Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Duality formula for the bridges of a Brownian diffusion. Application to gradient drifts.

Sylvie Rœlly^{∗1} , Michèle Thieullen^{∗∗2}

submitted: 10 Dec 2002

1 Weierstraß-Institut

für Angewandte Analysis und Stochastik Mohrenstr. 39 10117 Berlin Email: roelly@wias-berlin.de

2 Laboratoire de Probabilités et Modèles Aléatoires UMR CNRS 7599 Université Paris 6, boite 188 4, place Jussieu F-75252 Paris Cédex 05 e-mail : mth@ccr.jussieu.fr

No. 796 Berlin 2002

WIAS

2000 Mathematics Subject Classification. 60G15, 60G60, 60H10, 60J60.

Key words and phrases. reciprocal processes, stochastic bridge, mixture of bridges, integration by parts formula, Malliavin calculus, entropy, time reversal, reversible process.

∗ On leave of absence CMAP, UMR CNRS 7641 École Polytechnique, 91128 Palaiseau Cedex, France ∗∗ Work supported by Alexander von Humboldt Foundation.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

In this paper we consider families of time Markov fields (or reciprocal classes) which have the same bridges as a Brownian diffusion. We characterize each class as the set of solutions of an integration by parts formula on the space of continuous paths C([0; 1]; R^d ). Our techniques provide a characterization of gradient diffusions by a duality formula and, in case of reversibility, a generalization of a result of Kolmogorov.

1 Introduction

In this paper we characterize the bridges of a Brownian diffusion as solutions of a simple integration by parts formula (IBPF for short) on the space of continuous paths C([0; 1]; R^d ). More precisely, our object of study is the class of all probabilities on the path space which have the same bridges as a reference Brownian diffusion; this class is called the reciprocal class of the reference diffusion. This is the continuation of the work we have undertaken in our former publication [20]; the setting of [20] was one-dimensional, in the sense that d = 1. We now turn to vectorial case, d > 1, which requires new techniques and provides broader applications.

Let us briefly describe our framework. The terminology of reciprocal class comes from reciprocal processes; these are Markovian fields with respect to the time parameter and therefore a generalization of Markov processes. The interest in these processes was motivated at first by a Conference of Schrödinger [24] about the most probable dynamics for a Brownian particle whose laws at initial and final times are given. Actually, Schrödinger was only concerned with Markovian reciprocal processes which have been called since then Schrödinger processes. His interpretation in terms of (large) deviations from an expected behavior was further developed by Föllmer, Cattiaux and Léonard, Gantert among others (cf. references [9], [3] and [10]). Schrödinger processes were also analysed by Zambrini [28] and Nagasawa [18] for their possible connections to quantum mechanics. One year after Schrödinger, Bernstein noticed the importance of non-Markovian processes with given conditional dynamics, where the conditioning is made at two fixed times. This was the beginning of the study of general reciprocal processes. Jamison [11] proved that the set of reciprocal processes is partitioned into classes called reciprocal classes. All the elements of a same class share the same Markovian bridges (or two times conditional probability distributions). Each class is characterized by two functions (F, G) (defined explicitely in Theorem 2.6 below) which take values respectively in R^d and R^{d⊗d} called its Reciprocal Characteristics ([5], [14]) and can be defined starting from a reference Markovian Brownian diffusion. Krener (cf. [14]) raised the question of characterizing a reciprocal class by an equation involving (F, G). For Gaussian reciprocal processes an answer was given in [16]: the equation was a p.d.e. for the covariance function. The non Gaussian case was addressed in [25] by one of us: using the tools of Stochastic Mechanics, it was proved that the elements of a reciprocal class satisfy a stochastic Newton equation. In this equation by analogy with the Lorentz law of electromagnetism G can be interpreted as a magnetic force and F as an electric force (see also [13]).

Our main result in the present paper states that, under the assumption of finite entropy, the set of probability measures in the reciprocal class of a Brownian diffusion, coincides with the set of solutions of a functional equation the coefficients of which are F and G. Our equation is a perturbation of the duality equation satisfied by Brownian bridges, duality between the Malliavin derivation operator and the stochastic integral. The perturbation term in the equation is to be compared with the vector of Malliavin derivatives of the Hamiltonian function associated to Gibbs measures ([22]). The main difference from the one dimensional situation comes from an additional term in the IBPF. This term, which is the stochastic integral of the reciprocal characteristic G w.r.t. the coordinate process, vanishes if and only if the drift of the reference Brownian diffusion is a gradient. In [20] this term was identically zero since the gradient condition is always fulfilled in dimension d = 1.

The tools developed to reach the above result enable us on the one hand to characterize the laws of Brownian diffusions which are of gradient type among the set of reciprocal processes satisfying some IBPF. On the other hand we prove a generalization of Kolmogorov’s theorem: the existence of a reversible law in the reciprocal class of a Brownian diffusion with drift b can only occur if b is a gradient.

The paper is divided into the following sections.

1. Introduction.

2. Brownian bridges. Reciprocal classes.

3. Integration by parts formula for a Brownian diffusion and its bridges.

4. Characterization of a reciprocal class by an IBPF.

5. Application to gradient diffusions.

2 Brownian bridges. Reciprocal classes.

2.1 Derivation operator

Let Ω = C([0, 1]; R^d ) be the canonical - polish - path space of continuous R^d -valued functions on [0, 1], endowed with F, the canonical σ-field.

Let (X_t)_{t∈[0,1]} denote the family of canonical projections from Ω into R^d . P(Ω) is the set of probability measures on Ω. We use the notation : Q(f) = ∫ Ω f(ω)Q(dω).

Let P ∈ P(Ω) denote a fixed Wiener measure on Ω with initial measure any probability measure on R^d . We denote by P^x the Wiener measure on Ω with initial condition x ∈ R^d . More generally, for any Q in P(Ω), Q^x is the conditional measure Q(./X_0 = x), and Q^{x,y} is the conditional measure Q(./X_0 = x, X_1 = y) (bridge between x and y).

We will denote by |·| the euclidian norm in R^d and x.y will denote the scalar product between x and y, two vectors in R^d .

We now define the space of smooth cylindrical functionals on Ω : S = {Φ; Φ(ω) = φ(ω^i_{tj} , 1 ≤ i ≤ d, 1 ≤ j ≤ n), φ ∈ C^∞_b (R^{nd} ; R), 0 ≤ t_1 ≤ . . . ≤ t_n ≤ 1}. where C^∞_b (R^{nd} ; R) denotes the set of C^∞-functions which are bounded as well as all their derivatives.

Clearly S ⊂ L^2(Ω; P ). For 0 ≤ τ ≤ 1, we denote by S_τ the subset of S composed by the functionals which are F_τ -measurable.

On S we denote by D_g the derivation operator in the direction g = (g^i)_{1≤i≤d} ∈ L^2([0, 1]; R^d ) defined as follows : D_gΦ = (D_gi Φ)_{1≤i≤d} where

D_gi Φ(ω) = n∑ j=1 ∂φ ∂x^i_j (ω^1_{t1} , . . . , ω^d_{t1} , . . . , ω^1_{tn} , . . . , ω^d_{tn} ) ∫_{tj} 0 g^i(t)dt

= ∫_1 0 g^i(t)D^i_tΦ(ω)dt where

D^i_tΦ(ω) = n∑ j=1 ∂φ ∂x^i_j (ω^1_{t1} , . . . , ω^d_{tn} )1_{t≤tj} . It is clear that D_gΦ is also equal to the Gâteaux-derivative of Φ in the direction ∫_. 0 g(t)dt, which is a typical element of the Cameron-Martin space. One also defines the space D^{1,2} as the closure of S for the following norm :

‖Φ‖^2_{1,2} = P (Φ^2) + P ( ∫ 1 0 |D_tΦ|^2dt ) . Let us introduce the notation we will use for stochastic integrals all through the rest of the paper. For g = (g^i)_{1≤i≤d} ∈ L^2([0, 1]; R^d ), the vectorial stochastic integral of g under X is denoted by

δ(g) = (δ(g^i))_{1≤i≤d} :=

( ∫^1 0 g^i(t)dX^i_t ) 1≤i≤d. For a process (u^{i,j})_{i,j∈{1,...,d}} with values in R^{d⊗d} , we define whenever it exists ∫_t 0 u^i_sdX_s := d∑ j=1 ∫_t 0 u^{i,j}_s dX^j_s

Then it is well known (see for example [2]) that the operator D (also called Malliavin derivative) is the dual operator on D^{1,2} of the stochastic integration operator δ as stated in the following vectorial IBPF satisfied under the Wiener measure P on Ω : ∀g ∈ L^2([0; 1]; R^d ), ∀Φ ∈ S,

P (D_gΦ) = P ( Φ δ(g) )

or equivalently, ∀i ∈ {1, . . . , d}, P (D_gi Φ) = P ( Φ δ(g^i) ) . (1)

2.2 IBPF for Brownian bridges.

In the same way as Brownian motion is the reference process in the study of Markov diffusions, it seems natural to consider Brownian bridges as reference processes in the study of Markovian bridges. For this reason we review IBPF satisfied by Brownian bridges. We first introduce the subset of the Cameron-Martin space which will contain the test functions. It is the following set :

E = {g, R^d -valued step functions on [0; 1] such that

∫_1 0 g(t)dt = 0}. We also denote by E_τ , for τ ∈ [0, 1], the subset of E composed by step functions with support included in [0, τ].

Let us notice that the condition on the integral is of loop type: indeed if we denote by h the function h := ∫_· 0 g(t)dt, we are requiring that h(0) = h(1) = 0.

For step functions the stochastic integral δ(g) is trivially defined for all ω ∈ Ω, independently of the underlying probability.

