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Abstract

In this paper it is studied uniqueness and L!-stability for 2 x 2 system
coming out from the theory of granular media. The investigations are done
in a class of weak entropy solutions. The appearance of multifunction in a
source term, given by Coulomb-Mohr friction law, requires a modification of
definition of the solution.

1 Introduction

We consider the system describing the motion of an avalanche down a slope,
which will be denoted by the following values:

e the height of an avalanche h: Rt x R — R,
e the density of an avalanche p: R" x R — R,

e the velocity of an avalanche v : R* x R — R.

The system consists of differential inclusion

0 0
2 (oh) + 2 (phw) = 0
5 (Ph) + 5 (phv) ,
0 9 1 (1.1)
—(ph — ( phv® + = Bph? h
g (Ph) + 5 <p v+ 50p ) € phg,
where 8 := ((z) is a given function and g := g(z,v) is a given multifunction.

The first equation in (1.1) describes the conservation of mass whereas the second
differential inclusion describes the balance of linear momentum. For simplicity the
dependence of g and § on x will be ignored, what does not influence the problem.
The constant 8 and the multifunction g(v) are defined by

B = kcos(v),
[ sin(y) + [—cos(7), +cos(y)] for v =0,
g(v) = { sin(7y) — i cos(7) for v#0,

where § <y < 7 is an angle between gravitational force and a constant slope ground
and k is a positive constant. The evolution of three variables (p, h,v) cannot be de-
termined uniquely by these two balance laws, so an additional constitutive relation
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has to be added. One possible approach is to assume that p is a function of h and v.
Then we obtain a system of two differential inclusions for the two independent vari-
ables (h,v). We consider the constitutive relation p = h~2. Following the nonlinear
transformations of the above system in [7] we obtain the new system

0 0 ~

— —F 1.2
where
U1U2 5 0
F(u) = ué_'_u; and G(u) = ( () ) :

Let us introduce the class of weak entropy solutions, which is the proper one for the
above system.

Definition 1.1. Suppose that n = n(uy, us), ¢ = q(u1,us) are scalar C'-functions
satisfying
v(ul,uz)n(U’lJ UZ) : v(ul,uz)F(ula UZ) = V(ul,uz)Q(Ul, UZ)-

Such functions (7, q) are called Entropy-Flux Pairs. If 7 is convex, then (7,q) is
called a Convex Entropy-Flux Pair.

Definition 1.2. We call u € L*([0,7) x R;R; x R) a Weak Entropy Solution to
the system

U + F(’U,)z = G(.’L‘, t)
with the initial data u® € L™ (R; R, x R) and source term G € L>([0,T) x R; R?)
iff

1. u is a weak solution, i.e.

/ ult, ) - %w(t, 2) + Flu(t, 7)) - %w(t, 2)

[0,T7)xR

+G(t,z) - Y(t, z)] dtdz + /uo(x) -(0,z)dz = 0

for all test functions ¢ € C}([0,T) x R;R?).
2. The entropy inequality

[ w2 5ot 0) + autt,2)) 5ol
[0,T) xR
+Vun(u(t,z)) - G(t, z)e(t, z)] dtd:z:—l—/n(uo(:z:))go(o,x)d:z: > 0

holds for all non-negative test functions ¢ € C}([0,T)xR; R) and all convex entropy-
flux pairs (7, q).



Remark

The above definition is standard in the theory of conservation laws. However it
cannot be used for system (1.2) because of the multifunction in a source term.
Therefore we need the following extension.

Definition 1.3. We call u € L*([0,7) x R;R; x R) a Weak Entropy Solution to
the system (1.2) with the initial data u® € L™ (R; R, x R) iff

1. AG(t, z) € G(u(t,z)) for a.a. (t,z) €[0,T) x R.

2. u is a Weak Entropy Solution according to Definition 1.2 to a system

us + F(u), = G(z,t)

In paper [7] there has been shown existence of solutions to the problem (1.2). We
will recall this theorem

Notation

By C%(Q; X) we denote the Banach space of the continuous functions u : Q — X
with the norm weighted by w (w(z) = 1+ |z|), ||ul|co = supcallw(z)u(z)||. Note
that X does not have to be a linear space. By C7(Q; X) we denote the Banach
space of r-times differentiable functions with the usual norm.

