Weierstraß–Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Global existence result for pair diffusion models

Annegret Glitzky^∗, Rolf Hünlich

submitted: November 12th 2002

Weierstrass Institute for Applied Analysis and Stochastics Mohrenstraße 39 D – 10117 Berlin, Germany E-Mail:

glitzky@wias-berlin.de huenlich@wias-berlin.de

Preprint No. 784

Berlin 2002

∗Supported by the German Research Foundation (DFG) under grant HU 868/1-2.

2000 Mathematics Subject Classification. 35K45, 35K57, 35R05, 35D05, 35B45, 80A30.

Key words and phrases. Reaction-diffusion systems for charged particles, pair diffusion models, global existence, a priori estimates, fixed point theorems.

Edited by Weierstraß–Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract. In this paper we prove a global existence result for pair diffusion models in two dimensions. Such models describe the transport of charged particles in semiconductor heterostructures. The underlying model equations are continuity equations for mobile and immobile species coupled with a nonlinear Poisson equation. The continuity equations for the mobile species are nonlinear parabolic PDEs involving drift, diffusion and reaction terms, the corresponding equations for the immobile species are ODEs containing reaction terms only. Forced by applications to semiconductor technology these equations have to be considered with non-smooth data and kinetic coefficients additionally depending on the state variables.

Our proof is based on regularizations, on a priori estimates which are obtained by energy estimates and Moser iteration as well as on existence results for the regularized problems. These are obtained by applying the Banach Fixed Point Theorem for the equations of the immobile species, and the Schauder Fixed Point Theorem for the equations of the mobile species.

1. The model. Pair diffusion models describe the transport of charged particles (dopant atoms, point defects, dopant-defect pairs) in semiconductors [4, 7]. In [12] we specified a typical mathematical model of this kind which we shall study in this paper, too. We consider m species X_i. The first l ≤ m species are mobile, the other ones are immobile. We denote by u_i, p_{0i}, b_i = u_i/p_{0i} the density, some reference density, the chemical activity of the i-th species, and by ψ some additional potential. The initial boundary value problem which we are interested in reads as follows:

∂u_i ∂t + ∇ · j_i + � (α,β)∈R^Ω

(α_i − β_i) R^Ω_{αβ} = 0 on (0, ∞) × Ω ,

ν · j_i − � (α,β)∈R^Γ

(α_i − β_i) R^Γ_{αβ} = 0 on (0, ∞) × Γ , i = 1, . . . , l ;

∂u_i ∂t + � (α,β)∈R^Ω

(α_i − β_i) R^Ω_{αβ} = 0 on (0, ∞) × Ω , i = l + 1, . . . , m ;

−∇ · (ε∇ψ) + e(·, ψ) − m� i=1 Q_i(ψ)u_i = f on (0, ∞) × Ω ,

ν · (ε∇ψ) = 0 on (0, ∞) × Γ ;

u_i(0) = U_i on Ω , i = 1, . . . , m .

Here Γ denotes the boundary of the domain Ω ⊂ R^2, and ν is the outer unit normal. The transport of the mobile species is governed by the drift-diffusion flux densities

j_i = −D_i(·, b, ψ) p_{0i} (∇b_i + Q_i(ψ) b_i∇ψ) , i = 1, . . . , l ,

where Q_i denotes the charge number of the i-th species which depends on ψ, and D_i is the diffusivity which depends on the state variables b = (b_1, . . . , b_m) and ψ. All

2 A. GLITZKY AND R. H^¨UNLICH

m continuity equations contain volume source terms generated by mass action type reactions of the form

α_1X_1 + . . . + α_mX_m ⇌ β_1X_1 + . . . + β_mX_m , (α, β) ∈ R^Ω ,

where α, β ∈ Z^m_+ are the vectors of stoichiometric coefficients, and R^Ω describes the set of all reactions under consideration. The corresponding reaction rates R^Ω_{αβ} are given by

R^Ω_{αβ} = k^Ω_{αβ} (x, b_1, . . . , b_m, ψ)

�_m � i=1 a^{αi}_i − m� i=1 a^{βi}_i � , a_i = b_ie^{Pi (ψ)} , P_i(ψ) =

�_ψ 0 Q_i(s)ds .

The continuity equations for the mobile species include additional boundary source terms generated by boundary reactions with reaction rates R^Γ_{αβ} given by

R^Γ_{αβ} = k^Γ_{αβ} (x, b_1, . . . , b_l, ψ)

�_l � i=1 a^{αi}_i − l� i=1 a^{βi}_i � , (α, β) ∈ R^Γ .

Finally, the nonlinear Poisson equation contains various source terms, namely the fixed charge density f, the charge density e depending on ψ, and the charge density �_m

i=1 Q_iu_i of all particles, ε is the dielectric permittivity.

In heterostructures which we want to include in our considerations the reference densities p_{0i} (and other quantities such as D_i, k^Ω_{αβ} , k^Γ_{αβ} , ε, and e) depend on x, and they may jump when crossing interfaces between different materials. The densities u_i may jump, too, but the chemical activities b_i and the potential ψ remain sufficiently smooth (more precisely, b_1(t, ·), . . . , b_l(t, ·), ψ(t, ·) belong to H^1(Ω)). In homogeneous structures p_{0i} = const > 0 holds. Then for the mobile species u_i(t, ·) ∈ H^1(Ω) follows, and the flux densities can be rewritten as

j_i = −D_i (∇u_i + Q_i(ψ) u_i∇ψ) , i = 1, . . . , l .

If we know that the chemical activities remain strongly positive, b_i ≥ const > 0, then we can reformulate the model equations by using the electrochemical potentials ζ_i = ln a_i = ln b_i + P_i(ψ). For the mobile species ζ_i(t, ·) ∈ H^1(Ω) holds, and the kinetic relations are obtained as

j_i = −D_i u_i ∇ζ_i , i = 1, . . . , l ,

R^Ω_{αβ} = k^Ω_{αβ} � e^{�mi=1 αiζi} − e^{�mi=1 βi ζi} � , R^Γ_{αβ} = k^Γ_{αβ} � e^{�li=1 αi ζi} − e^{�li=1 βiζi} � . If each species has a constant charge number,

Q_i(ψ) = q_i = const , P_i(ψ) = q_iψ , i = 1, . . . m ,

then we arrive at a model which we have studied in [8, 9, 10, 11]. There we assumed that all species are mobile, l = m, that all diffusivities do not depend on b, and that the initial values U_i are strongly positive. The equations were formulated using the electrochemical potentials as explained above. We proved the global existence and uniqueness of a solution and studied its asymptotic behaviour. The methods developed in the present paper allow us to handle this class of models also in the case that l < m, that D_1, . . . , D_l may depend on b, and that only U_i ≥ 0 is assumed.

