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ON THE APPROXIMATION OF SINGULAR INTEGRAL EQUATIONS
BY EQUATIONS WITH SMOOTH KERNELS

R. DUDUCHAVAI AND S. PROSSDORF

1. INTRODUCTION

Let T' C C be a finite union of closed or open, compact, oriented, smooth curves without
common points. Let ci,...,c2m € T' be the end points of open arcs where ¢z, ¢y, ..., Com
represent the right end points and ¢, cs, ..., cam—1 the left ones. Introduce the weight

function
n

o) =]t —c|¥, 1<p<oo, -1 <a;<p—1, ci).,Com Comt1,nn €. (1)
Jj=1

By Ly(T', ¢) we denote the Lebesgue space of functions ¢ equipped with the norm

ol Ls(T, o)1 = lleleF1La(T)]] -

PC(T") will denote the algebra of piecewise—continuous functions a(t) on I' which have
finite limits a(¢ & 0) at any inner point ¢ # ¢, ..., C2m and one-sides limits a(czj—1 + 0),
a(ce; — 0) at the end points ¢3;_1, c2; (§ = 1,...,m), respectively.

LY(T,0) and PCY*N(T') stand for the space of vector—functions (¢1,...,n), ®; €
Ly(T, 0), and for the algebra of N x N matrix-functions a = ||ajk||nxn, ¢jx € PC(T),
respectively. o

Consider the following singular integral equation

Ap = ap+bSrp+Te=f,
NxN : 1 1 g(r)dr N
a,be POVND),  Sret) = = [ £T50, o, fe 1l (),

T

(2)

where T is a compact integral operator in L) (T, p):

To(t) := /F k(t, 7)o(r)dr .

With (2) we associate the following family of Fredholm integral equations

A,‘Qb = a¢+bSP,¢¢+T¢=f1

1 (1 —t)(r)dr
S e t = ,
r.e¥(t) w1 Jr (T —t)? —n?(t)e?’ e>0 v
where n(t), t € T, is a continuous field of unit vectors non-tangential to I'. The kernel
function of St is continuous and, moreover, belongs to C™~}(T' x T') if T is r—smooth.

The next three examples show how n(t) can be selected in particular cases:

(3)

1This work was fulfilled during the first author’s visit to Institut fiir Angewandte Analysis und Stocha- '
stik, Berlin in October 1993.



(a) if T' = [0, 1], we can take n(t) = 1;

(b) if T' = {{ € C: [¢]| =1}, then n(t) = t has the necessary propertles,

(c) if there exists a point 2, € I' such that ¢ — 2, is non-tangential to I for any ¢t € T,

then n(t) = |t — z,|7}(t — 2,) can be chosen.

The main purpose of this paper is to solve the following approximation problem.

PROBLEM A. Let (2) be uniquely solvable for any given f € LY (T, ). Under what
conditions does there ezist £, > 0 such that equations (3) have unique solutions ¢, for all
0 < € < &, and these solutions converge in L) (T, ) to the solution ¢ of (1) :

| @ = limey, .

e—0

To formulate the theorem which solves Problem A we consider the following operators
associated with (2) and depending on the parameter ¢ € T":

Afg=ad + 655, | | (4)
(y — z)Y(y)dy
Smue¥(2) = % / (y — z)? —e®exp26(t)i’

where 8(t) denotes the angle between the vector n(t) (see (3)) and the tangent to I' at
t € T, while ‘

g(t—0) for z<0 and t# cl,"...,Acz,n,,

g(z):=4g(t+0) for >0 and t#ci,...,Com,
q(%) for ¢ € {ci,...;Cam},
R R = (—o00, ) for ¢ # Clyerey Com s
t= «
Rt =[0,00) for t€ {c1,...,Com},

5 1 for t¢{cscay-,Com},
e —1 for té€ {ccay.-rCom}-

The operators Af, will be considered in the space Ly (R, |z|**), where

a; for t=gc;,
= 5
o {0 for t#c,...Cn , (5)

THEOREM 1. Problem A has a positive solution for equations (2) and (3) if and only
if the operator A}, is invertible in the space LY (R, |z|**) for each t € T.