Proposition 2.1 Let (x, y) ∈ R^d × R^d and P^{x,y} ∈ P(Ω) be the law of the ddimensional Brownian bridge on [0, 1] from x to y. Then, for all g ∈ E, for any Φ ∈ S, P^{x,y}(D_gΦ) = P^{x,y} ( Φ δ(g) ) . (2)

Proof : The duality formula (2) has been proved by Driver in [6] even for the Brownian bridge on a Riemannian manifold. His proof relies on the absolute continuity of P^{x,y} with respect to P^x on F_τ , with 0 < τ < 1. However for the sake of completeness, let us sketch an alternative proof of this duality. Let us take Φ(ω) = ϕ_0(ω_0)ϕ_1(ω_1)Φ̃(ω) for ϕ_0, ϕ_1 ∈ C^∞(R^d ), and Φ̃ ∈ S in the IBPF satisfied under P : P ( ϕ_0 ϕ_1 Φ̃ δ(g) ) = P (D_g(ϕ_0 ϕ_1 Φ̃)) (3)

which holds for any g ∈ L^2([0; 1]; R^d ) and any Φ ∈ S. One obtains from (3), for each i ∈ {1, . . . , d}, P ( ϕ_0(X_0)ϕ_1(X_1)P (Φ̃δ(g^i)/X_0, X_1) ) = P ( ϕ_0(X_0)ϕ_1(X_1)P (D_giΦ̃/X_0, X_1) ) + P ( ϕ_0(X_0)∂_iϕ_1(X_1)Φ̃ ) ∫ 1 0 g^i(r) dr so that when

∫_1 0 g(t)dt = 0, the last term vanishes and what remains is P^{x,y} ( Φ̃δ(g^i) ) = P ( Φ̃δ(g^i)/X_0 = x, X_1 = y ) = P^{x,y} ( D_giΦ̃ )

for μ-a.e. (x, y) where ν denotes the law of (X_0, X_1) under P . By continuity of the map (x, y) → P^{x,y} the duality formula (2) holds for all (x, y) ∈ R^d × R^d . □

Remark 2.2 In the preceding proof we deduced an IBPF for the bridge P^{x,y} from an IBPF for P by choosing appropriate test functionals Φ. We will encounter this argument several times in the sequel.

2.3 Reciprocal class and reciprocal characteristics of a Brownian diffusion.

We now introduce the main object we deal with in this paper: the reciprocal class of some fixed reference diffusion P_b.

The data is then a d-dimensional Markovian diffusion solution of the stochastic differential equation:

dX_t = dB_t + b(t, X_t) dt, X_0 = x, (4)

where B is a d-dimensional Brownian motion, b is the drift function, assumed to be in C^{1,2}([0; 1] × R^d ; R^d ) and x ∈ R^d .

The law of this Brownian diffusion will be denoted in all the paper by P_b. It is not a restriction to fix a deterministic value for X_0 since in the present paper one only deals with the bridges of P_b.

We assume on the drift that there exists a constant k > 0 and an integer N ∈ N^∗ such that for all t, x ∈ [0, 1] × R^d , for all i, j ∈ {1, . . . , d}, x.b(t, x) ≤ k(1 + |x|^2) (5) |b^i(t, x)| + |∂_tb^i(t, x)| ≤ k(1 + |x|^N ) (6) and |∂_j b^i(t, x)| + |∂_i∂_j b^i(t, x)| ≤ k(1 + |x|^{N−1}). (7) Since b is locally lipschitz continuous uniformly on time, condition (5) ensures existence and uniqueness of a strong solution to equation (4) (see for example p.234 in [4]).

Example : A typical class of functions b which satisfy (5) and (6) and (7) is given by the so called gradient diffusion, i.e. b is the gradient of a potential with polynomial growth : ∀i ∈ {1, . . . , d}, b^i(x^1, . . . , x^d) = −P^′_i(x^i) + d∑ j=1 a_{ij} x^j where the P_i are polynomial functions of the form : P_i(x^i) = ∑_{N+1} k=0 α_{i,k}(x^i)^k with α_{i,N+1} > 0. Lemma 2.3 Under assumptions (5), the Brownian diffusion solution of (4) admits finite moments of any order. In particular,

P_b( sup_{t∈[0,1]} |X_t|^{2N} ) < +∞. (8)

Proof of Lemma 2.3 : It is enough to show that, for any M ≥ 1, sup_{t∈[0,1]} |X_t|^{4M} ∈ L^1(P_b). But, by Ito formula,

|X_t|^{2M} = ( |x|^2 + 2 d∑ i=1 ∫_t 0 X^i_s ( dB^i_s + b^i(s, X_s) ds ) + d t )_M

= |x|^{2M} + 2M ∫_t 0 |X_s|^{2(M−1)}X_sdB_s + ∫_t 0 M|X_s|^{2(M−1)} ( 2X_s.b(s, X_s) + d + 2(M − 1) ) ds. Then using assumption (5) and denoting by f(t) = P_b(sup_{r∈[0,t]} |X_r|^{4M} ) = P_b ( (sup_{r∈[0,t]} |X_r|^{2M} )^2 ) , one obtains

f(t) ≤ 3|x|^{4M} + 12M^2P_b ( sup_{r∈[0,t]} ( ∫ r 0 |X_s|^{2(M−1)}X_sdB_s )_2) + C_1 ∫_t 0 f(s) ds, where C_1 > 0.

By Doob inequality, P_b ( sup_{r∈[0,t]} ( ∫ r 0 |X_s|^{2(M−1)}X_sdB_s )_2) ≤ P_b ( ∫_t 0 |X_s|^{4M−2} ds )

≤ C_2 ∫_t 0 f(s) ds for some C_2 > 0. Then, for all t ∈ [0, 1], f(t) ≤ 3|x|^{4M} + ( 12M^2C_2 + C_1 ) ∫^t 0 f(s) ds which implies by Gronwall inequality that f(1) < +∞. □

Let us notice that Lemma 2.3 and assumption (6) imply that the usual entropy h of P_b w.r.t. the Wiener measure P^x is finite since

h(P_b; P^x) = P_b ( log( dP_b dP^x ) ) = 1 2 P_b ( ∫ 1 0 |b(t, X_t)|^2dt ) < +∞. (9) In this paper, we adopt the following definition of entropy on P(Ω) (cf. [7]) and denote it by H : H(Q; P ) = Q ( h(Q^{X0} ; P^{X0} ) ) . Let us notice that here H(P_b; P ) = h(P_b; P^x) < +∞.

Finite entropy will be a leading assumption through the entire paper, so that we now define the following set of probability measures :

P_H(Ω) = {Q ∈ P(Ω) : H(Q; P ) < +∞}.

It is indeed natural in our framework since, as already mentioned in the introduction, the Markov diffusion that Schrödinger was looking for in his paper (that he called “the most probable path”), is the unique minimizer of the entropy w.r.t. Wiener measure among a set of reciprocal processes. Finiteness of the entropy has been also crucial in subsequent papers of Föllmer [9], Wakolbinger[27], Cattiaux and Léonard [3] for instance. In the present paper two consequences of the finiteness of the entropy will play an important role. We state these two results in the following proposition and we refer the reader to [8].

Proposition 2.4 Let Q be a probability measure in P_H(Ω). Then (i) There exists an adapted process (β_t)_{t∈[0;1]} such that the process (X_t − X_0 − ∫_t 0 β_sds)_{t∈[0,1]} is a Q-Brownian motion and Q

( ∫_1 0 |β_t|^2 dt ) < +∞ (ii) Let μ_0 (resp. μ) denote the law of X_0 (resp. (X_0, X_1)) under Q. Then, for μ_0 (resp. μ) a.e. x (resp. (x, y)), the entropy H(Q^x; P^x) (resp. H(Q^{x,y}; P^{x,y})) is finite.

Furthermore, let us assume that p(s, x, t, y), the probability transition density of P_b, satisfies the following regularity property : (s, x) → p(s, x, t, y) ∈ C^{1,3}([0; 1[×R^d ; R). (10)

It is clear that for each 0 ≤ s < t ≤ 1 and x, y ∈ R^d , p(s, x, t, y) > 0 and also that the law of X_t is absolutely continuous w.r.t. Lebesgue measure on R^d with strictly positive density. We will also assume that for each 0 ≤ s < t ≤ 1, the map (x, y) → P_b( ./X_s = x, X_t = y) is continuous on R^d × R^d .

Definition 2.5 The reciprocal class of P_b is the subset R(P_b) of P(Ω) defined by : R(P_b) = {Q ∈ P(Ω), ∀0 ≤ s < t ≤ 1, Q( ./F_s ∨ F̂_t) = P_b( ./X_s, X_t)} (11) where the forward (resp. backward) filtration (F_t)_{t∈[0,1]} (resp. (F̂_t)_{t∈[0,1]}) is given by

F_t = σ(X_s, 0 ≤ s ≤ t), (resp. F̂_t = σ(X_s, t ≤ s ≤ 1)).

Let us also mention the alternative definition of R(P_b) (see [11]) : R(P_b) = {Q ∈ P(Ω) : ∃ μ ∈ P(R^d ⊗ R^d ), Q = ∫ R^d×R^d P_b( /X_0 = x, X_1 = y)μ(dx, dy)}. (12) which stresses the fact that any Q in R(P_b) is a mixture of the bridges of P_b or equivalently, that the bridges of Q coincide with the ones of P_b. As a consequence of (11), for any Q ∈ R(P_b) and any 0 ≤ s ≤ t ≤ 1, the filtrations F_s ⋁^ F_t and σ(X_r; s ≤ r ≤ t) are independent under Q conditionnally to σ(X_s, X_t).

Therefore the coordinate process under any element of R(P_b) is a Markovian field w.r.t. the time index; it is also called a reciprocal process.

