ON THE APPROXIMATION OF SINGULAR INTEGRAL EQUATIONS BY EQUATIONS WITH SMOOTH KERNELS

R. Duduchava^1 and S. Prößdorf

Abstract: Singular integral equations with Cauchy kernel and piecewise–continuous matrix coefficients on open and closed smooth curves are replaced by integral equations with smooth kernels of the form (t − τ )[(t − τ )^2 − n^2(t)ε^2]^{−1}, ε → 0, where n(t), t ∈ Γ, is a continuous field of unit vectors non–tangential to Γ. We give necessary and sufficient conditions under which the approximating equations have unique solutions and these solutions converge to the solution of the original equation. For the scalar case and the space L_2(Γ) these conditions coincide with the strong ellipticity of the given equation.

1. INTRODUCTION

Let Γ ⊂ C be a finite union of closed or open, compact, oriented, smooth curves without common points. Let c_1, ..., c_{2m} ∈ Γ be the end points of open arcs where c_2, c_4, ..., c_{2m} represent the right end points and c_1, c_3, ..., c_{2m−1} the left ones. Introduce the weight function ϱ(t) = n∏ j=1 |t − c_j|^{αj} , 1 < p < ∞ , −1 < α_j < p − 1 , c_1, ..., c_{2m}, c_{2m+1}, ..., c_n ∈ Γ . (1) By L_p(Γ, ϱ) we denote the Lebesgue space of functions φ equipped with the norm ||φ|L_p(Γ, ϱ)|| := ||ϱ|φ|^p|L_1(Γ)|| . P C(Γ) will denote the algebra of piecewise–continuous functions a(t) on Γ which have finite limits a(t ± 0) at any inner point t ≠ c_1, ..., c_{2m} and one–sides limits a(c_{2j−1}) := a(c_{2j−1} + 0), a(c_{2j}) := a(c_{2j} − 0) at the end points c_{2j−1}, c_{2j} (j = 1, ..., m), respectively.

L^N_p (Γ, ϱ) and P C^{N ×N} (Γ) stand for the space of vector–functions (φ_1, ..., φ_N), φ_j ∈ L_p(Γ, ϱ), and for the algebra of N × N matrix–functions a = ||a_{jk}||_{N ×N} , a_{jk} ∈ P C(Γ), respectively.

Consider the following singular integral equation Aφ := aφ + bS_Γφ + T φ = f , a, b ∈ P C^{N ×N} (Γ) , S_Γφ(t) := 1 πi ∫ Γ φ(τ )dτ τ − t , φ, f ∈ L^N_p (Γ, ϱ) , (2)

1This work was fulfilled during the first author’s visit to the Weierstrass Institute for Applied Analysis and Stochastics, Berlin in October 1993.

where T is a compact integral operator in L^N_p (Γ, ϱ): T φ(t) := ∫ Γ k(t, τ )φ(τ )dτ . With (2) we associate the following family of Fredholm integral equations A_εψ := aψ + bS_{Γ,ε}ψ + T ψ = f , S_{Γ,ε}ψ(t) := 1 πi ∫ Γ (τ − t)ψ(τ )dτ (τ − t)^2 − n^2(t)ε^2 , ε > 0 , (3) where n(t) = cos ω(t) + i sin ω(t) = exp[iω(t)], 0 ≤ ω(t) < 2π, is a continuous field of unit vectors non–tangential to Γ at t for all t ∈ Γ. Thus ω(t) − φ(t) ≠ 0 for all t ∈ Γ where T (t) = exp[iφ(t)], 0 ≤ φ(t) < 2π, is the unit tangent vector to Γ at t ∈ Γ.

The kernel function of S_{Γ,ε} is continuous and, moreover, belongs to C^{r−1}(Γ × Γ) if Γ is r–smooth.

Notice that the harmonic extension, applied in ([5]) for the definition of the index of Toeplitz operators with quasicontinuous symbols, provides a similar method of regularization of singular kernels by C^∞–kernels.

The next three examples show how n(t) can be selected in particular cases: (a) if Γ = [0, 1], we can take n(t) ≡ i;

(b) if Γ = {ζ ∈ C : |ζ| = 1}, then n(t) ≡ t has the necessary properties; (c) if there exists a point z_o ∉ Γ such that t − z_o is non–tangential to Γ for any t ∈ Γ, then n(t) = |t − z_o|^{−1}(t − z_o) can be chosen.

The main purpose of this paper is to solve the following approximation problem.

Let X^N (Γ) be some functional space such that A defined by (2) is a bounded operator in X^N (Γ).

PROBLEM A. Let (2) be uniquely solvable for any given f ∈ X^N (Γ). Under what conditions does there exist ε_o > 0 such that equations (3) have unique solutions φ_ε ∈ X^N (Γ) for all 0 < ε < ε_o and these solutions converge in X^N (Γ) to the solution φ of (2) :

φ = lim_{ε→0} φ_ε .