Theorem 1.1. Assume that the initial data v® = (u}, u)) € C}(R; R?), inﬂg ud(z) >
TE

0, (u) — @, u)) € CO(R; R?) for some positive real constant u.
Then the problem (1.2) possesses the Weak Entropy Solution in the sense of Defini-
tion 1.3 for all positive T, with inﬂf{ ul(t,z) > 0 for a.a. t €[0,T).

E4S

For further consideration it is useful to observe that the system (1.2) is equivalent
to the following system of two independent inclusions coupled only by a right-hand
side

0 10 -
—(uy —ug) — - (w1 —u2)® € —G(us)
ot 20z
(1.3)
2 (ur+ ) 2w ) € )
—(u; +u ——(u; +u u
ot 1 2 20z 1 2 g\uz
Using new variables u; — us = wy, u; + upy = wy the system can be rewritten
0 10 , - [ w2 —wy
- - E — - -
ot 28z g < 2
(1.4)

2 _i_li 2 c q W2 — W1
a2 T 92 & 9

One could expect that the system consisting of differential inclusion instead of equa-
tion should bring a big amount of solutions. It can be easily shown that there exist
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a lot of stationary solutions (see [6] for details), contrary to the system of two dif-
ferential equations, where only one stationary solution has been obtained. For the
solutions u € L>®([0,T) x R;R; X R) as in the Definition 1.2 the result of unique-
ness cannot be obtained because of the possible occurrence of initial layer to such a
solution. But together the method of vanishing viscosity and Lemma 3.3 with some
additional assumption on the initial data (c.f. assumption on w in Lemma 3.3) bring
the solution being in C°([0,T); L}, (R)). Note that this is the typical time regularity

for the uniqueness results for the scalar conservation law (c.f. [9], [11]).
Therefore we obtain the uniqueness of solutions, what is the main result of this

paper

Theorem 1.2. Let (wy,ws), (Wi, ws) € C°([0,T); L} (R;R?)) NL>([0,T) x R; R?)

be two weak entropy solutions to the system (1.4) with (wy — Wy, we — Wy) €
L>([0,T); L' (R; R?)) and initial data (w),wd), (@?,wy) € Ll (R;R?). Then for
any 0 <t <T

Jwi (t) — W1 (8) || 21wy + |wat) — Wa(t) || 1wy < |lwf — WY Lrgry + |wh — | Law).

Remark

Similar results for strongly coupled 2 x 2 - system are not straightforward. Even
for the homogeneous system the uniqueness of solutions is conditional under the
assumption on BV norm |[u°[|pyrzz) << 1 c.f. [1], [2], [3]. This yields a global
in time estimate on BV norm. However in the case of nonhomogenous equations
some “dissipative properties” of the right-hand side in sense of a proper BV norm
are meaningful, they do not appear in this case.

2 Technical Lemma

For technical reasons it will be convenient to formulate the following lemma

Lemma 2.1. Let g : R — 2% be a monotone multifunction where g(b) € [—1,1] is
multivalued only if b =0 and

I(a,b,a,b) = [g(b) — g(b)|[ms(a + b — (a+b)) —n5(a— b~ (a—b))]
where ns : R — R is a function, for 6 > 0 defined by

0 y € (—00,0]
) =4 L ye (0,24 (2.1)
y—9 y € (26,00)

Then I <0 for every a,a,b,b € R.



Remark
By monotone multifunction we understand that g has the following property

Va,beR a<b=g,>g Vg € g(a), g € g(b).

Proof
Let observe that 75 is a nondecreasing function and

[15(a+b—(a +b)) —nj(a—b—(a —b))] = [15((a—a) + (b—b)) —m5((a —@) — (b—b))]

then consider three cases:

1. b<b then [nj(a+b—(a+b)) —ni(a—b—(a—1b))] <0

2. b="> then [nj(a+b— (a+b)) —nj(a—b—(a—1b))] =0

3. b>bthen [nj(a+b— (a+b)) —ns(a—b—(a—1b))]>0.

