Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

On dynamical properties of diffeomorphisms with homoclinic tangencies

S.V. Gonchenko^1, L.P.Shilnikov^1, D.Turaev^2

submitted: 12th December 2002

1 Institute for Applied Mathematics and Cybernetics Uljanova Str. 10, Nizhny Novgorod, 603005 Russia e-mail: gonchenko@focus.nnov.ru

shilnikov@focus.nnov.ru

2 Weierstrass Institute for Applied Analysis and Stochastics Mohrenstr. 39, Berlin D-10117, Germany e-mail: turaev@wias-berlin.de

No. 795 Berlin 2002

WIAS

2000 Mathematics Subject Classification. 37G25, 37D45, 37C15, 37G30, 34C20, 34C27.

Key words and phrases. Newhouse regions, Henon map, renormalization, strange attractor, chaos, moduli, stable periodic orbits.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We study bifurcations of a homoclinic tangency to a saddle fixed point without non-leading multipliers. We give criteria for the birth of an infinite set of stable periodic orbits, an infinite set of coexisting saddle periodic orbits with different instability indices, non-hyperbolic periodic orbits with more than one multiplier on the unit circle, and an infinite set of stable closed invariant curves (invariant tori). The results are based on the rescaling of the first-return map near the orbit of homoclinic tangency, which is shown to bring the map close to one of four standard quadratic maps, and on the analysis of the bifurcations in these maps.

Poincaré homoclinic orbits, i.e. those which are bi-asymptotic to saddle periodic ones, are one of the most attracting objects of study in the theory of dynamical systems. The reason is that their presence leads to complicated dynamics. Thus, in a neighborhood of a homoclinic orbit corresponding to a transverse intersection of the invariant manifolds of a saddle periodic orbit there exist a countable set of periodic orbits and continuum of non-trivial recurrent orbits [1, 2].

If the system has at least one non-transverse homoclinic orbit, the so-called homoclinic tangency, this implies the existence of an infinite set of regions of structural instability in any neighborhood of the given system: systems with homoclinic tangencies are dense in these regions. This phenomenon was discovered by Newhouse for the case of two-dimensional diffeomorphisms [3]. In the multidimensional case, the Newhouse regions also exist in any neighborhood of any system with a homoclinic tangency, both in the parameter space in finite-parameter families [4] and, naturally, in the space of smooth dynamical systems [4, 5, 6].

From the very beginning we should note that dynamical properties of systems from the Newhouse regions are extremely unusual and complex. Thus, it was established in [7, 8] that a description of dynamics of the systems from the Newhouse regions requires, already in the two-dimensional case, infinitely many invariants (the socalled Ω-moduli [9, 10]). Moreover, systems are dense in the Newhouse regions (in the C^r-topology with any r ≥ 3) with homoclinic tangencies of an arbitrarily high order and with arbitrarily degenerate periodic orbits [8, 11].

In the present paper we continue the study of dynamics of systems from the Newhouse regions near a diffeomorphism having a saddle fixed point with a homoclinic tangency. We focus only on the so-called basic cases: the two-dimensional one, a three-dimensional case where the fixed point is a saddle-focus with one real multiplier and a pair of complex- conjugate ones, and a four-dimensional case of the saddle-focus which has two pairs of complex-conjugate multipliers. In the general multidimensional case, dynamics near a homoclinic tangency depends mostly on the structure of the set of the so-called leading multipliers of the fixed point. In general position, it is either a pair of real multipliers, or one real multiplier and a pair of complex-conjugate ones, or two pairs of complex-conjugate multipliers. Thus, the diffeomorphisms under consideration are the simplest among all diffeomorphisms with the given set of leading multipliers.

Bifurcations of two-dimensional diffeomorphisms with homoclinic tangencies has been actively studied starting with the paper [12]. Therefore, we pay here our main attention to three- and four-dimensional diffeomorphisms, i.e. to the case of saddlefocus. A fixed point with the multipliers λe^{±iφ} and γ, where 0 < λ < 1, 0 < φ < π and |γ| > 1, will be called a saddle-focus (2,1). A point will be called a saddle-focus (1,2) when it has multipliers λ and γe^{±iψ} where 0 < |λ| < 1, γ > 1, 0 < ψ < π. A point is called a saddle-focus (2,2) when it has multipliers λe^{±iφ} and γe^{±iψ} where 0 < λ < 1, γ > 1, 0 < φ < π, 0 < ψ < π. In all cases we will assume that the absolute value J of the product of the multipliers does not equal to 1. For definiteness, we will assume J < 1 (the case J > 1 is reduced to this one if we consider the inverse map).

We show that, similar to the two-dimensional case, diffeomorphisms with infinitely many stable periodic orbits are dense in the Newhouse regions at J < 1. Earlier, it was known [13, 14, 5] that stable periodic orbits may be born at the bifurcations of a homoclinic tangency provided the unstable manifold of the corresponding fixed point is one-dimensional and the saddle value σ ≡ |λγ| is less than 1. As our result here shows, neither of these conditions is necessary. From the other hand, we note that the expansion of volumes near the saddle fixed point at J > 1 prohibits of stable orbits, both for the system itself and for all close systems [15, 16]. Thus, when J > 1, diffeomorphisms with infinitely many completely unstable periodic orbits are dense in the Newhouse regions.

Concerning saddle periodic orbits, we have the following essentially non-twodimen-sional phenomenon in the case of saddle-foci. We show that under certain conditions diffeomorphisms which have simultaneously infinitely many coexisting saddle periodic orbits of two or even three different types (i.e. with different dimensions of the unstable manifolds) are dense in the Newhouse regions. Note that the dimensions of the unstable manifolds of these periodic orbits my even be greater than the dimension of the unstable manifold of the original saddle fixed point. Such phenomenon can be detected in many cases of homoclinic bifurcations: near a homoclinic loop to a saddle-focus [17], near non-transverse heteroclinic cycles [16, 18, 19], near homoclinic tangencies in some cases of codimension 2 [20, 21, 22], and it was explicitly used in the construction of the wild spiral attractor in [23]. In fact, we consider the coexistence of orbits with different numbers of positive Lyapunov exponents as the most general property of multidimensional systems from the Newhouse regions.

The existence of non-hyperbolic periodic orbits is another characteristic feature of systems from the Newhouse regions. It is known [12, 14] that bifurcations of a homoclinic tangency are accompanied in the two-dimensional case by the birth of periodic orbits with one multiplier equal to +1 or −1. In the present paper we show that in the case of a saddle-focus there may appear periodic orbits with two or even three multipliers equal to 1 in absolute value, and that diffeomorphisms with such orbits are dense in the corresponding Newhouse regions.

Bifurcations of a periodic orbit with one multiplier equal to +1 or −1 are well known: these are the saddle-node bifurcation and the bifurcation of period doubling. In the case of a periodic orbit with two multipliers on the unit circle, ν_{1,2} = e^{±iω} for example, its bifurcations can lead to a birth of closed invariant curves. Here, in connection with the problem of coexistence of an infinite number of non-trivial attractors we are specially interested in stable closed curves. Thus, we show that in the case of a homoclinic tangency to a saddle-focus fixed point with J < 1 (except for the case of a saddle-focus (2,1) with |λγ| < 1 when dynamics does not differ much from the case of a saddle) diffeomorphisms with infinitely many stable invariant curves are dense in the corresponding Newhouse regions.

In the case of a saddle-focus (2,2) with λγ^2 > 1 bifurcations of a homoclinic tangency can lead to the birth of periodic orbits with three multipliers on the unit circle. These cases require a separate consideration which we do not conduct in this paper. Note, however, that the normal form in the case of multipliers (−1, −1, +1), for example, is a system of three autonomous differential equations (Morioka-Shimitsu system) which has a Lorenz-like attractor [24]. Therefore, we can expect that diffeomorphisms with infinitely many coexisting strange attractors are dense in the Newhouse regions in the case of a saddle-focus (2,2) with λγ^2 > 1, λγ < 1.

The main results of the paper were announced in [25].

1 Setting the problem and main results

1.1 Main assumptions

Consider a C^r-smooth diffeomorphism f with a saddle fixed point O. Assume that the stable and unstable manifolds W^s(O) and W^u(O) intersect non-transversely at the points of some homoclinic orbit Γ_0.

We assume that the point O does not have non-leading multipliers. Four basic cases appear here: the two-dimensional case, when the multipliers of O are real, two three-dimensional cases, when there are one real multiplier and a pair of complexconjugate ones, and one four-dimensional case, when the multipliers are complex. Namely, we assume that the following condition holds.

A. The point O belongs to one of the following types: (1,1) when the multipliers λ and γ of O are real, |λ| < 1, |γ| > 1; (2,1) when O has a pair of complex multipliers λ_{1,2} = λe^{±iφ}, where λ ∈ (0, 1), φ ∈ (0, π), and one real multiplier γ, where |γ| > 1;

(1,2) when O has one real multiplier λ, where |λ| < 1, and a pair of complex multipliers γ_{1,2} = γe^{±iψ}, where γ > 1, ψ ∈ (0, π);

(2,2) when O has two pairs of complex multipliers: λ_{1,2} = λe^{±iφ} and γ_{1,2} = γe^{±iψ}, where λ ∈ (0, 1), γ > 1, φ, ψ ∈ (0, π).

We will call the point O a saddle in the first case and a saddle-focus in the other cases. Let J be the absolute value of the product of the multipliers of O. Assume that f satisfies the following condition.

B. J < 1, and |λγ| ≠ 1 in the case (2,1), and λγ^2 ≠ 1 in the case (2,2).

Introduce an integer d_e (we call it “effective dimension”) which is defined as follows:

d_e = 1 — in the case (1,1), and in the case (2,1) with |λγ| < 1; d_e = 2 — in the case (2,1) with |λγ| > 1, in the case (1,2), and in the case (2,2) with λγ^2 < 1;

d_e = 3 — in the case (2,2) with λγ^2 > 1.

The meaning of the constants J and d_e is quite simple. J is the Jacobian of the map f at the fixed point O. Thus, the diffeomorphism f contracts volumes near O in the case J < 1, while it expands volumes if J > 1. It is also obvious that if J < 1, then the iterations of the map f will exponentially contract any (d_e +1)-dimensional volume near O, while d_e-dimensional volumes can expand.

It is obvious that condition B is not restrictive because the case J > 1 reduces to the given one if we consider the inverse map. One should only have in mind that this transition will make the stable manifold unstable, i.e. the case (1,2) becomes (2,1), and vice versa. The definition of the quantity d_e also changes in an obvious way.

Denote as T_0 the restriction of the diffeomorphism f onto a sufficiently small neighborhood U_0 of the fixed point O. We will call T_0 the local map. The map T_0 in a small neighborhood of O(0, 0) may be written as x̄ = Ax + . . . , ȳ = By + . . . . (1.1) The eigenvalues of the matrices A and B are the stable (i.e. smaller than 1 in absolute value) and, respectively, unstable (larger than 1 in absolute value) multipliers of O. Thus, if the stable multiplier is real, then A = λ and x is a scalar; while if we have a pair of complex stable multipliers, then x = (x_1, x_2) and A = λ ( cos φ − sin φ sin φ cos φ ) . Analogously, if the unstable multiplier γ is real, then B = γ

and y is a scalar; and if there is a pair of complex unstable multipliers, then

y = (y_1, y_2) and B = γ ( cos ψ − sin ψ sin ψ cos ψ ) . The points of intersection of the homoclinic orbit Γ_0 with U_0 belong to the set W^s ∩ W^u and converge to O. Countable sets of these points lie in W^s_{loc} and in W^u_{loc}.

Let M^+ ∈ W^s_{loc} and M^− ∈ W^u_{loc} be some two points of Γ_0, and let M^+ = f^{k0} (M^−) for some positive integer k_0. Let Π^+ and Π^− be some sufficiently small neighborhoods of the points M^+ and M^−, lying in U_0. The map T_1 ≡ f^{k0} : Π^− → Π^+ will be called the global map.

By assumption, T_1(W^u_{loc}) is tangent to W^s_{loc} at the point M^+. We will assume that this tangency is simple, i.e. the following conditions hold:

C. T_1(W^u_{loc}) and W^s_{loc} have a single common tangent vector at the point M^+;

D. the tangency of T_1W^u_{loc} and W^s_{loc} at the point M^+ is quadratic.

1.2 On bifurcation parameters

Let f be a diffeomorphism with a homoclinic tangency satisfying conditions A–D. Close to f diffeomorphisms which have an orbit of homoclinic tangency close to Γ_0 form a smooth bifurcational surface H of codimension 1 in the space of C^r-smooth diffeomorphisms with C^r-topology.

