.15) may also by written: ∀n ∈ N^∗ , ρ(2n) ⩽ Ĉn^dρ^2(n) , where we use (2nR + 1)^d ⩽ (3R)^dn^d and state Ĉ = (3R)^d.

Lemma 3.10 If lim_{n→∞} n^dρ(n) = 0, and if inequality (3.15) holds then, for all n_1 such that (2^dĈ) n^d_1ρ(n_1) < 1, we have: ∀n ⩾ n_1, ρ(n) ⩽ e^{−λn} where λ = −^1_{2n1} log(2^dĈn^d_1ρ(n_1)) > 0.

Proof: Let (u(n)_{n∈N} ) be a sequence or real positive numbers defined by u(n) = n^dρ(n). Thanks to inequality (3.15), we have u(2n) ⩽ (2^dĈ) u^2(n). Because lim_{n→∞} n^dρ(n) = 0, it exists n_1 ∈ N^∗ such that ∀n ⩾ n_1, (2^dĈ) n^d_1ρ(n_1) < 1. Let the sequence (a_m)_{m∈N} be defined by a_m = u(2^mn_1). Then, one easily checks that a_{m+1} ⩽ (2^dĈ) a^2_m, thus recursively, ∀m ∈ N, a_m ⩽ ( (2^dĈ) u(n_1)

)_2m

2^dĈ . So: ∀m ⩾ 1, ρ(2^mn_1) ⩽ e^{2m ln((2dĈ) nd1 ρ(n1))} (2^{(m+1)d}Ĉ) n^d_1 . Using Ĉ ⩾ 1, we conclude: ∀m ⩾ 1, ρ(2^mn_1) ⩽ e^{−2m+1n1λ} , which is immediately extended to the whole sequence (ρ(n))_n since ρ(.) is decreasing. ■

4 Reversible PCA dynamics on {−1, +1}^{Zd}

In order to better interpret the meaning of condition (3.8), and the relevance of Theorem 3.4, let we now apply it to a wide class of reversible PCA dynamics on {−1, +1}^{Zd}. This class is defined in subsection 4.1, the main result is stated in subsection 4.2 and comments are to be found in subsection 4.3.

First, let us recall some known facts about reversible PCA dynamics (that is to say PCA dynamics whose set of reversible measures is not empty). The study of the qualitative nature of their equilibrium states, as Gibbs measures, was initiated by Kozlov and Vasilyev (see [16, 32]). Gibbs measures, with respect to some dynamics’ naturally associated potential, are indeed natural candidates as stationary states. See also [17] for more general ‘Gibbsian’ dynamics. In [3, 23], precise relations were established between the sets of stationary measures, reversible measures and some Gibbs measures (see Proposition 3.3 in [3]). Moreover, unlike what is done (or expected to hold) for continuous time Interacting Particle Systems like Glauber dynamics, or gradient diffusions, it is shown that Gibbs measures may be non stationary for PCA’s dynamics, which is a characteristic manifestation of the discrete time case. Finally, let us recall that a characterisation of the laws of stationary PCA as space-time Gibbs measure on S^{Zd×Z} was also previously established in [11, 18] for non degenerate PCA.

4.1 Class C_0 of PCA dynamics on {−1, +1}^{Zd}

From now on, assume S = {−1, +1}. We call class C_0 the family of PCA dynamics on {−1, +1}^{Zd} whose updating rule (p_k)_{k∈Z}d is given for all site k of Z^d, for all configuration η ∈ S^{Zd}, and for all s ∈ S, by: p_k(s | η) = 1 2 ( 1 + s tanh(β ∑ k^′∈Z^d K(k^′ − k)η_k′ ) ) , (4.1)

where K(.) is an interaction function between sites K : Z^d → R which is symmetric and has finite range R > 0 (i.e. for all k of Z^d such that ‖k‖_1 > R then K(k) = 0), and where β is a positive real parameter. Remark that β = 0 is the independent case (sites don’t interact), and that when β increases, the dynamics becomes less and less random. So β may be thought as a kind of inverse temperature parameter. See subsection 4.1.1 in [23] for the generality of the class C_0 among reversible PCA dynamics on {−1, +1}^{Zd}. Due to their definition, PCA dynamics in C_0 are local, translation invariant, non degenerate. It is known (see [16, 1] and [3]) that any PCA dynamics P in C_0 admits at least one reversible measure which is a Gibbs measure associated to the following translation invariant potential φ:

φ_{Uk} (σ_{Uk} ) = − log cosh ( β ∑ j K(k − j)σ_j ) φ_Λ(σ_Λ) = 0 otherwise,

(4.2) where U_k = {j : K(k − j) ≠ 0} is finite by assumption, and coincide in fact with the set V_k previously associated to PCA dynamics. Moreover Proposition 3.3 in [3] stated the precise relations (see also [2]):

R = S ∩ G(φ) and R_s = S_s, (4.3)

where S (resp. R) denotes the set of P -stationary (resp. P -reversible) measures, S_s and R_s their respective space-translation invariant measures’ parts, and G(φ) the set of Gibbs measures on S^{Zd} associated to the potential φ.