U
3 Additional Estimates for Vanishing Viscosity Solutions
We will observe the stability of solutions to the parabolic system
L A S Y 6 Sl
ot T 29zt T o2t Y 2
(3.1)
0 i 10 2 82 i e [ W2 — W1
at"? " 20z T fez2 Y 2

with € N\, 0. The function g has been replaced by a smooth bounded function g¢°,
which was constructed by mollifying g with some smooth function with compact
support. The above problem possesses a classical solution. We only recall the
proper theorem from [7]

Theorem 3.1. Assume that the initial data w° = (w),w)) € C}(R;R?), with
(w) + wd — 2u, w? — w)) € C°(R; R?) for some positive real constant .

Then the problem (3.1) possesses a classical global in time solution, i.e. w €
C°([0,T); CH(R;R?)), 2w € CY([0,T) x R;R?) where T is an arbitrary time.

For further consideration we need a new, independent of £ estimate for the solution
to the system (3.1).

Lemma 3.2. Let (wy, ws) and (W, ws) be two different solutions to the system (3.1)
as in Theorem 3.1 with initial data (w?,w) and (W}, w3) from Li, (R;R?). Then

loc
forany0<t<T

Jwi(t) — W1 (8) || 21wy + |wat) — Wa(t) || prwy < |Jwf — W Lrgry + |wh — | Law).



Proof
Let ns be an entropy function defined as the function in Lemma 2.1. With help of
simple algebraic tricks we arrive

Ouls s — W) + mo(ws — W) — 50y — 1) (w} — )

/ —_— — 1 " —_— — J—
+nj(ws — W) (wh — w3)} + 57 (w1 — W) (w} — W) 0, (w1 — Wy)
1 I —_— — J— J— _
—5775(702 — Wa) (W — W5) 0, (we — Wa) = eAlns(wy — W1) + ns(wz — Ws)]  (3.2)

—ens (w1 — 1) [0 (w1 — W1))* — enf(wa — W2)[0a (w2 — W)

Ho (225 o (T i — ) — wius - o)

Since the terms enf(w; — w;), 4 = 1,2. are nonnegative and the last term on the
right-hand side is nonpositive by Lemma 2.1, integrating the above inequality over
R x (0,¢) with 0 < t < T fixed leads to the following inequality

/[Ua(wl(t; z) — Wy (t, z)) + ns(wa(t, ©) — wa(t, x))|dx
- / [ns(w) (z) — w}(z)) + ns(w)(z) — wh(z))|da
1 (3.3)
< [ Sl - w)w} - wou(w. - w)
Rx(0,8)
—n (wy — W) (w? — 20, (wy — Wy) }dtdz

:(t,z)) converges pointwise to [w;(t,z) — w;(¢t,z)]" as § — 0 and
(t,z)) ges p [wi(t, z) (t, z)]

/mﬁw%WﬁJWM+/MQM—mQMWx

R (3.4)
< [fut(o) - al(e)) o+ [[uo) - wh(o)] da

Interchanging w; with w; leads to the analogous inequality. Adding both inequalities
yields the assertion of the theorem. O

Lemma 3.3. Let (wy,ws) be the strong solution to system (3.1) with initial data
(wd, w3). Moreover there exists w € C°(R;R) with w(0) =0 such that

/|w(1)(x) —w?(z + h)|dz + / \wd(z) — ws(z + h)|dz < w(h).



Then for any0 <t <T —h andr >0

/ﬂm@+hﬁyﬂm@mpuw@+mxyﬂm@mum

<er(h+ P+ B2 (r 4 1) ([[(wn)?[|ooo (e myxmy + [1(w2)?[|no (smyxm) + 1)
+CzU)(h1/3),

Proof
Let observe that by Lemma 3.2

/ﬂm@wyﬂm@x+wpuwawy4@@x+mum

< /{Iw?(x) —wi(z +y)| + [wy(z) — wa(z +y)[}z < w(ly]).