In the present paper we consider bifurcations in parametric families f_ε transverse to H at ε = 0. The minimal number of governing parameters we take equals exactly d_e. As the first parameter we take a parameter μ which estimates the splitting of W^s(O) and W^u(O) near the point M^+ (the exact definition of μ in terms of the coefficients of the Taylor expansion of the global map T_1 see in Section 2, Lemma 5). Formally speaking, μ is a smooth functional defined for diffeomorphisms close to f, such that the bifurcational surface H is given by the equation μ(f) = 0. The

family f_ε is transverse to H if and only if ∂ ∂ε (μ(f_ε)) ≠ 0 at ε = 0. It is this condition which allows us to take μ as the first component of the vector of parameters ε.

If d_e ≥ 2, then we need one or two (when d_e = 3) more governing parameters, in addition to μ. In this case we require that the family f_ε were transverse at ε = 0 both to the bifurcational surface H and to the surfaces φ = const and/or ψ = const, where φ and ψ are the angular arguments of the complex multipliers of O. This transversality condition allows for taking μ, φ − φ_0, ψ − ψ_0 as the governing parameters, where φ_0 and ψ_0 are the values of φ and ψ at ε = 0.

Thus, we assume 1) ε = μ – in the case (1,1), and in the case (2,1) with |λγ| < 1; 2) ε = (μ, φ − φ_0) – in the case (2,1) with |λγ| > 1;

3) ε = (μ, ψ − ψ_0) – in the case (1,2), and in the case (2,2) with λγ^2 < 1; 4) ε = (μ, φ − φ_0, ψ − ψ_0) – in the case (2,2) with λγ^2 > 1.

Note that φ and ψ are the so-called Ω-moduli – continuous invariants of the topological conjugacy on the set of nonwandering orbits – for the systems with homoclinic tangencies in the case of a saddle-focus. As it was shown in [26, 27], any change in the value of these Ω-moduli (in the class of diffeomorphisms from H, i.e. when the original homoclinic tangency is not split) leads to bifurcations of single-round periodic orbits.^1 This, in particular, explains why having only one governing parameter μ may be insufficient for the analysis of the bifurcations in the cases (2,1), (1,2) and (2,2).

Note that all our results here will hold true for arbitrary families f_ε (e.g. when the number of parameters is larger than d_e) under the only assumption that the above transversality conditions are fulfilled.

One of the general results on the families f_ε is the existence of Newhouse regions in these families. First, we recall the following result from [4].

Theorem on Newhouse intervals. Let f_μ be a one-parameter family of C^rsmooth (r ≥ 3) diffeomorphisms, transverse to the bifurcational surface H of diffeomorphisms satisfying conditions A-D.^2 Then, in any neighborhood of the point μ = 0 there exist Newhouse intervals such that 1) the values of μ are dense which correspond to the existence of a simple homoclinic tangency to O; 2) the family f_μ is transverse to the corresponding bifurcational surfaces.

Since the Newhouse regions are open in C^2-topology in the space of dynamical systems, the theorem on Newhouse intervals imply immediately the following result concerning the family f_ε.

Newhouse regions in parametric families. In the space of parameters ε there exists a sequence of open regions δ_j , converging to ε = 0, such that in δ_j the values of ε are dense which correspond to the existence of an orbit of simple homoclinic tangency to O. Moreover, the family f_ε is transverse to the corresponding bifurcational surfaces.

1.3 Main results

We will study properties of diffeomorphisms f_ε from the Newhouse regions δ_j . In order to study bifurcations of periodic orbits we will assume sufficient smoothness of f_ε; namely, we assume r ≥ 5.

First, we discuss the case d_e = 1 (recall that we consider one-parameter families with ε = μ in this case).

Theorem 1 In the cases of a saddle (1,1) and a saddle-focus (2,1), when |λγ| < 1, the following statements hold for the Newhouse intervals δ_j

1We have an analogous situation in the case of a saddle as well, for double-round periodic orbits now. Here any change in the value of the Ω-modulus θ = − ln |λ|/ ln |γ| leads to bifurcations of such orbits [28, 9]. Note that triple-round periodic orbits may, in this case, undergo cusp-bifurcations [29] which correspond to one of the multipliers equal to +1 and the first Lyapunov coefficient vanishing at the critical moment.

2In [4], instead of condition B, we required only that λγ ≠ 1. Note that our condition B always includes this requirement.

1) the values of μ are dense there, such that the diffeomorphism f_μ has a periodic orbit with a multiplier equal to +1;

2) the values of μ are dense such that the diffeomorphism f_μ has a periodic orbit with a multiplier equal to −1;

3) the values of μ are dense (and comprise a residual set) such that the diffeomorphism f_μ has an infinite set of stable periodic orbits.

In essence, items 1 and 2 of this theorem can be found in [12] for the case of a saddle and in [30, 14] for the case of a saddle-focus. Item 3 is known since the paper [13] for the two-dimensional case, the three-dimensional case is considered in [31, 15] (see also [5]). For the sake of completeness, we give the proof of Theorem 1 along with the proofs of the other results listed below.

Further we consider the case d_e ≥ 2. The main attention here is paid to those properties of the diffeomorphisms f_ε which are new in comparison with the case of a saddle. These are the existence of non-hyperbolic periodic orbits with more than one multiplier on the unit circle (Theorem 2); the coexistence of infinitely many stable closed invariant curves (Theorem 3); the coexistence of infinitely many of (rough) periodic orbits of more than two different types (Theorem 4).

Theorem 2 In the case d_e = 2, i.e. in the cases of a saddle-focus (2,2) with λγ^2 < 1, a saddle-focus (1,2), and a saddle-focus (2,1) with |λγ| > 1, in the Newhouse regions δ_j the values of parameters ε are dense such that the corresponding diffeomorphism f_ε has a periodic orbit with any aforehand given pair of multipliers on the unit circle.

In the case of a saddle-focus (2,2) with λγ^2 > 1 (i.e. when d_e = 3), in the Newhouse regions δ_j the values of ε are dense such that the corresponding diffeomorphism f_ε has a periodic orbit with any aforehand given triplet of multipliers on the unit circle.

Note that we deal here with real diffeomorphisms, therefore we speak in Theorem 2 about such sets of multipliers for which every complex multiplier is accompanied by its conjugate. In particular, we have that in the case of a homoclinic tangency to a saddle-focus with d_e ≥ 2, in the corresponding Newhouse regions diffeomorphisms with periodic orbits which have a pair of multipliers e^{±iω} (0 < ω < π) are dense. An analysis of the bifurcations of such periodic orbits, as well as periodic orbits with a pair of multipliers (−1, −1), allows us to establish the following result.

Theorem 3 Let a C^r-smooth (r ≥ 5) diffeomorphism f satisfy conditions A–D. Then, in the case d_e ≥ 2, in the Newhouse regions δ_j the values of parameters are dense and comprise a residual set for which the diffeomorphism f_ε has infinitely many asymptotically stable closed invariant curves.

Condition J < 1 is essential in this theorem (when J > 1, all the orbits are necessarily unstable). In the class of two-dimensional diffeomorphisms with J ≠ 1 there can be no closed invariant curves near a homoclinic tangency, because we have either contraction (at J < 1), or expansion (at J > 1) of areas. However, in the case of codimension 2 when J = 1 at the moment of homoclinic tangency, the birth of closed invariant curves is possible [20, 22]. Closed invariant curves are also born at the bifurcations of a non-transverse heteroclinic cycle with two saddles when J < 1 in one saddle and J > 1 in the other saddle. Moreover, it is shown in [18, 19], that near systems with such heteroclinic cycle there exist Newhouse regions where such diffeomorphisms are dense that have simultaneously infinitely many of both stable and completely unstable closed invariant curves.

The next theorem gives us the answer to one of the main problems of the dynamics of systems from the Newhouse regions – on the coexistence of periodic orbits with different numbers of positive Lyapunov exponents.

Theorem 4 In the Newhouse regions δ_j the values of parameters are dense and comprise a residual set such that the corresponding diffeomorphism f_ε has, simultaneously, an infinite set of stable periodic orbits and, for each d from 1 to d_e, an infinite set of saddle periodic orbits with the dimension of the unstable manifold equal to d.

Note that here there can be no periodic orbits with the unstable manifolds of the dimension greater than d_e, by virtue of the contraction of (d_e + 1)-dimensional volumes [15, 16]. Thus, for example, in the case of a saddle-focus (2,2) with λγ^2 < 1 we have saddles with one-dimensional and two-dimensional unstable manifolds, while there are no saddles with three-dimensional unstable manifolds here. If we, however, have λγ^2 > 1, λγ < 1, then there can simultaneously exist saddles with one-dimensional, two-dimensional and three-dimensional unstable manifolds.

The proof of theorems 1–3 is based on the study of the first-return maps near the orbit of homoclinic tangency. We reduce the study of these maps to the analysis of the following standard quadratic maps:

(i) parabola map — ȳ = M − y^2 (for the cases of a saddle and a saddle-focus (2,1) with |λγ| < 1); (ii) Hénon map — x̄_1 = y, ȳ = M − y^2 + Bx_1 (for the case of a saddle-focus (2,1) with |λγ| > 1); (iii) Mira map — ȳ_1 = y_2, ȳ_2 = M + Cy_2 − y^2_1 (for the cases of a saddle-focus (1,2) and a saddle-focus(2,2) with |λγ^2| < 1);

(iv) three-dimensional Hénon map — x̄_1 = y_1, ȳ_1 = y_2, ȳ_2 = M + Cy_2 + Bx_1 − y^2_1 (for the case of a saddle-focus (2,2) with λγ^2 > 1).

The linear analysis of the fixed points of these maps is comparatively simple (see Section 4), and it gives us the information necessary for the proof of Theorems 1, 2 and 4. Concerning the stable closed invariant curves of Theorem 3, we derive their existence in the case of saddle-foci (1,2) and (2,2) from a nonlinear bifurcational analysis of maps (iii) and (iv). In the case of a saddle-focus (2,1) with |λγ| > 1 the problem is that Hénon map (ii) itself has no (asymptotically stable) closed invariant curves. Therefore, in order to prove Theorem 3) in this case we have to deal with the so-called generalized Hénon map (see Lemma 2).

1.4 Rescaling lemma

In the case of diffeomorphisms close to a diffeomorphism with a homoclinic tangency, the first-return maps in a small fixed neighborhood Π^+ of the homoclinic point M^+ are the compositions T^{(k)} = T_1T^k_0 , where k = k̄, k̄ + 1, ..., and k̄ is sufficiently large. Recall that T_0 = f_ε|_{U0} where U_0 is some small neighborhood of the fixed point, and T_1 ≡ f^{k0}_ε is defined in a small neighborhood Π^− of the homoclinic point M^− and it takes Π^− inside Π^+. Thus, the domain of definition of the map T^{(k)} in Π^+ is the “strip” σ^0_k = Π^+ ∩ T^{−k}_0 Π^−. The strips σ^0_k are non-empty for all sufficiently large k (the smaller the size of the neighborhoods Π^+ and Π^−, the large the minimal k is) and they converge to W^s_{loc} ∩ Π^+ as k → +∞.

The following lemma (the main technical result of the paper) shows that the firstreturn maps T^{(k)} can be brought, for all large k, to some standard form. Namely, they can be written as maps which are asymptotically close, as k → ∞, to certain one-dimensional, two-dimensional and three-dimensional quadratic maps.

Lemma 1 (Rescaling lemma) Let f_0 be a C^r-smooth (r ≥ 5) diffeomorphism satisfying conditions A-D, and let f_ε be a d_e-parameter family transverse to H at ε = 0. Then, in the space of parameters there exists a sequence of regions Δ_k, converging to ε = 0 as k → +∞, such that the following holds.

At ε ∈ Δ_k there exists such transformation of coordinates in σ^0_k and parameters in Δ_k, C^{r−1}-smooth with respect to the coordinates and C^{r−2}-smooth with respect to the parameters, that brings the first-return map T^{(k)} : (x, y) → (x̄, ȳ) to one of the following forms:

i) in the case (1,1) and in the case (2,1) with λγ < 1 —

ȳ = M − y^2 + o(1), x̄ = o(1); (1.2)

ii) in the case (2,1) with λγ > 1 —

x̄_1 = y, ȳ = M − y^2 + Bx_1 + o(1), x̄_2 = o(1);

(1.3)

iii) in the case (1,2) and in the case (2,2) with λγ^2 < 1 —

ȳ_1 = y_2, ȳ_2 = M + Cy_2 − y^2_1 + o(1), x̄ = o(1); (1.4)

iv) in the case (2,2) with λγ^2 > 1 —

x̄_1 = y_1, ȳ_1 = y_2, ȳ_2 = M + Cy_2 + Bx_1 − y^2_1 + o(1), x̄_2 = o(1).

(1.5)

In these coordinates, the domain of definition of the map T^{(k)} is asymptotically large and it covers, in the limit k → +∞, all finite values of (x, y).