It is easy to see that any Markov process is reciprocal. Nevertheless, a reciprocal process is not necessarily a Markov process; the Markov property may fail to hold unless the law of (X_0, X_1) enjoys some product decomposition. More precisely, Jamison gave in [11] the following description of the subset R_M (P_b) containing all the Markovian processes of R(P_b) ( see [23] for related results):

R_M (P_b) = {Q ∈ R(P_b) : ∃ν_0, ν_1 σ-finite measures on R^d , Q ∘ (X_0, X_1)^{−1}(dx, dy) = p(0, x, 1, y)ν_0(dx)ν_1(dy)}. (13) Due to historical reasons recalled in the introduction, the elements of R_M (P_b) are called in the litterature Schrödinger processes.

The following theorem gives a necessary and sufficient condition for a Brownian diffusion to be in the reciprocal class of P_b. It was first proved by Clark following a conjecture of Krener.

Theorem 2.6 For any b̃ ∈ C^{1,2}([0; 1] × R^d ; R^d ), let us define the R^d -valued (respectively R^{d⊗d} -valued) function F~_b(t, x) = (F^i_{b̃} (t, x))_i (resp. G~_b(t, x) = (G^{i,j}_{b̃} (t, x))_{i,j}), as follows

F^i_{b̃} (t, x) = ( ∂_tb̃^i + 1 2 ∂_i(|b̃|^2 + div b̃) ) (t, x) (14) G^{i,j}_{b̃} (t, x) = ( ∂_jb̃^i − ∂_ib̃^j ) (t, x) (15)

A Brownian diffusion with drift b̃ is in the reciprocal class of P_b if and only if

(F_b, G_b) ≡ (F~_b, G~_b).

Proof of Theorem 2.6: We refer the reader to [5]. Let us simply mention that the identity (F_b, G_b) ≡ (F~_b, G~_b) is equivalent to the existence of a function h > 0 such that ∂_th + ∑_d i=1 b^i∂_ih +^1_2 Δh = 0 and b̃^i − b^i = ∂_i log h, for all 1 ≤ i ≤ d. □

Definition 2.7 The pair of functions (F_b, G_b) is called the Reciprocal Characteristics of P_b.

In the sequel of the paper, b is a fixed data, and for simplicity we denote by (F, G) the reciprocal characteristics of P_b :

F := F_b, G := G_b.

Let us now state a useful result. We omit the proof.

Proposition 2.8 Under the growth conditions (6) and (7) on the drift function b, the reciprocal characteristics F and G satisfy the following inequality : ∃K > 0, ∀(t, x) ∈ [0; 1] × R^d , ∀i, j ∈ {1, . . . , d}, |F^i(t, x)| ≤ K(1 + |x|^{2N−1}) |G^{i,j}(t, x)| + |div G^i(t, x)| ≤ K(1 + |x|^N ). Remark 2.9 The reciprocal characteristics associated to the Brownian motion, i.e. corresponding to the drift b = 0, are obviously F_0 ≡ 0 and G_0 ≡ 0. Let us mention the paper [1] where a subclass of R(P_0) has been explicitely computed.

3 Integration by parts formula for a Brownian diffusion and its bridges.

In the first part of this section we establish two integration by parts formulae (IBPF) satisfied by the d-dimensional Brownian diffusion P_b. The coefficients of the first one (identity (16)) are the reciprocal characteristics associated to this diffusion except for a term involving the value at the terminal time. The form of this IBPF differs from the one dimensional case by the presence of additional terms, especially a stochastic integral which admits for integrand the reciprocal characteristic G. It is easy to see from Theorem 2.6 that G = 0 if and only if b is a gradient, which is always the case in dimension 1. The second IBPF (identity (20)) is a consequence of Girsanov theorem. The second part of this section contains an IBPF satisfied by the reciprocal class of P_b.

3.1 IBPF satisfied by a Brownian diffusion.

The following statement will be a key tool both for Theorem 3.4, where we exhibit an IBPF satisfied by the reciprocal class R(P_b), and in the proof of Theorem 4.1.

Theorem 3.1 Let P_b be the d-dimensional Brownian diffusion solution of (4), where b satisfies assumptions (5), (6) and (7). Then the following integration by parts formula is satified under P_b : for any τ ∈ [0, 1], for any R^d -valued step function g on [0; τ], for any Φ ∈ S and i ∈ {1, . . . , d},

P_b(D_gi Φ) = P_b ( Φ δ(g^i) ) − ∫_τ 0 g^i(r)dr P_b ( Φ b^i(τ, X_τ ) )

+ P_b ( Φ ∫_τ 0 g^i(r) ∫_τ r (F^i + 1 2 div G^i)(t, X_t) dt dr )

+ P_b ( Φ ∫_τ 0 g^i(r) ∫_τ r G^i(t, X_t)dX_t dr ) (16)

Proof of Theorem 3.1: The fact that each term of the RHS of (16) is finite is due to Proposition 2.8 and Lemma 2.3.

Since the proof of this theorem is almost the same as in dimension 1, we will not give all the details but rather we refer the reader to [20], Lemma 4.2. However let us recall the procedure used in dimension 1 in order to be able to point out the differences with the one dimensional case. We denote by M_b the Girsanov density of P_b w.r.t. P where P = P_0 is the Wiener measure whose initial law is the law of X(0) under P_b:

M_b = exp (^d∑ i=1 ∫_τ 0 b^i(t, X_t)dX^i_t − 1 2 ∫_τ 0 |b(t, X_t)|^2dt ) . Given a smooth truncation function χ_n with bounded derivatives on R satisfying { χ_n1_{[−n−1,n+1]}c = −(n + 1)1_{]−∞,−n−1[} + (n + 1)1_{]n+1,+∞[} χ_n1_{[−n,n]} = Id.1_{[−n,n]}. (17) we set M^n_b = exp ( χ_n(log M_b) ) . Then 0 ≤ M^n_b ≤ M^n_b + 1 and if P^n_b denotes the positive measure on C([0; T ] × R^d ) with Radon Nikodym density M^n_b w.r.t. P , the integration by parts formula (1) for P yields P ( M^n_b D_gi Φ ) = P ( Φ M^n_b δ(g^i) ) − P ( ΦD_gi M^n_b )

= P ( Φ M^n_b δ(g^i) ) − P ( ΦM^n_b D_gi (log M^n_b ) ) . (18)

The difference from dimension 1 comes from the expression for D_gi (log M_b) which we now compute in our d-dimensional setting. By definition of the Malliavin derivative,

D_gi (log M_b) = ∫_τ 0 g^i(r) ( b^i(r, X_r) + d∑ j=1 ∫_τ r ∂_ib^j (t, X_t)dX^j_t

− d∑ j=1 ∫_τ r b^j (t, X_t)∂_ib^j (t, X_t)dt ) dr. (19) Let us express the r.h.s. using (F, G). Let us write ∫_τ r ∂_ib^j (t, X_t)dX^j_t = ∫_τ r (∂_ib^j − ∂_j b^i)(t, X_t)dX^j_t + ∫_τ r ∂_j b^i(t, X_t)dX^j_t This last stochastic integral is part of the following Ito formula:

b^i(τ, X_τ ) − b^i(r, X_r) = d∑ j=1 ∫_τ r ∂_j b^i(t, X_t)dX^j_t + ∫_τ r ( ∂_tb^i + 1 2 Δb^i ) (t, X_t)dt Using the definition G^{i,j} = ∂_j b^i − ∂_ib^j and the definition of F , we obtain

∂_tb^i + 1 2 Δb^i = ∂_tb^i + 1 2 d∑ j=1 ∂_j ∂_j b^i = ∂_tb^i + 1 2 ∂_idiv b + 1 2 div G^i = (F^i + 1 2 div G^i) − d∑ j=1 ∂_ib^j b^j . We therefore obtain the following expression for D_gi (log M_b):

D_gi (log M_b) = ∫_τ 0 g^i(r)dr b^i(τ, X_τ ) − ∫_τ 0 g^i(r) (^d∑ j=1 ∫_τ r G^{i,j}(t, X_t)dX^j_t ) dr − ∫_τ 0 g^i(r) ∫_τ r ( F^i + 1 2 div G^i ) (t, X_t) dt dr.

It remains to prove the convergence of each term of identity (18) to its respective limit. This is done by applying the dominated convergence theorem. □

In the sequel we would like to use the IBPF (16) for Brownian diffusion with a drift which is not necessarily with polynomial growth. For example, in the next subsection we are interested by the bridges of P_b. If one takes b(t, z) = −λz, which satisfies conditions (6) and (7) with N = 1, P_b is then the Ornstein-Uhlenbeck process. The drift b̃ of its bridge between x and y can be explicitely computed : b̃(t, z) = −λz + λ sinh(λ(1 − t)) (y − e^{−λ(1−t)}z). It is clear that b̃ does not satisfy condition (6). So let us now give a set of sufficient conditions (weaker than (6)) under which a Brownian diffusion satisfies the IBPF (16).

Proposition 3.2 Let b̃ ∈ C^{1,2}([0; 1] × R^d ; R^d ) and τ ∈ [0; 1] such that H(P~_b|_{Fτ} ; P |_{Fτ} ) < +∞. Let F~_b and G~_b be the reciprocal characteristics associated to the Brownian diffusion P~_b. If the following conditions are satisfied : (A1) b̃(τ, X_τ ) ∈ L^1(P~_b) (A2) ∫_τ 0 |F~_b +^1_2 div G~_b|(t, X_t)dt ∈ L^1(P~_b) (A3) ∫_τ 0 |G^{i,j}_{b̃} (t, X_t)|^2dt ∈ L^1(P~_b), ∀i, j ∈ {1, . . . , d} then the integration by parts formula (16) still holds true under P~_b .

Let us now establish another integration by parts formula satisfied under P~_b where the drift b̃ appears instead of the reciprocal characteristics (F~_b, G~_b).