To formulate the theorem which solves Problem A we consider the following operators associated with (2) and depending on the parameter t ∈ Γ:

A^ε_{t,θ} = a_tI + δ_tb_tS^εR_{t,θ} , (4)

S^εR_{t,θ}ψ(x) := 1 πi ∫ Rt (y − x)ψ(y)dy (y − x)^2 − ε^2 exp 2θ(t)i ,

where θ(t) = ω(t) − φ(t) denotes the angle between the vector n(t) (see (3)) and the tangent T (t) to Γ at t ∈ Γ, while

g_t(x) := g(t − 0) for x < 0 and t ≠ c_1, ..., c_{2m} , g(t + 0) for x ≥ 0 and t ≠ c_1, ..., c_{2m} , g(t) for t ∈ {c_1, ..., c_{2m}} , Rt := R = (−∞, ∞) for t ≠ c1, ..., c2m , R^+ = [0, ∞) for t ∈ {c1, ..., c2m} , δ_t := 1 for t ∉ {c_2, c_4, ..., c_{2m}} , −1 for t ∈ {c_2, c_4, ..., c_{2m}} . The operators A^ε_{t,θ} will be considered in the space L^N_p (R_t, |x|^{αt}), where

α_t := α_j for t = c_j , 0 for t ≠ c_1, ...c_n . (5) THEOREM 1. Problem A has a positive solution for equations (2) and (3) in L^N_p (Γ, ϱ) if and only if the operator A^1_{t,θ} is invertible in the space L^N_p (R_t, |x|^{αt}) for each t ∈ Γ.

Proof follows from Lemma 5 and Theorem 6 proved below.

Some equivalent reformulations of Theorem 1 with more explicit conditions can be found in Section 3. The next theorem is one of such equivalent reformulations in the particular case p = 2, ϱ(t) ≡ 1, N = 1, which in our opinion represents special interest, since locally strongly elliptic operators play an outstanding role in different approximation methods (see e.g. [2], [19]–[24], [29]). For this we need the following definition.

DEFINITION (see [20, 23, 29]). An operator A : L^N_2 (Γ) → L^N_2 (Γ) is said to be locally strongly elliptic if there exist an invertible matrix–function θ_o ∈ P C^{N ×N} (Γ) and a compact operator T_o such that A = θ_o(A_o + T_o) , where A_o is strongly positive definite Re(A_oφ, φ) ≥ δ||φ||^2 for some δ > 0 and any φ ∈ L^N_2 (Γ) .

THEOREM 2. Let θ(t) ≡ π/2 (i.e. n(t) is the outer normal vector for all t ∈ Γ). The following assertions are equivalent:

I. Problem A has a positive solution for equations (2), (3) in the space L_2(Γ) (i.e.

for N = 1, p = 2, and ϱ(t) ≡ 1).

II. The operator A is locally strongly elliptic in L_2(Γ). III. There exists G_t ∈ C(Γ) such that

d(t ± 0) ≠ 0 , Re G_t > 0 , Re G_tc(t ± 0)d^{−1}(t ± 0) > 0 for all t ∈ Γ . IV. The following conditions are fulfilled:

inf {|[a(t ± 0) + μb(t ± 0)]| : t ∈ Γ , μ ∈ [−1, 1]} > 0 , inf{|[(1 − μ)c(t − 0)d^{−1}(t − 0) + (1 + μ)c(t + 0)d^{−1}(t + 0)]| : t ∈ Γ , μ ∈ [−1, 1]} > 0 , where a(c_{2j} + 0) = a(c_{2j−1} − 0) := 1, b(c_{2j} + 0) = b(c_{2j−1} − 0) := 0 (j = 1, 2, ..., m) and c(t) := a(t) + b(t), d(t) := a(t) − b(t).

Proof. The equivalence of conditions II to IV is proved in [20]; the equivalence I ⇐⇒ IV follows from Theorem 1 and Lemma 8 since coth π(i/2 + ξ) ≡ μ ∈ [−1, 1], and S_{π/2}(ξ) = −sgnξ exp(−|ξ|) ≡ μ ∈ [−1, 1]. REMARK 3. For the matrix–case N > 1 see Theorems 12 and 13 below. 2. STABILITY DEFINITION (cf. [23]). The sequence of operators {A_ε}_ε is called stable in X^N (Γ) if: I. it converges strongly to some bounded operator A: lim_{ε→0} A_εψ = Aψ for all ψ ∈ X^N (Γ) ;

II. there exists ε_o such that A_ε is invertible in X^N (Γ) for each ε, 0 < ε < ε_o; III. the inverses are uniformly bounded sup_{ε<εo} ||A^{−1}_ε |X^N (Γ)|| ≤ M_A < ∞ . The next two assertions show the connection between the stability of {A_ε}_ε and the solution of Problem A for equation (2). LEMMA 4. The strong convergence lim_{ε→0} S_{Γ,ε}ψ = S_Γψ (6) holds for all ψ ∈ L^N_p (Γ, ϱ) (see (2), (3)).

Proof follows immediately since S_{Γ,ε}ψ(t) = 1 2πi ∫ Γ [ 1 τ − t − n(t)ε + 1 τ − t + n(t)ε ] ψ(τ )dτ (7) and the Plemelj formulas lim_{ε→0} 1 2πi ∫ Γ ψ(τ )dτ τ − [t ± n(t)ε] = ± 1 2 ψ(t) + S_Γψ(t) (8) hold if the non–tangential vector n(t) points to the left of the oriented curve Γ (for (8) see e.g. [11]).