One also checks that such a PCA dynamics P is attractive, if and only if function K(.) is non-negative (see Property 4.1.2 in [23]). From now on, let us assume that K is non negative.

4.2 Ergodicity under Weak Mixing condition

Mixing conditions define different regions in the domain of absence of phase transition. Strong Mixing Conditions are usually related to the Dobrushin’s uniqueness domain, and Weak Mixing conditions are expected to be valid in the main part of the uniqueness domain. See [27] for detailed information. Here, we call Weak Mixing condition for the potential φ, the condition: ∃C > 0, ∃M > 0, ∀L ⩾ 2, ( ∫ σ_0 μ(dσ_{B(L)}|σ_{B(L)}^c = +1) − ∫ σ_0 μ(dσ_{B(L)}|σ_{B(L)}^c = −1) ) ⩽ Ce^{−ML}, (4.4) where μ is the unique Gibbs measure associated to φ. For ferromagnetic potentials, it is equivalent to usual Weak Mixing condition.

For general PCA in finite volume, reversible measures are not explicitely known out; for the class C_0 here considered, explicit form was computed: the unique reversible measure for the PCA dynamics P^τ_Λ is defined by

ν^τ_Λ(σ) = 1 W^τ_Λ ∏ k∈Λ cosh β ∑ j∈Z^d K(k − j)σ̃_j e^{βσ}k^∑j∈Λ^{c K(k−j)τ}j , (4.5)

where σ̃ = σ_Λτ_Λc , and W^τ_Λ is the normalisation factor (see Proposition 3.1 in [3]). Such measure does not coincide with the finite volume Gibbs measures contrary to what happens for Glauber dynamics when detailed balance holds. Nevertheless, they are related as relation (4.6) attempts.

We will not write down all technical computations which prove relations (4.6), (4.8), (4.9), and (4.10). Interested reader may refer respectively to Proposition 4.1.8, Proposition 4.1.9, and Property 4.1.12 in [23].

Let Λ, Λ^′ two finite subsets of Z^d such that Λ ⊂ Λ^′ and ∂_iΛ ∩ ∂_iΛ^′ = ∅, where ∂_iΛ ≜ {k ∈ Λ : V_k ∩ Λ^c ≠ ∅}. Let τ be a boundary condition of Λ^′. The notation μ^τ_Λ′ denotes the finite volume Gibbs distribution associated to the potential φ on the volume Λ^′ with boundary condition τ. We then state: ν^τ_Λ′ (dσ_Λ|σ_Λ′_{\Λ}) = μ^{dσΛ′\ΛτΛ′c} Λ (σ_Λ) . (4.6)

In particular, for Λ = {k} ⊂ Λ^′ such that k /∈ ∂_iΛ^′,we get, for all σ_k ∈ S: ν^τ_Λ′ (dσ_k|σ_Λ′_{\k}) = μ^{σΛ′\kτΛ′c}_{{k}} (dσ_k) . (4.7) Pay attention that the potential φ is not really a ferromagnetic potential in the usual sense. However we can check that associated finite volume Gibbs measures verify a kind of monotone behaviour:

τ_1 ≼ τ_2 ⇒ μ^{τ1}_Λ ≼ μ^{τ2}_Λ . (4.8)

In particular, Gibbs measures on S^{Zd} obtained as the infinite volume limit with +1 boundary condition (resp. −1), and, denoted with μ^+ (resp. μ^−), are extremal states in the sense of stochastic ordering, of the set G(φ). Finally, let us state the following lemma:

Lemma 4.1 If the Weak Mixing Condition (4.4) holds for the potential φ associated to the PCA dynamics P , then assumption (A) holds for P .

Proof: It is enough to show the following inequality: ( ∫ σ_0 dν^+_{B(L)} − ∫ σ_0 dν^−_{B(L)} ) ⩽ ( ∫ σ_0 dμ^+_{B(L)} − ∫ σ_0 dμ^−_{B(L)} ) . Let us first check ∫ σ_0 dν^+_{B(L)} ⩽ ∫ σ_0 dμ^+_{B(L)} . Let f_0 be the increasing function defined on S^{Zd} by f_0(σ) = σ_0. According to the finite range R, let L be big enough such that 0 /∈ ∂_iB(L). Note ∫ σ_0 dν^+_{B(L)} = ν^+_{B(L)}( ν^+_{B(L)}( f_0 |σ_{B(L)\0})). Using relation (4.7), we then have ν^+_{B(L)}(f_0) = ν^+_{B(L)}(μ^{σB(L)\0(+1)B(L)c}

{0} (f_0)).