GLOBAL EXISTENCE RESULT FOR PAIR DIFFUSION MODELS 3

For the pair diffusion models in [4, 7, 12] the charge numbers and their antiderivatives are given by

Q_i(ψ) =

�_{ki} k=1 q_{ik}K_{ik}e^{−qik ψ} �_{ki}

k=1 K_{ik}e^{−qik ψ}

, P_i(ψ) = ln

�_{ki}

k=1 K_{ik} �_{ki} k=1 K_{ik}e^{−qik ψ}

(1.1)

where K_{ik} = const > 0, q_{ik} = const. The most important property of the functions Q_i is that Q^′_i(ψ) ≤ 0. This property as well as the special structure of the kinetic relations and natural assumptions on the kinetic coefficients ensure that the evolution problem (see (P) later on) as well as needed regularizations of this problem (see (P_N ), (P_M ) later on) have a convex Lyapunov function [12, 15].

It is the aim of the present paper to show that the initial boundary value problem considered here has a global solution in a sense which is precisely defined in Section 2. There also all needed assumptions are given. Section 3 contains the proof of the existence result and related assertions.

Global existence results for simplified versions of the model (for homogeneous twodimensional structures with smooth boundary, with a special choice of the reactions, and with kinetic coefficients depending only on ψ) were obtained in [20] (all species are mobile, l = m) and in [19] (some species can be immobile, l ≤ m). In [1] one may find a local existence result for the same simplified model, but in arbitrary space dimension. A pair diffusion model for uncharged species (then the Poisson equation is dropped) and for homogeneous structures is investigated in [14]. There the case l < m is treated by passing to the limit D_i → 0, i = l + 1, . . . , m. Several different asymptotic limits for variants of such a model are discussed in [16].

2. Notation, assumptions and main result.

2.1. Notation. The notation of function spaces corresponds to that in [17]. By Z^n_+, R^n_+, L^p_+, H^1_+ we denote the cones of non-negative elements. If u ∈ R^n then u ≥ 0 (u > 0) means u_i ≥ 0 ∀i (u_i > 0 ∀i). For the scalar product in R^n we use a centered dot. If u, v ∈ R^n then uv = {u_iv_i}_{i=1,...,n} and u/v is to be understood analogously. Finally, if u ∈ R^n_+ and α ∈ Z^n_+ then u^α means the product

�_n

i=1 u^{αi}_i . In our estimates positive constants, which depend at most on the data of our problem, are denoted by c. Some auxiliary results which are relevant for the paper are collected in the appendix.

2.2. Assumptions. Let us summarize all needed assumptions which we suppose to be fulfilled up to the end of the paper: � � � Ω ⊂ R^2 is a bounded Lipschitzian domain , Γ = ∂Ω ,

m, l ∈ N , 1 ≤ l ≤ m , U ∈ L^∞_+ (Ω, R^m) , f ∈ L^2(Ω) ;

(2.1)

� � � � � � � � � for i = 1, . . . , m :

Q_i ∈ C^1(R) , |Q_i(ψ)| ≤ c , Q^′_i(ψ) ≤ 0 , P_i(ψ) =

�_ψ 0 Q_i(s) ds ,

p_i(x, ψ) = p_{0i}(x) e^{−Pi(ψ)} , x ∈ Ω , ψ ∈ R

where p_{0i} ∈ L^∞(Ω) , ess inf_{x∈Ω} p_{0i}(x) ≥ ϵ_0 > 0 ;

(2.2)

4 A. GLITZKY AND R. H^¨UNLICH � � � � � � � � � � � � ε ∈ L^∞(Ω) , ess inf_{x∈Ω} ε(x) > 0 ,

e: Ω × R → R satisfies the Carathéodory conditions,

e(x, ·) is locally Lipschitz continuous uniformly w.r.t. x ,

|e(x, ψ)| ≤ c e^{c|ψ|} f.a.a. x ∈ Ω , ∀ψ ∈ R with some c > 0 ,

e(x, ψ) − e(x, ψ) ≥ e_0(x) (ψ − ψ) f.a.a. x ∈ Ω , ∀ψ, ψ ∈ R with ψ ≥ ψ

where e_0 ∈ L^∞_+ (Ω) , ‖e_0‖_L1 > 0 ;

(2.3)

� � � � � � � � � � � � � � � � � � � � � � �

R^Ω ⊂ Z^m_+ × Z^m_+ , m_Ω = m ,

R^Γ ⊂ � (α, β) ∈ Z^m_+ × Z^m_+ : α_i = β_i = 0 , i = l + 1, . . . , m � , m_Γ = l ,

for Σ = Ω, Γ , (α, β) ∈ R^Σ :

R^Σ_{αβ} (x, b, ψ) = k^Σ_{αβ} (x, b, ψ) � a^α − a^β � , x ∈ Σ , b ∈ R^{mΣ}_+ , ψ ∈ R

where a_i = b_ie^{Pi(ψ)} , i = 1, . . . , m_Σ ,

k^Σ_{αβ} : Σ × R^{mΣ}_+ × R → R_+ satisfies the Carathéodory conditions,

k^Σ_{αβ} (x, ·, ·) is locally Lipschitz continuous uniformly w.r.t. x ,

for all R > 0 there exists c_R > 0 such that

k^Σ_{αβ} (x, b, ψ) ≤ c_R f.a.a. x ∈ Σ , ∀b ∈ R^{mΣ}_+ , ∀ψ ∈ [−R, R] ;

(2.4)

� � � � � � � � � � � � � m� i=l+1

α_i · m� i=l+1

β_i = 0 ∀(α, β) ∈ R^Ω ,

there exists c > 0 such that for a ∈ R^m_+ : max k=1,...,m � (a^α − a^β )(β_k − α_k) � ≤ c m� k=1 a^2_k + c ∀(α, β) ∈ R^Ω , max k=1,...,l � (a^α − a^β )(β_k − α_k) � ≤ c l� k=1 a_k + c ∀(α, β) ∈ R^Γ ;

