Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Delayed loss of stability in systems with degenerate linear parts

Dimitri Rachinskii^1, Klaus R. Schneider^2

submitted: 28th February 2003

1 Institute for Information Transmission Problems Russian Academy of Sciences B. Karetnyi per. 19 101447 Moscow Russia E-Mail: rach@iitp.ru

2 Weierstrass Institute for Applied Analysis and Stochastics Mohrenstr. 39 D – 10117 Berlin Germany E-Mail: schneider@wias-berlin.de

No. 820 Berlin 2003

WIAS

2000 Mathematics Subject Classification. 34D15, 37G15.

Key words and phrases. Singular perturbation, delayed loss of stability, periodic solution, Hopf bifurcation.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We study singularly perturbed scalar and planar differential equations with linear parts independent of time. The associated autonomous equations undergo a bifurcation of equilibria in scalar case and the Hopf bifurcation in case of planar systems at a bifurcation point where the zero equilibrium loses stability. We suggest natural sufficient conditions for the phenomenon of delayed loss of stability for the singularly perturbed equations and estimate the asymptotic delay. Bifurcation points, stability of the zero equilibrium, and the asymptotic delay are determined by superlinear terms in the expansions of the right-hand sides of the associated and singularly perturbed equations.

1 Introduction

We consider singularly perturbed equations ε dx dτ = g(τ, x) (1)

and study the asymptotic behavior of solutions of the Cauchy problem for small values of the parameter ε > 0. In this problem, the so-called associated to (1) equation dx dt = g(τ, x), (2) where τ is considered as a parameter plays an important role. If x_∗(τ) is an isolated continuous branch of asymptotically stable equilibria of the autonomous equation (2), then the behavior of solutions of equation (1) (where x ∈ R^N ) is determined by Tikhonov’s theorem (see, e.g. [1, 2, 3]). Each solution of (1) with an initial value x(τ_0) which belongs to the basin of attraction of the equilibrium x_∗(τ_0) of (2) is attracted to the curve x_∗(τ) and stays in a δ-neighborhood of x_∗(τ) for all τ > τ_0 + δ where δ = δ(ε) vanishes as ε → 0.

If two smooth branches of equilibria of equation (2) intersect for some τ = τ_∗ and the equilibria x_∗(τ) of one branch are asymptotically stable for τ < τ_∗, then generically this branch consists of unstable equilibria and the other branch x^∗(τ) consists of stable equilibria for τ > τ_∗ (both for transcritical and pitchfork equilibria branching). According to Tikhonov’s theorem, each solution x(τ) of equation (1) starting at some moment τ_0 < τ_∗ in the basin of attraction of the asymptotically stable equilibrium x_∗(τ_0) of (2) stays near the branch x_∗(τ) for τ_0 + δ < τ < τ_∗. Then the following scenarios may be realized: either the solution x(τ) stays near the other branch x^∗(τ) of equilibria (which are stable for τ > τ_∗) for all τ > τ_∗, or it stays near the same branch x_∗(τ) as before for some time interval τ_∗ < τ < τ_1 and then jumps to the branch x^∗(τ) of stable equilibria. These two scenarios are referred to as immediate and delayed loss of stability. The length of the interval τ_∗ < τ < τ_1 in the second scenario is called the asymptotic delay.

Immediate loss of stability was studied in [4]. The phenomenon of delayed loss of stability was first noticed for bifurcations of small cycles (Hopf bifurcations); these results were obtained in [5] and extended in [6, 7]. For other types of bifurcations the phenomenon was studied in [8, 9, 10, 11] (see further references therein). In what follows we assume that x_∗(τ) ≡ 0. Generically, if stability of the zero equilibrium of (2) is determined by the linear approximation x^′ = g_x(τ, 0)x, then this approximation determines also the asymptotic delay in case of delayed loss of stability for equation (1).

In this paper we study equations with linear parts independent of τ. For such equations stability of the zero equilibrium and the bifurcation point τ_∗ are determined by main superlinear terms in the expansion of g(τ, x) at the point x = 0. We suggest sufficient conditions for delayed loss of stability and estimate the asymptotic delay τ_1 − τ_∗ for scalar equations in case of a bifurcation of equilibria and for planar equations in case of the Hopf bifurcation.

The paper is organized as follows. In Section 2 we consider scalar equations. This section explains the results of the main Section 3 and the method of the proofs. In the last subsection of Section 2 a periodic problem for equation (1) in case of delayed loss of stability is considered. Section 3 contains two theorems on planar Hopf bifurcations. We start with an example where the results of Section 2 are directly applied. Theorem 3 is formulated for equations with positively homogeneous main superlinear terms. These terms are polynomial for equations where the function g(τ, x) admits the Taylor expansion at the point x = 0; such equations are considered in Theorem 4.

The proofs are based on the method of differential inequalities and upper and lower solutions close to that of [11, 12]. We do not assume that g(τ, x) is smooth. Proper modifications of the method can be used for the study of delayed Hopf bifurcations in R^N ; this will be the object of another paper.

2 Scalar equations

Consider the scalar equation (1). Everywhere it is supposed that the function g(τ, x) is continuous, g(τ, 0) ≡ 0, and the zero solution x ≡ 0 of equation (1) does not cross any other its solution. We consider only solutions lying in the upper half-plane x ≥ 0. In the main part of this section we assume that g(τ, x) = a(τ)ϕ(x) + o ( ϕ(x) ) , x → +0, (3) where a(τ) and ϕ(x) are continuous,

ϕ(0) = 0; ϕ(x) > 0 for 0 < x ≤ ρ_0, (4) and Φ(x) := ∫_x ρ_0 dξ ϕ(ξ) → −∞ as x → +0. (5)

Here (3) is equivalent to

lim_{x→+0} sup_τ | |g(τ, x) ϕ(x) − a(τ) | | = 0.

For example, if g(τ, x) is differentiable, then (3) holds for ϕ(x) = x, a(τ) = g_x(τ, 0), and Φ(x) = ln x − ln ρ_0. If g(τ, x) is sufficiently smooth and its derivatives up to order n − 1 > 0 with respect to x at the point x = 0 are zero for all τ, then (3) is valid for ϕ(x) = x^n and Φ(x) = −(x^{1−n} − ρ^{1−n}_0 )/(n − 1).

Note that due to (3) for any solution x(τ) of (1) lying in a sufficiently narrow strip 0 < x < ρ for τ_1 < τ < τ_2 the derivative d dτ Φ ( x(τ) ) = 1 ϕ ( x(τ) ) dx(τ) dτ = g ( τ, x(τ) ) εϕ ( x(τ) ) satisfies ε | | d dτ Φ ( x(τ) )| | ≤ c = c(ρ, τ1, τ2) < ∞, therefore | |Φ(x(τ)) − Φ(x(τ_0)) | | ≤ (τ_2 − τ_1)c/ε < ∞ for all τ_1 < τ, τ_0 < τ_2. Thus, relation (5) implies that each solution of (1) starting in the upper half-plane x > 0 stays in this half-plane for all τ.