On the other hand, using the monotonicity in the boundary condition of the finite volume Gibbs measures, we find: μ^{σB(L)\0(+1)B(L)c} {0} (f_0) ⩽ μ^{(+1)0c}_{{0}} (f_0) = μ^+_{B(L)}(f_0) .

So desired inequality holds, and ν^−_{B(L)}(f_0) ⩾ μ^−_{B(L)}(f_0) is analogously checked. ■

Lemma 4.2 For a PCA dynamics P of class C_0 with K(.) non negative, the extremal stationary measures ν^−, ν^+ coincide respectively with extremal Gibbs measure μ^−, μ^+ of G(φ), that is μ^+ = ν^+ and μ^− = ν^− (eventually these two relations coincide)

Proof: Let Λ, Λ^′ be two finite subsets of Z^d such that Λ ⊂ Λ^′. Then, for all configurations σ_Λ′_{\Λ} ∈ S^{Λ′\Λ}, finite volume reversible measures with extremal boundary condition are such that: ν^+_Λ′ ( (.)_Λ|σ_Λ′_{\Λ} ) ≼ ν^+_Λ (.) ; (4.9)

ν^−_Λ′ ( (.)_Λ|σ_Λ′_{\Λ} ) ≽ ν^−_Λ (.) . (4.10)

Using relation (4.6), we can deduce from the previous result the following inequalities between finite volume Gibbs measure and reversible measure, with extremal boundary condition: μ^+_Λ ≼ ν^+_Λ and μ^−_Λ ≼ ν^−_Λ . Taking now the limit in volume, we find: μ^+ ≼ ν^+ and μ^− ≼ ν^−.

On the other hand, ν^+_Λ is P^+_Λ reversible, so taking the limit, ν^+ is P -reversible. Analogously, ν^− is P -reversible. From (4.3) we conclude ν^− and ν^+ are Gibbs measures, so thanks to the fact that μ^− and μ^+ are stochastic ordering extremal states for Gibbs measures, we deduce: ν^+ ≼ μ^+ and μ^− ≼ ν^−. Conclusion follows. ■ Theorem 4.3 Let P be an attractive PCA dynamics on {−1, +1}^{Zd}of the class C_0 defined by (4.1), let φ denote the potential canonically associated defined in (4.2), and G(φ) the set of Gibbs measures w.r.t φ:

• if there is phase transition (i.e. #G(φ) > 1) then the extremal Gibbs states ν^− and ν^+ are different, and the dynamics P is non ergodic;

• otherwise, when there is no phase transition (i.e. G(φ) = {μ} and μ = μ^− = μ^+ = ν^− = ν^+), the dynamics P is ergodic towards the unique Gibbs measure μ. Moreover if we assume the Weak Mixing condition (4.4), then the convergence towards μ happens with exponential rate.

Proof: When there is phase transition, thanks to the fact that μ^− and μ^+ are stochastic order extremal states for G(φ), we have that μ^− ≠ μ^+. So, using Lemma 4.2, the two reversible (so stationary) measures ν^− and ν^+ are different. Then, dynamics P can not be ergodic.

When there is no phase transition, then G(φ) = {μ} where μ = μ^− = μ^+ is the unique Gibbs state. Thanks to Lemma 4.2, ν^− = μ^− = μ^+ = ν^+, and using (3.3) uniqueness of P -stationary measure holds. Thanks to Theorem 3.4, it implies ergodicity of the PCA dynamics P .

Finally, if Weak Mixing condition (4.4) is assumed, then Lemma 4.1 implies that the exponential bound (3.8) holds (assumption (A)). We conclude using Theorem 3.4. ■

Note φ is a multi-body potential. In [3], we established that, for nearest neighbour interaction function K, phase transition holds for β large. For instance, when d = 2, let P_0 be the PCA dynamics of the class C_0 obtained taking:

K(±e_1) = K(±e_2) = K > 0, K(k) = 0 otherwise, (4.11)

where (e_1, e_2) is a basis of R^2 and K a positive constant. The canonically associated (4.2) potential φ_0 is the following four body potential:

φ_{0,Vk} (σ_{Vk} ) = − log cosh(βK ∑ j∈V_k σ_j ), φ_Λ(σ_Λ) = 0 otherwise,

where V_k = {k − e_1, k + e_1, k − e_2, k + e_2}. We conclude that for β large, the PCA P_0 is non ergodic since it has at least two different stationary states ν^− and ν^+. Thanks to Proposition 3.3, we also know that δ_+P^{(n)} (resp. δ_−P^{(n)}) converges weakly, as n goes to +∞, towards the stationary measure ν^+ (resp. ν^−).