Theorem 3.3 Let P~_b ∈ P_H(Ω) be, as before, the Brownian diffusion whose drift b̃ is assumed to belong to C^{0,1}([0; 1] × R^d ; R^d ). Let τ ∈ [0; 1]. If for i ∈ {1, . . . , d}, ∫_τ 0 |∂_ib̃(t, X_t)|^2dt belong to L^1(P~_b), then for any R^d -valued step function g on [0, τ], for all Φ ∈ S,

P~_b(D_gi Φ) = P~_b ( Φ δ(g^i) ) − P~_b ( Φ ∫_τ 0 g^i(s)b̃^i(s, X_s)ds ) (20) −P~_b ( Φ ∫_τ 0 g^i(s) ∫_τ s ∑ j ∂_ib̃^j (p, X_p)(dX^j_p − b̃^j (p, X_p)dp)ds )

Proof The argument runs as in the proof of Theorem 3.1 except that we do not need to develop identity (19) by Ito formula. It is sufficient to verify that each term of this identity converges by dominated convergence theorem. □

A duality formula such as (20) has been proved under stronger integrability assumptions on the drift b̃ in [21], formula (1.8).

3.2 IBPF satisfied by the bridges of a Brownian diffusion.

We now come to an IBPF satisfied by all the elements of R(P_b), the reciprocal class of P_b, in which all the probabilities admit the reciprocal characteristics (F, G).

Theorem 3.4 Let Q be a probability measure in P_H(Ω). Let us moreover assume that (A0) sup_{t∈[0;1]} |X_t| ∈ L^{2N} (Q) If Q is in the reciprocal class of P_b, then for any function g ∈ E , ∀Φ ∈ S, for all i ∈ {1, . . . , d} , the following integration by parts formula is satisfied :

Q(D_gi Φ) = Q ( Φ δ(g^i) )

+ Q ( Φ ∫_1 0 g^i(r) ∫_1 r (F^i + 1 2 div G^i)(t, X_t) dt dr )

+ Q ( Φ ∫_1 0 g^i(r) ∫_1 r G^i(t, X_t)dX_t dr ) . (21)

Remark 3.5 1. As mentioned in Proposition 2.4 the fact that the entropy H(Q; P ) is finite ensures that X is a Q- semi-martingale; it is therefore meaningful to consider the stochastic integral

∫_1 r G^i(t, X_t)dX_t under Q. As mentioned above this was not necessary in dimension 1 since this integral did not appear.

2. Formula (21) reads like a perturbation of formula (2) for Brownian bridges.

The perturbation term can also be written as Q ( Φ ∫_1 0 g^i(r) ∫_1 r F^i(t, X_t) dt dr ) + Q ( Φ ∫_1 0 g^i(r) ∫_1 r G^i(t, X_t) ∘ dX_t dr )

where in the second term, the stochastic integration is of Stratonovich type; this expression reflects the symmetry of the reciprocal property under time reversal.

Proof of Theorem 3.4 : Let us denote by μ the law of (X_0, X_1) under Q. We first prove the IBPF for μ-a.e.(x, y) and the probability Q^{x,y} := Q(·/X_0 = x, X_1 = y). In order to do so we first prove that we can apply Proposition 3.2. For μ-a.e. (x, y) the integrability condition (A0) still holds true under Q^{x,y} as well as H(Q^{x,y}; P^{x,y}) < +∞ (cf. Proposition 2.4) which implies H(Q^{x,y}|_{Fτ} ; P^{x,y}|_{Fτ} ) < +∞ for any τ ≤ 1. Let us fix such an (x, y). Since Q belongs to the reciprocal class of P_b, for any τ ∈ [0; 1[ the restriction of Q^{x,y} to C([0; τ]; R^d ) is the law of the Brownian diffusion P̃ starting from x with drift b̃(t, z) = b(t, z) + ∂_z log p(t, z, 1, y) and in particular F~_b = F, G~_b = G on [0; τ] × R^d .

By assumption (10), b̃ ∈ C^{1,2}([0; 1[×R^d ; R). We also have to check assumptions (A1)- (A3) of Proposition 3.2 on b̃, F and G : assumption (A1) has not to be considered here since we test on functions g ∈ E_τ . Assumptions (A2) and (A3) are satisfied since (A0) is assumed and F and G satisfy Proposition 2.8. Therefore IBPF (21) holds on [0,τ] under Q^{x,y} for μ-a.e. (x, y).

The second part of the proof consists in passing to τ = 1. Let us simply sketch the argument. Let Φ ∈ S be F_1-measurable, and g ∈ E. Since Φ ∈ S, there exists a function φ and a real number τ < 1 such that Φ(X) = φ(x, X_{t1} , · · · , X_τ , y), Q^{x,y}-a.s.. Let n be large enough so that τ < 1 −^1_n and g is constant on [1 −^2_n ; 1[. Let us set

g_n = g1_{[0,1−} 2_{n [} + n

( ∫^1

1−^2_n g(r)dr ) 1_{[1−} 2_{n ,1−} 1_{n ]}.

By construction g_n is a step function on [0, 1−^1_n ] and its integral is equal to zero. We apply the IBPF (21) for Q^{x,y} to the pair (Φ, g_n) on [0, 1−^1_n ]. It is now straightforward to verify that each term converges when n tends to infinity. By integrating in (x, y) over μ, we conclude that the desired IBPF also holds true for Q. □

4 Characterization of a reciprocal class by an IBPF

Our aim is now to establish the converse statement of Theorem 3.4. More precisely, we want to show that the integration by parts formula (21) characterizes the regular reciprocal processes belonging to R(P_b). Actually, since we previously had to introduce the regularity condition (10) to obtain enough smoothness for the semi-martingale characteristics of bridges, we also have now to consider probabilities which a priori satisfy some regularity conditions to be able to write down the IBPF. These conditions are listed below :

(H1) Conditional density : regularity, domination.

(H1.1) ∀0 ≤ t < u < 1, ∀(x, y) ∈ R^d × R^d , there exists a function q s.t. Q(X_u ∈ dw|X_t = z, X_1 = y) = q(t, z, u, w, 1, y)dw (H1.2) ∀0 < u < 1, ∀(x, y) ∈ R^d × R^d , q(0, x, u, w, 1, y) > 0 (H1.3) ∀0 < u < 1, ∀(w, y) ∈ R^d × R^d , the map (t, z) → q(t, z, u, w, 1, y) is in C^{1,2}([0, 1[×R^d ; R) (H1.4) for all 0 < τ < 1, ∀(t, z) ∈ [0; τ] × R^d , there exists a neighborhood V of (t, z) and a function ϕ_V (u, w, 1, y) such that whenever ∂_α denotes ∂_s, ∂_ξk or ∂_ξk_ξl for k, l ∈ {1, . . . , d} it holds: sup_{(s,ξ)∈V} |∂_αq(s, ξ, u, w, 1, y)| ≤ ϕ_V (u, w, 1, y), and ∫_τ 0 ∫ R^d (1 + |w| 2N )ϕ_V (u, w, 1, y) ( 1 +^{ϕV (u,w,1,y)} q(0,x,u,w,1,y) ) dwdu < +∞. (H2) Integrability condition on the derivatives of the conditional density. Let 0 ≤ s ≤ τ < 1. (H2.1) ∫_τ s ∫ R^d |∂αq(s, Xs, u, w, 1, X1)|(1 + |w| 2N ) dwdu ∈ L^1(Q) where ∂_α denotes ∂_s or ∂_ξk_ξl for k, l ∈ {1, . . . , d} (H2.2) ∫_τ s ∫ R^d |∂ξ^k q(s, Xs, u, w, 1, X1)|(1 + |w| 2N ) dwdu ∈ L^2(Q) (H2.3) ∫_τ s ∫ R^d (1 + |w| 2N )^{∂αq(s,Xs,u,w,1,X1)2} q(0,x,u,w,1,X_1) dwdu ∈ L 1(Q) where ∂_α denotes ∂_s, ∂_ξk or ∂_ξk_ξl

Theorem 4.1 Let Q be a probability measure in P_H(Ω). Let us assume that Q satisfies assumptions (H1), (H2) and (A0). If the IBPF (21) is satisfied under Q then Q is in the reciprocal class of P_b.

The proof of this theorem is decomposed into the following four different steps. Step 1 : Each bridge Q^{x,y} of Q is a Brownian diffusion with drift b^{xy} given by an expression of the form (22).

Step 2 : Each drift b^{xy} is regular enough to compute the reciprocal characteristics F^{x,y} and G^{x,y} of Q^{x,y}. Step 3 : Q^{x,y} satisfies an IBPF of the type (16) with its own reciprocal characteristics F^{x,y} and G^{x,y} as parameters.

Step 4 : Q^{x,y} also satisfies an IBPF of the type (21) but with reciprocal characteristics F and G as parameters. Therefore F^{x,y} ≡ F and G^{x,y} ≡ G, which implies that all the bridges of Q and P_b are equal.