Consider the associated to (1) equation (2). If (3) holds, then the sign of a(τ) determines stability of the zero equilibrium of equation (2) (we consider only the upper half-plane x ≥ 0). Indeed, the equilibrium x = 0 is asymptotically stable if a(τ) < 0 and unstable if a(τ) > 0. If the function a(τ) changes the sign at some point τ_∗, then (3) implies that for each sufficiently small x > 0 equation g(τ, x) = 0 has a solution τ = τ(x) which goes to τ_∗ as x → 0. It means that equation (2) undergoes a bifurcation of equilibria at the point τ_∗. Generically, the pairs {τ(x), x} form a continuous curve and τ(x) − τ_∗ has the same sign for all x > 0.

Suppose that a(τ_∗) = 0 and

a(τ_∗) < 0 for τ < τ_∗; a(τ_∗) > 0 for τ > τ_∗. (6)

Let τ_0 < τ_∗ < τ_1, consider all solutions x^ε(τ) of equation (1) with initial values x^ε(τ_0) = x_0 in the interval 0 < x_0 < ρ. If for some ρ these solutions satisfy pointwise

lim_{ε→0} x^ε(τ) = 0 for all τ_0 < τ < τ_1, then the trivial solution x ≡ 0 of equation (1) is said to exhibit delayed loss of stability. The value τ_1 − τ_∗ is called the asymptotic delay if for every fixed x_0 > 0 and δ > 0 the relation x^ε(τ_0) = x_0 implies for all sufficiently small ε

sup{x^ε(τ) : τ_1 − δ < τ < τ_1 + δ} ≥ ρ. (7)

We consider equations where g(τ, x) = o(x), for example, g(τ, x) = a(τ)x^α + o(x^α) with α > 1. The results and the proofs also hold in the well-known case g(τ, x) = a(τ)x + o(x). 2.1 Estimates of asymptotic delay

All the functions used below are supposed to be continuous. The functions ϕ(x) and Φ(x) satisfy (4) and (5).

Proposition 1 Let

g(τ, x) ≤ a_+(τ)ϕ(x) for all 0 < x < ρ_0 (8) and J_+(τ, τ_0) := ∫_τ τ_0

a_+(s) ds < 0 for all τ_0 < τ < τ_1. (9)

Then all solutions x^ε(τ) of equation (1) with the initial values x^ε(τ_0) = x_0 from the interval 0 < x_0 < ρ_0 satisfy for each small δ > 0

lim_{ε→0} max{x^ε(τ) : τ_0 + δ ≤ τ ≤ τ_1 − δ} = 0. (10)

Proposition 2 Let

g(τ, x) ≥ a_−(τ)ϕ(x) for all 0 < x < ρ_0 (11) and J_−(τ_1, τ_0) := ∫_{τ1} τ_0

a_−(s) ds > 0 (12)

for some τ_1 > τ_0. Let 0 < x_0 < ρ_0. Then for every sufficiently small ε any solution x^ε(τ) of equation (1) with the initial value x^ε(τ_0) = x_0 satisfies x^ε(τ) ≥ ρ_0 at some moment τ from the interval τ_0 < τ < τ_1.

P r o o f. Suppose relations (8) and (9) hold. Let a solution x(τ) of equation (1) satisfy 0 < x(τ) < ρ_0 for τ_0 ≤ τ < T (13) with some T ≤ τ_1. From (8) it follows that for all τ_0 ≤ τ < T ε d dτ Φ ( x(τ) ) ≤ a_+(τ), hence Φ ( x(τ) ) − Φ(x_0) ≤

J_+(τ, τ_0) ε (14)

with x_0 = x(τ_0) and (9) implies Φ ( x(τ) ) ≤ Φ(x_0). Due to (4), the function Φ(x) increases for x ∈ (0, ρ_0), therefore x(τ) ≤ x_0 on the interval τ_0 ≤ τ < T and consequently x(T ) ≤ x_0 < ρ_0.

Since (13) implies x(T ) < ρ_0, we conclude that (13) holds for all τ_0 ≤ τ < τ_1. Therefore (14) is valid for all τ_0 ≤ τ < τ_1 too. Due to (9), for each small δ > 0 there is a μ = μ(δ) > 0 such that J_+(τ, τ_0) ≤ −μ for τ_0 + δ ≤ τ ≤ τ_1 − δ, hence Φ ( x(τ) ) − Φ(x_0) ≤ − μ ε for τ_0 + δ ≤ τ ≤ τ_1 − δ.

This implies (10) and proves Proposition 1.

Suppose that relations (11) and (12) are valid. Let a solution of equation (1) satisfy (13) on some interval [τ_0, T ) with T ≤ τ_1. Then (11) implies ε^d_{dτ} Φ ( x(τ) ) ≥ a_−(τ) on this interval and therefore Φ ( x(τ) ) − Φ(x_0) ≥

J_−(τ, τ_0) ε , τ_0 ≤ τ < T. Since Φ(x) increases, from (13) it follows that Φ ( x(τ)) ≤ Φ ( ρ_0), hence ε ( Φ ( ρ_0) − Φ(x_0) ) ≥ J_−(τ, τ_0), τ_0 ≤ τ < T. If ε is sufficiently small, then (12) implies the opposite estimate for τ = τ_1 ε ( Φ ( ρ_0) − Φ(x_0) ) < J_−(τ_1, τ_0).

Therefore (13) can not hold for all τ_0 ≤ τ < τ_1. Proposition 2 is proved.

Suppose that relation (3) is valid. Let

a(τ_0) < 0, g(τ_0, x) < 0 for all 0 < x ≤ ρ_1 (15)

(here the first estimate implies the second one for small ρ_1). Then the interval 0 < x ≤ ρ_1 belongs to the basin of attraction of the stable zero equilibrium of autonomous equation (2) for each τ close to τ_0. Estimate a(τ_0) < 0 implies for small τ − τ_0 > 0 J(τ, τ_0) := ∫_τ τ_0 a(s) ds < 0. The next simple theorem follows from Propositions 1 and 2.

Theorem 1 Let relations (15) be valid. Let for some τ_1 > τ_0

J(τ_1, τ_0) = 0; J(τ, τ_0) < 0 for all τ_0 < τ < τ_1. (16)

Then relation (10) with any small δ > 0 holds for all solutions x^ε(τ) of equation (1) with initial values x^ε(τ_0) = x_0 from the interval 0 < x_0 ≤ ρ_1. If

a(τ_1) > 0, g(τ_1, x) > 0 for all 0 < x ≤ ρ_2, (17)

then x^ε(τ_0) ≥ δ implies (7) with ρ = ρ_2 for all sufficiently small ε.