(2.5)

� � � � � � � � � for i = 1, . . . , l :

D_i: Ω × R^m_+ × R → R_+ satisfies the Carathéodory conditions,

D_i(x, b, ψ) ≥ c_{2.6} > 0 f.a.a. x ∈ Ω , ∀b ∈ R^m_+ , ∀ψ ∈ R ,

for all R > 0 there exists c_R > 0 such that

D_i(x, b, ψ) ≤ c_R f.a.a. x ∈ Ω , ∀b ∈ R^m_+ , ∀ψ ∈ [−R, R] ;

(2.6)

GLOBAL EXISTENCE RESULT FOR PAIR DIFFUSION MODELS 5 � � � � � � � � � � � � � for i = l + 1, . . . , m :

there is a reaction of the form

R^Ω_{α(i)β(i)} (x, b, ψ) = k^Ω_{α(i)β(i)} (x, b, ψ)

�_l � k=1 a^{α(i)k}_k − a^2_i �

where for all R > 0 there exists c_R > 0 such that

k^Ω_{α(i)β(i)} (x, b, ψ) ≥ c_R f.a.a. x ∈ Ω , ∀b ∈ R^m_+ , ∀ψ ∈ [−R, R] .

(2.7)

2.3. Formulation of the problem. We use the function spaces

Y = L^2(Ω, R^m) , X = � b ∈ Y : b_i ∈ H^1(Ω) , i = 1, . . . , l � and define operators B: Y → Y and

A, R: [X ∩ L^∞_+ (Ω, R^m)] × [H^1(Ω) ∩ L^∞(Ω)] → X^∗ , E: H^1(Ω) × Y → H^1(Ω)^∗

by the relations

(Bb, b)_Y = � Ω m� i=1 p_{0i} b_i b_i dx , b ∈ Y ,

⟨A(b, ψ), b⟩_X = � Ω l� i=1 D_i(·, b, ψ)p_{0i}(∇b_i + b_iQ_i(ψ)∇ψ) · ∇b_i dx , b ∈ X ,

⟨R(b, ψ), b⟩_X = � Ω � (α,β)∈R^Ω

R^Ω_{αβ} (·, b_1, . . . , b_m, ψ) m� i=1 (β_i − α_i) b_i dx

+ � Γ � (α,β)∈R^Γ

R^Γ_{αβ} (·, b_1, . . . , b_l, ψ) l� i=1 (β_i − α_i) b_i dΓ , b ∈ X ,

⟨E(ψ, u), ψ⟩_H1 = � Ω � ε∇ψ · ∇ψ + e(·, ψ)ψ − m� i=1 u_iQ_i(ψ)ψ − fψ � dx , ψ ∈ H^1(Ω) .

The precise formulation of the initial boundary value problem considered in Section 1 reads as follows: � � � � � � � u^′(t) + A(b(t), ψ(t)) = R(b(t), ψ(t)) ,

E(ψ(t), u(t)) = 0 , u(t) = Bb(t) f.a.a. t > 0 , u(0) = U ,

u ∈ H^1_{loc}(R_+, X^∗) ∩ L^2_{loc}(R_+, Y ) , b ∈ L^2_{loc}(R_+, X) ∩ L^∞_{loc}(R_+, L^∞_+ (Ω, R^m)) ,

ψ ∈ L^2_{loc}(R_+, H^1(Ω)) ∩ L^∞_{loc}(R_+, L^∞(Ω)) . (P)

Remark 2.1. Let (u, b, ψ) be a solution of (P). Lemma 4.1 ii), iii) ensure that u, b ∈ C(R_+, Y ). Furthermore one easily obtains that u, b ∈ C(R_+, (L^∞(Ω, R^m), w^∗)), and ψ ∈ C(R_+, H^1(Ω)), see Lemma 3.1, too. These properties imply that the relations

E(ψ(t), u(t)) = 0 in H^1(Ω)^∗ ,

u(t) = p_0 b(t) in L^∞(Ω, R^m) , u(t), b(t) ≥ 0 a.e. on Ω

(2.8)

are fulfilled for all t ∈ R_+.

6 A. GLITZKY AND R. H^¨UNLICH

2.4. Main result. Now we formulate the main result of the paper. Theorem 2.2. There exists a solution of (P).

Remark 2.3. In [12] we found some further results concerning properties of solutions of (P). Uniqueness was obtained using some restrictive assumptions on the diffusivities (see [12, Lemma 7.2]). Global estimates as well as asymptotic properties of solutions were derived, too (see [12, Theorems 4.1, 6.1]). Here additional assumptions on the underlying reaction system were needed.

3. Proofs.

3.1. The nonlinear Poisson equation. We start with some results concerning the Poisson equation which we need in the sequel.

Lemma 3.1. For any u ∈ Y there exists a unique solution ψ ∈ H^1(Ω) of the equation E(ψ, u^+) = 0. Moreover, there are an exponent q > 2, a positive constant c and a monotonously increasing function d: R_+ → R_+ such that

‖ψ − ψ‖_H1 ≤ c ‖u − u‖_Y ∀u, u ∈ Y , E(ψ, u^+) = E(ψ, u^+) = 0 ,

(3.1)

‖ψ‖_L∞ ≤ c � 1 + m� i=1 ‖u^+_i ln u^+_i ‖_L1 + d(‖ψ‖_H1 ) � ∀u ∈ Y , E(ψ, u^+) = 0 ,

(3.2)

‖ψ‖_W 1,q ≤ c � 1 + m� i=1 ‖u_i‖_L2q/(2+q) + d(‖ψ‖_H1 ) � ∀u ∈ Y , E(ψ, u^+) = 0 ,

(3.3)

‖ψ‖_H1 ≤ c(1 + ‖u‖_Y ) ∀u ∈ Y , E(ψ, u^+) = 0 .

(3.4)

Finally, let S = [0, T ], T > 0. Then for every u ∈ L^2(S, Y ) there exists a unique ψ ∈ L^2(S, H^1(Ω)) such that

E(ψ(t), u^+(t)) = 0 f.a.a. t ∈ S .

If u ∈ C(S, Y ) then ψ ∈ C(S, H^1(Ω)) follows and the last equation holds for all t ∈ S.