The rescaled parameters M, B and C are expressed via the original parameters μ, φ and ψ as follows: M = M_0γ^{2nk}(μ + O(|λ|^k + |γ|^{−k})), B = B_0 (λγ^n)^k cos(kφ + α_k(ε)), C = C_0γ^k cos(kψ + β_k(ε)),

(1.6)

where n = dimW^u(O), the constants M_0, B_0, C_0 are non-zero, and the functions α_k and β_k are uniformly bounded for all k, along with the derivatives. Here, when ε runs the region Δ_k the values of M, B and C run asymptotically large regions which cover, in the limit k → +∞, all finite values.

Here we denote as o(1) some functions (of the rescaled coordinates and the parameters M, B, C) which tend to zero as k → ∞ along with all the derivatives up to the order (r − 2) with respect to the coordinates and (r − 3) with respect to the parameters, uniformly on any bounded subset of the space (x, y, M, B, C). Note also that in the case of saddle-foci the regions Δ_k, corresponding to finite values of B and C, may consist of many connected components (by virtue of the periodic dependence of B and C on φ and ψ respectively).

In case (ii) of Lemma 1 we need a more accurate account of the asymptotically small terms in the map (1.3), which leads us to the following result.

Lemma 2 In the case (2,1) with λγ > 1, when ε = (μ, φ − φ_0) ∈ Δ_k and when the corresponding value of B is bounded away from zero, the map T^{(k)} in the form (1.3) has a two-dimensional attracting invariant C^{r−2}-smooth manifold M^s_k ⊂ σ^0_k, which is the graph of a function x_2 vs. (x_1, y) such that x_2 = o(1) as k → ∞. The map T^{(k)} | | |_{Msk} has the form

x̄_1 = y,

ȳ = M − y^2 + Bx_1 +

2J_1 B (λ^2γ)^k (x_1y + o(1)) ,

(1.7)

where J_1 ≠ 0 is some constant (namely, J_1 is the Jacobian of the global map T_1, taken at the homoclinic point M^− at ε = 0).

The maps of the form (1.7) are called generalized Hénon maps. They were introduced in [20, 22] where it was shown, in particular, that they undergo a non-degenerate Andronov-Hopf bifurcation and have a stable closed invariant curve for the values of parameters (M, B) from some open regions (see Section 4).

The paper is organized as follows. In Section 2, appropriate formulas are obtained for the local and global maps T_0(ε) and T_1(ε). In Section 3 the first-return maps are studied and Lemmas 1 and 2 are proved. In Section 4 the analysis of the maps (1.2)–(1.5) and (1.7) is conducted and Theorems 1–4 are proved.

2 Properties of the local and global maps

In order to study the first return maps T^{(k)} = T_1T^k_0 at all large k and small ε, we will need appropriate formulas for the maps T_0 and T_1. Here, naturally, the main attention is paid to the form of the local map T_0(ε). This map, at all small parameter values, has a fixed point O_ε which we assume to be in the origin of coordinates. By choosing the coordinate axes appropriately we may write the map T_0(ε) in the form (1.1). Moreover, by a C^r-smooth transformation of coordinates we may straighten the local stable and unstable manifolds of O_ε. This brings T_0 to the following form: x̄ = A(ε)x + p(x, y, ε), ȳ = B(ε)y + q(x, y, ε), (2.1) where the C^r-smooth functions p and q vanish at the origin along with the first derivatives; moreover, p(0, y, ε) ≡ 0, q(x, 0, ε) ≡ 0. In this case W^s_{loc} = {y = 0, v = 0}, W^u_{loc} = {x = 0, y = 0}. Note that the straightening alone of the manifolds W^s_{loc} and W^u_{loc} is not sufficient for our purposes. In essence, the problem is that the righthand sides of (2.1) contain too many non-resonant terms. However, with the help of some additional coordinate transformation a significant portion of these terms can be killed. Namely, the following lemma holds.

Lemma 3 Let r ≥ 3. For all sufficiently small ε, one can introduce C^{r−1}-coordinates (x, u, y, v) in U_0, which are C^{r−2} with respect to parameters, such that the map T_0(ε) is written in these coordinates as x̄ = A(ε)x + P (x, y, ε)x, ȳ = B(ε)y + Q(x, y, ε)y, (2.2) where P (0, y, ε) = P (x, 0, ε) ≡ 0, Q(x, 0, ε) = Q(0, y, ε) ≡ 0. (2.3)

The main advantage here is that in the coordinates of Lemma 3 the map T^k_0 : U_0 → U_0, when written in the so-called “cross-form” is linear to the leading order for all sufficiently large k. Namely, let T_0(ε) be in the form (2.2), and let identities (2.3) hold. Let (x_i, y_i), i = 0, ..., k, be points in U_0 such that (x_i, y_i) = T_0(x_{i−1}, y_{i−1}).

Lemma 4 For all sufficiently large k and for all sufficiently small ε, the map T^k_0 (ε) : (x_0, y_0) → (x_k, y_k) can be written in the following form:

x_k − A^k_1 (ε)x_0 = λ̂^kξ_k(x_0, y_k, ε), y_0 − B^{−k}_1 (ε)y_k = γ̂^{−k}η_k(x_0, y_k, ε), (2.4)

where λ̂ and γ̂ are some constants such that 0 < λ̂ < |λ|, γ̂ > |γ|; the functions ξ_k and η_k are uniformly bounded for all k, along with all the derivatives with respect to the coordinates and parameters up to the order (r − 2).

The proof of Lemmas 3 and 4 can be found, for different cases, in [9, 10, 32].

Concerning the global map T_1(ε), we will also find now a convenient form for it, using conditions C and D of the quadraticity of the homoclinic tangency. Recall also that the condition of the transversality of the family f_ε to the bifurcational surface H means that among the parameters ε we can select the parameter μ which measures the splitting of the invariant manifolds of O near the chosen homoclinic point M^+. In this case, the global map T_1(ε) can be written in the form described in the following lemma.

Lemma 5 The coordinates defined in Lemma 3 can be introduced in U_0 in such a way that the global map T_1(ε) will have the following form for all small ε:

— in the case (1,1) (here x ∈ R^1 , y ∈ R^1)

x̄ − x^+ = ax + b_0(y − y^−) + . . . , ȳ = μ + cx + D_0(y − y^−)^2 + . . . , (2.5)

— in the case (2,1) (here x ∈ R^2 , y ∈ R^1)

x̄ − x^+ = ax + (b_0 0 ) (y − y^−) + . . . , ȳ = μ + c_1x_1 + c_2x_2 + D_0(y − y^−)^2 + . . . ,

(2.6)

— in the case (1,2) (here x ∈ R^1 , y ∈ R^2)

x̄ − x^+ = ax + b_0(y_1 − y^−_1 ) + b_1ȳ_2 + . . . , ȳ_1 = μ + cx + D_0(y_1 − y^−_1 )^2 + . . . , y_2 − y^−_2 = d_1(y_1 − y^−_1 ) + d_2ȳ_2 + ex + . . . ,

(2.7)

— in the case (2,2) (here x ∈ R^2 , y ∈ R^2)

x̄ − x^+ = ax + (b_0 0 ) (y_1 − y^−_1 ) + b_1ȳ_2 + . . . , ȳ_1 = μ + c_1x_1 + c_2x_2 + D_0(y_1 − y^−_1 )^2 + . . . , y_2 − y^−_2 = d_1(y_1 − y^−_1 ) + d_2ȳ_2 + e_1x_1 + e_2x_2 + . . . ,

(2.8)

where b_0 ≠ 0, c ≠ 0, D_0 ≠ 0, d_2 ≠ 0, x^+ ≠ 0, y^− ≠ 0.

Note that formulas (2.7) and (2.8) represent the global map T_1 in the cross-form with respect to the coordinate y_2, i.e. the right-hand sides are functions of (x, y_1) and ȳ_2.

In essence, formulas (2.5)–(2.8) are Taylor expansions with an appropriately chosen y^−(ε); the dots stand for nonlinear terms (except for the quadratic term which is written explicitly). Note also that the coefficients a, . . . , e_2, as well as x^+ and y^−, and the terms denoted by dots, depend on the parameters ε. The corresponding class of smoothness with respect to ε is here C^{r−3}: in the coordinates of Lemma 3 the map T_1, along with its first derivative with respect to (x, y), is C^{r−2}-smooth with respect to ε (see [32]), therefore the coefficient D_0(ε) of the quadratic term is C^{r−3}-smooth.

Proof of Lemma 5. Let the coordinates of Lemma 3 be introduced in U_0. Let x^+ ≠ 0 and y^− ≠ 0 be the coordinates of the homoclinic points M^+ ∈ W^s_{loc} and M^− ∈ W^u_{loc}, i.e. M^+ = M^+(x^+, 0) and M^− = M^−(0, y^−). Since T_1M^− = M^+ at ε = 0, the map T_1(ε) can be written in the following form for all small ε: x̄ − x^+(ε) = âx + b̂(y − y^−(ε)) + ..., ȳ = y^+(ε) + ĉx + d̂(y − y^−(ε)) + ..., (2.9)

where the dots stand for the nonlinear terms, all the coefficients depend on ε, and y^+(0) = 0. Moreover, det ( â b̂ ĉ d̂ ) ≠ 0. (2.10)

Let us find restrictions on the coefficients in (2.9) imposed by condition C. It means that the manifold T_1W^u_{loc} has, at ε = 0, exactly one common tangent vector with W^s_{loc} at the point M^+. Since the equation of W^u_{loc} is x = 0, and the equation of W^s_{loc} is ȳ = 0, it follows from (2.9) that the intersection of tangent spaces of T_1W^u_{loc} and W^s_{loc} at the point M^+ is one-dimensional if and only if the equation d̂(y − y^−) = 0 has a one-parameter family of solutions at ε = 0. Thus, in the case where y ∈ R^1 and d̂ is a scalar (i.e. in the cases (1,1) and (2,1)) we have

d̂ = 0 at ε = 0. (2.11)

If y ∈ R^2 (the cases (1,2) and (2,2)), then d̂ is a (2 × 2)-matrix, and we have

det d̂ = 0 and rank d̂ = 1 at ε = 0. (2.12)

In case y ∈ R^1, the second equation of (2.9) can be written as

ȳ = y^+(ε) + ĉx + D_0(y − y^−)^2 + . . . , (2.13)

where we wrote explicitly the linear terms and one second order term. Since x = 0 on W^u_{loc}, we obtain that the equation of T_1W^u_{loc} is { x̄ − x^+(ε) = b̂(y − y^−) + . . . , ȳ = y^+(ε) + D_0(y − y^−)^2 + . . . .

(2.14)

This is a parabola-like curve, parametrized by the coordinate y on W^u_{loc}. Obviously, condition D of the quadraticity of the tangency of this curve to the plane W^u_{loc} : {ȳ = 0} at ε = 0 means that D_0 ≠ 0. Note that the right-hand side of (2.13) does not contain the term linear in (y − y^−): since D_0 ≠ 0, this term can be killed at all small ε by means of an appropriate choice of y^−(ε).

Thus, in the case (1,1) we indeed obtain formula (2.5) for the map T_1, where b_0 = b̂, c = ĉ, and b_0c ≠ 0 by virtue of (2.10) and (2.12). Note also that we may put μ = y^+(ε) in (2.5) because y^+(ε) measures the splitting of the manifolds W^s(O) and W^u(O) near the homoclinic point M^+ (see (2.14)).

In the case (2,1), in order to obtain formula (2.6), we make a linear rotation in the x-plane (this coordinate transformation, obviously, does not destroy identities (2.3)) so that the vector b = (b̂_1, b̂_2) transforms into (b_0, 0) where b_0 = √ b̂2_1 + b̂2 ≠ 0.

It is easy to see that this is achieved by means of the rotation x → R_ωx where ω = arctan (−b̂_2/b̂_1). Note that this gives us

c_1 = b̂_1ĉ_1 − b̂_2ĉ_2 b_0

, c_2 = b̂_2ĉ_1 + b̂_1ĉ_2 b_0 , so c^2_1 + c^2 ≠ 0 by virtue of (2.10).

Consider now the case where y ∈ R^2 (i.e. the cases (1,2) and (2,2)). Equations for ȳ from (2.9) will have the following form:

ȳ_1 = y^+_1 (ε) + ĉ_1x + d̂_{11}(y_1 − y^−_1 ) + d̂_{12}(y_2 − y^−_2 ) + . . . , ȳ_2 = y^+_2 (ε) + ĉ_2x + d̂_{21}(y_1 − y^−_1 ) + d̂_{22}(y_2 − y^−_2 ) + . . . .