P r o o f. Consider a sufficiently small segment τ_0 ≤ τ ≤ τ_0 + Δ such that (15) holds for each τ from this segment and therefore the stable zero equilibrium of autonomous equation (2) attracts all the trajectories starting in the interval 0 < x ≤ ρ_1. According to Tikhonov’s theorem all solutions x^ε(τ) of equation (1) with the initial values x(τ_0) = x_0 from the interval 0 < x_0 ≤ ρ_1 satisfy

max{x^ε(τ) : τ_0 + δ ≤ τ ≤ τ_0 + Δ} → 0 as ε → 0 (18)

for each positive δ < Δ, i.e. they jump to an arbitrarily small neighborhood of zero for arbitrarily short time δ if ε is sufficiently small and stay in those neighborhood until the moment τ = τ_0 + Δ.

>From (3) it follows that estimates (8) and (11) with a_+(τ) = a(τ) + η and a_−(τ) = a(τ)−η hold for any η > 0 and any x from a sufficiently small interval 0 < x < ρ_0(η). Moreover, relations (16) and a(τ_0) < 0 imply for each small ν > 0 ∫_τ τ_0+δ ( a(s) + η ) ds < 0 for all τ_0 + δ < τ < τ_1 − ν

if positive η = η(ν) and δ = δ(ν) are sufficiently small. Therefore by Proposition 1

max{x^ε(τ) : τ_0 + 2δ ≤ τ ≤ τ_1 − 2ν} → 0 as ε → 0 (19)

for all solutions of (1) such that 0 < x^ε(τ_0 + δ) < ρ_0(η). Combining (18) and (19), we see that relation (10) with any small δ > 0 holds for all the solutions x^ε(τ) of (1) with the initial values x(τ_0) = x_0 from the interval 0 < x_0 ≤ ρ_1.

Suppose that relations (17) hold. Then

g(τ, x) > 0 for all |τ − τ_1| < Δ, 0 < x ≤ ρ_2 (20)

with some Δ > 0, therefore the zero equilibrium of autonomous equation (2) is unstable for each τ close to τ_1. Relations J(τ_0, τ_1) = 0 and a(τ_1) > 0 imply that for each small ν > 0 there is an η = η(ν) such that ∫_{τ1+ν} τ_0 ( a(s) − η ) ds > 0. Take any δ > 0. Since (11) with a_−(τ) = a(τ) − η holds for all x from some interval 0 < x < ρ_0 = ρ_0(η), it follows from Proposition 2 that each solution of (1) with x^ε(τ_0) ≥ δ satisfies x^ε(τ̄) ≥ ρ_0 at some moment τ̄ < τ_1 + δ (this moment depends on a solution) if ε is sufficiently small. Also, τ̄ > τ_1 − δ for small ε due to (10). For ν < δ < Δ estimates x^ε(τ̄ ) ≥ ρ_0, |τ̄ − τ_1| < ν, and (20) imply (7) for all sufficiently small ε. Thus, (7) holds for each solution of (1) with x^ε(τ_0) ≥ δ. This completes the proof.

Suppose that all conditions (15)–(17) of Theorem 1 are satisfied. Then according to (7) and (10) the behavior of solutions of equation (1) can be described as follows. If x_0 belongs to the basin of attraction of the zero equilibrium of (2) for τ = τ_0, then a solution of (1) with the initial value x^ε(τ_0) = x_0 jumps to a small neighborhood of zero, stays there until the moment approximately τ_1, and then jumps out some fixed strip 0 < x < ρ_2 (the smaller ε, the smaller neighborhood of zero, the shorter times of the jumps).

In the simplest case, the function a(τ) has a unique zero τ_∗ in the interval τ_0 < τ < τ_1, i.e. (6) holds. Due to (10) the zero solution of (1) exhibits delayed loss of stability, the asymptotic delay equals τ_1 − τ_∗.

2.2 Periodic solutions

Consider equation (1) where g(τ, x) ≡ g(τ + T, x). We are interested in positive T -periodic solutions of (1) (x^ε(τ) > 0 for all τ ∈ R) that are close to the zero solution on some part of the period and at the same time satisfy max x^ε(τ) ≥ ρ_0 with some ρ_0 > 0 independent of ε.

Let relations (3) – (5) hold, J(T, 0) = ∫_T 0 a(s) ds > 0, (21) and g(τ, x) < 0 for all x ≥ ρ_1 > 0, τ ∈ R. (22) Note that under these assumptions equation (1) has at least one positive T -periodic solution and all such solutions lie in the strip 0 < x < ρ_1, τ ∈ R. Indeed, estimate (22) implies x(T ) < x(0) for all solutions of equation (1) with initial values x(0) ≥ ρ_1. On the other hand, due to (21) and (3) we can choose an η > 0 such that J(T, 0) > ηT and a ρ_0 = ρ_0(η) such that a(τ) − η < ε d dτ Φ ( x(τ) ) < a(τ) + η whenever 0 < x(τ) < ρ_0, (23)

then from (5) it follows that estimates (23) are valid for all 0 ≤ τ ≤ T if x(0) > 0 is sufficiently small. Consequently, 0 < ε^{−1} ( J(T, 0) − ηT ) < Φ ( x(T ) ) − Φ ( x(0) ) and therefore x(T ) > x(0) for all solutions with sufficiently small initial values x(0) > 0. Thus, if the Poincaré map is defined (i.e. the Cauchy problem for equation (1) has a unique solution for any initial data), then it maps each segment δ ≤ x(0) ≤ ρ_1 with a sufficiently small δ > 0 into itself, which implies the existence of a positive T - periodic solution. If the Poincaré map is not defined, then a positive periodic solution of (1) can be constructed by the standard approximation procedure as the limit of a sequence {x_n(τ)}, where x_n(τ) are periodic solutions of smooth approximations ε dx dτ = g_n(τ, x) of equation (1). Assumptions (21), (22) are close to that used in [13]. Now suppose that for some τ = τ_0 the zero equilibrium of the associated to (1) equation (2) is globally asymptotically stable, i.e.

g(τ_0, x) < 0 for all x > 0. (24)

If a(τ_0) < 0, then relation (21) implies (16) for some τ_1 ∈ (τ_0, τ_0 + T ).

Theorem 2 Let relations (21), (22), (24), and a(τ_0) < 0 hold, let τ_1 be defined by (16). Then relation (10) with any small δ > 0 and estimate max x^ε(τ) ≥ ρ_0 with some ρ_0 > 0 independent of ε are valid for all positive T -periodic solutions x^ε(τ) of equation (1).

Estimate max x^ε(τ) ≥ ρ_0 follows from (23) and J(T, 0)−ηT > 0, the other conclusion of Theorem 2 follows from Theorem 1.