Proof. For the first existence result and the estimates (3.1), (3.2) we refer to [15, Lemma 1]. The estimate (3.3) is a consequence of Gröger’s regularity result for elliptic equations [13, Theorem 1] and of Trudinger’s imbedding theorem [23]. Moreover, let ψ_0 be the (unique) solution of E(ψ_0, 0) = 0. According to (3.1) we have ‖ψ − ψ_0‖_H1 ≤ c‖u‖_Y if u ∈ Y and E(ψ, u^+) = 0. Thus (3.4) follows. The last assertions result from the pointwise existence result and (3.1).

3.2. First regularized problem (P_N ). In order to prove Theorem 2.2 we shall consider two regularized problems which are defined on an arbitrary given interval S = [0, T ]. First we introduce a problem (P_N ) as follows. Let N ∈ R, N > 0, be given and let ρ_N : R^{m+1} → [0, 1] be a Lipschitz continuous function with

ρ_N (y) = � � � 0 if |y|_∞ ≥ N ,

1 if |y|_∞ ≤ N/2

, |y|_∞ = max{|y_1|, . . . , |y_{m+1}|} .

We define the functions r^Σ_i : Σ × R^{mΣ}_+ × R → R, i = 1, . . . , m_Σ, Σ = Ω, Γ, by

r^Ω_i (x, b, ψ) = ρ_N (b, ψ) � (α, β)∈R^Ω

R^Ω_{αβ} (x, b, ψ)(β_i − α_i) ,

GLOBAL EXISTENCE RESULT FOR PAIR DIFFUSION MODELS 7

r^Γ_i (x, b_1, . . . , b_l, ψ) = ρ_N (b_1, . . . , b_l, 0, . . . , 0, ψ) � (α, β)∈R^Γ

R^Γ_{αβ} (x, b_1, . . . , b_l, ψ)(β_i − α_i) .

These functions satisfy the Carathéodory conditions, and the functions r^Σ_i (x, ·, ·) are uniformly Lipschitz continuous since R^Σ_{αβ} (x, ·, ·) are uniformly locally Lipschitz continuous and ρ_N is a Lipschitz continuous function with compact support. Further important properties of these functions are

|r^Σ_i (x, b, ψ)| ≤ c(N) f.a.a. x ∈ Σ , ∀(b, ψ) ∈ R^{mΣ}_+ × R , i = 1, . . . , m_Σ ,

(3.5)

m_Σ�

i=1 r^Σ_i (x, b, ψ) (ln b_i + P_i(ψ)) ≤ 0 f.a.a. x ∈ Σ , ∀(b, ψ) ∈ R^{mΣ}_+ × R , b > 0 .

(3.6)

We define the operator R_N : X_+ × H^1(Ω) → X^∗ by

⟨R_N (b, ψ), b⟩_X = � Ω m� i=1 r^Ω_i (·, b_1, . . . , b_m, ψ) b_i dx

+ � Γ l� i=1 r^Γ_i (·, b_1, . . . , b_l, ψ) b_i dΓ , b ∈ X .

Now our first regularized problem is formulated as follows: � � � � � � � � u^′(t) + A(b(t), ψ(t)) = R_N (b(t), ψ(t)) ,

E(ψ(t), u(t)) = 0 , u(t) = Bb(t) f.a.a. t ∈ S , u(0) = U ,

u ∈ H^1(S, X^∗) ∩ L^2(S, Y ) , b ∈ L^2(S, X) ∩ L^∞(S, L^∞_+ (Ω, R^m)) ,

ψ ∈ L^2(S, H^1(Ω)) ∩ L^∞(S, L^∞(Ω)) .

(P_N )

3.3. Energy estimates for solutions of (P_N ). We summarize some results which can be obtained as in [12, 15]. Let ~F_1, ~F_2 : Y → R be given by

~F_1(u) = � Ω � ε 2 |∇ψ|^2 + g(·, ψ) + m� i=1 u_i(P_i(ψ) − Q_i(ψ)ψ) � dx , u ∈ Y_+ ,

(3.7)

where g(·, ψ) = e(·, ψ)ψ −

�_ψ 0 e(·, z) dz and ψ ∈ H^1(Ω) ∩ L^∞(Ω) is the unique solution of the Poisson equation E(ψ, u) = 0,

~F_2(u) = � Ω m� i=1 � u_i � ln u_i p_{0i} − 1 � + p_{0i} � dx , u ∈ Y_+ ,

(3.8)

~F_1(u) = +∞ , ~F_2(u) = +∞ , u ∈ Y \ Y_+ .

Finally, we define the functionals

F_k = ( ~F^∗_k |_X )^∗ : X^∗ → R , k = 1, 2 , F = F_1 + F_2 : X^∗ → R .

(3.9)

The value F (u) represents the free energy of the state u ∈ X^∗.

8 A. GLITZKY AND R. H^¨UNLICH

Lemma 3.2. The functional F = F_1 + F_2 : X^∗ → R is proper, convex and lower semi-continuous. For u ∈ Y_+ it can be evaluated according to (3.7), (3.8).

For the proof see [12, Lemma 3.2]. Next, we introduce the functional D : � u ∈ L^∞_+ (Ω, R^m) : √ a_i ∈ H^1(Ω) , a_i = u_i/p_i(ψ) , i = 1, . . . , l , E(ψ, u) = 0 � → R by the formula

D(u) = c_{2.6} � Ω l� i=1 p_i(·, ψ)|∇ √ a_i|^2 dx

(3.10)

with c_{2.6} from assumption (2.6). This functional is a non-negative lower estimate for the dissipation rate of problem (P_N ) (and of problem (P), too) where the contributions arising from the reactions have been omitted in view of (3.6). Again using the properties (3.6) and following the ideas in [15, Section 5]) and [12] (see also the proof of Lemma 3.15) we obtain

Lemma 3.3. Along any solution (u, b, ψ) of (P_N ) the free energy F (u) remains bounded from above and decreases monotonously, more precisely

F (u(t_2)) +

�_{t2}

t_1

D(u(t)) dt ≤ F (u(t_1)) ≤ F (U) , 0 ≤ t_1 ≤ t_2 ≤ T

holds. Moreover, there exist constants c, c_{3.11} > 0 depending only on the data but not on N and T such that m� i=1 ‖u_i ln u_i‖_L∞_{(S,L}1_{(Ω))} ≤ c , ‖u‖_L∞_{(S,L}1_{(Ω,R}m_{))} ≤ c ,

‖ψ‖_L∞_{(S,H}1_{(Ω))} ≤ c , ‖ψ‖_L∞_{(S,L}∞_{(Ω))} , ‖ψ‖_L∞_{(S,L}∞_{(Γ))} ≤ c_{3.11}

(3.11)

for any solution of (P_N ).