First each of the equations of the system (3.1) will be treated separately. Multiplying
each by a bounded test function ¢(z)K (z), where

1 for |z| <
0 for |z|>r+1
z+r+1)2%(z+r—1) for —(r+1)<z<-r

K(z) = (
(z—r—1)2%*z—r+1) for r<z<r+1

and ¢ are the functions in W2°°(R). Integrating over R x (¢,¢ + h) leads to

/go(:z:)K(x)[wi(t + h,z) — w;(t, z)|dz

R

- (‘2”’[%@)!((1:)+so(x>Kz(x>1w3(t,x>dtdx

(t,t+h)xXR
/ {elsa(@) K () + 00(2) Ko() + p(2) Kusus(t, 2) + o(2) K (2)g(t, 2)} didz,

(t,t+h)xR

fori =1,2. A good way leading to the assertion of the theorem would be using as a
test function ¢;(z) = sgnv;(z), with v;(z) = [w;(t+h, z)—w;(¢, z)]. Because of its dis-
continuity it has to be mollified first. So we choose as a test function @;(z) = o*sgnv;
where o0 = h_1/3§(hf/3), with some smooth and nonnegative function £ of compact

support and total mass one. Note |K|, |Kz|, |Kzzl|, |©il, |h%(g0,-)z|, |h§(g0,-)m|, lg| are
uniformly bounded in IL°([0,T) x R;R). Then we have

r

/soi(x)vi(x)dx < er(h+ B+ B (r + 1) (| (wi)? [l ey <y + 1)
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Note |v;(z)| — vi(z)sgnv;(2) < 2|v;(z) — v;(2)| then

[vi(2)|—vi(2)sgno;(z) < 2/0(6){Iw1(t, z)—wy (t, 2—h3E) | +|wa(t, @) —ws(t, z—h3E) }dé.

This yields the assertion of the lemma. O

4 Stability of solutions

Observing the condition which has to be satisfied by an entropy-flux pair (Definition
1.1)

V(1111,1112)"7(“&) w?) : V(wlywz)F(wla w2) = V(uu,wz)Q(wla U)Z)
one can find out that the matrix VF{,, w,) (w1, ws) in this case is diagonal so the
above vector equation has the form

— 0
(vw1n(w1a w2)7 szn(wl, w2)) : < SUI
Wa

> — (leq(wla ’U)Q), vw2Q(w1; w2)) -

It follows the possibility of finding entropy-flux pairs (n',¢') dependent only on
w; and (n%,¢*) on w,. Hence the vector equation could be decoupled into scalar
equations

V11)17’1(“)1) ’ (_wl) = vw1q1(w1)a
V1 (W2) w2 = Vau,q*(w2).
Following the notation for capital letters g will denote some selection from g i. e.
g(t,z) € g(w;(t,z)) for a. a. (t,z) € [0,T) x R. Then the entropy inequality takes
the following form

/ ' (wi(t, 2)) + 17 (wa(t, 2))]e(t, 2) + g (wi(t, ) + ¢*(wa(t, 2))]@a(t, 7)
[0,T)xR
+9(t,2)[Vaon” (wa(t, 2)) — Va1 (wi (¢, 2))] (¢, ¢)dtde

+ [ @Wh@) + 7Y@l (0,2)do > 0
R
(4.1)
From now on n}(w;,w;), denoted below, becomes the entropy function, where w; is
a parameter taking values in R,z =1, 2.