For example, suppose that g(τ, x) < 0 for all x > 0 and 0 < τ < τ_∗,

a(0) = a(τ_∗) = 0; a(τ) < 0 for 0 < τ < τ_∗; a(τ) > 0 for τ_∗ < τ < T,

and relations (21), (22) are valid. Then Theorem 1 and Proposition 2 imply that for each small δ > 0 all T -periodic positive solutions of equation (1) with any ε from a sufficiently small interval 0 < ε ≤ ε_0 = ε_0(δ) satisfy

x^ε(τ) ≤ δ for all δ ≤ τ ≤ τ_1 − δ; x^ε(τ) ≥ ρ_0(τ) for all τ_1 + δ ≤ τ ≤ T,

where τ_1 ∈ (0, T ) is the root of equation J(τ_1, 0) = 0; the positive function ρ_0(τ) strictly decreases on the interval τ_1 ≤ τ < T and vanishes at the point τ = T . Thus, periodic solutions stay near the zero solution approximately from the moment τ = 0 until the moment τ_1 > τ_∗, then jump out some strip 0 < x < ρ_2, and come back to a small neighborhood of zero approximately at the end of the period.

3 Planar Hopf bifurcations

Consider the planar system ε dx dτ = σ(τ)x − w(τ)y + f_1(τ, x, y), ε dy dτ = w(τ)x + σ(τ)y + f_2(τ, x, y), (25)

where σ(τ), w(τ), and f_j (τ, x, y) are continuous functions and lim |x|+|y|→0 sup_τ |f_1(τ, x, y)| |x| + |y| = lim |x|+|y|→0 sup_τ |f_2(τ, x, y)| |x| + |y| = 0. (26)

The associated system has the form dx dt = σ(τ)x − w(τ)y + f_1(τ, x, y), dy dt = w(τ)x + σ(τ)y + f_2(τ, x, y). (27)

If σ(τ_∗) = 0, w(τ_∗) > 0, the derivative σ^′(τ_∗) exists and σ^′(τ_∗) ≠ 0, then autonomous system (27) satisfies the conditions of Poincaré–Andronov–Hopf’s theorem and undergoes the Hopf bifurcation at the point τ_∗. It means that for each small r > 0 there is a τ_r such that system (27) with τ = τ_r has a small nontrivial cycle ( x_r(t), y_r(t) ) with a period T_r and ‖x_r(t)‖_C + ‖y_r(t)‖_C → 0, τ_r → τ_∗, T_r → 2π/w(τ_∗) as r → 0 (further details and related facts can be found e.g. in [14]). Here r is an auxiliary parameter; usually, it is roughly the amplitude of the cycle. The value τ_∗ is called a Hopf bifurcation point for system (27).

Generically, the Hopf bifurcation is either subcritical (all the small cycles of system (27) exist for τ < τ_∗) or supercritical (all small cycles exist for τ > τ_∗); from this point of view, the linear system with f_1 ≡ f_2 ≡ 0 represents a degenerate case, since all its cycles exist for τ = τ_∗. Which situation takes place is determined by the nonlinear terms f_j (τ, x, y). These terms determine also stability of all small cycles. The zero equilibrium of system (27) is asymptotically stable if σ(τ) < 0 and unstable if σ(τ) > 0. If σ(τ) < 0 for τ_0 ≤ τ < τ_∗ and σ(τ) > 0 for τ > τ_∗, then the zero solution of system (25) exhibits delayed loss of stability (see e.g. [7]). The asymptotic delay τ_1 − τ_∗ is determined from the relation ∫_{τ1} τ_0 σ(s) ds = 0.

Here we consider systems ε dx dτ = −y + f_1(τ, x, y), ε dy dτ = x + f_2(τ, x, y) (28)

with the linear part independent of τ; the continuous nonlinearities f_j(τ, x, y) are supposed to satisfy (26). These nonlinearities determine Hopf bifurcation points and stability of the zero equilibrium for the associated to (28) system dx dt = −y + f_1(τ, x, y), dy dt = x + f_2(τ, x, y). (29)

3.1 Example

Consider system (28) with

f_1(τ, x, y) = x(x^2 + y^2)(τ − x^2 − y^2), f_2(τ, x, y) = y(x^2 + y^2)(τ − x^2 − y^2).

Passing to the polar coordinates x = r cos φ, y = r sin φ in (28), we obtain ε dr dt = r^3(τ − r^2) (30)

and ε^{dφ}_{dτ} ≡ 1, hence solutions of system (28) and equation (30) are related by

x = r cos τ ε , y = r sin τ ε . The right-hand side of (30) has the form (3) with a(τ) = τ and ϕ(r) = r^3. The associated to (30) equation dr dt = r^3(τ − r^2) (31)

has the zero equilibrium r = 0 for all τ and the equilibrium r = √ τ for τ > 0.

For τ ≤ 0 the zero equilibrium is globally stable. For τ > 0 the zero equilibrium is unstable, the other equilibrium r = √ τ is asymptotically stable and its basin of attraction is the interval (0, ∞).

Theorem 1 implies that the zero solution of equation (30) exhibits delayed loss of stability; the asymptotic delay is −τ_0 for any moment τ_0 < 0. The same is true for system (28). The associated system (29) consists of equations (31) and^{dφ}_{dt} ≡ 1 (in polar coordinates). This system has a unique globally stable limit cycle r = √ τ for τ > 0, hence it undergoes the Hopf bifurcation at the point τ_∗ = 0. System (28) exhibits delayed Hopf bifurcation. Its solutions starting at a moment τ_0 < 0 jump to a small neighborhood of the origin and stay there until the moment approximately −τ_0. Then they jump to a small neighborhood of the cycle x^2 + y^2 = τ of (29) and track this cycle while it evolutes in time.

3.2 Positively homogeneous nonlinearities

Let continuous functions F_j(τ, x, y) be positively homogeneous of order α > 1 for each τ: F_j(τ, λx, λy) = λ^αF_j(τ, x, y), λ > 0, j = 1, 2. For example, the functions |x|^β|y|^γ, |x|^β|y|^γsign x, |x|^β|y|^γsign y, |x|^β|y|^γsign (xy) are positively homogeneous of order β + γ. Linear combinations of positively homogeneous functions of order α are positively homogeneous of order α.

Suppose that the nonlinearities in (28) and (29) have the form f_j (τ, x, y) = F_j (τ, x, y) + ψ_j (τ, x, y), (32) lim |x|+|y|→0 sup_τ |ψ_j (τ, x, y)| ( |x| + |y| )_α . (33) Set a(τ, φ) = F_1(τ, cos φ, sin φ) cos φ + F_2(τ, cos φ, sin φ) sin φ, (34)

ā(τ) = 1 2π ∫_{2π} 0 a(τ, φ) dφ. (35) Theorem 3 Let

ā(τ_0) < 0; J̄(τ, τ_0) := ∫_τ τ_0

ā(s) ds < 0 for all τ_0 < τ ≤ τ_d. (36)

Then there exists a ball B(ρ) = {(x_0, y_0) ∈ R^2 : x^2_0 + y^2_0 < ρ^2} such that all solutions of system (28) with initial values ( x^ε(τ_0), y^ε(τ_0) ) ∈ B(ρ) satisfy for each small δ > 0

lim_{ε→0} max{|x^ε(τ)| + |y^ε(τ)| : τ_0 + δ ≤ τ ≤ τ_d} = 0. (37)

Function (35) plays an important role in the analysis of Hopf bifurcations for system (29) (see [15, 16, 17]). In particular, every Hopf bifurcation point for this system is a zero of ā(τ). Moreover, if ā(τ_∗) = 0 and ā(τ) takes values of both sign in each neighborhood of τ_∗, then τ_∗ is a Hopf bifurcation point.