(2.15)

Note that the rotation in the y-plane does not change the form of equations (2.15), but the coefficients may change. At ε = 0, since det d̂ = 0, we may rotate the y-coordinates so that the following equalities will be fulfilled: d̂_{11} = 0, d̂_{12} = 0. (2.16)

Without loss of generality we will assume that these equalities hold at ε = 0 from the very beginning. Since rank d̂ = 1 at ε = 0, it follows that at least one of the coefficients d̂_{21} or d̂_{22} is non-zero. Assume that d̂_{22} ≠ 0. (2.17)

If this is not the case (i.e. if d̂_{22} = 0 and, hence, d̂_{21} ≠ 0), we will take another homoclinic point, namely, the point T^{−1}_0 (M^−), and we will consider it as the new point M^−. For the new global map (T_{1new} = T_1T_0), the new matrix d̂ will be written as d̂_{new} = d̂ · ( cos φ − sin φ sin φ cos φ ) . By (2.16), d̂_{new} = ( 0 0 d̂_{21} cos φ + d̂_{22} sin φ −d̂_{21} sin φ + d̂_{22} cos φ ) . Thus, if d̂_{22} = 0, then by choosing the new homoclinic point we will indeed obtain (2.17) (since d̂_{21} ≠ 0 and sin φ > 0).

Let us now take into account quadratic terms as well. Then the equation for ȳ_1 from (2.15) will take the following form at ε = 0:

ȳ_1 = c_1x + D_1(y_1 − y^−_1 )^2 + D_2(y_1 − y^−_1 )(y_2 − y^−_2 ) + D_3(y_2 − y^−_2 )^2 + . . . . (2.18)

Since d̂_{22} ≠ 0, the second equation in (2.15) can be resolved with respect to (y_2 −y^−_2 ). Correspondingly, we have at ε = 0:

y_2 − y^−_2 = d_1(y_1 − y^−_1 ) + d_2ȳ_2 + ex + . . . , (2.19)

where d_1 = −d̂_{21}/d̂_{22}, d_2 = d̂^{−1}_{22} . By plugging (2.19) in (2.18), we obtain

ȳ_1 = c_1x + D_0(y_1 − y^−_1 )^2 + D̃_1(y_1 − y^−_1 )ȳ_2 + D̃_2ȳ^2 + . . . , (2.20)

where D_0 ≡ D_1 + d_1D_2 + d^2_1D_3, (2.21) and D̃_{1,2} are some coefficients. Thus the map T_1 is written in the following cross-form at ε = 0:

x̄ − x^+ = ax + b_0(y_1 − y^−_1 ) + b_1ȳ_2 + . . . , ȳ_1 = cx + D_0(y_1 − y^−_1 )^2 + . . . , y_2 − y^−_2 = d_1(y_1 − y^−_1 ) + d_2ȳ_2 + ex + . . .

(2.22)

in the case (1,2), and

x̄_1 − x^+_1 = a_{11}x_1 + a_{12}x_2 + b_0(y_1 − y^−_1 ) + b_{11}ȳ_2 + . . . , x̄_2 − x^+_2 = a_{21}x_1 + a_{22}x_2 + b_{12}ȳ_2 + . . . , ȳ_1 = c_1x_1 + c_2x_2 + D_0(y_1 − y^−_1 )^2 + . . . , y_2 − y^−_2 = d_1(y_1 − y^−_1 ) + d_2ȳ_2 + e_1x_1 + e_2x_2 + . . .

(2.23)

in the case (2,2), with some new coefficients a, b, c, d, e (in the case (2,2) we make the coefficient of (y_1 − y^−_1 ) in the equation for x̄_2 equal to zero by means of an appropriate rotation in the x-coordinates, in the same way as in the case (2,1)). Condition (2.10) recasts now as det ∂(x̄, ȳ_1) ∂(x, y_1) ≠ 0, (2.24)

which gives us, in both cases, b_0 ≠ 0, c ≠ 0.

Since x = 0 on W^u_{loc}, it follows from (2.22), (2.23) that T_1W^u_{loc} is given by the following equations near the point M^+:

y_1 =

D_0 b^2_0

(x − x^+)^2 + . . . (2.25)

in the case (1,2), and x_2 − x^+_2 = b_{12}y_2 + . . . , y_1 =

D_0 b^2_0

(x_1 − x^+_1 )^2 + . . . (2.26)

in the case (2,2). In any case it is obvious that condition D of the quadraticity of the tangency of this surface with W^s_{loc} : y = 0 is equivalent to the condition D_0 ≠ 0. At ε ≠ 0 the map T_1 is still given by the equations (2.22) and (2.23): since D_0(ε) ≠ 0 at all small ε, we may always choose y^−_1 (ε) and y^−_2 (ε) and rotate additionally the y-coordinates so that the coefficients d_{11}(ε) and d_{12}(ε) will vanish identically for all small ε. The only difference with the case ε = 0 is that a non-zero constant term y^+_1 (ε) appears in the equation for ȳ_1. As before, the condition of transversality of the family f_ε to the bifurcational surface H allows us to assume y^+_1 (ε) = μ. This finishes the proof of Lemma 5.

3 Proof of rescaling lemmas

In this Section we study the first-return maps

T^{(k)}(ε) ≡ T_1T^k_0 : σ^0_k → σ^0_k

for all sufficiently large k : k = k̄, k̄ + 1, . . . , and small ε, ‖ε‖ ≤ ε_0. We will use formula (2.4) from Lemma 4 for the map T^k_0 : σ^0_k → σ^1_k, with (x_0, y_0) ∈ Π^+, (x_k, y_k) ∈ Π^−. For the global map T_1(ε) we will use the corresponding formulas from Lemma 5. According to Lemma 4, for all small x_0, y_k and any sufficiently large k the corresponding coordinates x_k, y_0 are defined uniquely. Therefore, we may use (x_0, y_k) as the coordinates in σ^0_k; the coordinate y_0 is computed by formula y_0 = B^{−k}_1 (ε)y_k + γ̂^{−k}η_k(x_0, y_k, ε) (see Lemma 4). Note that the size of the strip σ^0_k in the new coordinates (x_0, y_k) is bounded away from zero in all directions, for all k. Thus, if we define the neighborhoods Π^+ and Π^− as {‖x − x^+‖ ≤ ρ_0, ‖y‖ ≤ ρ_0} and {‖x‖ ≤ ρ_0, ‖y − y^−‖ ≤ ρ_0} respectively, where ρ_0 is a small positive constant, then each strip σ^0_k is defined as {‖x_0 − x^+‖ ≤ ρ_0, ‖y_k − y^−‖ ≤ ρ_0}.

3.1 First-return maps in the case (1,1)

Here, the coordinates x and y are one-dimensional, A = λ, B = γ. By (2.4) and (2.5), the first-return map T^{(k)} ≡ T_1T^k_0 takes the following form for all sufficiently large k and small ε:

x̄_0 − x^+(ε) = aλ^kx_0 + b_0(y_k − y^−) + O ( (y_k − y^−)^2 + |λ|^k|x_0||y_k − y^−| + λ̂^k|x_0| ) , γ^{−k}ȳ_k + γ̂^{−k}O(|x̄_0| + |ȳ_k|) = μ + cx_0λ^k + D_0(y_k − y^−)^2+ + O ( (y_k − y^−)^3 + |λ|^k|x_0||y_k − y^−| + λ̂^k|x_0| ) , (3.1) where b_0 ≠ 0, c ≠ 0, D_0 ≠ 0. Note that we, hereafter, choose λ̂ sufficiently close to |λ| (it is always less than |λ|, of course), so that λ̂ > λ^2, in particular.

Let us shift the origin of the coordinates:

x = x_0 − x^+(ε) + ν̃^1_k , y = y_k − y^− + ν̃^2_k ,

in such a way that the first equation of (3.1) would not contain constant terms (i.e. those which depend only on ε), and the second equation would not contain the linear in y term. This can always be achieved by a proper choice of ν̃^j_k = O(λ^k + γ̂^{−k}). As a result, system (3.1) is rewritten as x̄ = O(|λ|^k|x| + |y|), ȳ + (γ̂/γ)^{−k}O(|x̄| + |ȳ|) = γ^kM_1 + D̃_0γ^ky^2 + γ^kO(|y|^3 + |λ|^k|x|), (3.2)

where M_1 ≡ μ − γ^{−k}_1 y^−(1 + . . .) + cλ^k_1 x^+(1 + . . .), and D̃_0 = D_0(1 + β_k), where β_k = O(λ^k + γ̂^{−k}) is a small quantity. Let us now scale the coordinates as follows: x = − γ^{−k} ρ^k x_{new}, y = − 1 D̃_0 γ^{−k}y^{new}, (3.3) where ρ is a number from the interval max { |λγ|, |γ|^{−1} } < ρ < 1. (3.4)

Since |λγ| < 1 and |γ| > 1, such ρ exist indeed, and the scaling factors in (3.3) are asymptotically small as k → ∞. Hence, since the size of the strip σ^0_k in the coordinates (x_0, y_k) is bounded away from zero, the range of values of the rescaled coordinates (x, y) becomes unboundedly large as k grows. In the new coordinates, system (3.2) recasts as x̄ = O(ρ^k|y| + |λ|^k|x|), ȳ + (γ̂/γ)^{−k}O(ρ^{−k}|x̄| + |ȳ|) = −D̃_0γ^{2k}M_1 − y^2 + O ( |γ|^{−k}|y|^3 + |λγ|^k ρ^k |x| ) . (3.5) Now, by virtue of (3.4), taking into account that |λγ| < 1, λ̂ < |λ|, system (3.5) is immediately brought to the sought form (1.2), where we put M = −D̃_0γ^{2k}_1 [μ − γ^{−k}_1 y^−(1 + . . .) + cλ^k_1x^+(1 + . . .)]. (3.6) Note that the parameter M, as well as the coordinates (x, y), may now take arbitrary finite values at large k.

3.2 First-return maps in the case (2,1)

Here x = (x_1, x_2) is two-dimensional, y is one-dimensional, and A ≡ λ ( cos φ − sin φ sin φ cos φ ) , B ≡ γ.

By (2.4) and (2.6), the first-return map T^{(k)} ≡ T_1T^k_0 is written in the following form for all large k and small ε:

x̄_{01} − x^+_1 (ε) = λ^kA_{11}(kφ)x_{01} + λ^kA_{12}(kφ)x_{02} + b_0(y_k − y^−)+ +O ( (y_k − y^−)^2 + λ^k‖x_0‖|y_k − y^−| + λ̂^k‖x_0‖ ) , x̄_{02} − x^+_2 (ε) = λ^kA_{21}(kφ)x_{01} + λ^kA_{22}(kφ)x_{02}+ +O ( (y_k − y^−)^2 + λ^k‖x_0‖|y_k − y^−| + λ̂^k‖x_0‖ ) , γ^{−k}ȳ_k + γ̂^{−k}η_k(x̄_0, ȳ_k, ε) = μ + D_0(y_k − y^−)^2+

+λ^k [x_{01}(c_1 cos kφ + c_2 sin kφ)x_{01} + (c_2 cos kφ − c_1 sin kφ)x_{02}] + +O ( (y_k − y^−)^3 + λ^k‖x_0‖|y_k − y^−| + λ̂^k‖x_0‖ ) ,

(3.7)

where

A_{11}(kφ) = a_{11} cos kφ − a_{12} sin kφ, A_{12}(kφ) = a_{12} cos kφ + a_{11} sin kφ, A_{21}(kφ) = a_{21} cos kφ + a_{22} sin kφ, A_{22}(kφ) = a_{22} cos kφ − a_{21} sin kφ. (3.8)

Let us shift the origin of coordinates:

x_1 = x_{01} − x^+_1 (ε) + ν̃^1_k , x_2 = x_{02} − x^+_2 (ε) + ν̃^2_k , y = y_k − y^−(ε) + ν̃^3_k .

We do it in such a way that the first and second equations of (3.7) will not contain constant terms and the third equation will not contain the linear in y term (here ν̃^i_k = O(λ^k + γ̂^{−k})). Let us also do the following: in all terms in the left-hand side of the third equation of (3.7) which do not depend on ȳ we change x̄_{01} and x̄_{02} to their expressions from the first and second equation. Then, system (3.7) recasts as

x̄_1 = λ^kA_{11}(kφ)x_1 + λ^kA_{12}(kφ)x_2 + b_0y + O(y^2 + λ^k|y| + λ̂^k‖x‖),

x̄_2 = λ^kA_{21}(kφ)x_1 + λ^kA_{22}(kφ)x_2 + O(y^2 + λ^k|y| + λ̂^k‖x‖),

ȳ + (γ̂/γ)^{−k}O(|ȳ|) = γ^kM_1 + D̃_0γ^ky^2 + λ^kγ^k [ (c_1 cos kφ + c_2 sin kφ)x_1+ +(c_2 cos kφ − c_1 sin kφ)x_2 + ( (λ̂/λ)^k + γ̂^{−k} ) O(‖x‖) ] + γ^kO ( |y|^3 + λ^k‖x‖|y| ) , (3.9) where M_1 ≡ μ − γ^{−k}y^−(1 + . . .) + C_0λ^k (cos(kφ + ϑ_1) + . . .) , and C_0 = √ (c^2_1 + c^2)(x^+_1^2 + x^+_2^2), sin ϑ_1 = c_1x^+_2 − c_2x^+_1 C_0

, cos ϑ_1 = c_1x^+_1 + c_2x^+_2

C_0 ; (3.10) D̃_0 = D_0(1 + β_k) where β_k = O(λk + γ̂−k) is some small coefficient.