Remark 3.4. Note that the last two estimates of Lemma 3.3 together with the properties (2.4) and (2.6) ensure the existence of constants c, ϵ̃, ϵ > 0 such that

k^Σ_{αβ} (·, b_1, . . . , b_{mΣ} , ψ) ≤ c a.e. in S × Σ , (α, β) ∈ R^Σ , Σ = Ω, Γ ,

ϵ̃ ≤ 2k^Ω_{α(i)β(i)} (·, b, ψ) e^{Pi (ψ)} a.e. in S × Ω , i = l + 1, . . . , m ,

ϵ ≤ D_i(·, b, ψ)p_{0i} ≤ c a.e. in S × Ω , i = 1, . . . , l ,

for any solution (u, b, ψ) of (P_N ).

3.4. Further a priori estimates for solutions of (P_N ). The constants in the estimates of this subsection will depend on T . Therefore it is not possible to use these results to obtain global (w.r.t. time) bounds for solutions of (P). Such global bounds are derived in [12] by a modified method.

Lemma 3.5. There is a constant c_{3.12} > 0 not depending on N such that

‖b_i(t)‖_L2 ≤ c_{3.12} ∀t ∈ S , i = 1, . . . , m ,

(3.12)

for any solution (u, b, ψ) of (P_N ).

Proof. Let (u, b, ψ) be a solution of (P_N ).

1. Choosing q as in Lemma 3.1 we obtain by Lemma 3.1 and Lemma 3.3 that

‖ψ(t)‖_W 1,q ≤ c � 1 + m� i=1 ‖b_i(t)‖_L2q/(2+q) � f.a.a. t ∈ S .

(3.13)

GLOBAL EXISTENCE RESULT FOR PAIR DIFFUSION MODELS 9

2. We take into account the assumptions (2.5) and (2.7) concerning the order of the source terms of the reactions and the presence of reactions with quadratic sink terms for the immobile species, respectively. Since ‖ψ‖_L∞_{(S,L}∞_{(Σ))} ≤ c_{3.11}, Σ = Ω, Γ, and |ρ_N (b, ψ)| ≤ 1 we find that � Ω m� i=1 r^Ω_i (·, b, ψ) b_i dx

≤ � Ω ρ_N (b, ψ) m� k=l+1 � c l� i=1 (b^3_i + b^2_i b_k + b_ib^2_k + b^2_k + 1) − ϵ̃ b^3_k � dx ≤ c l� i=1 ‖b_i‖^3_L3 + c , � Γ l� i=1 r^Γ_i (·, b_1, . . . , b_l, ψ) b_i dΓ ≤ c l� i=1 ‖b_i‖^2_L2_{(Γ)} + c .

3. Testing the evolution equation in (P_N ) with 2b, and using the estimates from step 2 as well as (4.1), (4.3) and Young’s inequality we obtain m� i=1 � ϵ_0‖b_i(t)‖^2_L2 − c‖U_i‖^2_L2 �

≤ �_t 0 l� i=1 � −2ϵ‖b_i‖^2_H1 + c(‖b_i‖_Lr ‖ψ‖_W 1,q ‖b_i‖_H1 + ‖b_i‖^3_L3 + ‖b_i‖^2_L2_{(Γ)} + 1) � ds

≤ �_t 0 l� i=1 � −ϵ‖b_i‖^2_H1 + c(‖b_i‖_Lr ‖ψ‖_W 1,q ‖b_i‖_H1 + ‖b_i‖^4_L2 + 1) � ds ∀t ∈ S

where r = 2q/(q − 2). Using the estimate ‖b_k‖_L2q/(2+q) ≤ ‖b_k‖^{(r−2)/r}_{L1} ‖b_k‖^{2/r}_{L2} as well as Lemma 3.3 and (3.13), (4.3) we calculate

c‖b_i‖_Lr ‖ψ‖_W 1,q ‖u_i‖_H1 ≤ c‖b_i‖^{2/r}_{L2} � 1 + m� k=1 ‖b_k‖^{2/r}_{L2} � ‖b_i‖^{2(r−1)/r}

H^1

≤ ϵ‖b_i‖^2_H1 + c‖b_i‖^2_L2 m� k=1 ‖b_k‖^2_L2 + c .

Therefore we can continue the first estimate in step 3 as m� k=1 ‖b_k(t)‖^2_L2 ≤ c

�_t 0 m� k=1 l� i=1 ‖b_i‖^2_L2 ‖b_k‖^2_L2 ds + c ∀t ∈ S .

Let i, 1 ≤ i ≤ l, be fixed. By Lemma 3.3 and (3.10) we find that ‖∇ √ a_i‖_L2_{(S,L}2_) ≤ c , ‖u_i‖_L∞_{(S,L}1_) ≤ c , ‖ψ‖_L∞_{(S,L}∞_) ≤ c

and ‖ √ a_i‖_L2_{(S,H}1_) ≤ c, ‖ √ a_i‖_L∞_{(S,L}2_) ≤ c. Thus interpolation yields ‖ √ a_i‖_L4_{(S,L}4_) ≤ c and ‖b_i‖_L2_{(S,L}2_) ≤ c. A special form of Gronwall’s lemma (cf. [24, p. 14, 15]) leads to the desired result.

Again, let q be chosen as in Lemma 3.1. Since 2q/(2 + q) < 2 we obtain from (3.12), (3.13) the estimate ‖ψ‖_L∞_{(S,W} 1,q_) ≤ c_q. We define

κ = c^{2r}_q + 1 where r = 2q/(q − 2) , q as in Lemma 3.1.

(3.14)

10 A. GLITZKY AND R. H^¨UNLICH

Lemma 3.6. There is a constant c_{3.15} ≥ 1 not depending on N such that

‖b_i(t)‖_L4 ≤ c_{3.15} ∀t ∈ S , i = 1, . . . , m ,

(3.15)

for any solution (u, b, ψ) of (P_N ).