It is easy to check that the sign of ā(τ) determines stability of the zero equilibrium of system (29) (for example, one can use the argument of Proposition 3 below). The zero equilibrium of (29) is asymptotically stable if ā(τ) < 0 and unstable if ā(τ) > 0; Hopf bifurcation points separate the intervals determined by these inequalities. For simplicity, let the function ā(τ) have a unique zero τ_∗. If relations (36) hold and τ_0 < τ_∗ < τ_d, then it follows from Theorem 3 that the trivial solution of system (28) exhibits delayed loss of stability; the asymptotic delay is estimated from below by the number τ_d − τ_∗. The asymptotic delay equals τ_1 − τ_0 if J̄(τ_1, τ_0) = 0. To prove Theorem 3 we first rewrite system (28) in polar coordinates r, φ and make use of the representation (32). We arrive at ε dr dτ = a(τ, φ)r^α + ζ(τ, r, φ), ε dφ dτ = 1 + ξ(τ, r, φ), where a(τ, φ) is the function (34) and ζ = o(r^α), ξ = o(1), i.e. sup_{τ,φ} r^{−α}|ζ(τ, r, φ)| → 0, sup_{τ,φ} |ξ(τ, r, φ)| → 0 as r → 0. (38) Then we substitute φ = ε^{−1}θ and change the time τ → θ. The resulting system is ε dr dθ = a(τ, ε^{−1}θ)r^α + ζ_1(τ, r, ε^{−1}θ), dτ dθ = 1 + ξ_1(τ, r, ε^{−1}θ). (39)

Relations (38) hold for the functions ζ_1(τ, r, φ), ξ_1(τ, r, φ) in place of ζ, ξ. The time change τ → θ is correct for small r, since^{dτ}_{dθ} is close to 1. System (39) has the form ε dr dθ = g(τ, r, ε^{−1}θ), dτ dθ = h(τ, r, ε^{−1}θ), (40) where the functions g(τ, r, φ) and h(τ, r, φ) are continuous, satisfy g(τ, r, φ) ≡ g(τ, r, φ + 2π), h(τ, r, φ) ≡ h(τ, r, φ + 2π) (41) and for all τ h̄(τ) := 1 2π ∫_{2π} 0 h(τ, 0, φ) dφ > 0. (42) Theorem 3 follows from the next Proposition.

Proposition 3 Let relations (41), (42) be valid and g(τ, r, φ) ≤ a(τ, φ)ϕ(r), 0 < r ≤ ρ_0, (43) where ϕ satisfies (4), (5). Let functions (35) and (42) satisfy

ā(τ_0) < 0; ∫_τ τ_0 ā(s) h̄(s) ds < 0 for all τ^0 < τ ≤ τ^d. (44)

Suppose that for solutions ( r^ε(θ), τ^ε(θ) ) of system (40) the estimate r^ε(θ_0) > 0 implies r^ε(θ) > 0 for all θ > θ_0. Then for every sufficiently small ρ > 0 all solutions such that 0 < r^ε(θ_0) = r_0 < ρ, τ^ε(θ_0) = τ_0 with any θ_0 satisfy

sup{τ^ε(θ) : θ ≥ θ_0} > τ_d, (45)

max{r^ε(θ) : θ_0 ≤ θ ≤ θ_d} ≤ χ(ρ), (46) and lim_{ε→0} max{r^ε(θ) : τ^ε(θ) ≥ τ_0 + δ, θ_0 ≤ θ ≤ θ_d} = 0, (47)

where θ_d is defined for each solution by

τ^ε(θ_d) = τ_d, τ^ε(θ) < τ_d for all θ_0 ≤ θ < θ_d, (48)

χ(ρ) → 0 as ρ → 0, and δ > 0 is an arbitrary small number.

P r o o f. Let ( r(θ), τ(θ) ) be a solution of system (40) on the interval θ_0 ≤ θ < Θ and let τ_0 − 1 ≤ τ(θ) < τ_d, 0 < r(θ) < ρ ≤ ρ_0 (49) on this interval. Let τ(θ_0) = τ_0. Set θ_n = θ_0 + 2πnε, r_n = r(θ_n), τ_n = τ(θ_n). >From (43) it follows that ε ϕ(r) dr dθ ≤ a ( τ(θ), ε^{−1}θ ) (50) and therefore ε ( Φ(r_n) − Φ(r_{n−1}) ) ≤ ∫_{θn} θ_{n−1} a ( τ(θ), ε^{−1}θ ) dθ. Since h(τ, r, φ) is continuous and periodic in the last variable, the estimate |h(τ, r, φ)| ≤ c holds for all τ_0 − 1 ≤ τ ≤ τ_d, 0 ≤ r ≤ ρ_0, hence |τ(θ) − τ(θ^∗_n)| ≤ 2πcε for θ_{n−1} ≤ θ^∗_n ≤ θ_n (51) and ∫_{θn} θ_{n−1} [ a ( τ(θ), ε^{−1}θ ) − a ( τ(θ^∗_n), ε^{−1}θ ) ] dθ = o(ε), ε → 0 (θ^∗_n will be fixed later). Here 1 2π ∫_{θn} θ_{n−1} a ( τ(θ^∗_n), ε^{−1}θ ) dθ = εā ( τ(θ^∗_n) ) , (52)

therefore ε ( Φ(r_n) − Φ(r_{n−1}) ) ≤ 2πεā ( τ(θ^∗_n) ) + o(ε). (53)

Let us divide the second equation of (40) by h̄(τ) and integrate the result over the segment θ_{n−1} ≤ θ ≤ θ_n. We obtain