Consider the case |λγ| < 1 first. Like in the case (1,1), we scale the coordinates in the following way: x = γ^{−k} ρ^k x_{new}, y = −D̃^{−1}_0 γ^{−k}y_{new}, where ρ is a number from the interval (3.4). In the new coordinates, system (3.9) takes the form x̄_1 = ρ^kO(y) + λ^kO(x)

x̄_2 = ρ^kγ^{−k}O(y^2) + λ^kO(x),

ȳ + (γ̂/γ)^{−k}O(ȳ) = M − y^2 + λ^kγ^k ρ^k O(x) + |γ|^{−k}O(y^3), (3.11)

where M ≡ −D̃_0γ^{2k} [ μ − γ^{−k}y^−(1 + . . .) + λ^k(C_0 cos(kφ + ϑ_1) + . . .) ] . (3.12)

By virtue of (3.4), it is obvious that after we resolve the last equation with respect to ȳ the map (3.11) is immediately brought to the sought form (1.2). Consider now the case |λγ| > 1 (and |λ^2γ| < 1 here, as before). We scale the coordinates in (3.9) in the following way:

x_1 = −(b_0D̃^{−1}_0 )γ^{−k}x_{1new}, x_2 = −ρ^k(b_0D̃^{−1}_0 )γ^{−k}x_{2new}, y = −D̃^{−1}_0 γ^{−k}y_{new}, where ρ is some constant from the interval |γ|^{−1} < λ < ρ < |λγ|^{−1}, (3.13) which is non-empty because 1 > 1 |λγ| = λ |λ^2γ| > λ (recall that |λ^2γ| < 1).

In the new coordinates, system (3.9) takes the form x̄_1 = y + λ^kO(‖x‖ + |y|), x̄_2 = ρ^{−k}λ^kA_{21}(kφ)x_1 + λ^kA_{22}(kφ)x_2 + ρ^{−k}λ^kO(y) + ρ^{−k}λ̂^kO(x),

ȳ + (γ̂/γ)^{−k}O(ȳ) = M − y^2+

+λ^kγ^kb_0 { (c_1 cos kφ + c_2 sin kφ + ν^1_k )x_1 + ρ^k(c_2 cos kφ − c_1 cos kφ + ν^2_k )x_2 } + + O ( |γ|^{−k}|y|^3 + λ^k‖x‖|y| + (λ̂^k + λ^kγ̂^{−k})‖x‖^2 ) , (3.14) where the parameter M again satisfies formula (3.12), and ν^1_k , ν^2_k are some small coefficients, ν^{1,2}_k = O ( (λ̂/λ)^k + γ̂^{−k} ) . Let us resolve the third equation of (3.14) with respect to ȳ. The right-hand sides will keep their form, but a coefficient of order 1 + O ( (γ̂/γ)^{−k} ) will appear in front of the (−y^2) term in the third equation.

We can make this coefficient equal to 1 again by additional rescaling the coordinate y: y_{new} = y(1 + β̂_k), where β̂_k = O ( (γ̂/γ)^{−k} ) is some small quantity. After that, system (3.14) will take the form x̄_1 = y + λ^kO(‖x‖ + |y|), x̄_2 = ρ^{−k}λ^kA_{21}(kφ)x_1 + λ^kA_{22}(kφ)x_2 + ρ^{−k}λ^kO(y) + ρ^{−k}λ̂^kO(‖x‖),

ȳ = M − y^2+

+λ^kγ^kb_0 { (c_1 cos kφ + c_2 sin kφ + ν^1_k )x_1 + ρ^k(c_2 cos kφ − c_1 cos kφ + ν^2_k )x_2 } + +O ( |γ|^{−k}|y|^3 + λ^k‖x‖|y| + λ̂^k‖x‖^2 ) , (3.15) where the new coefficients M and ν^{1,2}_k differ from the old ones by small quantities of order O ( (γ̂/γ)^{−k} ) ; the coefficient b_0 is kept unchanged.

Since |λγ| > 1, the coefficient

B_k(φ) ≡ b_0λ^kγ^k(c_1 cos kφ + c_2 sin kφ + ν^1_k ) (3.16)

from the third equation of (3.15) is no longer small. Nevertheless, since c ≠ 0 (see Lemma 5), B_k(φ) may take arbitrary finite values for sufficiently large k, when the parameter φ varies near those values where c_1 cos kφ + c_2 sin kφ = 0, i.e. near φ = − 1 k arctan ( c_1 c_2 ) + π j k , j ∈ Z. (3.17) Note that the values (3.17) of the angle φ for all possible k and j fill the interval (0, π) densely.

We denote B = B_k(φ), stressing that B is one more governing parameter, along with M. Note that M takes arbitrary finite values when μ varies near μ^0_k = γ^{−k}_1 y^− − C_0λ^k cos(kφ_0 + ϑ_1) (see formula (3.12)).

Introduce a new coordinate y_{new} = y +λ^kO(‖x‖+|y|) so that we would have x̄_1 = y. Then, by virtue of (3.13), the map (3.15) takes the sought form (1.3).

3.3 Proof of Lemma 2

Here we continue to study the case (2,1) with |λγ| > 1 and |λ^2γ| < 1. Assume that B ≠ 0 in (3.15). Since λ^kγ^kρ^k → 0 as k → ∞, we may introduce a new coordinate

x_{1new} = x_1 + 1 B b_0λ^kγ^kρ^k(c_2 cos kφ − c_1 cos kφ + ν^2_k )x_2.

Map (3.15) then takes the form

x̄_1 = y + b_0A_{21}(kφ) B (c_2 cos kφ − c_1 sin kφ + ν^2_k )λ^{2k}γ^kx_1 + O(λ^k),

x̄_2 = O ( λ^k ρ^k ) , ȳ = M − y^2 + Bx_1 + O(λ^k).

(3.18)

Note that this map is exponentially contracting in the x_2-direction (with the contraction coefficient of order O(λ^kρ^{−k})), while in those regions of the phase space where there is a contraction in the x_1- and y-directions the corresponding contraction coefficient is bounded away from zero at B ≠ 0. Thus, theorem 4.4 of [32] implies that for any Q, R > 0, for all sufficiently large k, map (3.18) in the region ‖(x, y)‖ ≤ Q has, at ‖(M, B)‖ ≤ R, |B| > 1/R, a C^{r−2}-smooth, asymptotically stable, invariant non-local center manifold M^c_k of the form x_2(x_1, y, M, B) = O(λ^kρ^{−k}). The map (3.18) on M^c_k is written as follows:

x̄_1 = y + b_0A_{21}(kφ) B (c_2 cos kφ − c_1 sin kφ + ν^2_k )λ^{2k}γ^kx_1 + O(λ^k),

ȳ = M − y^2 + Bx_1 + O(λ^k).

(3.19)

In the region where B is uniformly bounded, |B| < Q, we found from (3.16) that c_1 cos kφ + c_2 sin kφ = O(λ^{−k}γ^{−k}). Since |λγ| > 1, this gives us

c_2 cos kφ − c_1 sin kφ = ± √ c^2_1 + c^2 + . . . ,

where the dots stand for the terms tending to zero as k → ∞. Also, we have (see (3.8)) A_{21}(kφ) = a_{21} cos kφ + a_{22} sin kφ = ± a_{21}c_2 − a_{22}c_1 √ c^2_1 + c^2 + . . . . Thus,

b_0A_{21}(kφ)(c_2 cos kφ − c_1 sin kφ + ν^2_k ) = b_0(a_{21}c_2 − a_{22}c_1) + . . . .

It is easy to see from (2.6) that the constant J_1 = b_0(a_{21}c_2 − a_{22}c_1) is the Jacobian of the global map T_1, taken at the point (x = 0, y_1 = y^−) at ε = 0. Note also that λ^{2k}γ^k constitutes the main part of the Jacobian of the local map T^k_0 . Denote

J_k = J_1λ^{2k}γ^k.

Map (3.19) may be recast as

x̄_1 = y + J_k B x_1 + o(J_k), ȳ = M − y^2 + Bx_1 + O(λ^k). (3.20)

Let us make one more coordinate transformation

x_{1new} = x_1, y_{new} = y + J_k B x_1 + o(J_k) ≡ x̄_1.

Map (3.20) will take the form

x̄_1 = y, ȳ = M − y^2 + Bx_1 + J_k B y + 2J_k B x_1y + o(J_k). (3.21)

The following additional shifts of the coordinate y and the parameter M: y_{new} = y − J_k 2B , M_{new} = M − J^2_k 4B^2 , brings map (3.21) to the form (1.7). Lemma 2 is proven.

3.4 First-return maps in the case (1,2)

Here x is one-dimensional and y = (y_1, y_2) is two-dimensional; A ≡ λ, B ≡ γ ( cos ψ − sin ψ sin ψ cos ψ ) . By (2.4) and (2.7), the first-return map T^{(k)} ≡ T_1T^k_0 is written in the following form for all sufficiently large k and all small ε:

x̄_0 − x^+ = aλ^kx_0 + b_0(y_{k1} − y^−_1 ) + b_1γ^{−k}(cos kψ · ȳ_{k2} + sin kψ · ȳ_{k1})+ +O ( (y_{k1} − y^−_1 )^2 + |y_{k1} − y^−_1 |(|λ|^k|x_0| + γ^{−k}‖ȳ_k‖) + λ̂^k|x_0| + γ̂^{−k}(|x̄_0| + ‖ȳ_k‖) ) , γ^{−k}(cos kψ · ȳ_{k1} − sin kψ · ȳ_{k2}) = μ + cλ^kx_0 + D_0(y_{k1} − y^−_1 )^2+ +O ( (y_{k1} − y^−_1 )^3 + |y_{k1} − y^−_1 |(|λ|^k|x_0| + γ^{−k}‖ȳ_k‖) + λ̂^k|x_0| + γ̂^{−k}(|x̄_0| + ‖ȳ_k‖) ) , y_{k2} − y^−_2 = eλ^kx_0 + d_1(y_{k1} − y^−_1 ) + d_2γ^{−k}(cos kψ · ȳ_{k2} + sin kψ · ȳ_{k1})+ +O ( (y_{k1} − y^−_1 )^2 + |y_{k1} − y^−_1 |(|λ|^k|x_0| + γ^{−k}‖ȳ_k‖) + λ̂^k|x_0| + γ̂^{−k}(|x̄_0| + ‖ȳ_k‖) ) , (3.22) where, we recall, 0 < λ̂ < |λ|, γ̂ > γ; moreover, we assume that λ̂ and γ̂ are sufficiently close to |λ| and γ respectively. Let us shift the origin of coordinates:

x_{new} = x_0 − x^+(ε) + ν̃^1_k , y_{1new} = y_{k1} − y^−_1 (ε) + ν̃^2_k , y_{2new} = y_{k2} − y^−_2 (ε) + ν̃^3_k ,

so that the first and third equations of (3.22) would not contain the constant (i.e. depending only on ε) terms, and the second equation would not contain the linear in y_1 term. Here we have ν̃^i_k(ε) = O(γ^{−k}). If, in addition, we resolve the first equation with respect to x̄ and plug the corresponding expression in the right-hand side of the other equations, the system (3.22) will recast as x̄ = O ( |y_1| + |λ|^k|x| + γ^{−k}‖ȳ‖ ) , γ^{−k} { cos kψ · ȳ_1 − sin kψ · ȳ_2 + (γ̂/γ)^{−k}O(‖ȳ‖) } = M_1 + cλ^k x + D̃_0 y^2_1 + +O ( |y_1|^3 + |λ|^k|x||y_1| + λ̂^k|x| + γ^{−k}‖ȳ‖|y_1| ) , y_2 − eλ^k x − d̃_1y_1 = d_2γ^{−k} {(cos kψ + ν^1_k )ȳ_2 + (sin kψ + ν^2_k )ȳ_1} + +O ( y^2_1 + |λ|^k|x||y_1| + γ^{−k}‖ȳ‖|y_1| + λ̂^k|x| + γ̂^{−k}‖ȳ‖^2 ) ,

(3.23)

where ν^{1,2}_k = O(γ̂^{−k}γ^k), and the coefficients D̃_0 and d̃_1 differ from, respectively, D_0 and d_1 by some small quantities of order O(γ^{−k}). We also denote here M_1 ≡ μ − γ^{−k}E_0 cos(kψ − ϑ_2 + ...) + cλ^k(x^+ + ...), (3.24) where E_0 = √ (y^−_1 )^2 + (y^−_2 )^2, cos ϑ_2 = y^−_1 /E_0, sin ϑ_2 = y^−_2 /E_0. (3.25) Make one more coordinate transformation: x_{new} = x, y_{1new} = y_1, y_{2new} = y_2 − d̃_1y_1.