Proof of Theorem 4.1

Step 1: Let μ be the law of (X_0, X_1) under Q. By Proposition 2.4, for μ a.e. (x, y), X under Q^{x,y} (resp. under both probabilities Q^{x,y}(·/F_s) and Q^{x,y}(·/X_s) ) is a Brownian semi-martingale, whose drift, denoted by b^{xy}, will be now computed. First, let us prove that Q^{x,y} is Markovian. Notice that, for s fixed in [0, 1], applying IBPF (21) to the following functions : Φ F_s-measurable, g = g̃ −^1_{1−s}

∫_1 s g̃(r)dr1_{[s,1]}, one obtains easily that the drift of X at time r ∈ [s; 1] is under Q^{x,y}(·/F_s) (resp. Q^{x,y}(·/X_s)) given by Q^{x,y}_{Fs} (U_r/F_r) (resp. Q^{x,y}_{Xs} (U_r/F_r)) where Q^{x,y}_{Fs} (resp. Q^{x,y}_{Xs} ) denotes Q^{x,y}(·/F_s) (resp. Q^{x,y}(·/X_s)) and

U^i_r =

X^i_1 − X^i_r 1 − r − ( ∫ 1 r u^i_pdp + ∫_1 r v^i_pdX_p )

+ 1 1 − r ∫_1 r ( ∫ 1 p u^i_qdq + ∫_1 p v^i_qdX_q ) dp with u^i_p := (F^i +^1_2 div G^i)(p, X_p) and v^{i,j}_p = G^{i,j}(p, X_p). But it is straightforward to check that for any r ≥ s Q^{x,y}_{Fs} (·/F_r) = Q^{x,y}_{Xs} (·/F_r) = Q^x(·/F_r)

Thus (X_r, r ∈ [s; 1]) has the same drift under Q^{x,y}_{Fs} et Q^{x,y}_{Xs} . It is therefore a Markovian Brownian diffusion under Q^{x,y}, whose drift at time t is equal to :

b^{xy,i}(t, X_t) = y^i − X^i_t 1 − t − Q^{x,y} ( ∫ 1 t u^i(p, X_p)dp + ∫_1 t v^i(p, X_p)dX_p/X_t ) (22) + 1 1 − t Q^{x,y} ( ∫ 1 t ( ∫ 1 p u^i(q, X_q)dq + ∫_1 p v^i(q, X_q)dX_q ) dp/X_t )

with u^i(p, X_p) = (F^i +^1_2 div G^i)(p, X_p) and v^{i,j}(p, X_p) = G^{i,j}(p, X_p).

The other steps amount to show that each bridge Q^{x,y} is equal to (P_b)^{x,y} so that, once we mix them up under μ to get Q = ∫ R^d×R^d Q x,y μ(dxdy) the probability that we obtain is indeed the law of a reciprocal process.

Step 2: We now come to an important point : to establish the regularity of b^{xy}, in such a way that we can compute F^{xy} and G^{xy}, the reciprocal characteristics of Q^{x,y}. More precisely, we will show that under the assumptions (H1), for μ a.e. (x, y), the map (t, z) → b^{xy}(t, z) ∈ C^{1,2}([0, 1[×R^d ; R). For this purpose the relevant expression for b^{xy} is the following (it can be proved by the same argument as in Step 1 : for any (t, z) ∈ [0; 1[×R^d and τ ∈]t, 1[,

b^{xy,i}(t, z) = Q^{x,y}(X^i_τ − z^i/X_t = z) τ − t − Q^{x,y} ( ∫ τ t u^i(p, X_p)dp + ∫_τ t v^i(p, X_p)dX_p/X_t ) (23) + 1 τ − t Q^{x,y} ( ∫ τ t ( ∫ τ p u^i(q, X_q)dq + ∫_τ p v^i(q, X_q)dX_q ) dp/X_t )

Let us first notice this implies the following identity b^{xy,i}(t, z) = 1 τ − t ( ∫ R^d w^iq(t, z, τ, w, 1, y)dw − z^i )

− ∫_τ t ∫ R^d Γ^i(u, w)q(t, z, u, w, 1, y)dwdu (24) + 1 τ − t ∫_τ t ∫_τ s ∫ R^d Γ^i(u, w)q(t, z, u, w, 1, y)dwduds where Γ^i(u, w) := (F^i +^1_2 div G^i + G^i.b^{xy})(u, w). Indeed, by the same argument as in Step 1, X is also Markovian under Q^{.,y} := Q(·/X_1 = y). Therefore, for any 0 < t < u < 1 and any regular function h, Q^{x,y}(h(u, X_u)/X_t = z) = Q^{.,y}(h(u, X_u)/X_t = z) = ∫ R^d h(u, w)q(t, z, u, w, 1, y)dw.

We want to differentiate under the integral signs of (24). Using assumptions (H1.3) and (H1.4), it is sufficient to check that ∫_τ 0 ∫ R^d |Γ^i(u, w)|ϕ_V(u, w, 1, y)dwdu < +∞ which under (H1.4) reduces to the condition ∫_τ 0 ∫ R^d |G^{i,j}(u, w)||b^{xy,j}(u, w)|ϕ_V(u, w, 1, y)dwdu < +∞. Let us divide and multiply the above integrand by q(0, x, u, w, 1, y); by Cauchy- Schwarz inequality w.r.t. the finite measure q(0, x, u, w, 1, y)dwdu we obtain the following upper bound : d∑ j=1 ( ∫ τ 0 ∫ R^d |G^{i,j}(u, w)|^2 ϕ_V (u, w, 1, y)^2 q(0, x, u, w, 1, y) dwdu ) 1_2 I(j) where I(j) = ( ∫ τ 0 ∫ R^d |b^{xy,j}(u, w)|^2q(0, x, u, w, 1, y)dwdu )^1_2

= ( Q^{x,y} ∫_τ 0 |b^{xy,j}(u, X_u)|^2du ) 1_2

which is finite since H(Q^{x,y}|_{Fτ} ; P^{x,y}|_{Fτ} ) < +∞. For any j the coefficient of I(j) is also finite by assumption (H1.4) and Proposition 2.8.

Step 3: We now assume that Q satisfies the set of assumptions (H1)-(H2) and (A0). Then ∀τ < 1, for μ a.e. (x, y), Q^{x,y} restricted to the interval [0; τ] satisfies the assumptions of Proposition 3.2. The proof of this assertion makes no difficulty using the same arguments as in Step 2. Details are left to the reader. Therefore the following IBPF holds true with (F^{xy}, G^{xy}) denoting the reciprocal characteristics of Q^{x,y}: for all g ∈ E_τ , ∀Φ ∈ S_τ , ∀1 ≤ i ≤ d, Q^{x,y}(D_gi Φ) = Q^{x,y} ( Φ δ(g^i) )

+ Q^{x,y} ( Φ ∫_τ 0 g^i(r) ∫_τ r (F^{xy,i} + 1 2 div G^{xy,i})(t, X_t) dtdr )

+ Q^{x,y} ( Φ ∫_τ 0 g^i(r) d∑ j=1 ∫_τ r G^{xy,i}(t, X_t)dX_tdr ) . (25)

Step 4: At this stage we have proved that Q^{x,y} satisfies two IBPF. The first one has been obtained in Step 3; the other one is the conditioned version of the IBPF (21) for Q: Q^{x,y}(D_gi Φ) = Q^{x,y} ( Φ δ(g^i) )

+ Q^{x,y} ( Φ ∫_1 0 g^i(r) ∫_1 r (F^i + 1 2 div G^i)(t, X_t) dtdr )

+ Q^{x,y} ( Φ ∫_1 0 g^i(r) ∫_1 r G^i(t, X_t)dX_tdr ) . (26)

Both IBPF hold true for μ-a.e. (x, y), any τ < 1,g ∈ E_τ , ∀Φ ∈ S_τ , ∀1 ≤ i ≤ d. In this last step of the proof we will conclude that Q belongs to the reciprocal class of P_b. In order to do so it is sufficient to prove that for μ-a.e.(x, y) the pair of functions (F^{xy}, G^{xy}) coincides with (F, G). This will be a consequence of the following identification Proposition.

Proposition 4.2 Let Q̃ be a probability measure on C([0; τ]; R^d ) and B be a ddimensional Q̃-Brownian motion. Let u = (u^i)_i (resp. v = (v^{ij})_{ij}) be a continuous process on [0; τ] with values in R^d (resp. R^{d⊗d} ). Let us assume that for all i ∈ {1, . . . , d}, ∫_τ 0 |u^i_s|ds + sup_{t∈[0;τ ]} | ∫_t 0 v^i_sdB_s|^2 ∈ L^1(Q̃) and ∀g ∈ E_τ , ∀Φ ∈ S_τ , for all i ∈ {1, . . . , d}, Q̃ ( Φ ∫_τ 0 g^i(r) ( ∫ τ r u^i_sds + ∫_τ r d∑ j=1 v^{ij}_s dB^j_s ) ds ) = 0.

Then the two processes u and v are equal Q̃-a.s. to the constant 0 on [0; τ] .

Proof of Proposition 4.2 Let us denote by D the set of step functions on [0; τ] with values in the set of rational numbers whose jump points are all rationals. D is a countable set. Let g ∈ D and t ≤ τ be a rational. Let us define

g̃(r) = ( g(r) − 1 t ∫_t 0 g(s)ds ) 1_{[0;t]}(r)

By construction g̃ is a step function on [0; t] and satisfies ∫_t 0 g̃_sds = 0. Therefore Q̃ − a.s. ∫_t 0 g̃^i(r)( ∫_t r u^i_sds + ∫_t r d∑ j=1 v^{ij}_s dB^j_s )dr = 0 By Fubini’s theorem this implies Q̃ − a.s. ∫_t 0 u^i_s( ∫_s 0 g̃^i(r)dr)ds + ∫_t 0 d∑ j=1 v^{ij}_s ( ∫_s 0 g̃^i(r)dr)dB^j_s = 0.