Proof follows from Lemma >5 and Theorem 6 proved below. |

Some equivalent reformulations of Theorem 1 with more explicit conditions can be
found in Section 3. The next theorem is one of such equivalent reformulations in the
particular case p = 2, p(t) = 1, N = 1, which in our opinion represents special interest,
since locally strongly elliptic operators pla.y an outstanding role in different approximation

methods (see e.g. [2], [18]-[23], [28]). For this we need the following definition.
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DEFINITION (see [19, 22, 28]). An operator
A:LY(T) - Ly(T)

15 said to be locally strongly elliptic if there ezist an invertible matriz—function 8, €
PCN*N(T') and a compact operator T, such that

A=0,(4,+1T,),
where A, 18 strongly positive definite
Re(A,p, ) > 6l|p||* for some § >0 and any ¢ € LY (T).

THEOREM 2. Let (t) = /2 (i.e. n(t) is the outer normal vector for allt € T'). The

~ following assertions are equivalent:

1. Problem A has a positive solution for equations (2), (3) in the space Lg(F) (i.e.
for N=1,p=2, and p(t) = 1).
II. The operator A is locally strongly elliptic in Ly(T).
III. There ezists G¢ € C(T') such that

d(t+£0)#0, ReG; >0, ReGic(t+0)d™'(t£0)>0 foralltel.
IV. The following conditions are fulfilled:
inf {|[a(t £ 0) + pb(t £ 0)]|: €T, pe[-1,1]} >0, )
inf{|[(1 — p)e(t —0)d™ (¢ = 0) + (L + p)e(t + 0)d7 (¢ +0)]| : t € T, p€[-1,1]} >0,

where a(cz; + 0) = aegj_1 — 0) := 1, b(czj +0) = b(czJ 1—0):=0( =1, 2 ..,m) and
c(t) := a(t) + b(t), d(t) := a(t) — b(t) ‘

Proof. The equivalence of conditions II to IV is proved in [19]; the equivalence I
<= IV follows from Theorem 1 and Lemma 8 since cothn(1/2 + §) = p € [—1,1], and

Swj2(€) = —sgnéexp(—[¢]) = u € [-1,1]. ]
REMARK 3. For the matriz—case N > 1 see Theorems 12 and 13 below.

2. STABILITY
DEFINITION (cf. [22]). The sequence of operators {A.}. is called stable if:

It cbnverges strongly to some bounded operator A:
lim Ay = Ay for all € LY(T, 0);

I1. there ezists €, such that A, is invertible for each e, 0 < e < g, ;
III. the inverses are uniformly bounded

sup [|A] 1” < My< 0.

e<eo

The next two assertions show the connection between the stability of {A.}. and the
solution of Problem A for equation (2).



LEMMA 4. The strong convergence .
lim St = Sr¢p (6)
holds for all ¢ € LY (T, p) (see (2),(3)).

Proof follows immediately since

1 1 1
Sr.ep(t) = %/r ['r —t—n(t)e T T n(t)e ¥(r)dr (7)
and the Plemelj formulas
.1 P(rydr 1
lim s T e = 2P0+ 900 (®)

hold if the non—tangential vector n(t) points to the left of the oriented curve I' (for (8)
see e.g. [10]). ) ’ [

LEMMA 5. Problem A has a positive solution for equations (2), (3) if and only if the
sequence {A.}. is stable. ‘

Proof is well-known (see e.g. [11, 17, 22]) and follows easily from the strong conver-

gence (cf. (6))
lim A = Ay forall e LY(T,0). 9)
| 8

Our main concern is now to get stability conditions for the operator in (3). The first -
contribution to this topic is given by the following theorem.

THEOREM 6. The sequence {A.}. defined in (3) is stable if and only if the operator
A} is invertible in the space LY (R, |z|*) for each t € T.

Proof. Sufficiency. In this part we follow the proof of a similar assertion in [17],
where the operators St ,; are defined as follows

S == [ AT rg-rncecic-dze. (1)

w1 JO(te) T —1

Let 2(T) := le(Lﬁ’ (T, 0)) denote the Banach algebra of bounded sequences {A.}o<e<1 of
operators endowed with the pointwise composition (as multiplication)

{Ac}e - {B:}. = {A.B.}.

and the uniform norm

[{AM| := sup || Ac]|.

Let further 2,(T') := 2o(L) (T, p)) denote the ideal in ALY (T, o)) consisting of sequences
{A.}. which converge to 0:

lim||4.]| = 0.
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It is known that the stability of {A.} is equivalent to the invertibility of the corre-
sponding quotient classes {A.}} in the quotient algebra (LY (T, ))/2A(LY (T, 0)) (see
[14, 22, 25]). This observation makes it possible to apply the local principle to the investi-
gation of stability (see [14, 17, 22, 25]). We stick here to the local principle suggested in
[17]. Introduce the notation ,

A(T) = {{B:+T}e: {B.}c € ('), T is compact in LIJ(I‘, 0)} ,’
A(T) = {{De}e € U(T) : limDep =0 forall ¢ € LY(T,0)}.