LEMMA 5. Problem A has a positive solution for equations (2), (3) in L^N_p (Γ, ϱ) if and only if the sequence {A_ε}_ε is stable.

Proof is well–known (see e.g. [12, 18, 23]) and follows easily from the strong convergence (cf. (6))

lim_{ε→0} A_εψ = Aψ for all ψ ∈ L^N_p (Γ, ϱ) . (9)

Our main concern is now to get stability conditions for the operator in (3). The first contribution to this topic is given by the following theorem.

THEOREM 6. The sequence {A_ε}_ε defined in (3) is stable in L^N_p (Γ, ϱ) if and only if the operator A^1_{t,θ} is invertible in the space L^N_p (R_t, |x|^{αt}) for each t ∈ Γ.

Proof. Sufficiency. In this part we follow the proof of a similar assertion in [18], where the operators S^ε_{Γ,θ} are defined as follows S^ε_{Γ,θ}ψ(t) = 1 πi ∫ Γ(t,ε) φ(τ )dτ τ − t , Γ(t, ε) = Γ ∩ {ζ ∈ C : |ζ − t| ≥ ε} . (10) This proof makes use of the local principle of Gohberg–Krupnik (see [11]) together with some ideas of [15] and [26]. Let A_b(Γ) := A_b(L^N_p (Γ, ϱ)) denote the Banach algebra of bounded sequences {A_ε}_{0<ε≤1} of operators satisfying (9) as well as the corresponding property for the adjoint operators, i.e.

lim_{ε→0} A^∗_εφ = A^∗φ for all φ ∈ L^N_q (Γ, ϱ^{1−q}) , 1 p + 1 q = 1 .

Ab(Γ) is endowed with the pointwise composition (as multiplication) {A_ε}_ε · {B_ε}_ε := {A_εB_ε}_ε and the uniform norm ||{A_ε}|| := sup_ε ||A_ε|| . Let further A_o(Γ) := A_o(L^N_p (Γ, ϱ)) denote the ideal in A_b(L^N_p (Γ, ϱ)) consisting of sequences {A_ε}_ε which converge to 0:

lim_ε ||A_ε|| = 0 .

It is known that the stability of {A_ε} is equivalent to the invertibility of the corresponding quotient classes {A_ε}^∧_ε in the quotient algebra A_b(L^N_p (Γ, ϱ))/A_o(L^N_p (Γ, ϱ)) (see [15, 23, 26]). This observation makes it possible to apply the local principle to the investigation of stability (see [15, 18, 23, 26]). We stick here to the local principle suggested in [26]. Introduce the notation

Ac(Γ) = {{Bε + T }ε : {Bε}ε ∈ Ao(Γ) , T is compact in L^N_p (Γ, ϱ)} .

The invertibility in the quotient algebra A_b(Γ)/A_o(Γ) is equivalent to both the invertibility of the corresponding quotient classes in the quotient algebra A_b(Γ)/A_c(Γ) and the invertibility of A in L^N_p (Γ, ϱ) (see [26]). Thus we have to look only for the invertibility conditions in the quotient algebra A_b(Γ)/A_c(Γ).

Let M_t(Γ) denote the class of r–smooth cut–off functions on Γ which are equal to 1 in some neighbourhood of t ∈ Γ (r denotes the smoothness of the contour Γ). By M^∧_t (Γ) we denote the quotient class {g_tI}^∧ ∈ A_b(Γ)/A_c(Γ) of stationary sequences where g_t ∈ M_t(Γ). It can be proved that {g_tI}^∧ and {A_ε}^∧_ε commute (see [18]) and there holds the quasiequivalence (cf. [18, 27, 28]) {A_ε}^∧_ε M^_{t (Γ)} ^ βt^{Mô (} Rt) ^ {A^ε_{t,θ}}^∧_ε , (11) M^∧_o (R_t) ⊂ A_b(R_t)/A_c(R_t) , {A^ε_{t,θ}}^∧_ε ∈ A_b(R_t)/A_c(R_t) , where Ab(Rt) := Ab(L^N_p (Rt, |x|^{αt})) , Ac(Rt) := Ac(L^N_p (Rt, |x|^{αt})) and β_t : U_t → V_o denotes a diffeomorphism between the domains U_t ⊂ Γ, t ∈ U_t, V_o ⊂ R_t, 0 ∈ V_o, β_t(t) = 0.

If A^1_{t,θ} is invertible, then A^ε_{t,θ} = H_{1/ε}A^1_{t,θ}H_ε , H_εψ(t) := ε^{1+αtp} ψ(εt) (12) and, therefore, A^ε_{t,θ} have uniformly bounded inverses (note that ||H_ε|L_p(R_t, |x|^{αt})|| = 1, ε > 0). Thus, {A^ε_{t,θ}}_ε is invertible in A_b(R_t) and this implies the invertibility of {A^ε_{t,θ}}^∧_ε in the quotient algebra A_b(R_t)/A_c(R_t).

If A^1_{t,θ} is invertible for all t ∈ Γ, we get due to the local principle (see [11, 27, 28]) that {A_ε}^∧_ε is invertible in A_b(Γ)/A_c(Γ).

Necessity. This part of the proof in [18] is given only for the case Γ = R, R^+ which simplifies the argumentation. Therefore we display here the detailed proof.