Map (3.23) will take the form x̄ = O ( |y_1| + |λ|^k|x| + γ^{−k}‖ȳ‖ ) , (cos kψ − d_1 sin kψ)ȳ_1 − sin kψ · ȳ_2 + (γ̂/γ)^{−k}O(‖ȳ‖) =

= M_1γ^k + cλ^kγ^kx + D̃_0γ^ky^2_1 + O ( γ^k|y_1|^3 + |λ|^kγ^k|x||y_1| + λ̂^kγ^k|x| + ‖ȳ‖|y_1| ) , y_2 − eλ^kx = d_2γ^{−k} {(cos kψ + ν^1_k )ȳ_2 + (sin kψ + d_1 cos kψ + ν^2_k )ȳ_1} + +O ( y^2_1 + |λ|^k|x||y_1| + λ̂^k|x| + γ^{−k}‖ȳ‖|y_1| + γ̂^{−k}‖ȳ‖^2 ) , (3.26) with some new coefficients ν^{1,2}_k = O(γ̂^{−k}γ^k). Introduce new coordinates y_1 and y_2:

y_{1new} = (cos kψ + ν^1_k )y_2 + (sin kψ + d_1 cos kψ + ν^2_k )y_1, y_{2new} = 1 d_2 γ^k ( y_2 − eλ^kx) ) . (3.27) The old coordinates are expressed via the new ones by the formulas y_2 = d_2γ^{−k}y_{2new} + eλ^kx, y_1 = 1 s_0 y_{1new} − 1 s_0

(cos kψ + ν^1_k )(d_2γ^{−k}y_{2new} + eλ^kx), (3.28) where s_0 ≡ s_0(kψ) = sin kψ + d_1 cos kψ + ν^2_k . (3.29)

We will consider only those ψ for which s_0 ≠ 0. Then the coordinate transformation (3.27) is non-degenerate, and (3.26) is rewritten in the following form in the new coordinates: x̄ = O(|y_1| + |λ|^k|x| + γ^{−k}(|y_2| + |ȳ|)), γ^kȳ_1(cos kψ − d_1 sin kψ + ν^3_k ) − d_2ȳ_2 + (γ̂/γ)^{−k}O(ȳ_2) + |λγ|^kO(x̄) = = γ^{2k}s_0M_1 + cs_0λ^kγ^{2k}x + D̃_0(s_0)^{−1}γ^{2k}y^2_1+ +γ^{2k}O ( y^3_1 + |λ|^k|x||y_1| + γ^{−k}‖ȳ‖‖y‖ + λ̂^k|x| + γ^{−k}‖y‖^2 + γ̂^{−k}‖ȳ‖^2) ) , y_2 = ȳ_1 + γ^kO ( y^2_1 + |λ|^k|x||y_1| + γ^{−k}‖ȳ‖‖y‖ + γ^{−k}‖ȳ‖^2 + λ̂^k|x| ) , (3.30) where ν^3_k = O(γ̂^{−k}γ^k) is some small coefficient. We now scale the coordinates:

x = ρ^kγ^{−2k} x_{new}, y_1 = d_2s_0 D̃_0 γ^{−2k}y^{1new}, y^2 = d_2s_0 D̃_0 γ^{−2k}y^{2new}, (3.31)

where 1 < ρ < 1 |λ|γ^2 (recall that |λγ^2| < 1 by assumption, and that we also assume that s_0 is bounded away from zero).

After the scaling (3.31), the map (3.30) takes the form

x̄_1 = ϕ^1_k(x, y, ȳ), 1 d_2 γ^kȳ_1(cos kψ − d_1 sin kψ + ν^3_k ) − ȳ_2 = M̃ + y^2_1 + ϕ^2_k(x, y, ȳ), y_2 = ȳ_1 + ϕ^3_k(x, y, ȳ),

(3.32)

where

M̃ = γ^{4k} D^0 d^2 [ μ − γ^{−k}(y^−_1 cos kψ − y^−_2 sin kψ + ...) + cλ^k(x^+ + ...) ] , (3.33)

and ϕ^l_k = o(1) as k → ∞.

Note that the trigonometric coefficient C(kψ) ≡ 1 d_2 γ^k(cos kψ − d_1 sin kψ + ν^3_k )

from (3.32) may be bounded for large k if only cos kψ − d_1 sin kψ is close to zero, i.e. for those values of ψ which are close to ψ = 1 k arctan ( 1 d_1 ) + π j k , j ∈ Z. (3.34) The coefficient s_0 from (3.29) is indeed bounded away from zero for such ψ: s^2_0 = 1 + d^2_1 + . . ..

Note that the values (3.34) of the angle ψ are dense in (0, π). This means that given any Q > 0, in any neighborhood of any point ψ_0 ∈ (0, π) there exist intervals (of size ∼ Qγ^{−k}) such that when ψ runs any of them the coefficient C(kψ) runs all the values from the interval [−Q, Q].

In the region of the values of ψ where C is finite, we may resolve system (3.32) with respect to ȳ. The map T^{(k)} will take the form x̄_1 = ϕ̃^1_k(x, y, M, C), ȳ_2 = M − y^2_1 + Cy_2 + ϕ̃^2_k(x, y, M, C), ȳ_1 = y_2 + ϕ̃^3_k(x, y, M, C),

(3.35)

where M = −M̃ , C = C(kψ), and ϕ̃_k = o(1). By putting y_{2new} = y_2 + ϕ̃^3_k, we obtain exactly the map (1.4) from Lemma 1.

3.5 First-return maps in the case (2,2)

Here x = (x_1, x_2) and y = (y_1, y_2) are two-dimensional, A ≡ λ ( cos φ − sin φ sin φ cos φ ) and B ≡ γ ( cos ψ − sin ψ sin ψ cos ψ ) .

By (2.4) and (2.8), the first-return map T^{(k)} ≡ T_1T^k_0 is written in the following form for all sufficiently large k and all small ε:

x̄_{01} − x^+_1 = b_0(y_{k1} − y^−_1 ) + b_{11}γ^{−k}(cos kψ ȳ_{k2} + sin kψ ȳ_{k1})+ +O ( (y_{k1} − y^−_1 )^2 + γ^{−k}|y_{k1} − y^−_1 |‖ȳ_k‖ + λ^k‖x_0‖ + γ̂^{−k}(‖x̄_0‖ + ‖ȳ_k‖) ) , x̄_{02} − x^+_2 = b_{12}γ^{−k}(cos kψ ȳ_{k2} + sin kψ ȳ_{k1})+ +O ( (y_{k1} − y^−_1 )^2 + γ^{−k}|y_{k1} − y^−_1 |‖ȳ_k‖ + λ^k‖x_0‖ + γ̂^{−k}(‖x̄_0‖ + ‖ȳ_k‖) ) , γ^{−k}(cos kψ · ȳ_{k1} − sin kψ · ȳ_{k2}) =

= μ + λ^kC_1(kφ)x_{01} + λ^kC_2(kφ)x_{02} + D_0(y_{k1} − y^−_1 )^2+ +O ( (y_{k1} − y^−_1 )^3 + |y_{k1} − y^−_1 |(λ^k‖x_0‖ + γ^{−k}‖ȳ_k‖) + λ̂^k‖x_0‖ + γ̂^{−k}(‖x̄_0‖ + ‖ȳ_k‖) ) , y_{k2} − y^−_2 = λ^kE_1(kφ)x_{01} + λ^kE_2(kφ)x_{02} + d_1(y_{k1} − y^−_1 )+

+d_2γ^{−k}(cos kψ · ȳ_{k2} + sin kψ · ȳ_{k1})+ +O ( (y_{k1} − y^−_1 )^2 + |y_{k1} − y^−_1 |(λ^k‖x_0‖ + γ^{−k}‖ȳ_k‖) + λ̂^k‖x_0‖ + γ̂^{−k}(‖x̄_0‖ + ‖ȳ_k‖) ) , (3.36) where C_1 = c_1 cos kφ + c_2 sin kφ, C_2 = c_2 cos kφ − c_1 sin kφ, E_1 = e_1 cos kφ + e_2 sin kφ, E_2 = e_2 cos kφ − e_1 sin kφ, (3.37)

and, as before, 0 < λ̂ < λ, γ̂ > γ.

Introduce new coordinates (a shift of the origin):

x_{1new} = x_1 − x^+_1 (ε) + ν̃^1_k , x_{2new} = x_2 − x^+_2 (ε) + ν̃^2_k , y_{1new} = y_{k1} − y^−_1 + ν̃^3_k , y_{2new} = y_{k2} − y^−_2 + ν̃^4_k .

Here the small shifts ν̃^i_k(ε) (of order O(|γ|^{−k})) are chosen in such a way that the first, second and fourth equations of (3.36) will not contain the constant terms, and the third equation will not contain the linear in y_1 term. We will also resolve the first and second equation with respect to x̄ and plug the obtained expressions into the right-hand side of the third and fourth equations. As a result, system (3.36) takes the following form:

x̄_1 = b_0y_1 + O ( y^2_1 + λ^k‖x‖ + γ^{−k}(‖y‖ + |ȳ|) ) , x̄_2 = O ( y^2_1 + λ^k‖x‖ + γ^{−k}(‖y‖ + |ȳ|) ) , γ^{−k} { cos kψ · ȳ_1 − sin kψ · ȳ_2 + (γ̂/γ)^{−k}O(‖ȳ‖) } = = M_1 + C_1λ^kx_1 + C_2λ^kx_2 + D̃_0 y^2_1 + +O ( |y_1|^3 + λ^k‖x‖|y_1| + λ̂^k‖x‖ + γ^{−k}‖ȳ‖|y_1| ) , y_2 − d̃_1y_1 − E_1λ^kx_1 − E_2λ^kx_2 = d_2γ^{−k} {(cos kψ + ν^1_k )ȳ_2 + (sin kψ + ν^2_k )ȳ_1} + +O ( y^2_1 + λ^k‖x‖|y_1| + γ^{−k}‖ȳ‖|y_1| + λ̂^k‖x‖ + γ̂^{−k}‖ȳ‖^2 ) , (3.38) where ν^{1,2}_k = O(γ̂^{−k}γ^k), and the coefficients D̃_0 and d̃_1 differ from, respectively, D_0 and d_1 by some small quantities of order O(γ^{−k}). We also denote

M_1 ≡ μ − γ^{−k}E_0 cos(kψ + ϑ_2 + ...) + λ^kC_0 cos(kφ − ϑ_1 + ...), (3.39)

see formulas (3.25) and (3.10).

Introduce a new coordinate y_2 by formula y_{2new} = y_2 − d̃_1y_1. Map (3.38) will take the following form:

x̄_1 = b_0y_1 + O ( y^2_1 + λ^k‖x‖ + γ^{−k}(‖y‖ + ‖ȳ‖) ) , x̄_2 = O ( y^2_1 + λ^k‖x‖ + γ^{−k}(‖y‖ + ‖ȳ‖) ) , (cos kψ − d̃_1 sin kψ)ȳ_1 − sin kψ · ȳ_2 + (γ̂/γ)^{−k}O(‖ȳ‖) = = M_1γ^k + C_1λ^kγ^kx_1 + C_2λ^kγ^kx_2 + D̃_0γ^ky^2_1+ +O ( γ^k|y_1|^3 + λ^kγ^k‖x‖|y_1| + λ̂^kγ^k‖x‖ + ‖ȳ‖|y_1| ) , y_2 − λ^kE_1x_1 − λ^kE_2x_2 = d_2γ^{−k} {(cos kψ + ν^3_k )ȳ_2 + (sin kψ + d_1 cos kψ + ν^4_k )ȳ_1} + +O ( y^2_1 + λ^k‖x‖|y_1| + λ̂^k|x| + γ^{−k}‖ȳ‖|y_1| + γ̂^{−k}‖ȳ‖^2 ) , (3.40) where ν^{3,4}_k = O(γ̂^{−k}γ^k). Introduce new coordinates y:

y_{1new} = (cos kψ + ν^3_k )y_2 + (sin kψ + d_1 cos kψ + ν^4_k )y_1, y_{2new} = γ^k 1 d_2 ( y_2 − E_1λ^kx_1 − E_2λ^kx_2 ) . (3.41)

For the old coordinates (y_1, y_2) we have

y_2 = γ^{−k}d_2y_{2new} + E_1λ^kx_1 + E_2λ^kx_2, y_1 = 1 s_0 y_{1new} − d_1 s_0

(d_2 cos kψ + ν^3_k )(γ^{−k}y_{2new} + E_1λ^kx_1 + E_2λ^kx_2),

(3.42)

where s_0 ≡ s_0(kψ) = sin kψ + d_1 cos kψ + ν^4_k . (3.43) We will consider only such ψ for which s_0 is uniformly bounded away from zero. In this case we may rewrite (3.40) as follows:

x̄_1 = b_0 s_0 y_1 + O ( y^2_1 + λ^k‖x‖ + γ^{−k}(‖y‖ + ‖ȳ‖) ) , x̄_2 = O ( y^2_1 + λ^k‖x‖ + γ^{−k}(‖y‖ + ‖ȳ‖) ) , 1 d_2 γ^kȳ_1(cos kψ − d_1 sin kψ + ν^5_k + O(ȳ_1)) − ȳ_2(1 + ν^6_k + O(ȳ_2)) + (λγ)^kO(x̄) = = γ^{2k}s_0M_1 + D̃_0(s_0)^{−1}γ^{2k}y^2_1 + C̃_1s_0λ^kγ^{2k}x_1 + C̃_2s_0λ^kγ^{2k}x_2+ +γ^{2k}O ( |y_1|^3 + λ^k‖x‖|y_1| + γ^{−k}(‖ȳ‖‖y‖ + ‖y‖^2) + λ̂^k‖x‖^2 + γ̂^{−k}‖ȳ‖^2 ) , y_2 = ȳ_1 + O ( γ^k‖y‖^2 + λ^kγ^k‖x‖‖y‖ + ‖ȳ‖‖y‖ + ‖ȳ‖^2 + λ̂^kγ^k‖x‖ ) , (3.44) where ν^{5,6}_k = O(γ̂^{−k}γ^k), and the coefficients C̃_1 and C̃_2 differ from, respectively, C_1 and C_2 by quantities of order O(λ̂^kλ^{−k}).