Since
A(T) N2A(T) = A[(T),

the invertibility in the quotient algebra 2,(I')/2,(T') is equivalent to the invertibility of
the corresponding quotient classes in the quotlent algebras Ap(T)/A(T) and 2Ap(T') /A, (T)
(see [17], Lemma 7).

The invertibility of {A.}2 in Ay(T')/2A,(T') is equivalent to the invertibility of the limit
operator Ay = lim,_,o A.% since the strong convergence holds [17]. Thus we have to look
only for the invertibility conditions in the quotient algebra p(T")/2(T').

Let My(T') denote the class of r—smooth cut—off functions on I' which are equal to
1 in some neighbourhood of ¢ € I' (r denotes the smoothness of the contour I'). By
M (T') we denote the quotient class {g:J}* € Ap(T')/Ac(T') of stationary sequences where
gt € My(T'). It can be proved that {g:7}" and {A4.}? commute (see [17]) and there holds
the quasiequivalence (cf. [17, 26, 27])

{4} B {Afs}e , (11)
M7 (Re) C Ap(Re)/A(Rs), {Afe}e € Ap(Re)/A(Rs),
where '
Ap(Re) == As( Ly (Re, [2]™)), Ac(Re) := ALY (Ry, 2[*))

and B : Uy — V, denotes a diffeomorphism between the domains U; C T', ¢t € ’Ut, Vo CR;,
0 € ‘/0, ﬁt(t) = 0
If A}, is invertible, then

1+a
Afo=Hy AL H,, HA(t):=¢ 7 y(et) (12)

and, therefore, Af, have uniformly bounded inverses (note that || H,|Lp(Ry, [z]*)]] = 1,
e > 0). Thus, {Aw} is invertible in y(R,) and this implies the invertibility of {A$ 9}’\
in the quot1ent algebra 2p(R,)/A(R,).

If A}, is invertible for all ¢ € T', we get due to the local principle (see [10, 26, 27]) that
{Ac}? is invertible in Ap(T")/Ac(T).

Necessity. This part of the proof in [17] is given only for the case I' = R, R* which
simplifies the argumentation. Therefore we display here the detailed proof.

Due to the quasiequivalence (11) and the local principle we have to prove only that the
local invertibility of {Af,}7 € Ap(R;)/A(R¢) at 0 € R, implies the invertibility of A} 10
L) (Ry, |z|*).



Suppose {Af,}¢ is locally invertible. Then there exist {L.}, {R. }'\ € Ap(Re)/AA(Ry)
and g1,92 € Mt(Rt) such that

L.Afgqn] = gl +B.+Th, (13)
924i6R. = g1+ D, + T3, (14)
lig || = lim [D2]| = 0,

where T; and T are compact operators in LY (R, |z]|*). Therefore di,g" can be chosen
so that gig7 = gig1 = g1 and ||T1g7I|| + ||B.l] < 1 if € and suppgy are sufficiently small.
Thus (see (13))

L AfpgrI = (I + Be + Thgy I)gl
and due to the invertibility of I + B, + Tig1 I we get

LLA:,991I =gl. “ - (15)
Similarly from (14) we derive ” | |
ngcaR’ = gy1 (16)
Due to (12), from (15) and (16) we get ‘
L”Ate 15 = gill,zI) . (17)
gZ,cA:,eRg‘ = g;,zI) (18)
where
_1+a R .
Gie(z):=€""7 Hugj(s)=gj(ez), j=1,2, (19)

L] =H,L Hy,., R = H.R.Hy,.
From (19) it follows that

limgf, =1, j=1,2, (20)
sup||L;|| < M < oo, supl||R||<M <oo. ~ (21)

Let now ¢, € Ker A;;. Then (see (20))
’l:i_f’%gé;c‘Po = >900
and from (21) we get

= th A: 99,2900 =0.