Due to the quasiequivalence (11) and the local principle we have to prove only that the local invertibility of {A^ε_{t,θ}}^∧_ε ∈ A_b(R_t)/A_c(R_t) at 0 ∈ R_t implies the invertibility of A^1_{t,θ} in L^N_p (R_t, |x|^{αt}). Suppose {A^ε_{t,θ}}^∧_ε is locally invertible. Then there exist {L_ε}^∧_ε , {R_ε}^∧_ε ∈ A_b(R_t)/A_c(R_t) and g_1, g_2 ∈ M_t(R_t) such that L_εA^ε_{t,θ}g_1I = g_1I + B_ε + T_1 , (13) g_2A^ε_{t,θ}R_ε = g_2I + D_ε + T_2 , (14) lim_{ε→0} ||B_ε|| = lim_{ε→0} ||D_ε|| = 0 , where T_1 and T_2 are compact operators in L^N_p (R_t, |x|^{αt}). Therefore g^′_1, g^{′′}_1 can be chosen so that g^′_1g^{′′}_1 = g^′_1g_1 = g^′_1 and ||T_1g^{′′}_1 I|| + ||B_ε|| < 1 if ε and suppg^{′′}_1 are sufficiently small. Thus (see (13)) L_εA^ε_{t,θ}g^′_1I = (I + B_ε + T_1g^{′′}_1 I)g^′_1I and due to the invertibility of I + B_ε + T_1g^{′′}_1 I we get L^′_εA^ε_{t,θ}g^′_1I = g^′_1I . (15) Similarly from (14) we derive g^′_2A^ε_{t,θ}R^′_ε = g^′_2I . (16) Due to (12), from (15) and (16) we get L^{′′}_ε A^1_{t,θ}g^′_{1,ε}I = g^′_{1,ε}I , (17) g^′_{2,ε}A^1_{t,θ}R^{′′}_ε = g^′_{2,ε}I , (18) where g^′_{j,ε}(x) := ε^{− 1+αt2} H_εg^′_j (x) = g^′_j (εx) , j = 1, 2 , L^{′′}_ε = H_εL^′_εH_{1/ε} , R^{′′}_ε = H_εR^′_εH_{1/ε} . (19) From (19) it follows that lim_{ε→0} g^′_{j,ε} ≡ 1 , j = 1, 2 , (20)

sup_ε ||L^{′′}_ε || ≤ M < ∞ , sup_ε ||R^{′′}_ε || ≤ M < ∞ . (21) Let now φ_o ∈ Ker A_{t,1}. Then (see (20)) lim_{ε→0} g^′_{2,ε}φ_o = φ_o and from (21) we get φ_o = lim_{ε→0} L^{′′}_ε A^1_{t,θ}g_{ε,2}φ_o = 0 .

Thus, Ker A^1_{t,θ} = {0}. Similarly, due to (18), we get Ker (A^1_{t,θ})^∗ = {0}.

Assume now that A^1_{t,θ} is not normally solvable; then there exists a sequence {φ_j}^∞_1 , ||φ_j|| = 1, such that lim_{j→∞} A^1_{t,θ}φ_j = 0. For sufficiently small ε_j we get (see (20), (21))

||(1 − g^′_{1,εj} )φ_j|| < 1 4 min { 1 M , 1 M||A_{t,1}|| , 1 }

and therefore (see (17)) 1 = ||φ_j|| ≤ ||g^′_{1,εj} φ_j|| + ||(1 − g^′_{1,εj} )φ_j|| ≤ ≤ ||L^{′′}_{εj} A^1_{t,θ}g^′_{1,εj} φ_j || + 1 4 ≤ ||L^{′′}_{εj} A^1_{t,θ}φ_j|| + (22) + ||L^{′′}_{εj} A^1_{t,θ}(1 − g^′_{1,εj} )φ_j|| + 1 4 < 3 4 , if j is sufficiently large so that ||A^1_{t,θ}φ_j|| < 1 4M . The obtained contradiction in (22) proves that A_{t,1} is normally solvable. This together with Ker A^1_{t,θ} = {0}, Ker(A^1_{t,θ})^∗ = {0} yields the invertibility of A^1_{t,θ}.

REMARK 7. Some sufficient conditions for the stability of sequences {λI + S_{J,ε}}, in the Lebesgue space L_p(J), where λ ∈ C , J = [0, 1], n(t) ≡ i are announced in [25].

3. EQUIVALENT CONDITIONS To reformulate the conditions of stability of the operator sequences {A_ε}_ε, A = lim_{ε→0} A_ε (see (2), (3)), i.e. to solve Problem A we shall give invertibility conditions for the operators (see Lemma 5 and Theorem 6)

B_o = aI + bS^1R_{,θ} : L^N_p (R, |x|^α) → L^N_p (R, |x|^α) , B_+ = cI + dS^1R+_{,θ} : L^N_p (R^+, x^α) → L^N_p (R^+, x^α) , 0 < θ < π , −1 < α < p − 1 , 1 < p < ∞ , a(x) = a_−χ_−(x) + a_+χ_+(x) , (23) b(x) = b_−χ_−(x) + b_+χ_+(x), a_±, b_±, c, d ∈ C , χ_±(x) = 1 2 (1 ± sgn x) .