Consider, first, the case λγ^2 < 1. Scale the coordinates in (3.44) as follows:

x_1 = ρ^{−k} d_2s_0 D̃_0 γ^{−2k}x^{1new}, x^2 = d_2s_0 D̃_0 γ^{−2k}x^{2new}, y_1 = d_2s_0 D̃_0 γ^{−2k}y^{1new}, y^2 = d_2s_0 D̃_0 γ^{−2k}y^{2new}, (3.45)

where ρ is a number such that λγ^2 < ρ < 1.

Since the scaling coefficients in (3.45) are asymptotically small, the range of values of the new coordinates (x, y) will grow with the increase of k, and it will cover all finite values in the limit k → ∞. This allows us to assume that our map is defined in the region ‖(x_{new}, y_{new})‖ ≤ Q for some Q > 0, and this constant Q can be taken as large as we want. After the scaling, map (3.44) may be written in the form x̄_1 = ρ^kO(y_1) + γ^{−k}O(‖(x, y, ȳ)‖), x̄_2 = γ^{−k}O(‖(x, y, ȳ)‖), 1 d_2 γ^kC(kψ)ȳ_1 − ȳ_2 = M̃ + y^2_1 + ( λ^kγ^{2k} ρ^k + γ^{−k} ) O(‖(x, y, ȳ)‖), y_2 = ȳ_1 + γ^{−k}O(‖(x, y, ȳ)‖). (3.46)

where M̃ = γ4k D̃0 d^2

M_1, (3.47)

M_1 satisfies formula (3.39), and

C(kψ) = cos kψ − d_1 sin kψ + ν^5_k . (3.48)

Note that the coefficients M̃ and C = d^{−1}_2 C(kψ)γ^k may take arbitrary finite values as k → +∞, for appropriately chosen values of the original parameters μ and ψ.

Note also that C may stay uniformly bounded only when cos kψ−d_1 sin kψ is asymptotically close to zero, i.e. when ψ is close to the values given by formula (3.34). As we mentioned there, the value s_0 from (3.43) is uniformly bounded away from zero for such ψ: |s_0| = √ 1 + d^2_1(1 + ...). Further, only such ψ are considered.

As a result, for any bounded region of the values of (x, y, M, C), map (3.44) may be written in the form x̄_1 = o(1), x̄_2 = o(1), ȳ_1 = y_2 + o(1), ȳ_2 = −M̃ + Cy_2 − y^2_1 + o(1),

(3.49)

where we denote as o(1) functions of all coordinates and parameters which tend to zero as k → ∞, uniformly in any bounded region of values of (x, y, M, C), along with all the derivatives up to the order (r − 2) with respect to the coordinates and (r − 3) with respect to the parameters. If we put M = −M̃ and y_{2new} = y_2 + o(1) in (3.49), then we immediately arrive at the sought map (1.4).

Consider now the case λγ^2 > 1 (and λγ < 1, as before). Let us make the following scaling in (3.44):

x_1 = d_2b_0 D̃_0 γ^{−2k}x^{1new}, x^2 = q^kγ^{−2k}x^{2new}, y^1 = d_2s_0 D̃_0 γ^{−2k}y^{1new}, y^2 = d_2s_0 D̃_0 γ^{−2k}y^{2new}, (3.50) where q is a number from the interval q ∈ ( γ^{−1} , (λγ^2)^{−1}). This interval is nonempty and lies in (0, 1), since 1 > 1 λγ^2 = γ^{−1} λγ > γ^{−1}.

The map (3.44) takes the following form in coordinates (3.50):

x̄_1 = y_1 + γ^{−k}O(‖(x, y, ȳ)‖), x̄_2 = γ^{−k} q^k O(‖(x, y, ȳ)‖), 1 d_2 γ^kC(kψ)ȳ_1 − ȳ_2 = M + y^2_1 + b_0 d_2 λ^kγ^{2k} (c_{11} cos kφ + c_{12} sin φ + l_k) x_1+ +λ^kγ^{2k}q^kO(x_2) + γ^{−k}O(‖(x, y, ȳ)‖), y_2 = ȳ_1 + γ^{−k}O(‖(x, y, ȳ)‖),

(3.51)

where l_k = O((λ̂/λ)^k) is some small coefficient, and M and C(kψ) satisfy formulas(3.47) and (3.48) above.

In comparison with (3.46), in map (3.51) there is one more independent parameter, along with M and C = γ^kC(kψ). It is the parameter B = B(kφ) ≡ b_0 d_2 λ^kγ^{2k}(c_{11} cos kφ + c_{12} sin φ + l_k).

Since λγ^2 > 1, the coefficient B(kφ) is no longer small (as it was in the case λγ^2 < 1), and it may take arbitrary finite values when φ varies, provided k is large enough. Bounded values of B correspond to the values of φ close to φ = − 1 k arctan ( c_1 c_2 ) + π j k , j ∈ Z. (3.52) In the region of bounded values of (x, y, M, B, C) the map (3.51) may be written in the form x̄_1 = y_1 + o(1), x̄_2 = o(1), ȳ_2 = −M − Bx_1 + Cy_1 − y^2_1 + o(1), , ȳ_1 = y_2 + o(1).

After changing the signs of M and B, this map is easily brought to the form (1.5). Thus, rescaling lemma is proven.

4 Proof of main theorems

The proof of theorems 1–4 is based on the rescaling lemmas. They allow us to make comparatively simple analysis of the first-return maps T^{(k)}(ε), using their closeness, at ε ∈ Δ_k, to the standard quadratic maps in the rescaled coordinates. It is convenient for us to prove Theorem 2 first, then Theorem 4 (here we need only a linear analysis of the fixed points of the first-return maps); after that we prove Theorem 3. We derive Theorem 1 in the process of the proof of Theorems 2 and 4.

4.1 Proof of Theorem 2 and items 1, 2 of Theorem 1

First we analyze fixed points of the first-return maps (1.2)–(1.5) and (1.7), in order to find the values of the parameters M, B, C for which these maps have fixed points with the multipliers on the unit circle.

Map (1.2).

Consider the one-dimensional parabola map

ȳ = M − y^2.

Let ν_1 ≠ 0 be the multiplier of some its fixed point. The coordinate y of this fixed point satisfy equations M = y + y^2 and 2y = −ν_1. Thus, we have that the parabola map has a fixed point with the multiplier ν_1 at M = ν^2_1 4 − ν_1 2 . (4.1)

Since map (1.2) is close to the parabola map along with a sufficient number of derivatives, it must also have a fixed point with a multiplier equal to ν_1 at the value of M = M_k(ν_1) which is asymptotically close, as k → ∞, to the value (4.1). The other multipliers of the fixed point (one multiplier in the case (1,1) and two multipliers in the case (2,1)) are always less than 1 in the absolute value – they tend to zero as k → ∞.

Map (1.3).

Consider Hénon map (the limit map for (1.3)): x̄ = y, ȳ = M + Bx − y^2. Let ν_1 and ν_2 be the multipliers of some its fixed point (they are either both real, or they comprise a complex-conjugate pair; we also assume ν_1ν_2 ≠ 0). The coordinates x = y of the fixed point satisfy the equation M = y(1 − B) + y^2. The characteristic equation is ν^2 + 2yν − B = 0. It is easy to find that

B(ν_1, ν_2) = −ν_1ν_2, M(ν_1, ν_2) = ν_1 + ν_2 4 (ν_1 + ν_2 − 2ν_1ν_2 − 2). (4.2)

It is clear that the map (1.3) will also have a fixed point with the given multipliers ν_1 and ν_2, at the values of M and B which are asymptotically close to those given by formula (4.2). The third multiplier is always less than 1 in the absolute value (it tends to zero as k → ∞).

Map (1.4).

Consider the map (limit for (1.4)):

ȳ_1 = y_2, ȳ_2 = M + Cy_2 − y^2_1.

Let ν_1 be ν_2 the multipliers of some its fixed point (again, they are either both real, or they comprise a complex-conjugate pair; and we assume again that ν_1ν_2 ≠ 0). The coordinates y_1 = y_2 = y of the fixed point satisfy the equation M = y(1 − C) + y^2; the characteristic equation is ν^2 − Cν + 2y = 0. One can easily find

C = ν_1 + ν_2, M = ν_1ν_2 2 (1 − C) +

(ν_1ν_2)^2 4 . (4.3)

Map (1.4) will also have a fixed point with the given multipliers ν_1 and ν_2, at M and C which are asymptotically close to those given by formula (4.3). The other multipliers (the third one in the case (1,2), and the third and fourth multipliers in the case (2,2)) are always less than 1 in the absolute value.

Map (1.5).

Consider the three-dimensional map (limit for (1.5)):

x̄ = y_1, ȳ_1 = y_2, ȳ_2 = M + Bx + Cy_2 − y^2_1. (4.4)

Let ν_1, ν_2, ν_3 be the multipliers (all non-zero) of some its fixed point (either all three of them are real, or one multiplier is real and the other two comprise a complexconjugate pair). The coordinates x = y_1 = y_2 of the fixed point satisfy the equation M = x(1 − B − C) + x^2, and the characteristic equation is −ν^3 + Cν^2 − 2xν + B = 0. This gives

B = ν_1ν_2ν_3, C = ν_1 + ν_2 + ν_3,

M = (ν_1ν_2 + ν_1ν_3 + ν_2ν_3)(1 − B − C) +

(ν_1ν_2 + ν_1ν_3 + ν_2ν_3)^2 4 . (4.5)

The original map (1.5) will also have a fixed point with the given multipliers ν_1, ν_2, ν_3, at the values of M, B and C which are asymptotically close to those given by formula (4.5). The fourth multiplier of this point is, at large k, always less than 1 in the absolute value.

Thus, given any set {ν_1, . . . , ν_{de} } of d_e multipliers (where d_e = 1 in the case of map (1.2), d_e = 2 for the maps (1.3) and (1.4), and d_e = 3 for the map (1.5)), each of the maps (1.2)-(1.5) has the values of parameters M = M_k, B = B_k, C = C_k for which there exists a fixed point, d_e multipliers of which are equal exactly to ν_1, . . . , ν_{de} . Note that the corresponding values M_k, B_k, C_k are uniformly bounded for all large k. According to (1.6), we have for the corresponding values of the original parameters (μ, φ, ψ) = (μ_k, φ_k, ψ_k) that, first, μ_k → 0 as k → +∞, and that if d_e ≥ 2, then there is always a subsequence (φ_k, ψ_k) which converges to (φ_0, ψ_0) where φ_0 and ψ_0 are the values of the angular arguments of the complex multipliers of the fixed point O for the diffeomorphism f_0. Thus, we obtain the following

Corollary 1 Given any set of multipliers {ν_1, . . . , ν_{de} } there exists a sequence ε_k → 0 of the values of parameters ε such that the diffeomorphism f_ε has, at ε = ε_k, a single-round periodic orbit whose d_e multipliers are equal exactly to ν_1, . . . , ν_{de} , and the rest of multipliers lies strictly inside the unit circle.

Theorem 2 follows from this statement immediately. Indeed, in the Newhouse region δ_j, near any ε ∈ δ_j there exist the values of parameters corresponding to homoclinic tangencies to O, for which conditions A-D hold. As we just established it, arbitrarily small perturbations within the same family f_ε give periodic orbits (single-round with respect to these secondary homoclinic tangencies) with any given set of d_e multipliers on the unit circle, in a complete agreement with Theorem 2.

In the case of Theorem 1 we have d_e = 1, i.e. we may speak here about periodic orbits with one multiplier equal to ν_1 = +1 or ν_1 = −1. Thus, in this case, Corollary 1 gives us items 1 and 2 of Theorem 1 for the Newhouse intervals δ_j.