Thus, Ker A; 4 = {0}. Sumlarly, due to (18), we get Ker (Al )" = {0}
Assume now that A}, is not normally solvable; then there exists a sequence {y;}{°,
lls]] = 1, such that lim; .o A} g0; = 0. For sufficiently small e; we get (see (20), (21))

1 11
—_ 4 ; - i Y2 MUA -1
I(1 = g1.0;)4ll < 4mm{M’ M| Al ’1}
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and therefore (see (17))

1 = |leill < o1 @il + 11 = gi el <
1
< LG Abe9s.e;0ill + 7 < NILE Arapsll + (22)
1 3
+ |IL Abe(1 - 91,;,)%Il+ <I

if j is sufficiently large so that

1
HAte‘PJll <7 M
The obtained contradiction in (22) proves that A;; is normally solvable. This together
- with Ker A} = {0}, Ker(4;,)* = {0} yields the invertibility of A}, B

REMARK 7. Some sufficient conditions for the stability of sequences {AI +S;1.}, where
A€ C, J=10,1], n(t) =1, in the Lebesque space Ly(J) are announced in [24].

3. EQUIVALENT CONDITIONS

~ To reformulate the conditions of stability of the operator sequences {A.}., A = lim. 0 A,
(see (2), (3)), i.e. to solve Problem A we shall give invertibility conditions for the operators
(see Lemma 5 and Theorem 6)

B, = al+bSzy: LY(R,|z[*) - L} (R, |z]),
By = cl+dSgsq: LY(RT,2*) - LY(R,2%), 0< 8 <,
~l<a<p-1, l<p< o0, a(z) = a_x-(z) + ayx+(z), (23)
1
b(w) = b—X—(w) + b+X+(iB), at,by,c,d € C, X:I:(w) = 5(1 + sgn (E) .

For this we notice that S 4, S]i+,a represent Fourier convolution operators with disconti-
nuous symbols

Skep = Wgp:=F 'SFop,

24
S]%H,B‘P = T+W.29‘P = Ws,p, (24
where 7 is the restriction ;¢ = ¢|g+ and
— — e itz (—iL‘)d$ —
56(¢) Fg(8) / o' ni(z? — exp 2:0) ;
_ téx —
om / (:1: — exp 6 + z + exp 29) ¢ , (#)

= —exp(e€ expif)x+(§) + exp(—if expi6)x—(§) = —sgné exp(i|¢| exp18) .

Notice that the image of the function S(¢) on the complex plane C represents two spiral-
like curves which start at —1 and +1 and twist around the origin (see Fig. 1 and 2 for
different values of §). For § = 7/2 the curve degenerates into the interval [—1, 1].

LEMMA 8. Let N = 1. The operator B, in (23) is invertible if and only if tﬁe following
conditions hold (see (4)): '




(1) ax + Se(€)be #0 € €R,
(ii) gg.(a,b5t,€) #0, € €R,
(iii) [arg h1/2(a,, bt, E)]&el& + [arg g,g,(a, b, f)]EGIR =0,

where
haja(a, bit,p) = [a(t + 0) + Se(£)b(t + 0)][a(t — 0) + Sp(¢)b(t — 0)]!, € €R,
gﬁt(a’) b; ¢, ‘f) = %[1 + coth W(iﬂt + f)]C(t + O)d_l (t 4 O) + » (26)

51— cothn(if + et —0)d (¢ ~0), ¢€R
with (see (5))
1+ o

(t) = alt) +8(t), dlt)=alt) ~B(t), Bi=""*, €€R. (27)
FIGURE 1. 6 =10° and § = 20°
0.00 P 0.00
0.10 | ) 0.01

FIGURE 2. 6 = 45° and 6 = 85°

Proof. The operator B, can be representéd as follows

BO = X...Wao__*_sab_ + X+W2++sgb:{. . (28)
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From the results on paired convolution equations with scalar discontinuous presymbols,
proved in [6], we get easily that the invertibility conditions for the operator (28) coincide

with (i)-(iii). |

LEMMA 9. If a(z) = a,, b(z) = b, are constant N x N matrices then the operator B,
in (23) is invertible if and only if ~

det(a, + Ss(€)b,) #0, €€R. , (29)
Proof follows immediately since B, = W2 5., and (29) is well-known invertibility
condition for this operator (see, e.g., [6, 13]). [

LEMMA 10. Let ¢c,d € C (i.e. N = 1) The operator By in (23) is invertible if and
only if

(i) c+ Sp(£)d #0, £ €R; f
(11) c—cothvr(iﬂ+§)d7é0, ﬂ“—"(l-{—a)/p, EE'R; ;
(iii) [arg{c + Ss(£)d})¢en + [arg {c — cothm (iB + &) d}];ep = 0.