Proof. Let (u, b, ψ) be a solution of (P_N ). We use the test function 4(b^3_1, . . . , b^3_m). Arguing similar as in step 2 of the proof of Lemma 3.5 we find that � Ω m� i=1 r^Ω_i (·, b, ψ) b^3_i dx

≤ � Ω ρ_N (b, ψ) m� k=l+1 � c l� i=1 � (b^2_i + 1)b^3_k + (b^2_k + 1)b^3_i + b^5_i � − ϵ̃b^5_k � dx ≤ c l� i=1 ‖b_i‖^5_L5 + c , � Γ l� i=1 r^Γ_i (·, b_1, . . . , b_l, ψ) b^3_i dΓ ≤ c l� i=1 ‖b_i‖^4_L4_{(Γ)} + c .

Therefore we obtain for all t ∈ S m� i=1 � ϵ_0‖b_i(t)‖^4_L4 − c‖U_i‖^4_L4 �

≤ �_t 0 l� i=1 � −2ϵ‖b^2_i ‖^2_H1 + c � ‖∇ψ‖_Lq ‖∇(b^2_i )‖_L2 ‖b^2_i ‖_Lr + ‖b_i‖^5_L5 + ‖b_i‖^4_L4_{(Γ)} + 1 � ds .

We apply the trace inequality (4.1), Gagliardo–Nirenberg’s inequality (4.3), (3.14) and Young’s inequality,

ϵ_0 m� i=1 ‖b_i(t)‖^4_L4 ≤

�_t 0 l� i=1 � − ϵ 2 ‖b^2_i ‖^2_H1 + c � ‖ψ‖_W 1,q ‖b^2_i ‖^{1/r}_{L1} ‖b^2_i ‖^{2−1/r}_{H1}

+‖b^2_i ‖_L1 ‖b^2_i ‖^{3/2}_{H1} + ‖b^2_i ‖^{1/2}_{L1} ‖b^2_i ‖^{3/2}_{H1} + 1 � ds + c ≤ c �_t 0 l� i=1 � κ‖b^2_i ‖^2_L1 + ‖b^2_i ‖^4_L1 + ‖b^2_i ‖^2_L1 + 1 � ds + c ∀t ∈ S ,

and the assertion follows from Lemma 3.5.

Theorem 3.7. There exists a constant c_{3.16} > 0 not depending on N such that

‖b_i(t)‖_L∞ ≤ c_{3.16} ∀t ∈ S, i = 1, . . . , m ,

‖b_i‖_L∞_{(S,L}∞_{(Γ))} ≤ c_{3.16} , i = 1, . . . , l ,

(3.16)

for any solution (u, b, ψ) of (P_N ).

Proof. The proof will be done in two steps. Firstly, by Moser iteration we establish global upper bounds for the mobile species. Then, using these bounds we derive global upper bounds for the immobile species. Let (u, b, ψ) be a solution of (P_N ). Let K = max {1, max_{i=1,...,m} ‖U_i/p_{0i}‖_L∞ } and define z_i = (b_i − K)^+, i = 1, . . . , m. 1. Bounds for the mobile species. Let p ≥ 8. We use p(z^{p−1}_1 , . . . , z^{p−1}_l , 0, . . . , 0) as test function and define w_i = z^{p/2}_i , i = 1, . . . , l. At first let us remark that l� i=1 r^Ω_i (·, b, ψ) z^{p−1}_i ≤ c l� i=1 m� k=1 (b^2_k + 1)z^{p−1}_i ≤ c l� i=1 � z^{p+1}_i + m� k=l+1

z^{p−1}_i z^2_k � + c .

GLOBAL EXISTENCE RESULT FOR PAIR DIFFUSION MODELS 11

With Lemma 3.6 and Hölder’s inequality we can estimate � Ω z^{p−1}_i z^2_k dx ≤ ‖z_i‖^{p−1}_{L2(p−1)} ‖z_k‖^2_L4 ≤ c^2_{3.15}‖w_i‖^{2(p−1)/p}_{L4(p−1)/p} .

Therefore we obtain for all t ∈ S

ϵ_0 l� i=1 ‖w_i(t)‖^2_L2 ≤

�_t 0 l� i=1 � −2ϵ‖w_i‖^2_H1 + cp � ‖∇ψ‖_Lq ‖∇w_i‖_L2 (‖w_i‖_Lr + 1)

+‖w_i‖^{2(p+1)/p}

L^{2(p+1)/p} + c 2 3.15‖wi‖

2(p−1)/p L^{4(p−1)/p} + ‖wi‖ 2 L^2(Γ) + 1 � ds .

We apply for k = 1 and ~p = r, ~p = 2(p + 1)/p and ~p = 4(p − 1)/p, respectively, Gagliardo–Nirenberg’s inequality (4.3) and continue

ϵ_0 l� i=1 ‖w_i(t)‖^2_L2

≤ �_t 0 l� i=1 � − ϵ‖w_i‖^2_H1 + cp^{2r}(‖ψ‖^{2r}_W 1,q + 1)(‖w_i‖^2_L1 + 1) + cp � ‖w_i‖^{(p+2)/p}

H^1 ‖wi‖L^1

+ c^2_{3.15}‖w_i‖^{(3p−4)/2p}

H^1 ‖wi‖ 1/2 L^1 + ‖wi‖ 3/2 H^1 ‖wi‖ 1/2 L^1 + 1 � ds

≤ �_t 0 l� i=1 c � p^{2r}κ(‖w_i‖^2_L1 + 1) + p^4‖w_i‖^{2p/(p−2)}_{L1} + p^4c^8_{3.15}‖w_i‖^{2p/(p+4)}_{L1} + p^4‖w_i‖^2_L1 � ds

≤ cp^{2r} � κ + c^8_{3.15}

� �^t 0 l� i=1 � ‖w_i‖^{2p/(p−2)}

L^1 + 1 � ds

≤ cp^{2r} � κ + c^8_{3.15} � T l� i=1 � sup_{s∈S} ‖z_i(s)‖^{p2/(p−2)}

L^{p/2} + 1 � . Therefore the iteration formula l� i=1 ‖z_i(t)‖^p_Lp + 1 ≤ c p^{2r} � κ + c^8_{3.15} � T �_l � i=1 sup_{s∈S} ‖z_i(s)‖^{p/2}_{Lp/2} + 1