H(τ_n) − H(τ_{n−1}) = ∫_{θn} θ_{n−1} h ( τ(θ), r(θ), ε^{−1}θ ) h̄(τ(θ)) dθ, where H(τ) = ∫_τ τ_0 ds h̄(s). >From the estimates (51) and 0 < r(θ) < ρ, it follows that ∫_{θn} θ_{n−1} h ( τ(θ), r(θ), ε^{−1}θ ) h̄(τ(θ)) dθ − ∫_{θn} θ_{n−1} h ( τ(θ^∗_n), 0, ε^{−1}θ ) h̄(τ(θ∗_n)) dθ = o(ε), ε, ρ → 0. Here the second integral equals 2πε, hence H(τ_n) − H(τ_{n−1}) = 2πε + o(ε), ε, ρ → 0. (54) Substituting this in (53), we arrive at ε ( Φ(r_n) − Φ(r_{n−1}) ) ≤ ā ( τ(θ^∗_n) )[ H(τ_n) − H(τ_{n−1}) ] + o(ε), ε, ρ → 0. By the mean value theorem, there is a θ^∗_n ∈ [θ_{n−1}, θ_n] such that ā ( τ(θ^∗_n) )[ H(τ_n) − H(τ_{n−1}) ] = ∫_{τn} τ_{n−1} ā(τ) dH(τ) = ∫_{τn} τ_{n−1} ā(τ) h̄(τ) dτ, hence ε ( Φ(r_n) − Φ(r_{n−1}) ) ≤ ∫_{τn} τ_{n−1} ā(τ) h̄(τ) dτ + o(ε), ε, ρ → 0. (55)

We suppose that ε and ρ are sufficiently small, then relation (54) implies H(τ_n) > H(τ_{n−1}) and therefore the sequence {τ_n} increases. Let us sum inequalities (55) over 1 ≤ n ≤ N, where 2πNε < Θ − θ_0. We obtain ε ( Φ(r_N ) − Φ(r_0) ) ≤ ∫_{τN} τ_0 ā(τ) h̄(τ) dτ + No(ε). The sum of relations (54) over 1 ≤ n ≤ N is

H(τ_N ) − H(τ_0) = N ( 2πε + o(ε) ) , (56)

therefore N = 1 2πε + o(ε) ∫_{τN} τ_0 dτ h̄(τ) and ε ( Φ(r_N ) − Φ(r_0) ) ≤ ∫_{τN} τ_0 ā(τ) h̄(τ) dτ + ∫_{τN} τ_0 dτ h̄(τ) · o(1), ε, ρ → 0 (57) (here o(1) is independent of N). Due to (44), there is a μ > 0 such that for all τ ∈ [τ_0, τ_d] ∫_τ

τ_0 ā(τ) h̄(τ) dτ + η ∫_τ τ_0 dτ h̄(τ) ≤ −μ(τ − τ^0) if |η| is sufficiently small, hence

Φ(r_N ) − Φ(r_0) ≤ − μ ε (τ_N − τ_0) ≤ 0. (58)

Set a_0 = max |a(τ, φ)| for τ_0 − 1 ≤ τ ≤ τ_d, 0 ≤ φ ≤ 2π. Estimate (50) implies Φ ( r(θ) ) − Φ(r_N ) ≤ (θ − θ_N )ε^{−1}a_0 for θ ≥ θ_N . For a given θ we define N by θ_N ≤ θ < θ_{N+1}, then Φ ( r(θ) ) − Φ(r_N ) ≤ 2πa_0 and due to (58), Φ ( r(θ) ) ≤ Φ(r_0) + 2πa_0 for all θ_0 ≤ θ < Θ. (59)

Moreover, since |τ(θ) − τ_N | ≤ 2πcε, estimate (58) implies Φ ( r(θ) ) − Φ(r_0) ≤ − μ ε ( τ(θ) − τ_0 ) + 2π(a_0 + μc) for all θ_0 ≤ θ < Θ. (60)

Relation (56) is equivalent to H(τ_N ) − H(τ_0) = ( 1 + o(1) ) (θ_N − θ_0). From 0 ≤ θ − θ_N < 2πε it follows that H ( τ(θ) ) − H(τ_N ) = O(ε) and H ( τ(θ) ) − H(τ_0) = ( 1 + o(1) ) (θ − θ_0) + O(ε).

For |o(1)| < 1/2 and |O(ε)| < H(τ_0) − H(τ_0 − 1) this implies H ( τ(θ) ) − H(τ_0 − 1) ≥ θ − θ_0 2 for all θ_0 ≤ θ < Θ. (61)

Here τ_0 − 1 ≤ τ(θ) < τ_d by assumption, hence H ( τ(θ) ) < H(τ_d) and

Θ ≤ 2 ( H(τ_d) − H(τ_0 − 1) ) + θ_0 < ∞. (62)

To conclude the proof, let us fix any sufficiently small ρ and ε such that (49) implies relations (59), (60), and (61) and take any r_0 ∈ (0, ρ) such that

Φ(r_0) + 2πa_0 < Φ(ρ) (63)

(this estimate for all sufficiently small r_0 follows from (5)). Consider a solution ( r(θ), τ(θ) ) of system (40) with the initial data r(θ_0) = r_0, τ(θ_0) = τ_0. Let Θ be the largest number such that (49) holds on the interval θ_0 ≤ θ < Θ for this solution. Then either τ(Θ) = τ_0 − 1 or τ(Θ) = τ_d or r(Θ) = ρ. But relation (61) implies H ( τ(Θ) ) > H(τ_0 − 1); relations (59) and (63) imply Φ(r(Θ)) < Φ(ρ). Therefore τ(Θ) > τ_0 − 1, r(Θ) < ρ. This proves τ(Θ) = τ_d, which is equivalent to Θ = θ_d. Now conclusions (46), (47) of Proposition 3 follow from relations (59), (60) and Φ(r) → −∞ as r → 0. The function χ can be defined by χ(ρ) = Φ^{−1} ( Φ(ρ) + 2πa_0 ) ; estimate (60) implies

max{r(θ) : τ(θ) ≥ τ_0 + δ, θ_0 ≤ θ ≤ θ_d} ≤ Φ^{−1} ( −μδε^{−1} + Φ(r_0) + 2π(a_0 + μc) ) . Finally, we have proved that max τ(θ) ≥ τ_d; since relations (44) hold for τ_0 ≤ τ ≤ τ_d + η with any small η > 0, estimate (45) is true, which completes the proof.

Condition (3.19) of Proposition 3 can be replaced by g(τ, r, φ) = a(τ, φ)ϕ(r) + o ( ϕ(r) ) , r → 0. (3.40) Indeed, (3.40) implies that estimates (3.19) and (3.20) with a(τ, φ)+η and ā(τ)+η in place of a(τ, φ) and ā(τ) are valid for any sufficiently small η > 0 and ρ_0 = ρ_0(η) > 0. Now to prove Theorem 3 it suffices to note that for system (3.15) relations (3.40) with ϕ(r) = r^α and h̄(τ) ≡ 1 hold, estimates (3.20) have the form (3.12) and due to (3.22), each solution of system (3.15) with a sufficiently small initial value r^ε(θ_0) = r_0 is close to the zero solution for all θ_0 ≤ θ ≤ θ_d. Since systems (3.4) and (3.15) are equivalent in some neighborhood of zero, relations (3.13) and (3.23) are equivalent for small ρ.