Proof follows from the results of [6], since (see (24))
By =r W, +dSs = YWetdSy
~ and the symbol ¢ + dSp(¢) is piecewise—continuous with discontinuity at £ = 0. [ |
o Let ¢/,¢" € C, 0 < 8 < 1, and let Qg(c', ")
wp (¢, ") denote the segment of the circle bounded

by the straight line wy/»(c’,c") and by the
part of the circular arc (see Fig. 3)

Qﬁ (c’7 c”)

cl + C”

wyya (¢, wa(e, ") = {c ec:(="2

/ /N
C

" - ;c cothn(iB + £), € € R},

Figure 3

COROLLARY 11. Let 8 = /2 and c,d € C (i.e. N =1). Then the operator By in
(23) is invertible if and only if 0 & Qg(c+d,c —d), B =(1+a)/p.

THEOREM 12. Let T be a smooth closed curve and a,b € CV*N(T'). Suppose the
operator A in (2) is invertible in the space LY (T, 0); (see (1)). The sequence {A.}. of
Fredholm operators in (3) is stable if and only if the symbol g a(x,€) = a(t) + b(t)sgn €
(t €T, £ € R) satisfies the following condition:

inf{| det[a(t) + Sa(£)b(t)]| : te 1“, ¢ €R}>0. | (30)

Proof follows from Theorem 1 and Lemma 9. B




THEOREM 13. Let T be as in Section 1, 8(t) = /2, a,b € CY*N(T), and p = 2,
o(t) =14 N>1or

1+a,-

1 ‘
l<p<oo, =5, i=12..2m (31)

if N = 1. Suppose the operator A in (2) 1s invertible in the space Lﬁ’ (T, 0). The sequence
{A.}. of operators in (3) is stable if a,nd only if the following condition holds
inf{| det[a(t) + pb(t)]|: t €T, ~1 < p<1}. (32)

Proof. Due to Theorem 1 we have to check the invertibility conditions for the operators
Al a = () + 0(8)S3 0 = Wa, 0i(€) == alt) + 53 5(€)b(t) (see (24)) in Ly (R, ™) for
t # ¢1, ..., Cam and for the operators

AL jp = a(t) + b(t) Sk 2ja = W, 9¢;(€) := alc;) + (=1)71 Snya(€)b(c;)
in LY(R*,z%) for j = 1,2,...,2m
Since Sy/2(€) = —sgnée ¥l = p € [~1,1], condition (32) reads
inf{|det g,(¢)| : € € R} >0 forall teT. | (33)

For the operators W, the invertibility is ensured by (33) (see [6, 13]).
For the Wiener-Hopf operator Wy, in L;V (R*,z%) condition (33) is only necessary, but
not sufficient. For Fredholmness we have to impose the following restriction (see [7, 8])

inf{|det h;(A)| : A € R} >0, (34)
where :
BN = 211~ cotha(if; + Mg (0 — 0) + 511 + cothr(if; + N]ges (0 +0)
= a(cj) + cothm(iB; + A)b(c;) = a(c;) + pb(c;) ,

since B; = 1/2 (see (31)) and cothm(2/2+A) = p € [~1,1]. Therefore (34) coincides with -
(32).
For the index IndW,,, we have the formula (see [6, 7, 8])

1
IndWij = —-—[arg det Ge; (€)leer + o ——larg det hj(A)]¢er =

This already yields the invertibility of the operator Wy,, in the scalar case N =1 (see

[6])-

For the operator Wy, in the space LY(R*) we apply the strong ellipticity property: if
(32) holds, then

Ree™ (g (Omm) 2l (35)

for any € € R, 9 E C¥ and some constants 0 < 4, < 27, ¢, > 0. If we insert n=1E€
LY(R), from (35) it follows after integrating that :

ee™ (959, 9) 2 el L R)* (36)

where (-, -) stands now for the scalar product in LY(R).

10
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Let £, be the extension operator by zero from R* to R. Then £, € LY (R) for any
@ € LY(R?) and we proceed with the help of (24) and (36) as follows

Ree® (W, ¢,¢) = Ree(r F g, Flop, ¥)

= Re e (F g, Flop,loth) = Re e,"9°(gcj.7:'£o(,a,.7:'£,,1,b) > 2mc,| || LY (R)||?

since due to Parseval’s equalij;y we have
IFLpILY (R)]| = V2r|lop| LY (R)]| = V2r || L3 (RF)]] -

The obtained inequality already implies that Ker W, = {0} and Wy,, is normally
solvable (i.e. the image W,,, LY(R?) is closed). In fact, if one of these two properties

fails there exists a sequence {©,}$° C LY(R*), ||@n| LY (R¥)|| =1 (n = 1,2, ...) such that
lim, Wy, on =0 (we can take p = ¢y = 3 = ..., p € Ker Wgcj if the latter is non-trivial).
This leads to a contradiction, since (37) implies

e Wao, 0l L3 (R¥)|| 2 veollel Ly (R

The adjoint operator Wy = Wﬁej has a similar estimation. Therefore Coker Wgcj ~ i
7 .
Ker Wy . = {0} and W,,, is invertible in LY(R*). [
2 : .