�_{2p/(p−2)}

∀t ∈ S

results where c > 1 depends only on the data, and κ, r, c_{3.15} are defined in (3.14) and Lemma 3.6. Now we set p = 2^k, k ∈ N, k ≥ 3. The iteration formula yields

γ_k ≤ � 2^{4r} � κ + c^8_{3.15} � T c γ_2

�_{c02}k

, γ_k = l� i=1 sup_{s∈S} ‖z_i(s)‖^{2k}_{L2}k + 1 , c_0 = ∞� j=1 2^j 2^j − 1 . Passing to the limit k → ∞ we obtain l� i=1 ‖z_i(t)‖_L∞ ≤ √ l � 2^{4r} � κ + c^8_{3.15} � T c �_l � i=1 sup_{s∈S} ‖z_i(s)‖^4_L4 + 1

�_{c0}

∀t ∈ S .

With Lemma 3.6 and (4.2) the desired estimates for b_i, i = 1, . . . , l, are verified.

12 A. GLITZKY AND R. H^¨UNLICH

2. Bounds for the immobile species. Now, let p ≥ 2. We use the test function p(0, . . . , 0, z^{p−1}_{l+1} , . . . , z^{p−1}_m ). Taking into account the assumptions (2.7), (2.5), the estimates for b_i, i = 1, . . . , l, obtained in step 1 as well as the inequalities b_k ≥ z_k ≥ 0 we find that m� k=l+1

r^Ω_k (·, b, ψ) z^{p−1}_k ≤ c l� i=1 m� k=l+1

(b^2_i + b_i + 1)z^{p−1}_k − ϵ̃ m� k=l+1

z^{p+1}_k

≤ c̃ m� k=l+1

z^{p−1}_k − ϵ̃ m� k=l+1

z^{p+1}_k ≤ (m − l) c̃^{(p+1)/2} ϵ̃^{(p−1)/2} .

The last estimate follows from Young’s inequality. Therefore we obtain

ϵ_0 m� k=l+1

‖z_k(t)‖^p_Lp ≤ pT |Ω|(m − l) c̃^{(p+1)/2} ϵ̃^{(p−1)/2}

∀t ∈ S .

And consequently,

‖z_k(t)‖_Lp ≤ (pT |Ω|(m − l)/ϵ_0)^{1/p} c̃^{(p+1)/2p} ϵ̃^{(p−1)/2p}

≤ c_∞ ∀t ∈ S , k = l + 1, . . . , m .

Passing to the limit p → ∞ we get ‖z_k(t)‖_L∞ ≤ c_∞ for all t ∈ S, k = l + 1, . . . , m, which leads to the desired estimates for b_k, k = l + 1, . . . , m.

3.5. Second regularized problem (P_M ). We prove the solvability of (P_N ) for fixed N > 0 by means of a second regularization (P_M ).

Let M ≥ M^∗ = max {N + 1, max_{i=1,...,m} ‖U_i/p_{0i}‖_L∞ }. We denote by σ_M the projection from R onto [−M, M],

σ_M (y) = sign(y) min{|y|, M} , y ∈ R .

Moreover, we introduce the functions

D_{iM} (x, b, ψ) = D_i(x, b^+, σ_M (ψ)) , i = 1, . . . , l , x ∈ Ω , b ∈ R^m , ψ ∈ R ,

define the operator A_M : X × H^1(Ω) → X^∗,

⟨A_M (b, ψ), b⟩_X = � Ω l� i=1 D_{iM} (·, b, ψ)p_{0i}(∇b_i + [σ_M (b_i)]^+Q_i(ψ)∇ψ) · ∇b_i dx , b ∈ X ,

and consider the following problem: � � � � � u^′(t) + A_M (b(t), ψ(t)) = R_N (b^+(t), ψ(t)) ,

E(ψ(t), u^+(t)) = 0 , u(t) = Bb(t) f.a.a. t ∈ S , u(0) = U ,

u ∈ H^1(S, X^∗) ∩ L^2(S, Y ) , b ∈ L^2(S, X) , ψ ∈ L^2(S, H^1(Ω)) .

(P_M )

Let us remark that we have u, b ∈ C(S, Y ), ψ ∈ C(S, H^1(Ω)) for solutions of (P_M ).

GLOBAL EXISTENCE RESULT FOR PAIR DIFFUSION MODELS 13

3.6. Existence result for (P_M ). First we derive an equivalent formulation of (P_M ). We write b in the form b = (v, w), v = (b_1, . . . , b_l), w = (b_{l+1}, . . . , b_m) and introduce the spaces Y^l = L^2(Ω, R^l) , Y^{m−l} = L^2(Ω, R^{m−l}) , X^l = H^1(Ω, R^l) , and the operators B_v: L^2(S, Y^l) → L^2(S, Y^l), B_w: L^2(S, Y^{m−l}) → L^2(S, Y^{m−l}) by

⟨(B_vv)(t), v⟩_Y l = � Ω l� i=1 p_{0i} v_i(t) v_i dx , v ∈ Y^l ,

⟨(B_ww)(t), w⟩_Y m−l = � Ω m−l� i=1 p_{0(l+i)} w_i(t) w_i dx, w ∈ Y^{m−l} , t ∈ S .

Moreover, we define the operators

R_v: L^2(S, X^l) × L^2(S, Y^{m−l}) × L^2(S, H^1(Ω)) → L^2(S, X^{l∗}) , R_w: L^2(S, X^l) × L^2(S, Y^{m−l}) × L^2(S, H^1(Ω)) → L^2(S, Y^{m−l}) , A_v: L^2(S, X^l) × L^2(S, X^l) × L^2(S, Y^{m−l}) × L^2(S, H^1(Ω)) → L^2(S, X^{l∗}) , A^0_v: L^2(S, X^l) × L^2(S, Y^{m−l}) × L^2(S, H^1(Ω)) → L^2(S, X^{l∗}) as follows:

⟨R_v(v, w, ψ), v⟩_L2_{(S,X}l_)= � S ⟨R_N (v^+, w^+, ψ), (v, 0)⟩_X ds , v ∈ L^2(S, X^l) ,

⟨R_w(v, w, ψ), w⟩_L2_{(S,Y} m−l_)= � S ⟨R_N (v^+, w^+, ψ), (0, w)⟩_X ds , w ∈ L^2(S, Y^{m−l}) ,

⟨A_v(v; ^v, w, ψ), v⟩_L2_{(S,X}l_)= � S � Ω l� i=1 (D_{iM} (·, ^v, w, ψ) p_{0i} ∇v_i · ∇v_i + v_iv_i) dx ds ,

⟨A^0_v(v, w, ψ), v⟩_L2_{(S,X}l_)= � S � Ω l� i=1 (D_{iM} (·, v, w, ψ) p_{0i} [σ_M (v_i)]^+Q_i(ψ)∇ψ · ∇v_i

−v_iv_i) dx ds , v ∈ L^2(S, X^l) .