4.3 Comments

One conjectures Weak Mixing condition for Gibbs measure is valid up to the critical temperature, that is, as soon as there is no phase transition. In that sense, our main result would give ergodicity with exponential rate on a much larger region as the region where the Dobrushin-Vasershtein criterion holds. In fact, let us mention the reference [12], where, using percolation techniques, it is proved that in dimension d = 2, for a ferromagnetic nearest neighbour Ising model without extremal magnetic field, the associated Gibbs measure is weak mixing as soon as it is unique (i.e. ∀β, β < β_c). In order to precise the previous assertion, let us consider P_0 given by (4.11).

In that case, a tricky argumentation relates the potential φ_0, associated to the P_0 dynamics, with the usual Ising ferromagnetic potential (see [32]). So, Higuchi’s result applies, and we know that the Gibbs state associated to this potential φ_0 is weak mixing as soon as there is no phase transition, which happens for β lower than a critical β_c, which coincide with the Ising critical temperature β_c =^{log(1+} √ 2) 2K . In other words, we know that the PCA dynamics P_0 is ergodic with exponential rate for β < β_c and non ergodic for β > β_c. Taking K = 1, β_c ≃ 0.441; Dobrushin- Vasershtein criteria applies only for γ = 1 2 ∑ j∈V_0 sup_{η∈SV0} | | | tanh(β ∑ k^′∈V_0 K(k^′) η^j_k′ ) − tanh(β ∑ k^′∈V_0 K(k^′) η_k′ ) | | | < 1, where η^j_k = η_k if k ≠ j and η^j = −η_j , which means β <^1_2 Argth(^1_2 ) ≃ 0.275 (cf. part 6.1.2 in [23]).

For another PCA dynamics P_1 defined by

K(±e_1) = K(±e_2) = K(0) = +1, K(k) = 0 otherwise,

Dobrushin-Vasershtein criteria applies for γ = 5 tanh β < 1, i.e. β <≃ 0.203. Numerical simulations (see Matlab © code in chapter 7 in [23]) for this P_1 PCA dynamics give an approximation of a critical parameter β_c ≃ 0.3.

We conclude that for PCA dynamics P_0, our result states ergodicity on a region which is strictly larger than the one of Dobrushin-Vasershtein condition, and which is moreover optimal. Numerical simulations confirm this fact for the P_1 dynamics too.

Acknowledgements :

This work is part of the author’s PhD Thesis, realized at the Université Lille 1 and Politecnico of Milan. P.-Y. Louis wishes to warmly thank his PhD advisors, P. Dai Pra and S. Rœlly, for supervising his work, and for the encouragements they provided.

P.-Y. Louis thanks G. Posta of the Politecnico of Milan for useful comments on the coupling.

The Mathematics’ Department of Padova University and the Interacting Random Systems group of Weierstrass Institute for Applied Analysis and Stochastics in Berlin, where part of this work was done, are gratefully acknowledged for their kind hospitality.

References

[1] S. Bigelis, E. N. M. Cirillo, J. L. Lebowitz, and E. R. Speer. Critical droplets in metastable states of probabilistic cellular automata. Phys. Rev. E (3), 59(4):3935–3941, 1999.

[2] P. Dai Pra. Space-time large deviations for interacting particle systems. PhD thesis, Rutgers University, 1992.

[3] P. Dai Pra, P.-Y. Louis, and S. Rœlly. Stationary measures and phase transition for a class of probabilistic cellular automata. ESAIM : Probability and Statistics, 6:89–104, 2002.

[4] D. A. Dawson. Synchronous and asynchronous reversible Markov systems.

Canad. Math. Bull., 17(5):633–649, 1974.

[5] R. L. Dobrushin. Markov processes with a large number of locally interacting components: Existence of a limit process and its ergodicity. Problemy Peredači Informacii, 7(2):70–87, 1971.

[6] W. Doeblin. Exposé de la théorie de chaînes simples constantes de Markov à un nombre fini d’états. Rev. Math. Union Interbalkan., 2:77–105, 1938.

[7] R. Fernandez and A. Toom. Non-gibbsianness of the invariant measures of non-reversible cellular automata with totally asymmetric noise. Preprint, 2001.