Ito formula implies that Q̃ a.s. for any g ∈ D and any t rational, ∫_t 0 1 s (g(s) − 1 s ∫_s 0 g(r)dr) ∫_s 0 ru^i_rdrds is equal to ∫_t 0 1 s (g(s) −^1_s ∫_s 0 g(r)dr) ∫_s 0 rv^i_rdB_rds. These are two processes continuous w.r.t. t. Thus the identity holds for any t ∈]0; τ[. Differentiating w.r.t. t we obtain: ∀g ∈ D, ∀t ∈]0; τ[, (g_t − 1 t ∫_t 0 g_rdr)( ∫_t 0 ru^i_rdr − d∑ j=1 ∫_t 0 rv^{i,j}_r dB^j_r ) = 0. (27)

Let us now take for 0 < a < t < τ, g := 1_{[0;a[} + 21_{[a;τ [}. For such a choice (g(t) − 1 t ∫_t 0 g(r)dr) =^a_t > 0. Therefore the process ( ∫_t 0 ru^i_rdr − ∫_t 0 rv^{i,j}_r dB^j_r )_{t∈[0;τ ]} is a.s.

equal to 0 which proves that u ≡ v ≡ 0 a.s.. □

We must therefore check that Q^{x,y} satisfies the assumptions of this theorem. Let us set u^{(1),i}_s ≡ (F^{xy,i} + 1 2 div G^{xy,i} + G^{xy,i}.b^{xy})(s, X_s), v^{(1),i,j}_s ≡ G^{xy,i,j}(s, X_s) and u^{(2),i}_s ≡ (F^i + 1 2 div G^i + G^{i,j}b^{xy,j} )(s, X_s), v^{(2),i,j}_s ≡ G^{i,j}(s, X_s). In accordance with the notations of Proposition 4.2 we also define u^i_s ≡ u^{(1),i}_s − u^{(2),i}_s and v^{i,j}_s ≡ v^{(1),i,j}_s − v^{(2),i,j}_s . As a result of the work already done in Steps 2 and 3, it is easy to see that Theorem 4.2 applies to (u, v) which are therefore Q^{x,y}-a.s. equal to the constant 0. This is equivalent to the identity

Q^{xy} a.s. ∀s ∈ [0; 1[ (F^{xy}, G^{xy})(s, X_s) ≡ (F, G)(s, X_s). (28)

Since any X_t has a strictly positive density w.r.t Lebesgue measure on R^d , the functions F^{xy}(s, x) (resp. G^{xy}(s, x)) and F (s, x) (resp. G(s, x)) which are continuous in (s, x) coincide on [0; 1[×R^d . This ends the proof of Theorem 4.1. □

5 Application to gradient diffusions

In the previous sections our data has been a reference drift function b(t, x). In the present section we characterize the fact that b is a gradient w.r.t. the space variable using the tools of IBPF satisfied by reciprocal processes which we have developed in the preceding sections. Let us notice that when b is a gradient then the drifts of all Brownian diffusions in the reciprocal class R(P_b) are gradients (cf. the proof of Theorem 2.6).

Our first application provides a characterization of the laws of gradient Brownian diffusions among a large class of probabilities Q which satisfy a finite entropy condition. Being solution of the specific IBPF (29), it will be proved that Q is not only a Brownian semi-martingale, but a Markovian one, and moreover the absence of the term containing the Reciprocal Characteristic G will imply that its drift is the gradient of some function. Our second result generalizes a famous statement of Kolmogorov. In [17], Kolmogorov proved that a Markov diffusion can be reversible only if its drift is a gradient. Our extension of this result states that it is possible to find a reversible reciprocal process in the class R(P_b) only if b is a gradient.

As before the reference drift b belongs to C^{1,2}([0; 1] × R^d ; R^d ) and satisfies assumptions (5)-(7) and we consider probability measures on the path space satifying some a priori regularity to make sense to the IBPF. For Q a probability measure on the path space, we denote by μ_0 its projection at time 0 .

(H1) Conditional density; regularity, domination:

(H 1.1) for μ_0 a.e .x, ∀0 < t < u ≤ 1, ∀(x, z) ∈ R^d ×R^d there exists a strictly positive function q^x such that Q(X_u ∈ dw|X_0 = x, X_t = z) = q^x(t, z, u, w)dw and the map (t, z) → q^x(t, z, u, w) is in C^{1,2}([0, u] × R^d ; R) (H 1.2) ∀0 < τ < 1, ∀(t, z) ∈ [0; τ]×R^d , there exists a neighborhood V of (t, z) and a function ϕ_V (u, w) such that whenever ∂_α denotes ∂_t, ∂_zk or ∂_zk_zl for k, l ∈ {1, . . . , d} it holds : sup (s,ξ)∈V |∂_αq^x(s, ξ, u, w)| ≤ ϕ_V (u, w) ∫_1 0 ∫ R^d ϕ_V (u, w)(1 + |w|^{2N} )dwdu < +∞ (H2) Integrability conditions on the derivatives of the conditional density: (H 2.1)

∫_1 0 ∫ R^d |∂αq x(t, X_t, u, w)|(1 + |w|^{2N} )dwdu ∈ L^1(Q^x) where ∂_α denotes ∂_t, ∂_zk_zl for k, l ∈ {1, . . . , d} (H 2.2)

∫_1 0 ∫ R^d |∂z^k q x(t, X_t, u, w)|(1 + |w|^{2N} )dwdu ∈ L^2(Q^x).

Theorem 5.1 Let Q be a probability measure in P_H(Ω) which satisfies the conditions (H1) and (H2) and (A0).

If the following IBPF holds under Q :

for all g step function on [0, 1], ∀Φ ∈ S, for all i ∈ {1, . . . , d},

Q(D_gi Φ) = Q ( Φδ(g^i) ) − Q ( Φb(1, X_1) ) ∫ 1 0 g^i(r)dr + Q ( Φ ∫_1 0 g^i(r) ∫_1 r F^i(t, X_t)dtdr ) , (29)

then b is a gradient and Q is in fact equal to the law of a gradient Brownian diffusion with drift b.

Remark 5.2 1. The conclusion of the above theorem is, in other words, that the canonical process under Q satisfies equation (4) dX_t = dB_t + b(t, X_t) dt, but its initial condition is not necessarily deterministic.

2. It will be proved below that, due to the “terminal term” or second term in the RHS of (29), the coordinate process under Q is not only reciprocal but Markovian. Moreover the fact that there is no term containing the stochastic integral of some function G as in the general formula (21) will imply the gradient property of the drift.

Proof of Theorem 5.1 The proof is divided in two steps.

In Step 1, we prove that, for μ_0-a.e. x, Q^x is a Brownian diffusion, whose drift is denoted by b^x. We also prove that its reciprocal characteristics (F^x, G^x) coincide with (F, 0).

In Step 2 we prove that b is a gradient and conclude that X under Q is a Markov Brownian diffusion solution of dX_t = b(t, X_t)dt + dW_t where W is a Brownian motion.

Step 1. We can adapt Step 1 in the proof of Theorem 4.1 in this simpler situation (G = 0) and obtain that for μ_0-a.e. x, Q^x is a Brownian diffusion, whose drift b^x is given by, for any r < 1, by b^{x,i}(r, X_r) = Q^x(X^i_1 − X^i_r/X_r) 1 − r − Q^x ( ∫ 1 r F^i(p, X_p)dp/X_r )

+ 1 1 − r ∫_1 r Q^x ( ∫ 1 p F^i(q, X_q)dq/X_r ) dp (30)

Now, the key tool in order to identify (F^x, G^x) with (F, 0) will be to apply Proposition 4.2 to Q^x. In order to do so, we must first prove that Q^x satisfies at the same time two IBPF. The first formula is an immediate consequence of identity (29) for Q. Indeed, if in (29) we take Φ = φ(X_0)Φ̃ and g step function on [0; 1], we obtain for μ_0-a.e. x:

Q^x(D_gi Φ) = Q^x ( Φ δ(g^i) ) − Q^x ( Φ b(1, X_1) ) ∫ 1 0 g^i(r)dr + Q^x ( Φ ∫_1 0 g^i(r) ∫_1 r F^i(t, X_t) dtdr ) . (31)

The second formula will be obtained when we have shown that Q^x satisfies the assumptions of Proposition 3.2 on each interval [0; τ], τ < 1. Let τ < 1 be fixed and 1 ≤ i ≤ d. Let us recall that b^{x,i}(τ, X_τ ) = Q^x(X^i_1 − X^i_τ /X_τ ) 1 − τ − Q^x ( ∫ 1 τ F^i(p, X_p)dp/X_τ )

+ 1 1 − τ ∫_1 τ Q^x ( ∫ 1 p F^i(q, X_q)dq/X_τ ) dp.

From assumption (A0), which is still true under Q^x, we deduce that for μ_0 − a.e.x, Q^x(|b^{x,i}(τ, X_τ )|) < +∞. From now on we restrict ourselves to the set of x such that this holds. In order to satisfy the assumptions of Proposition 3.2 it is sufficient that for all i, j ∈ {1, . . . , d} :

(i) b^x ∈ C^{1,2}([0; τ] × R^d ; R^d )

(ii) the two integrals ∫_τ 0 |F^{x,i} +^1_2 div G^{x,i}|(t, X_t)dt and ∫_τ 0 |G^{x,ij}(t, X_t)|^2dt belong to L^1(Q^x)

All the necessary arguments have already been developped in detail in the proof of Theorem 4.1, Steps 2 to 4. Here the situation is even simpler since there are no terms in G in the expression of b^x. For this reason we do not write down the details but refer the reader to the proof of Theorem 4.1. We conclude that for μ_0-a.e. x, any F_τ -measurable Φ in S, and any step function g on [0; τ],

Q^x(D_gi Φ) = Q^x ( Φ δ(g^i) ) − Q^x ( Φ b^{x,i}(τ, X_τ ) ) ∫ τ 0 g^i(r)dr +Q^x ( Φ ∫_τ 0 g^i(r) ∫_τ r (F^{x,i} + 1 2 div G^{x,i})(t, X_t) dtdr )

+Q^x ( Φ ∫_τ 0 g^i(r) d∑ j=1 ∫_τ r G^{x,ij}(t, X_t)dX^j_t dr ) . (32)

Let us now restrict to step functions g ∈ E_τ . Then comparing identities (31) and (32) one obtains : Q^x ( Φ ∫_τ 0 g^i(r) ∫_τ r F^i(t, X_t) dtdr )

= Q^x ( Φ ∫_τ 0 g^i(r) ∫_τ r (F^{x,i} + 1 2 div G^{x,i})(t, X_t) dtdr )

+ Q^x ( Φ ∫_τ 0 g^i(r) d∑ j=1 ∫_τ r G^{x,ij}(t, X_t)dX^j_t dr ) .