For this we notice that S^1R_{,θ}, S^1R+_{,θ} represent Fourier convolution operators with discontinuous symbols S^1R_{,θ}φ = W^0_{Sθ} φ := F^{−1}S_θFφ , S^1R+_{,θ}φ = r_+W^0_{Sθ} φ := W_{Sθ} φ ,

(24)

where r_+ is the restriction r_+φ = φ|R+ and

S_θ(ξ) = Fg(ξ) = ∫_∞ −∞ e^{iξx} (−x)dx πi(x^2 − exp 2iθ) = = − 1 2πi ∫_∞ −∞ ( 1 x − exp iθ + 1 x + exp iθ ) e^{iξx}dx = (25) = − exp(iξ exp iθ)χ_+(ξ) + exp(−iξ exp iθ)χ_−(ξ) = −sgnξ exp(i|ξ| exp iθ) .

Notice that the image of the function S_θ(ξ) on the complex plane C represents two spiral– like curves which start at −1 and +1 and twist around the origin (see Fig. 1 and 2 for different values of θ). For θ = π/2 the curve degenerates into the interval [−1, 1].

Figure 1. θ = 10^o and θ = 20^o

Figure 2. θ = 45^o and θ = 85^o

LEMMA 8. Let N = 1. The operator B_o in (23) is invertible if and only if the following conditions hold (see (4)):

(i) a_± + S_θ(ξ)b_± ≠ 0 ξ ∈ R, (ii) g_{βt} (a, b; t, ξ) ≠ 0, ξ ∈ R, (iii) [arg h_{1/2}(a, b; t, ξ)]_{ξ∈}R+ [arg g_{βt} (a, b; t, ξ)]_{ξ∈}R= 0, where

h_{1/2}(a, b; t, μ) := [a(t + 0) + S_θ(ξ)b(t + 0)][a(t − 0) + S_θ(ξ)b(t − 0)]^{−1} , ξ ∈ R , g_{βt} (a, b; t, ξ) := 1 2 [1 + coth π(iβ_t + ξ)]c(t + 0)d^{−1}(t + 0) + + 1 2 [1 − coth π(iβ_t + ξ)]c(t − 0)d^{−1}(t − 0) , ξ ∈ R

(26)

with (see (5)) c(t) = a(t) + b(t) , d(t) = a(t) − b(t) , β_t = 1 + α_t p , ξ ∈ R . (27)

Proof. The operator B_o can be represented as follows B_o = χ_−W^0_a�_{+Sθ b}� + χ_+W^0_{a++Sθ b+} . (28) From the results on paired convolution equations with scalar discontinuous presymbols, proved in [7], we get easily that the invertibility conditions for the operator (28) coincide with (i)–(iii).

LEMMA 9. If a(x) ≡ a_o, b(x) ≡ b_o are constant N × N matrices then the operator B_o in (23) is invertible if and only if det(a_o + S_θ(ξ)b_o) ≠ 0 , ξ ∈ R . (29) Proof follows immediately since B_o = W^0_{ao+Sθbo} and (29) is well–known invertibility condition for this operator (see, e.g., [7, 14]).

LEMMA 10. Let c, d ∈ C (i.e. N = 1). The operator B_+ in (23) is invertible if and only if

(i) c + S_θ(ξ)d ≠ 0, ξ ∈ R;

(ii) c − coth π (iβ + ξ) d ≠ 0, β = (1 + α)/p, ξ ∈ R; (iii) [arg{c + S_θ(ξ)d}]_{ξ∈}R+ [arg {c − coth π (iβ + ξ) d}]_{ξ∈}R = 0.

Proof follows from the results of [7], since (see (24))

B_+ = r_+W^0_{c+dSθ} = W_{c+dSθ} and the symbol c + dS_θ(ξ) is piecewise–continuous with discontinuity at ξ = 0.

c^′

c^{′′} Figure 3

Ω_β (c^′, c^{′′})

ω_{1/2} (c^′, c^{′′}) ω_β (c^′, c^{′′}) Let c^′, c^{′′} ∈ C, 0 < β < 1, and let Ω_β(c^′, c^{′′}) denote the segment of the circle bounded by the straight line ω_{1/2}(c^′, c^{′′}) and by the part of the circular arc (see Fig. 3)

ω_β(c^′, c^{′′}) = { ζ ∈ C : ζ = c^′ + c^{′′} 2 − c^′ − c^{′′} 2 coth π(iβ + ξ), ξ ∈ R } .

r

r

@@ @@ @@ @@ @@ @@ @@ @ COROLLARY 11. Let θ = π/2 and c, d ∈ C (i.e. N = 1). Then the operator B_+ in (23) is invertible if and only if 0 ∉ Ω_β(c + d, c − d), β = (1 + α)/p.

THEOREM 12. Let Γ be a smooth closed curve and a, b ∈ C^{N ×N} (Γ). Suppose the operator A in (2) is invertible in the space L^N_p (Γ, ϱ); (see (1)). The sequence {A_ε}_ε of Fredholm operators in (3) is stable if and only if the symbol σ_A(x, ξ) = a(t) + b(t)sgn ξ (t ∈ Γ, ξ ∈ R) satisfies the following condition:

inf{| det[a(t) + S_θ(ξ)b(t)]| : t ∈ Γ , ξ ∈ R} > 0 . (30) Proof follows from Theorem 1 and Lemma 9.