(37)

COROLLARY 14. Let the conditions of Theorem 12 hold. The sequence {A,}. of Fred-
holm operators in (3) is stable for any 0 < (t) < 7 if and only +f '

detla(2) + ((t)] # 0 | (38)
foralltel and ¢ € {£1}U{¢ € C: |¢| < 1}. ‘ , :

For n =1 condition (38) can be rewritten as follows: " ‘

g2(t) == a() £ B(t) A0 and |argga(t) —argg-(t) < 5
forallt €T.

REMARK 15. See also [5, 16] for the factorization of strongly elliptic matriz—functions
and [9, Sect. 3.6] for more general assertions on pseudodifferential operators with local-
sectorial symbols.

4. SOME REMARKS ON ERROR ESTIMATES

Since, for fixed € > 0, (3) is a Fredholm integral equation with smooth kernel, a wide
variety of approximation methods applies to the numerical solution of equation (3), e.g.,
projection methods (such as Galerkin or collocation methods) and quadrature (Nystrém)
methods (see e.g. [1, 3, 4, 12, 15, 22]). '

Assume that such an approximation method is given by the sequence of equations

Ay, = f, (neN) ' (39)

where f, € X, is known and 9., € X, is the approximate solution of eqila,tion (3) with
X, being a closed subspace of L:,v (T',0). Then ., can be viewed as an approximate
solution of equation (2), too.

11



THEOREM 16. .S'uppose the sequence {A.}. and, for any ﬁa:ed ¢, the sequence {AM},
are stable. Assume P, L (Ty0) — X, is a projection. Then for the solutions of the
equations (2), (3) and (37) “the error estimate ‘

[ — teml| < CHA<P Acpl| + || — Patp|| + Ce(||f = full + || Actp — A‘"’Rﬂﬁll) (40)
halds with
c=supl||4;"]|, C.=supl|[A"]7].

Proof follows immediately from the identities
p—19 = AY(Ap-f),
Py —tpen = [APTH AP~ fr)
and the triangle inequality ‘

llp ~ ¢e,nll<il<p ¢II+|I¢ Yenll -
[

Since for the aforementioned approximation methods estimates of the last three terms
‘are known (see e.g. [1, 3, 4, 12, 15, 22]) the problem of estimating ||¢ — .|| is reduced
to estimating the term ||Ap — A.¢||. ’

The following lemma gives a corresponding estimate in the particular case of a closed
curve I'. Notice that in this case the solution ¢ of (2) has the same regularlty as f
provided a,b and T' are sufficiently smooth.

LEMMA 17. Assume that T is a closed curve and ¢ € C}(T'). Then there is a positive
- constant C such that

]
max |Ap(t) — Aep(t)] < eC max|¢'(2)] -
Proof. Since T is closed we have the relation

seas) 5o = 0 [mptoen e @)

Thus, it remains to estimate the integral

|dr| |dr|
< —————
/p I(m — t)2 —n2(t)e?| = lep |7 —t|2 + €2

Without loss of generality we may assume that, e.g., /4 < s = [t| < 3[/4 where [ is the
length of the curve I'. Hence we get
0,

o ldr| [ ,
— |arc tan

I—s
|T—-t|2+62_ /(y—s)2+52_ €

+arc tan > < Cyr/e.
€

Applying Hélder’s inequality to (41), one obtains in a similar manner that
_L
max [Ap(t) — Aep(t)]| < &7 Cll¢ | lyry
provided ¢’ € LY (T') exists.

12
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Concluding remarks. It was not the aim of this paper to give optimal estimates for
the term ||Ap — A.p||. In a forthcoming paper we will compare by numerical experiments
the efficiency of the method studied in the present paper with the efficiency of other well
known methods for approximately solving equation (2) (see e.g. [22]).

Acknowledgement. The authors are grateful to A. Rathsfeld for valuable remarks
and to B. Kleemann for helping in preparing the graphical displays.
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