0 for w; < w;

2

ng(wl,mz) = % for w; <w; <w; + 20

w;, —w; — 6 for w; >w; + 20

0 for w; <w;
Vw0 (w3, W;) = % for w; < w; <w; + 26
1 for w; > w; + 26



0 for w; < wj;
Vming(wi,mi) = —w’;&mi for w; < w; S w; + 20
-1 for w; >w; + 20

Proof of Theorem 1.2
To the above entropy inequality as a test function we can insert ¢(t,z,t,Z) €
CH(((0,T) x R)?,R). Then for some fixed (¢,7) the inequality takes the form

/ {8t§0(ta Z, Za E) [n(}(wla wl) + 77(?(“’2’ EZ)] + am(p(t’ Z, z’ f) [q; (wl’ wl) + q(?(’w?’ EZ)]
0, T)xR
+§0(t’ T,t, 5)g(t7 x)[VW2n§(w2’ m2) - leT]; (wh ml)]}dtd‘r >0

In the same manner with (¢, z) fixed, the following inequality can be obtained

/ {Orp(t, z, 1, T)[ns (w1, W1) + 13 (wa, Wa)] + Bup(t, 2, T, T) g5 (w1, W1 ) + g5 (w2, Wa)]
[0,T)xR B B _
—QO(t, Z, ta f)g(ta f) [szn(?(w% EZ) - Vuu 77(} (wla m1)]}(:ltdf >0

Then further on integrating both inequalities with respect to (¢, ) the first one and
with respect to (¢, z) the second one, then adding them leads to the following result

{(8: + O5)(t, 2,8, T) 5 (w1, W1) + 75 (wa, Wa))]
([0,T) xR)>2 )
+(0s + 02)(t, 7,8, T) g5 (w1, W1 ) + qj (we, W2)]

+§0(t’ z, E’ 5) [g(t’ .’13) - g(fa f)][vwzﬂg(w% m2) - leT]; (wla m1)]}dtd$dfdE >0

(4.2)
To do the next step we choose the test function in such a way that for a fixed
¢ : R — R, smooth function satisfying

/ £(z)dz = 1

st =g (515 )e (15 e (57)

where 1 : R x R, — R, is a Lipschitz continuous function. Letting ¢ \, 0 we find
_ 1 t+t z+7 t—t T—T
O + 0;)e(t,z,t,7) = =0, ,
(t+ t)@(axaax) 62 ¢<2 2 >§<26>£< 26)

(az—i-af)@(t,x,f,f):é » <t+% x+f>§<t—f>£<x—§>

2 7 2 2¢ 2¢

9



the inequality (4.2) yields to

/ {041 (t, )5 (w1, W) + 15 (wa, Wa) |+0uY(t, ) g5 (w1, W) + g5 (w2, Wa)]

+P(t, 2)[g(t, ) — G T)][ Vs (w2, Wa) — Vi, m5 (w1, W1)] btdz > 0

(4.3)
In above inequality let us use as a test function ¥ (¢, z) = (,.(z)0.(t) where
lz| >r+1
Gl)=X r+l1—|z|] r<|z|<r+1 (4.4)
1 |zl <r
and )
0 O<t<sort>T1+e€
1 s+e<t<rT
0c(t) = %t—f s<t<s+e (4.5)
L4147 t<t<T+e
\

forr>0,0<s<7, 0<e<T—E

According to Lemma 2.1 the nonpositive term containing function g can be omitted

r T+e€ T+€
1 1
- [+ wwnwiadz - [ [ 000w, m) + s, W)
—r T {r<|z|<r+1} s
r s+e€

1
< E//[W&(wl,wl)+n5(w2,wz)]dtd$

Let s \( 0, € \, 0. Then using continuity with respect to ¢ (i.e. w, w €
OV ([0,7); Li,o(R; R?))) we have

T T

/[776(11)1,@1) + 05 (we, Wo)|dz — /

-r

0c(t)[gs (w1, W1) + q5(wo, Wa)]dzdt

0 {r<lol<r+1}
(r+1)

< [ ) + )
—(r+1)

for all t € [0,T). Letting 6 N\, 0, » — oo we conclude with standard dominated
Lebesgue convergence theorem argument

/{ wy (7, x) — W (T, x)]+ + [we(T, ) — Wa(T, x)]+}dx
/ {[wd(z) - W(@)]* + [wl(z) — BY(z)]* }de
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Interchanging w; with w; leads to the analogous inequality. Adding both inequalities
yields the assertion of the theorem. O
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