For example, let F_j(τ, x, y) = a^j_1x^2 + a^j_2x|x| + a^j_3xy + a^j_4x|y| + a^j_5|x|y + a^j_6|x||y| + a^j_7y|y| + a^j_8y^2, where a^j_k = a^j_k(τ). Then α = 2, ϕ(r) = r^2 and function (35) equals

ā(τ) = 2 3π ( 2a^1_2(τ) + a^1_4(τ) + a^2_5(τ) + 2a^2_7(τ) ) . If the functions f_j (τ, x, y) admit the Taylor expansion (with some finite number of terms) at the point x = y = 0 for each τ, then F_j (τ, x, y) are homogeneous polynomials of order α ≥ 2 of the variables x, y. Theorem 3 can not be used in the main case α = 2, since for quadratic polynomials F_j function (35) is the identical zero. This case is studied in the next subsection by simple modification of Proposition 3.

Suppose that all quadratic terms in the Taylor expansions of the functions f_j (τ, x, y) at the point x = y = 0 are zero for all τ, i.e.

f_j (τ, x, y) = a^j_1(τ)x^3 + a^j_2(τ)x^2y + a^j_3(τ)xy^2 + a^j_4(τ)y^3 + o ( |x|^3 + |y|^3 ) . (64)

Then α = 3, ϕ(r) = r^3 and function (35) is defined by

ā(τ) = 1 8 ( 3a^1(τ) + a^1_3(τ) + a^2(τ) + 3a^2_4(τ) ) . (65)

3.3 Polynomial nonlinearities Let P_j(τ, x̃, ỹ) = p^j_1x̃^2 + p^j_2x̃ỹ + p^j_3ỹ^2, Q_j (τ, x̃, ỹ) = q^j_1x̃^3 + q^j_2x̃^2ỹ + q^j_3x̃ỹ^2 + q^j_4ỹ^3,

where p^j_k = p^j_k(τ), q^j_k = q^j_k(τ). Consider the system dx̃ dt = −ỹ + P_1(τ, x̃, ỹ) + Q_1(τ, x̃, ỹ) + ψ_1(τ, x̃, ỹ), dỹ dt = x̃ + P_2(τ, x̃, ỹ) + Q_2(τ, x̃, ỹ) + ψ_2(τ, x̃, ỹ), (66)

where the terms ψ_j satisfy (33) with α = 3. The standard change of variables

x = x̃ + b^1(τ)x̃^2 + b^1_2(τ)x̃ỹ + b^1_3(τ)ỹ^2, y = ỹ + b^2_1(τ)x̃^2 + b^2(τ)x̃ỹ + b^2_3(τ)ỹ^2 (67)

transforms this system to system (29) with nonlinearities (64) that do not contain quadratic terms. The coefficients a^j_k(τ) and b^j_k(τ) in (64) and (67) are determined by straightforward calculations. Each coefficient b^j_k(τ) is a linear combination of the coefficients p^m_ℓ (τ) of the polynomials P_1 and P_2; every coefficient a^j_k(τ) is the sum of the corresponding coefficient q^j_k(τ) of Q_j with a quadratic form of the coefficients p^m_ℓ (τ) of P_1 and P_2 (see e.g. [18, 19]). Using the expressions for a^j_k(τ), one arrives at the following formula for the function (65)

ā(τ) = 1 8 ( 2(p^1_3p^2_3 − p^1p^2_1) + p^1_2(p^1 + p^1_3) − p^2(p^2_1 + p^2_3) + 3q^1 + q^1_3 + q^2 + 3q^2_4 ) . (68)

Since systems (29) and (66) related by equalities (67) are equivalent in some neighborhood of the origin, their Hopf bifurcation points coincide; hence, each Hopf bifurcation point τ_∗ is a zero of the function (68). The sign of (68) at any other point τ determines stability of the zero equilibrium for system (66). Now consider the system ε dx̃ dτ = −ỹ + P_1(τ, x̃, ỹ) + Q_1(τ, x̃, ỹ) + ψ_1(τ, x̃, ỹ), ε dỹ dτ = x̃ + P_2(τ, x̃, ỹ) + Q_2(τ, x̃, ỹ) + ψ_2(τ, x̃, ỹ). (69)

Suppose that all coefficients p^m_ℓ (τ) of the polynomials P_1 and P_2 are continuously differentiable. Let system (29) with nonlinearities f_j (τ, x, y) of the form (64) be obtained from the associated to (69) system (66) by the transformation (67). Then the formulas (67) transform system (69) to ε dx dτ = −y + f_1(τ, x, y) + εγ_1(τ, x, y), ε dy dτ = x + f_2(τ, x, y) + εγ_2(τ, x, y), (70)

where γ_j = O ( x^2 +y^2 ) . This system does not have the form (28) (due to the presence of the terms εγ_j). Nevertheless, the following analog of Theorem 3 holds.

Theorem 4 Let estimates (36) be valid for the function (68). Then there is a ρ > 0 such that for any small δ > 0 the relation

lim_{ε→0} max{|x̃^ε(τ)| + |ỹ^ε(τ)| : τ_0 + δ ≤ τ ≤ τ_d} = 0

holds for all solutions of system (69) satisfying ( x̃^ε(τ_0), ỹ^ε(τ_0) ) ∈ B(ρ). Equivalently, it means that solutions of system (70) satisfy (37). To prove this fact, we rewrite (70) in polar coordinates r, φ, substitute φ = ε^{−1}θ, and change the time τ → θ. As a result, we obtain the system ε dr dθ = g(τ, r, ε^{−1}θ, ε), dτ dθ = h(τ, r, ε^{−1}θ, ε) (71) equivalent to (69) and (70) in some neighborhood of the origin, where g(τ, r, φ, ε) = a(τ, φ)r^3 + o(r^3) + εO(r^2), h(τ, r, φ, ε) = 1 + O(r), (72) and the integral (35) of the function a(τ, φ) is defined by (68). Theorem 4 follows from the next Proposition.

Proposition 4 Let relations (72) hold, the functions (72) be continuous and 2πperiodic in φ. Let estimates (36) be valid for the function (35). Suppose that for solutions ( r^ε(θ), τ^ε(θ) ) of system (71) the estimate r^ε(θ_0) > 0 implies r^ε(θ) > 0 for all θ > θ_0. Then for every sufficiently small ρ > 0 and δ > 0 all solutions such that 0 < r^ε(θ_0) = r_0 < ρ, τ^ε(θ_0) = τ_0 with any θ_0 satisfy relations (45), (46) and (47) where θ_d is defined by (48) and χ(ρ) → 0 as ρ → 0.