THEOREM 13. Let Γ be as in Section 1, θ(t) ≡ π/2, a, b ∈ C^{N ×N} (Γ), and p = 2, ϱ(t) ≡ 1 if N > 1 or 1 < p < ∞ , 1 + α_j p = 1 2 , j = 1, 2, ..., 2m (31) if N = 1. Suppose the operator A in (2) is invertible in the space L^N_p (Γ, ϱ). The sequence {A_ε}_ε of operators in (3) is stable in L^N_p (Γ, ϱ) if and only if the following condition holds inf{| det[a(t) + μb(t)]| : t ∈ Γ , −1 ≤ μ ≤ 1} > 0 . (32)

Proof. Due to Theorem 1 we have to check the invertibility conditions for the operators A^1_{t,π/2} = a(t) + b(t)S^1R_{,π/2} = W^o_{gt} , g_t(ξ) := a(t) + S^1_{π/2}(ξ)b(t) (see (24)) in L^N_p (R, |x|^{αt}) for t ≠ c_1, ..., c_{2m} and for the operators

A^1_{cj,π/2} = a(t) + b(t)S^1R+_{,π/2} = W_{gcj} , g_{cj} (ξ) := a(c_j) + (−1)^{j+1}S_{π/2}(ξ)b(c_j)

in L^N_p (R^+, x^{αj} ) for j = 1, 2, ..., 2m.

Since S_{π/2}(ξ) = −sgnξe^{−|ξ|} ≡ μ ∈ [−1, 1], condition (32) reads inf{| det g_t(ξ)| : ξ ∈ R} > 0 for all t ∈ Γ . (33) For the operators W^o_{gt} the invertibility is ensured by (33) (see [7, 14]). For the Wiener–Hopf operator W_{gcj} in L^N_p (R^+, x^{αj} ) condition (33) is only necessary, but not sufficient. For Fredholmness we have to impose the following restriction (see [8, 9]) inf{| det h_j(λ)| : λ ∈ R} > 0 , (34) where

h_j(λ) = 1 2 [1 − coth π(iβ_j + λ)]g_{cj} (0 − 0) + 1 2 [1 + coth π(iβ_j + λ)]g_{cj} (0 + 0) = a(c_j) + coth π(iβ_j + λ)b(c_j) = a(c_j) + μb(c_j ) , since β_j = 1/2 (see (31)) and coth π(i/2 + λ) ≡ μ ∈ [−1, 1]. Therefore (34) coincides with (32).

For the index IndW_{gcj} we have the formula (see [7, 8, 9]) IndW_{gcj} = − 1 2π [arg det g_{cj} (ξ)]_{ξ∈}R+ 1 2π [arg det h_j (λ)]_{ξ∈}R = 0 .

This already yields the invertibility of the operator W_{gcj} in the scalar case N = 1 (see [7]).

For the operator W_{gcj} in the space L^N_2 (R^+) we apply the strong ellipticity property: if (32) holds, then Re e^{iθo} (g_{cj} (ξ)η, η) ≥ c_o|η|^2 (35) for any ξ ∈ R, η ∈ C^N and some constants 0 ≤ θ_o < 2π, c_o > 0. If we insert η = ψ ∈ L^N_2 (R), from (35) it follows after integrating that Re e^{iθo} (g_{cj} ψ, ψ) ≥ c_o||ψ|L^N_2 (R)||^2 (36) where (·, ·) stands now for the scalar product in L^N_2 (R).

Let ℓ_o be the extension operator by zero from R^+ to R. Then ℓ_oφ ∈ L^N_2 (R) for any φ ∈ L^N_2 (R^+) and we proceed with the help of (24) and (36) as follows Re e^{iθo} (W_{gcj} φ, φ) = Re e^{iθo} (r_+F^{−1}g_{cj} Fℓ_oφ, φ) = Re e^{iθo} (F^{−1}g_{cj} Fℓ_oφ, ℓ_oψ) = Re e^{iθo} (g_{cj} Fℓ_oφ, Fℓ_oψ) ≥ 2πc_o||φ|L^N_2 (R^+)||^2 (37)

since due to Parseval’s equality we have ||Fℓ_oψ|L^N_2 (R)|| = √ 2π||ℓ_oφ|L^N_2 (R)|| = √ 2π||φ|L^N_2 (R^+)|| . The obtained inequality already implies that Ker W_{gcj} = {0} and W_{gcj} is normally solvable (i.e. the image W_{gcj} L^N_2 (R^+) is closed). In fact, if one of these two properties fails there exists a sequence {φ_n}^∞_1 ⊂ L^N_2 (R^+), ||φ_n|L^N_2 (R^+)|| = 1 (n = 1, 2, ...) such that lim_n W_{gcj} φ_n = 0 (we can take φ = φ_1 = φ_2 = ..., φ ∈ Ker W_{gcj} if the latter is non–trivial). This leads to a contradiction, since (37) implies ||e^{iθo} W_{gcj} φ|L^N_2 (R^+)|| ≥ √ c_o||φ|L^N_2 (R^+)|| .