[8] H. Föllmer. Random economies with many interacting agents. J. Math.

Econom., 1(1):51–62, 1974.

[9] H. Föllmer. Stock price fluctuation as a diffusion in a random environment.

Phil. Trans. Royal Society London A, (347):471–483, 1994.

[10] H. Föllmer and U. Horst. Convergence of locally and globally interacting Markov chains. Stochastic Process. Appl., 96(1):99–121, 2001.

[11] S. Goldstein, R. Kuik, J. L. Lebowitz, and C. Maes. From PCAs to equilibrium systems and back. Comm. Math. Phys., 125(1):71–79, 1989.

[12] Y. Higuchi. Coexistence of infinite (∗)-clusters. II. Ising percolation in two dimensions. Probab. Theory Related Fields, 97(1-2):1–33, 1993.

[13] R. Holley. Possible rates of convergence in finite range, attractive spin systems.

In Particle systems, random media and large deviations (Brunswick, Maine, 1984), pages 215–234. Amer. Math. Soc., Providence, RI, 1985.

[14] U. Horst. Asymptotics of locally-interacting Markov chains with global signals.

Adv. in Appl. Probab., 34(2):416–440, 2002.

[15] I. A. Ignatyuk and V. A. Malyshev. Cluster expansion for locally interacting Markov chains. Vestnik Moskov. Univ. Ser. I Mat. Mekh., 5:3–7, 103, 1988.

[16] O. Kozlov and N. Vasilyev. Reversible Markov chains with local interaction. In Multicomponent random systems, pages 451–469. Dekker, New York, 1980.

[17] H. Künsch. Time reversal and stationary Gibbs measures. Stochastic Process.

Appl., 17(1):159–166, 1984.

[18] J. L. Lebowitz, C. Maes, and E. R. Speer. Statistical mechanics of probabilistic cellular automata. J. Statist. Phys., 59(1-2):117–170, 1990.

[19] T. M. Liggett. Interacting particle systems. Springer-Verlag, New York, 1985.

[20] T. M. Liggett. The coupling technique in interacting particle systems. In Doeblin and modern probability (Blaubeuren, 1991), pages 73–83. Amer. Math. Soc., Providence, RI, 1993.

[21] T. Lindvall. Lectures on the coupling method. John Wiley & Sons Inc., New York, 1992. A Wiley-Interscience Publication.

[22] F. J. López and G. Sanz. Stochastic comparisons for general probabilistic cellular automata. Statist. Probab. Lett., 46(4):401–410, 2000.

[23] P.-Y. Louis. Automates Cellulaires Probabilistes : mesures stationnaires, mesures de Gibbs associées et ergodicité. PhD thesis, Université de Lille 1 and Politecnico di Milano, september 2002. Available at URL: http://tel. ccsd.cnrs.fr/documents/archives0/00/00/22/45/index_fr.html.

[24] C. Maes and S. B. Shlosman. Ergodicity of probabilistic cellular automata: a constructive criterion. Comm. Math. Phys., 135(2):233–251, 1991.

[25] D. Makowiec. Stationary states of Toom cellular automata in simulations. Phys.

Rev. E, 60(4):3787–3795, 1999.

[26] V. A. Malyshev and R. A. Minlos. Gibbs random fields. Kluwer Academic Publishers Group, Dordrecht, 1991.

[27] F. Martinelli and E. Olivieri. Approach to equilibrium of Glauber dynamics in the one phase region. I. The attractive case. Comm. Math. Phys., 161(3):447– 486, 1994.

[28] S. A. Pirogov. Cluster decompositions for automata systems. Problemy Peredachi Informatsii, 22(4):60–66, 1986.

[29] J. E. Steif. Space-time Bernoullicity of the lower and upper stationary processes for attractive spin systems. Ann. Probab., 19(2):609–635, 1991.

[30] A.L. Toom, N.B. Vasilyev, O.N. Stavskaya, L.G. Mityushin, G.L. Kurdyumov, and S.A. Pirogov. Locally interacting systems and their application in biology. Springer-Verlag, Berlin, 1978. Lecture Notes in Mathematics, Vol. 653. See also Stochastic Cellular Systems: ergodicity, memory, morphogenesis, 1990, Manchester University Press.

[31] L. N. Vasershtein. Markov processes over denumerable products of spaces describing large system of automata. Problemy Peredači Informacii, 5(3):64–72, 1969.

[32] N. B. Vasilyev. Bernoulli and Markov stationary measures in discrete local interactions. In Developments in statistics, Vol. 1, pages 99–112. Academic Press, New York, 1978.