Since the processes u^i_t(X) = (F^{x,i} +^1_2 div G^{x,i} + G^{x,i}.b^x − F^i)(t, X_t) and v^{ij}_t (X) = G^{x,ij}(t, X_t) satisfy the assumptions of Proposition 4.2, we conclude that they are equal to zero dt dQ^x-a.s. These assumptions are indeed satisfied as a consequence of conditions (i) and (ii) above and Proposition 2.8 for F . This yields for μ_0-a.e. x:

Q^xa.s., ∀t ∈]0; 1[, ( F^x(t, X_t), G^x(t, X_t) ) = ( F (t, X_t), 0 ) . (33)

We conclude as in the proof of Theorem 4.1 Step 4 that G^x ≡ 0 and F^x ≡ F . This implies that Q^x is a gradient diffusion, but this is not sufficient to conclude the same for Q, since we do not yet know that Q is a diffusion.

Step 2: In the present step we prove that b is a gradient, that is there exists a function φ defined on [0; 1] × R^d , differentiable in the space variable, such that for all i ∈ {1, . . . , d}, (t, y) ∈]0; 1[×R^d , b^i(t, y) = ∂_iφ(t, y). The key tool will again be the identification of two IBPF for Q^x. Let us fix τ ∈ [0; 1[. The assumption of finite entropy for Q and assumption (H 2.2) imply that Proposition 3.3 applies to Q^x|_{Fτ} and provides the first of the two IBPF we will consider: for any Φ ∈ S_τ and any step function g on [0; τ],

Q^x(D_gi Φ) = Q^x ( Φ δ(g^i) ) (34) −Q^x ( Φ ∫_τ 0 g^i(s) ( b^{x,i}(s, X_s) + d∑ j=1 ∫_τ s ∂_ib^{x,j} (p, X_p)dB^j_p ) ds ) , where B is the Q^x-Brownian motion equal to the martingale part of X under Q^x.

The second IBPF for Q^x is (31). Ito formula for b^i under Q^x yields for any s < τ

b^i(1, X_1) = b^i(s, X_s) + d∑ j=1 ∫_1 s ∂_j b^i(p, X_p)dB^j_p (35)

+ ∫_1 s ( F^i + 1 2 div G^i + G^i.b^x + d∑ j=1 ∂_ib^j (b^{x,j} − b^j ) ) (p, X_p)dp Indeed,

∂_tb^i + d∑ j=1 ∂_j b^ib^{x,j} + 1 2 Δb^i

= ∂_tb^i + d∑ j=1 (∂_j b^i − ∂_ib^j )b^{x,j} + d∑ j=1 ∂_ib^j b^{x,j} + 1 2 (div G^i + ∂_idiv b)

= F^i + 1 2 div G^i + G^i.b^x + d∑ j=1 ∂_ib^j (b^{x,j} − b^j ) We now plug (35) into (31) and look at the difference of the obtained IBPF with (34): for any Φ ∈ S_τ and g with support in [0; τ], Q^x ( Φ ∫_τ 0 g^i(s) ( (b^i − b^{x,i})(s, X_s) + ∫_1 s u^i_pdp + d∑ j=1 ∫_τ s (∂_j b^i − ∂_ib^{x,j})dB^j_p ) ds ) = 0 (36)

where u^i_p(X) =

(_1 2 div G^i + G^i.b^x + ∑_d j=1 ∂_ib^j (b^{x,j} − b^j ) ) (p, X_p).This implies

(b^i − b^{x,i})(s, X_s) + ∫_1 s Q^x(u^i_p|F_τ )dp + d∑ j=1 ∫_τ s (∂_jb^i − ∂_ib^{x,j})dB^j_p = 0 (37) for any s ∈]0; 1[, Q^x-a.s. Taking the expectation w.r.t. Q^x and the filtration F_s, yields ∀i ∈ {1, . . . , d}, (b^i − b^{x,i})(s, X_s) = − ∫_1 s Q^x ( u^i_p/F_s ) dp. We thus conclude that (b^i − b^{x,i}) is a bounded variation process. Its martingale part is therefore equal to zero which is equivalent, using Ito formula, to ∀i, j ∈ {1, . . . , d}, ∂_j b^i(s, X_s) = ∂_j b^{x,i}(s, X_s). (38) Let us fix (i, j). Since b^x is a gradient ∂_j b^{x,i} = ∂_ib^{x,j} and therefore, for all s ∈]0, 1[,

∂_j b^i(s, X_s) = ∂_ib^j (s, X_s)

which implies that b is also a gradient. Moreover identity (38) also implies that the function (b^i − b^{x,i})(t, y) is independent of y. Let us denote it by a^i(t, x). Since b is a gradient, G ≡ 0 and u^i_p(X) ≡ ∑_d j=1 ∂_ib^j (b^{x,j} − b^j )(p, X_p). From (37) we then conclude that a^i(t, x) solves the following integral equation : ∀s ∈]0, 1[, Q^xa.s., a^i(s, x) = − ∫_1 s Q^x( d∑ j=1 ∂_ib^j (p, X_p)|F_s)a^j (p, x)dp. (39) Equivalently we have obtained that for μ_0- a.e. x and Q^x-a.e.ω, the vector valued function a(t, x) solves the linear system d dt a(t, x) = M(t, ω)a(t, x), (t, x) ∈]0; 1[×R^d , where we have denoted by M(t, ω) the matrix with entries ( ∂_ib^j (t, X_t(ω)) ) . This set of conditions is obviously satisfied when each function a^i is constant equal to zero. We now prove that this is the only possible case. This will be a consequence of the following lemma.

Lemma 5.3 With the above notations, for any τ < 1 and all i ∈ {1, ..., d}, Q^x ( b^i(1, X_1) −

∫_1 τ F^i(t, X_t)dt/F_τ ) = b^{x,i}(τ, X_τ )

Proof of Lemma 5.3: Let g be a step function on [0; τ]. We do not assume that ∫_τ 0 g(r)dr = 0. Let Φ ∈ S_τ . Taking into account that (F^x, G^x) = (F, 0) and comparing (31) and (32), for (Φ, g), we obtain the following identity: Q^x ( Φ ( b^{x,i}(τ, X_τ ) − (b^i(1, X_1) −

∫_1 τ F^i(t, X_t)dt) )) ∫ τ 0 g^i(r)dr = 0 We immediately conclude since this identity holds for any Φ, g. □

Lemma 5.3 implies that lim_{τ ↗1} b^{x,i}(τ, X_τ ) = b^i(1, X_1) in L^1(Q^x). Since a^i(t, x) = (b^i−b^{x,i})(t, X_t) and t → b(t, X_t) is continuous at t = 1, we conclude that lim_{τ ↗1} a(τ, x) = 0 and the only solution is a(t, x) ≡ 0. We have now proved that for μ_0-a.e. x, ∀t ∈]0, 1[, y ∈ R^d , b(t, y) = b^x(t, y). This enables us to conclude that X under Q is a Markov Brownian diffusion solution of dX_t = b(t, X_t)dt + dW_t where W is a Q-Brownian motion. □

Our second application deals with a generalization of a result of Kolmogorov [17]; this famous result states that a Brownian diffusion with drift b, supposed timehomogeneous, is reversible if and only if b is a gradient. Here we require weaker assumptions on the reversible law : we only require that there exists one reversible law in the reciprocal class of P_b. Furthermore, the drift b is not supposed to be time-homogeneous and may depend on time.

Theorem 5.4 Suppose that there exists a probability measure Q in P_H(Ω) in the reciprocal class of P_b which satisfies the integrability condition (A0). If Q is reversible, then there exists a function φ such that ∀t ∈]0, 1[, x ∈ R^d , i ∈ {1, . . . , d}, b^i(t, x) = −∂_iφ(t, x). Furthermore, if Q is a Brownian diffusion with drift b, then b is time-homogeneous and Q is equal - up to a renormalizing factor - to ∫ R^d Pb(./X0 = x) exp(−2φ(x)) dx. Example : Let us consider the particular case where the drift function b_λ(x) = −λx is the gradient of the potential φ(x) = −^1_2 λ|x|^2.

In [20] section 5 (cf. also [12] and [19]), we considered the law Q ∈ P(Ω) of the solution of the following s.d.e. dX_t = dB_t − λX_t dt, X_0 = X_1. The process Q, called periodic Ornstein-Uhlenbeck process, is reciprocal and we proved in [20] that it belongs to the reciprocal class of the (Markov) Ornstein- Uhlenbeck process P_{bλ} . Q is a particular Gaussian mixture of periodical bridges of P_{bλ} . The probability Q is reversible since it is a zero mean Gaussian process with stationary covariance function. So it provides an example of a non Markovian reversible law in the class of the diffusion P_{bλ} . The above example proves therefore that if b is a gradient there can exist more than one reversible process in the reciprocal class P_b, one beeing a Markovian diffusion with drift b and others which are reciprocal but not Markovian.

Furthermore, the (Markovian) stationary Ornstein-Uhlenbeck process P_{bλ} , which satisfies the same s.d.e. as above but with initial law on R^d the centered Gaussian one with variance^1_{4λ} , is the unique reversible process inside of the set R_M (P_{bλ} ) of Markovian reciprocal processes in the class of P_{bλ} . Indeed, by the definition of R_M (P_{bλ} ) given in (13), a Markovian reciprocal process in this set is determined by two measures ν_0 and ν_1. But if it is reversible ν_0 = ν_1, and then its distribution at time 0 determines it uniquely. Since we have already exhibited one reversible element of R_M (P_{bλ} ), i.e. P_{bλ} , it is the unique one in R_M (P_{bλ} ).