The adjoint operator W^∗_{gcj} = W_{gcj} has a similar estimation. Therefore Coker W_{gcj} ≃ Ker W^∗_{gcj} = {0} and W_{gcj} is invertible in L^N_2 (R^+).

COROLLARY 14. Let the conditions of Theorem 12 hold. The sequence {A_ε}_ε of Fredholm operators in (3) is stable in L^N_p (Γ, ϱ) for any 0 < θ(t) < π if and only if det[a(t) + ζb(t)] ≠ 0 (38) for all t ∈ Γ and ζ ∈ {±1} ∪ {ζ ∈ C : |ζ| < 1}. For n = 1 condition (38) can be rewritten as follows:

g_±(t) := a(t) ± b(t) ≠ 0 and | arg g_+(t) − arg g_−(t)| ≤ π 2 for all t ∈ Γ.

REMARK 15. See also [6, 17] for the factorization of strongly elliptic matrix–functions and [10, Sect. 3.6] for more general assertions on pseudodifferential operators with local– sectorial symbols.

4. SOME REMARKS ON ERROR ESTIMATES Since, for fixed ε > 0, (3) is a Fredholm integral equation with smooth kernel, a wide variety of approximation methods applies to the numerical solution of equation (3), e.g., projection methods (such as Galerkin or collocation methods) and quadrature (Nyström) methods (see e.g. [1, 3, 4, 13, 16, 23]).

Assume that such an approximation method is given by the sequence of equations A^{(n)}_ε ψ_{ε,n} = f_n (n ∈ N) (39) where f_n ∈ X_n is known and ψ_{ε,n} ∈ X_n is the approximate solution of equation (3) with X_n being a closed subspace of L^N_p (Γ, ϱ). Then ψ_{ε,n} can be viewed as an approximate solution of equation (2), too.

THEOREM 16. Suppose the sequence {A_ε}_ε and, for any fixed ε, the sequence {A^{(n)}_ε }_n are stable in L^N_p (Γ, ϱ). Assume P_n : L^N_p (Γ, ϱ) → X_n is a projection. Then for the solutions of the equations (2), (3) and (39) the error estimate ||φ − ψ_{ε,n}|| ≤ c||Aφ − A_εφ|| + ||ψ − P_nψ|| + C_ε(||f − f_n|| + ||A_εψ − A^{(n)}_ε P_nψ||) (40) holds with c = sup_ε ||A^{−1}_ε || , C_ε = sup_n ||[A^{(n)}_ε ]^{−1}|| .

Proof follows immediately from the identities φ − ψ = A^{−1}_ε (A_εφ − f) , P_nψ − ψ_{ε,n} = [A^{(n)}_ε ]^{−1}(A^{(n)}_ε P_nψ − f_n) and the triangle inequality ||φ − ψ_{ε,n}|| ≤ ||φ − ψ|| + ||ψ − ψ_{ε,n}|| .

Since for the aforementioned approximation methods estimates of the last three terms are known (see e.g. [1, 3, 4, 13, 16, 23]) the problem of estimating ||φ − ψ_{ε,n}|| is reduced to estimating the term ||Aφ − A_εφ||.

The following lemma gives a corresponding estimate in the particular case of a closed curve Γ. Notice that in this case the solution φ of (2) has the same regularity as f provided a, b and Γ are sufficiently smooth.

LEMMA 17. Assume that Γ is a closed curve and φ ∈ C^1(Γ). Then there is a positive constant C such that max_{t∈Γ} |Aφ(t) − A_εφ(t)| ≤ εC max_{t∈Γ} |φ^′(t)| . Proof. Since Γ is closed we have the relation S_{Γ,ε}ψ(t) − S_Γψ(t) = ε^2n^2(t) πi ∫ Γ 1 (τ − t)^2 − n^2(t)ε^2 ψ(τ ) − ψ(t) τ − t dτ . (41) Thus, it remains to estimate the integral ∫ Γ |dτ | |(τ − t)^2 − n^2(t)ε^2| ≤ C_1 ∫ Γ |dτ | |τ − t|^2 + ε^2 . Without loss of generality we may assume that, e.g., l/4 < s = |t| < 3l/4 where l is the length of the curve Γ. Hence we get ∫ Γ |dτ | |τ − t|^2 + ε^2 ≤ C_2 ∫ l 0 dy (y − s)^2 + ε^2 = C_2 ε [ arc tan l − s ε + arc tan s ε ] ≤ C_2π/ε .

Applying Hölder’s inequality to (41), one obtains in a similar manner that max_{t∈Γ} |Aφ(t) − A_εφ(t)| ≤ ε^{1− 1p} C||φ^′||_LN_{p (Γ)} provided φ^′ ∈ L^N_p (Γ) exists.

Concluding remarks. It was not the aim of this paper to give optimal estimates for the term ||Aφ − A_εφ||. In a forthcoming paper we will compare by numerical experiments the efficiency of the method studied in the present paper with the efficiency of other well known methods for approximately solving equation (2) (see e.g. [23]).

Acknowledgement. The authors are grateful to A. Rathsfeld for valuable remarks and to B. Kleemann for helping in preparing the graphical displays.

References

1. Anselone, P.M., Collectively compact operator approximation theory and applications to integral equations, Prentice–Hall, INC., Englewood Cliffs, New Jersey, 1971.