P r o o f. We need to modify only slightly the proof of Proposition 3. Let us fix any α from the interval 1/2 < α < 1 and any sufficiently small η > 0 such that relations (36) hold for ā(τ) + η in place of ā(τ). Let τ(θ_0) = τ_0, estimates (49) be valid for a solution ( r(θ), τ(θ) ) of system (71) on some interval θ_0 ≤ θ < Θ and let additionally r(θ) > ε^α on this interval. Set

ϕ(r) = r^3, Φ(r) = − 1 2r^2 , h̄(τ) ≡ 1, H(τ) = τ. If ρ is sufficiently small, then (72) implies |g(τ, r, φ, ε) − a(τ, φ)r^3| ≤ ηr^3, ε^α < r ≤ ρ, (73) and therefore the solution ( r(θ), τ(θ) ) satisfies for all θ_0 ≤ θ < Θ ε r^3 dr dθ ≤ a ( τ(θ), ε^{−1}θ ) + η. (74)

This estimate is the analog of (50). From this point, we can apply exactly the same argument as in the proof of Proposition 3; the only difference is that a(τ, φ) and ā(τ) should be everywhere replaced by a(τ, φ) + η and ā(τ) + η. As a result, we prove relations (59) and (60), but now they are valid on the maximal interval θ_0 ≤ θ < Θ where either τ(Θ) = τ_d or r(Θ) = ε^α (this alternative is due to the additional requirement r(θ) > ε^α to the solution).

Fix a ν such that 1/2 < α − 2ν < α < 1. Estimate (73) implies ε r^3 dr dθ ≥ −(a_0 + η), θ_0 ≤ θ < Θ,

and therefore ε 2 ( 1 r^2(θ_0) − 1 r^2(Θ) ) ≥ −(a_0 + η)(Θ − θ_0),

where a_0 = max |a(τ, φ)| and Θ − θ_0 ≤ 2(τ_d − τ_0 + 1) =: c_1 according to (62). If r(θ_0) > ε^{α−ν} , then

r^2(Θ) ≥ ε^{2α−2ν} 1 + 2c_1(a_0 + η)ε^{2α−2ν−1} . Since 2α − 2ν > 1, for all sufficiently small ε this implies r(Θ) > ε^α and from the alternative above it follows that τ(Θ) = τ_d, i.e. Θ = θ_d. Thus, for solutions with initial values r(θ_0) > ε^{α−ν} estimates (59), (60) hold for all θ_0 ≤ θ ≤ θ_d, consequently for such solutions relations (46), (47) are valid, i.e. the conclusion of the Proposition is proved for them.

If r(θ_0) ≤ ε^{α−ν} , then relations (46), (47) follow from rough estimates of g. Consider any solution ( r(θ), τ(θ) ) with initial data r(θ_0) ≤ ε^{α−ν} , τ(θ_0) = τ_0 on the maximal interval θ_0 ≤ θ < Θ_1 such that 0 < r(θ) < ε^{α−2ν} for all θ and Θ_1 ≤ θ_d. >From (72) it follows g(τ, r, φ, ε) = O(ε^{3α−6ν} ) for all 0 < r ≤ ε^{α−2ν} . This relation and the estimates Θ_1 − θ_0 ≤ θ_d − θ_0 ≤ c_1 imply r^′ = O(ε^{3α−6ν−1}) on the interval θ_0 ≤ θ < Θ_1 and r(Θ_1)−r(θ_0) = O(ε^{3α−6ν−1}). Since 2α−4ν > 1, we conclude that r(Θ_1) < ε^{α−2ν} for small ε, which implies according to the definition of Θ_1 that Θ_1 = θ_d and max{r(θ) : θ_0 ≤ θ ≤ θ_d} < ε^{α−2ν} < √ ε. This proves (46) and (47) for solutions with r(θ_0) ≤ ε^{α−ν} .

Acknowledgements

The research was done while D. Rachinskii was visiting the Weierstraß-Institut für Angewandte Analysis und Stochastik. His work was partially supported by the Russian Foundation for Basic Research (Grants 00-15-96116, 00-01-00571, 01-01-00146, 01-01-06372) and by the Foundation for Support of National Science of Russia.

References

[1] Tikhonov, A.N. On the dependence of solutions of differential equations on a small parameter. Mat. Sb. 64 (1948), 193-204 (in Russian).

[2] O’Malley, R.E. Jr. Singular perturbation methods for ordinary differential equations. Springer, New York, 1991.

[3] Vasil’eva, A.B., Butuzov, V.F. Asymptotic methods in the theory of singular perturbation. Vysshaya Shkola, Moscow, 1990 (in Russian).

[4] Lebovitz, N.R., Schaar, R.J. Exchange of stabilities in autonomous systems I, II. Stud. Appl. Math. 54 (1975), 229-260; 56 (1977), 1-50.

[5] Shishkova, M.A. Study of a system of differential equations with a small parameter at the highest derivatives. Dokl. Akad. Nauk SSSR 209 (1973), 576-579 (in Russian).

[6] Neishtadt, A.I., Simó, C., Treschev, D.V. On stability loss delay for a periodic trajectory. Progress in Nonlinear Differential Equations and Their Applications 19 (1996), 253-278.

[7] Neishtadt, A.I. On delayed stability loss under dynamic bifurcations I, II. Differential Equations 23 (1987), 2060-2067; 24 (1988), 226-233.

[8] Haberman, R. Slowly varying jump and transition phenomena associated with algebraic bifurcation problems. SIAM J. Appl. Math. 37 (1979), 69-106.

[9] Schecter, S. Persistent unstable equilibria and closed orbits of singularly perturbed equations. J. Differential Equations 60 (1985), 131-141.

[10] Diener, F., Diener, M. Sept formules relatives aux canards. C.R. Acad. Sci. Paris 297 (1983), 577-580.

[11] Nefedov, N.N., Schneider, K.R. Delayed exchange of stabilities in singularly perturbed systems. Preprint of WIAS 270 (1996), 1-12.

[12] Nefedov, N.N., Schneider, K.R. Immediate exchange of stabilities in singularly perturbed systems. Preprint of Schwerpunktprogramm der DFG “Dynamik: Analysis, effiziente Simulation und Ergodentheorie” 40 (1997), 1-14.

[13] Zanolin, F. Continuation theorems for the periodic problem via the translation operator. Rend. Sem. Mat. Univ. Pol. Torino 54 (1996) 1, 1-23.

[14] Marsden, J., McCracken, M. Hopf bifurcation and its applications. Springer, New York, 1976.

[15] Krasnosel’skii, A.M., Mennicken, R., Rachinskii, D.I. Cycle stability for Hopf bifurcation, generated by sublinear terms. Math. Nachr. 235 (2002).

[16] Krasnosel’skii, A.M., Kuznetsov, N.A., Rachinskii, D.I. Nonlinear Hopf bifurcations. Doklady Mathematics 61 (2000) 3, 389-392.

[17] Krasnosel’skii, A.M., Mennicken, R., Rachinskii, D.I. Hopf bifurcation generated by small nonlinear terms. Proceedings of GAMM 99, Zeitschrift für Angew. Math. Mech. (1999).

[18] Guckenheimer, J., Holmes, P. Nonlinear oscillations, dynamical systems, and bifurcations of vector fields. Springer, New York, 1983.

[19] Kuznetsov, Yu.A. Elements of applied bifurcation theory. Springer, New York, 1998.