Proof of Theorem 5.4 :

By assumption, Q ∈ R(P_b) and Theorem 3.4 applies. So IBPF (21) is satisfied under Q. Since Q has a finite entropy, it is a Brownian semi-martingale and, as indicated in Remark 3.5, IBPF (21) can be rewritten as follows ∀Φ ∈ S, for all i ∈ {1, . . . , d} and g ∈ E, Q(D_gi Φ) = Q ( Φ δ(g^i) ) + Q ( Φ ∫_1 0 g^i(r) ∫_1 r F^i(t, X_t) dt dr )

+ Q ( Φ ∫_1 0 g^i(r) ∫_1 r G^i(t, X_t) ∘ dX_t dr ) . (40)

Let us denote by R the time reversal map on Ω: R(X)_t = X_{1−t}, t ∈ [0, 1], and by Q̂ the image of Q by R : Q̂ = Q ∘ R^{−1}. Remarking that, for all Φ ∈ S and g ∈ E, (D_gΦ) ∘ R ≡ −D_ĝ(Φ ∘ R) where ĝ = g ∘ R, one obtains from (40): Q̂(D_{gi} Φ) = −Q(D_{ĝi} (Φ ∘ R)) = −Q ( (Φ ∘ R) δ(ĝ^i) )

− Q ( (Φ ∘ R)

∫_1 0 ĝ^i(r)

∫_1 r F^i(t, X_t) dt dr )

− Q ( (Φ ∘ R)

∫_1 0 ĝ^i(r)

∫_1 r G^i(t, X_t) ∘ dX_t dr )

= Q̂ ( Φ δ(g^i) ) + Q̂ ( Φ ∫_1 0 g^i(r) ∫_1 r F^i(1 − t, X_t) dt dr )

− Q̂ ( Φ ∫_1 0 g^i(r) ∫_1 r G^i(1 − t, X_t) ∘ dX_t dr ) . (41)

Now recall that Q is supposed to be reversible, that is Q̂ = Q, which implies that Q also satisfies equation (41). So, under Q, both equalities (40) and (41) hold, which implies : ∀Φ ∈ S, for all i ∈ {1, . . . , d} and g ∈ E, Q ( Φ ∫_1 0 g^i(r) ( ∫ 1 r F^i(t, X_t)dt + ∫_1 r G^i(t, X_t) ∘ dX_t ) dr )

= Q̂ ( Φ ∫_1 0 g^i(r) ( ∫ 1 r F^i(1 − t, X_t)dt − ∫_1 r G^i(1 − t, X_t) ∘ dX_t ) dr )

By Proposition 4.2, this implies that : ∀t ∈]0, 1[, F (t, .) = F (1 − t, .) and G(t, .) = −G(1 − t, .). (42) In fact, the same identities remain true for any τ ∈ [0, 1] instead of 1, since we could do the same proof as above reversing the time at the time τ instead of 1. We thus obtain : ∀τ ∈]0, 1], ∀t ∈]0, τ[, F (t, .) = F (τ − t, .) and G(t, .) = −G(τ − t, .). This means that the characteristics F is independent of time and that the characteristics G is equal to 0. This last sentence is equivalent to the fact that the function b is a gradient (not necessarily independent of time) : b(t, x) = −∇φ(t, x).

Moreover, if Q is a Brownian diffusion with drift b (with finite entropy), its time reversal is a Brownian diffusion with drift b̂ (cf. [8]). The reversibility assumption thus implies that b = b̂ and does not depend on time. Now, it is well known that the measure with density exp(−2φ(x)) with respect to Lebesgue measure, taken as initial law, makes the Brownian diffusion with drift b = −∇φ reversible. It is furthermore the unique one, up to a multiplicative constant. The conclusion follows. □ Remark 5.5 1. The identities ∀t ∈]0, 1[, F̂ (t, .) = F (1 − t, .) and Ĝ(t, .) = −G(1 − t, .). (43) were proved by one of us in [25], Proposition 4.5, using the explicit expression of F̂ and Ĝ as functionals of the reversed drift. They reflect the symmetry of the reciprocal characteristics under time reversal. In the Markovian case the drift does not feature such symmetry (cf. [9]).

2. In the general case, if Q is a probability measure in R(P_b) ⋂ P_H(Ω), not necessarily reversible, whose time reversal Q̂ is regular enough to define the “reversed reciprocal characteristics” F̂ and Ĝ, we could also derive identities (43). As in the proof of Theorem 5.4, the argument would rely on the identification of two IBPF satisfied by Q̂.

Acknowledgement During the completion of this work the second author benefited from the financial support of the Foundation Alexander von Humboldt and from the hospitality of the Weierstrass Institute. Both institutions are here gratefully acknowledged.

References

[1] I. Benjamini, S. Lee, Conditioned Diffusions which are Brownian Bridges, J. of Theoretical Probability, Vol. 10, N. 3 (1997) 733-736

[2] J.-M. Bismut, Martingales, the Malliavin Calculus and hypoellipticity under general Hörmander’s Conditions, Z. Warsch. Verw. Geb. 56 (1981) 469-505

[3] P. Cattiaux, Ch. Léonard, Minimization of the Kullback information of diffusion processes, Ann. Inst. Henri Poincaré, Probab. Stat. 30, No.1 (1994) 83-132.

[4] K.L. Chung and R.J. Williams, Introduction to stochastic integration, Second Edition, Birkhaüser 1990

[5] J.M.C. Clark, A local characterization of reciprocal diffusions, Applied Stoch.

Analysis, Vol. 5, 45-59, Eds: M.H.A. Davis and R.J. Elliott, Gordon and Breach, New York 1991

[6] B.K. Driver, A Cameron-Martin type quasi-invariance theorem for pinned Brownian motion on a compact Riemannian manifold , Trans. Am. Math. Soc. 342-1 (1994) 375-395

[7] M.D. Donsker and S.R.S. Varadhan, Asymptotic evaluation of certain Markov Process expectations for large time. IV, Comm. Pure and appl. Math. 36 (1983) 183-212

[8] H. Föllmer, Time reversal on Wiener space , Stochastic Processes in Mathematics and Physics, L. N. in Math. 1158, Springer (1986) 119-129

[9] H. Föllmer, Random fields and diffusion processes, École d’été, Saint-Flour (France) 1985-87, Lect. Notes Math. 1362 (1988) 101-203.

[10] H. Föllmer, N. Gantert, Entropy minimization and Schrödinger processes in infinite dimensions, Ann. Probab. 25, n.2 (1997) 901-926

[11] B. Jamison, Reciprocal processes, Z. Warsch. Verw. Geb. 30 (1974) 65-86

[12] H. Kwakernaak, Periodic linear differential stochastic processes, SIAM J. Control Optimization 13 (1975) 400-413

[13] B.C. Levy, A.J. Krener, Dynamics and kinematics of reciprocal diffusions, J.

Math. Phys. 34 (5) (1993) 1846-1875

[14] A.J. Krener, Reciprocal diffusions and stochastic differential equations of second order, Stochastics 24 (1988) 393-422

[15] A.J. Krener, Reciprocal diffusions in flat space, Probab. Th. Rel. Fields 107 (1997) 243-281

[16] A.J. Krener, R. Frezza and C.B. Levy, Gaussian reciprocal processes and selfadjoint stochastic differential equations of second order, Stochastics and Stoch. Reports 34 (1991) 29-56.

[17] A.N. Kolmogorov, Zur Umkehrbarkeit der statistischen Naturgesetze, Math.

Ann 113 (1937) 766-772.

[18] M. Nagasawa, Stochastic Processes in Quantum Physics, Monographs in Mathematics, Vol. 94, Birkhauser 2000

[19] D. Ocone and E. Pardoux, Linear Stochastic Differential Equations with Boundary Conditions, Probab. Th. Rel. Fields 82 (1989) 489-526

[20] S. Roelly and M. Thieullen, A characterization of reciprocal processes via an integration by parts formula on the path space, Probab. Th. Rel. Fields 123 (2002) 97-120.

[21] S. Roelly and H. Zessin, Une caractérisation des diffusions par le calcul des variations stochastiques, C. R. Acad. Sci.Paris, t. 313, Série I (1991) 309-312

[22] S. Roelly and H. Zessin, Une caractérisation des mesures de Gibbs sur C(0, 1)^{Zd} par le calcul des variations stochastiques, Ann. Institut Henri Poincaré 29-3 (1993) 327-338.

[23] G. Royer and M. Yor, Représentation intégrale de certaines mesures quasiinvariantes sur C(R) ; mesures extrémales et propriété de Markov, Ann. Inst. Fourier (Grenoble) 26-2 (1976) 7-24.

[24] E. Schrödinger, Sur la théorie relativiste de l’électron et l’interprétation de la mécanique quantique, Ann. Institut Henri Poincaré 2 (1932) 269-310.

[25] M. Thieullen, Second order stochastic differential equations and non-Gaussian reciprocal diffusions, Probab. Th. Rel. Fields 97 (1993) 231-257.

[26] M. Thieullen, Reciprocal diffusions and symmetries of parabolic p.d.e.: the non flat case, Potential Analysis, Vol. 16 (2002) 1-28.

[27] A. Wakolbinger, A simplified variational characterization of Schrödinger processes, J. Math. Phys. 30, No.12 (1989) 2943-2946.

[28] J.-C. Zambrini, Variational processes and stochastic versions of mechanics J.

Math. Phys. 27-9 (1986) 2307-2330