2. Arnold, D.N., Wendland, W.L., On the asymptotic convergence of collocation methods, Math. Comp.

41 (1983), 349–381.

3. Atkinson, K.E., A survey of numerical methods for the solution of Fredholm integral equations of the second kind, SIAM, Philadelphia, 1976.

4. Baker, C.T.H., The numerical treatment of integral equations, Clarendon Press, Oxford, 1977. 5. Böttcher, A., Silbermann, B., Analysis of Toeplitz Operators, Akademie–Verlag, Berlin, 1989. 6. Clansey, K., Gohberg, I., Factorization of Matrix–Functions and Singular Integral Operators, Vol. 3 of Operator Theory: Advances and Applications, Birkhäuser Verlag, Basel, 1981.

7. Duduchava, R., Singular Integral Equations with fixed singularities, Teubner Verlag, Leipzig, 1979. 8. Duduchava, R., On Wiener–Hopf integral operators, Math. Nachr. 65, 1 (1975), 59–82.

9. Duduchava, R., On algebras, generated by convolutions and discontinuous functions, Integral Equations and Operator Theory 10 (1987), 505–530.

10. Duduchava, R., Speck, F.–O., Pseudodifferential operators on compact manifolds with Lipschitz boundary, Mathematische Nachrichten 160 (1993), 149–191.

11. Gohberg, I., Krupnik, N., Introduction to the Theory of One–dimensional Singular Integral Operators, Birkhäuser Verlag, Basel, 1992.

12. Gohberg, I., Feldman, I., Convolution Equations and Projection Methods for their Solutions, vol. 41 of Transl. of Mathem. Monogr. Amer. Mathem. Soc., 1974.

13. Hackbusch, W., Theorie und Numerik der Integralgleichungen, Teubner, Stuttgart, 1989. 14. Hörmander, L., Estimates for translation invariant operators, Acta Math., 104 (1960), 93–140. 15. Kozak, A., A local principle in the theory of projection methods, Soviet Mathematics, Doklady, 1974 (translated from Dokladi Akademii Nauk SSR, 212, 6 (1973), 1287–1298).

16. Kress, R., Linear integral equations, Springer–Verlag, Heidelberg, 1989.

17. Litvinchuk, G., Spitkovskij, I., Factorization of Measureable Matrix–Functions, Birkhäuser Verlag, Basel, 1987.

18. Pilidi, V., Criteria for uniform invertibility of regular approximations of one–dimensional singular integral operators with piecewise–continuous coefficients, Math. USSR Izv., 37, 3 (1991), 631–655 (translated from Izv. Akad. Nauk SSSR, Ser. Matem., 65, 6 (1990), 1270–1294).

19. Prössdorf, S., Starke Elliptizität singulärer Integraloperatoren und Spline–Approximation, in: Linear and Complex Analysis Problem Book – 199 Research Problems (V.P. Havin, S.V. Kruščev and N.K. Nikol’ski, eds.), 298–302, Lecture Notes in Math. 1043, Springer–Verlag, Heidelberg, 1984.

20. Prössdorf, S., Rathsfeld, A., On strongly elliptic singular integral operators with piecewise continuous coefficients, Integral Equations and Operator Theory, 8 (1985), 825–841.

21. Prössdorf, S., Rathsfeld, A., A spline collocation method for singular integral equations with piecewise continuous coefficients, Integral Equations and Operator Theory, 7 (1984), 536–560.

22. Prössdorf, S., Schmidt, G., A finite element collocation method for singular integral equations. Math.

Nachr., 100 (1981), 33–60.

23. Prössdorf, S., Silbermann, B., Numerical Analysis for Integral and Related Operator Equations, Operator Theory: Advances and Applications, vol. 52, Birkhäuser Verlag, Basel, 1991.

24. Saranen, J., Wendland, W.L., On the asymptotic convergence of collocation methods with spline functions of even degree, Math. Comp. 45 (1985), 91–108.

25. Sengupta, A., A note on a reduction of Cauchy singular integral equation to Fredholm equation in

Lp, Applied Mathematics and Computation, 56 (1993), 97–100.

26. Silbermann, B., Lokale Theorie des Reduktionsverfahrens für Toeplitzoperatoren, Math. Nachr., 104 (1981), 137–146.

27. Simonenko, I., Chin Ngok Min, A Local Method in the Theory of One–dimensional Singular Integral Equations with Piecewise–continuous Coefficients: Fredholmness, Izd. Rostovsk. Universiteta, Rostov–na–Donu, 1986 (Russian).

28. Simonenko, I., New general method for the investigation of linear operator integral equations I–II, Izv. Akad. Nauk SSSR, ser. matem., 29, 3–4 (1965), 567–586, 757–782.

29. Wendland, W.L., On Galerkin collocation methods for integral equations of elliptic boundary value problems, Intern. Series Num. Math. 53 (1980), Birkhäuser Verlag, Basel, 244–275.

R. Duduchava S. Prössdorf Mathematical Institute Weierstrass Institute of the Academy of Sciences of Georgia for Applied Analysis Z. Rukhadze str. 1 and Stochastics Tbilisi – 93 Mohrenstraße 39 Republic of Georgia D – 10117 Berlin Germany