4.2 Proof of Theorem 4 and item 3 of Theorem 1

Here we again use Corollary 1, now for hyperbolic periodic orbits, whose multipliers ν_1, ..., ν_{de} does not equal to 1 in the absolute value. We have here d_e + 1 different types of orbits, according to the number of multipliers outside the unit circle: 0, 1, ... , or, maximum, d_e. The first case corresponds to a stable periodic orbit.

Recall that arbitrarily close to any parameter value from the Newhouse regions δ_j there exists a value of ε for which the point O has an orbit of a simple homoclinic tangency. According to Corollary 1, arbitrarily close to this value of ε there is a parameter value for which f_ε has a hyperbolic periodic orbit with exactly d multipliers outside the unit circle, for any given d = 0, ..., d_e. This orbit exists in some region in the space of parameters. Repeating the arguments, inside this region we find a smaller region which corresponds to the existence of one more hyperbolic periodic orbit with d multipliers outside the unit circle, with the same d, or with any other d from 0 to d_e, etc.. By repeating this procedure infinitely many times for every d = 0, ..., d_e, we obtain a sequence of nested domains such that the values of ε from the intersection of these domains correspond to the existence of infinitely many periodic orbits with all possible numbers from 0 to d_e of multipliers outside the unit circle. By construction, the obtained set of values of ε is an intersection of a countable number of open and dense in δ_j sets, i.e. it is a residual set. The theorem is proven.

4.3 Proof of Theorem 3

Like in the proof of Theorem 4, it is enough to prove that the first-return maps T^{(k)} have, for some region of parameters (M, B), (M, C) or (M, C, B), a stable closed invariant curve. An infinite set of coexisting closed invariant curves is obtained by means of the construction with nested domains, as in Theorem 4.

Consider, first, the cases of a saddle-focus (1,2) and a saddle-focus (2,2) with λγ^2 < 1. By Lemma 1, the map T^{(k)} is brought to the following form in this case: x̄ = o(1), ȳ_1 = y_2, ȳ_2 = M + Cy_2 − y^2_1 + o(1). (4.6) The limit map ȳ_1 = y_2, ȳ_2 = M + Cy_2 − y^2_1 (4.7) has a fixed point with multipliers ν_{1,2} = e^{±iω} for the values of (M, C) on the following curve (see formula (4.3)): L : {M =^3_4 −^1_2 C, C = 2 cos ω} (i.e. |C| < 2). At ω ≠ π/2, 2π/3 the stability of the closed invariant curve which is born at the bifurcations of such fixed point is determined by the sign of the first Lyapunov coefficient (see e.g. [32, 33]). Recall that the Lyapunov coefficient G_1 is the coefficient of a cubic term in the normal form of the map near the fixed point, written in polar coordinates (ρ, θ): ρ̄ = ρ + G_1ρ^3 + o(ρ^3), θ̄ = θ + ω + O(r^2). It is not hard to compute for the map (4.7)

that here G_1 = −1 − 1 2(1 − cos ω)

, i.e. the Lyapunov coefficient is always negative

for this map. Since G_1 is a coefficient of the cubic term, the Lyapunov coefficient would remain negative for all maps which are C^3-close to (4.7).

Consider now the map (4.6). For all sufficiently large k, it also has a curve in the parameter plane close to the curve L, which corresponds to the existence of a fixed point with two multipliers equal to e^{±iω} (the rest of multipliers lies inside the unit circle). We denote this curve as L_k. On the center manifold, the map (4.6) is C^{r−2}- close to (4.7). Since r ≥ 5, we have that the corresponding Lyapunov coefficient is negative for the map (4.6), hence a stable closed invariant curve is born when the parameters cross the curve L_k, and it exists for the values of parameters from a certain open region, as required.

In the case of a saddle-focus (2,2) with λγ^2 > 1, the first-return map T^{(k)} is brought to the form

x̄_2 = o(1), x̄_1 = y_1, ȳ_1 = y_2, ȳ_2 = M + Cy_2 + Bx_1 − y^2_1 + o(1). (4.8)

Here, for small B, the fixed point with the multipliers ν_{1,2} = e^{±iω}, ν_3 = B + o(1), ν_4 = o(1) has a negative Lyapunov coefficient too. It follows immediately from the fact that the map (4.8) at B = 0 degenerates, as k → +∞, to the map (4.7) in the coordinates y_1 and y_2, and the negativity of the Lyapunov coefficient for the latter map has been already established. Thus, in this case we also have that the firstreturn map has a stable closed invariant curve for some open region of parameter values, for all sufficiently large k.

In the case of a saddle-focus (2,1) with d_e = 2, i.e. at λγ > 1, in order to find stable closed invariant curves, we will use the form of the first-return maps obtained in Lemma 2. It is the so-called generalized Hénon map

x̄_1 = y, ȳ = M − y^2 + Bx_1 + Q_kx_1y + o(Q_k),

(4.9)

where Q_k ≠ 0 and Q_k → 0 as k → +∞. Such maps were studied in [20, 22] where it was shown, in particular, that the maps of type (4.9) have, for all k large enough, a stable closed invariant curve for the values of parameters (M, B) from some open region. Namely, such region emanates from the point (M = M^∗_k , B = B^∗_k ) where M^∗_k = 3−Q_k +o(Q_k), B^∗_k = −1+Q_k/2+o(Q_k), for which map (4.9) has a fixed point with the multipliers (−1, −1) (in [22] it was shown that this point is non-degenerate and corresponds to the “soft” case, i.e. “the case s = −1”, of the 1:2 resonance in terminology of [33], so the known results about the birth of closed invariant curves from this point are applied to map (4.9)).

Thus, in all cases with d_e ≥ 2, for the family f_ε there exists an infinite sequence of regions Δ̃_k ⊂ Δ_k, which converge to ε = 0 as k → ∞, such that at ε ∈ Δ̃_k the diffeomorphism f_ε has a stable closed invariant curve. In order to obtain an infinite set of closed invariant curves for a dense set of parameter values from the Newhouse regions δ_j , it remains to use the construction with the nested domains from the proof of Theorem 4.

This work was supported by the grants No. 02-01-00273 and No. 01-01-00975 of RFBR, grant No. 2000-221 INTAS, grant DFG No. 436 RUS, scientific program “Russian Universities”, project No. 1905, and by Portugal-Russian fellowship program. The second author acknowledges support of the Alexander von Humboldt foundation.

References

[1] S. Smale, Diffeomorphisms with many periodic points, Differential and Combinatorial Topology (Princeton Univ. Press, 1965), pp.63-80.

[2] L.P. Shilnikov, On a Poincaré-Birkhoff problem, Math. USSR, Sb. 3, 353-371 (1967).

[3] S.E. Newhouse, The abundance of wild hyperbolic sets and non-smooth stable sets for diffeomorphisms, Publ. Math. IHES 50, 101-151 (1979).

[4] S.V. Gonchenko, D.V. Turaev, L.P. Shilnikov. On the existence of Newhouse domains in a neighborhood of systems with a structurally unstable Poincaré homoclinic curve (the higher-dimensional case), Russian Acad. Sci., Dokl., Math. 47, No. 2, 268-273 (1993).

[5] J. Palis, M. Viana, High dimension diffeomorphisms displaying infinitely many sinks, Ann. Math. 140, 91-136 (1994).

[6] N. Romero, Persistence of homoclinic tangencies in higher dimensions, Ergod.

Th. and Dyn.Sys. 15, 735-757 (1995).

[7] S.V. Gonchenko, D.V. Turaev, L.P. Shilnikov, On models with a structurally unstable homoclinic Poincaré curve, Sov. Math., Dokl. 44, No. 2, 422-426 (1992).

[8] S.V. Gonchenko, L.P. Shilnikov, D.V. Turaev, On models with non-rough Poincaré homoclinic curves, Physica D 62, No. 1-4, 1-14 (1993).

[9] S.V. Gonchenko, L.P. Shilnikov, Invariants of Ω-conjugacy of diffeomorphisms with a nongeneric homoclinic trajectory, Ukr. Math. J. 42, No.2, 134-140 (1990).

[10] S.V. Gonchenko, L.P. Shilnikov, On moduli of systems with a structurally unstable homoclinic Poincaré curve. Russ. Acad. Sci., Izv., Math. 41, No.3, 417- 445 (1993).

[11] S.V. Gonchenko, D.V. Turaev, L.P. Shilnikov, Homoclinic tangencies of arbitrarily high orders in the Newhouse regions, J.Math.Sci 105, 1738-1778 (2001).

[12] N.K. Gavrilov, L.P. Shilnikov, On three-dimensional dynamical systems close to a system with a structurally unstable homoclinic curve. I., Math. USSR, Sb. 17(1972), 467-485 (1973); II. Math. USSR, Sb. 19(1973), 139-156 (1974).

[13] S.E. Newhouse, Diffeomorphisms with infinitely many sinks, Topology 13, 9-18 (1974).

[14] S.V. Gonchenko, On stable periodic motions in systems close to systems with a structurally unstable homoclinic curve, Math. Notes 33, 384-389 (1983).

[15] S.V. Gonchenko, L.P. Shilnikov, D.V. Turaev, Dynamical phenomena in systems with structurally unstable Poincare homoclinic orbits, Chaos 6, No.1, 15-31 (1996).

[16] D.V. Turaev, On dimension of non-local bifurcational problems, Bifurcation and Chaos 6, No. 5, 919-948 (1996).

[17] I.M. Ovsyannikov, L.P. Shilnikov, Systems with a homoclinic curve to a multidimensional saddle-focus, and spiral chaos, Math. USSR, Sb. 73, No.2, 415-443 (1992).

[18] S.V. Gonchenko, D.V. Turaev, L.P. Shilnikov, On Newhouse domains of twodimensional diffeomorphisms with a structurally unstable heteroclinic cycle, Proc. Steklov Inst. Math. 216, 76-125 (1997).

[19] S.V. Gonchenko S.V., L.P. Shilnikov, O.V. Sten’kin, On Newhouse regions with infinitely many stable and unstable invariant tori, Proc. Int. Conf. dedicated to 100-th anniversary of A.A.Andronov, V.1, Mathematical Problems of Nonlinear Dynamics (Nizhny Novgorod, Institute of Applied Physics, University of Nizhny Novgorod, 2002), pp.80–102.

[20] S.V. Gonchenko, V.S. Gonchenko, On Andronov-Hopf bifurcations of twodimensional diffeomorphisms with homoclinic tangencies, Preprint No.556, WIAS, Berlin, 2000.

[21] J.C. Tatjer, Three-dimensional dissipative diffeomorphisms with homoclinic tangencies, Ergod. Th. and Dyn. Sys. 21, 249-302 (2001).

[22] S.V. Gonchenko, V.S. Gonchenko, On bifurcations of closed invariant curves in the case of two-dimensional diffeomorphisms with homoclinic tangencies, Proc. Steklov Inst. Math., to appear.

[23] D.V. Turaev, L.P. Shilnikov, An example of a wild strange attractor. Sb. Math.

189, No. 2, 137-160 (1998).

[24] A.L. Shilnikov, L.P. Shilnikov, D.V. Turaev, Normal forms and Lorenz attractors, Bifurcation and Chaos 3, No. 5, 1011-1037 (1993).

[25] S.V. Gonchenko, D.V. Turaev, L.P. Shilnikov, Dynamical phenomena in multidimensional systems with a structurally unstable homoclinic Poincaré curve, Russian Acad. Sci., Dokl., Math. 47, No. 3, 410-415 (1993).

[26] S.V. Gonchenko, Dynamics and moduli of Ω-conjugacy of 4D-diffeomorphisms with a structurally unstable homoclinic orbit to a saddle-focus fixed point, Am. Math. Soc. Transl., Ser. 2, 200(48), 107-134 (2000).

[27] S.V. Gonchenko, Homoclinic tangencies, Ω-moduli and bifurcations, Proc.

Steklov Inst. Math. 236, 85-118 (2002).

[28] S.V.Gonchenko, L.P.Shilnikov, Arithmetic properties of topological invariants of systems with structurally unstable homoclinic trajectories, Ukr. Math. J. 39, 15-21 (1987).

[29] O.V. Sten’kin, L.P.Shilnikov, Bifurcations of periodic motions near a nontransverse homoclinic curve, Differ. Equations 33, No.3, 375-383 (1997).

[30] S.V. Gonchenko, Period-doubling bifurcations in systems close to a system with a nontransverse homoclinic curve, Methods of qualitative theory of differential equations, 78-96 (1989).

[31] S.V. Gonchenko, L.P. Shilnikov, On dynamical systems with structurally unstable homoclinic curves, Sov. Math., Dokl. 33, 234-238 (1986).

[32] L.P. Shilnikov, A.L. Shilnikov, D.V. Turaev, L.O. Chua, Methods of qualitative theory in nonlinear dynamics. Part I (1992). Part II (2001). World Scientific, Singapore.

[33] Yu. Kuznetsov, Elements of applied bifurcation theory. 2nd ed., Applied Mathematical Sciences 112 (Springer-Verlag, 1998).