For any given v ∈ L^2(S, Y^l), w ∈ L^2(S, Y^{m−l}) we have that (B_vv, B_ww) ∈ L^2(S, Y ) and by Lemma 3.1 we find a unique ψ ∈ L^2(S, H^1(Ω)) ∩ L^∞(S, L^∞(Ω)) such that E(ψ(t), ((B_vv)^+(t), (B_ww)^+(t))) = 0 f.a.a. t ∈ S .

We denote by T_ψ: L^2(S, Y^l)×L^2(S, Y^{m−l}) → L^2(S, H^1(Ω)) the corresponding solution operator, ψ = T_ψ(v, w). Problem (P_M ) is obviously equivalent to the following system of equations:

(B_vv)^′ + A_v(v; v, w, T_ψ (v, w)) = R_v(v, w, T_ψ (v, w)) − A^0_v(v, w, T_ψ (v, w)) , (B_vv)(0) = U_v = (U_1, . . . , U_l) , v ∈ W^l

(3.17)

where W^l = � v ∈ L^2(S, X^l): (B_vv)^′ ∈ L^2(S, X^{l∗}) � ⊂ C(S, Y^l), (B_ww)^′ = R_w(v, w, T_ψ (v, w)) , (B_ww)(0) = U_w = (U_{l+1}, . . . , U_m) , B_ww ∈ H^1(S, Y^{m−l}) .

(3.18)

14 A. GLITZKY AND R. H^¨UNLICH

Let us shortly outline how these equations will be solved. We start with some fixed ^v ∈ W^l. First we solve the initial value problem

(B_ww)^′ = R_w(^v, w, T_ψ (^v, w)) , (B_ww)(0) = U_w , B_ww ∈ H^1(S, Y^{m−l}) .

(3.19)

This problem has a unique solution w = T_w^v (see Lemma 3.8). Next we solve the initial boundary value problem

(B_vv)^′ + A_v(v; ^v, T_w ^v, T_ψ (^v, T_w^v)) = R_v(^v, T_w ^v, T_ψ (^v, T_w^v)) − A^0_v(^v, T_w ^v, T_ψ (^v, T_w^v)) ,

(3.20) (B_vv)(0) = U_v , v ∈ W^l .

Also this problem has a unique solution v = Q^v (see Lemma 4.2). The operator Q is completely continuous (see Lemma 3.10). Using Schauder’s Fixed Point Theorem we obtain a fixed point v of Q (see Lemma 3.11). Then (v, T_wv) is a solution of (3.17), (3.18).

Now we give the detailed proofs. The constants c in the estimates of this subsection can depend on M, N (and on T ).

Lemma 3.8. For any ^v ∈ W^l there exists a unique solution w of problem (3.19), and w belongs to H^1(S, Y^{m−l}) ⊂ C(S, Y^{m−l}).

Proof. Let ^v ∈ W^l be fixed. The initial value problem (3.19) is obviously equivalent to the initial value problem

w^′ + G w = 0 , w(0) = (B_w)^{−1}U_w , w ∈ H^1(S, Y^{m−l})

(3.21)

where G: L^2(S, Y^{m−l}) → L^2(S, Y^{m−l}) is defined by

G w = −(B_w)^{−1}[R_w(v̂, w, T_ψ (^v, w))] , w ∈ L^2(S, Y^{m−l}) .

For ^v ∈ L^2(S, Y^l), w ∈ L^2(S, Y^{m−l}) we have T_ψ(^v, w) ∈ L^2(S, H^1(Ω)) and

‖T_ψ(^v, w^1) − T_ψ(^v, w^2)‖_L2_{(S,H}1_) ≤ c‖w^1 − w^2‖_L2_{(S,Y} m−l_) ∀w^1, w^2 ∈ L^2(S, Y^{m−l}) .

Since the functions r^Ω_i (x, ·, ·) are uniformly Lipschitz continuous the estimate

‖G w^1 − G w^2‖_L2_{(S,Y} m−l_) ≤ L‖w^1 − w^2‖_L2_{(S,Y} m−l_) ∀w^1, w^2 ∈ L^2(S, Y^{m−l})

follows, and [6, Chap. V, Theorem 1.3] ensures the existence of a unique solution of (3.21). In principle, this result was obtained by means of the Banach Fixed Point Theorem.

We denote by T_w: W^l → H^1(S, Y^{m−l}) the operator which assigns to ^v the solution w of (3.19).

Lemma 3.9. There exists a constant c > 0 such that the following estimates hold:

‖T_w^v^1 − T_w^v^2‖_{C(S,Y} m−l_) ≤ c‖^v^1 − ^v^2‖_L2_{(S,Y} l_) ∀ ^v^1, ^v^2 ∈ W^l , ‖T_w^v‖_{C(S,Y} m−l_) ≤ c ∀ ^v ∈ W^l .

Proof. Let w^k = T_w^v^k, k = 1, 2. Using the test function w = w^1 − w^2 for the corresponding problems (3.19), the Lipschitz continuity of r^Ω_i , Hölder’s inequality and

GLOBAL EXISTENCE RESULT FOR PAIR DIFFUSION MODELS 15

Lemma 3.1 we find that

‖w(t)‖^2_Y m−l ≤ c‖(B_w(w(t))‖^2_Y m−l ≤ c �_t 0 � ‖w‖_Y m−l + ‖^v^1 − ^v^2‖_Y l + ‖T_ψ(^v^1, w^1) − T_ψ(^v^2, w^2)‖_H1 � ‖w‖_Y m−l ds ≤ c �_t 0 � ‖w‖^2_Y m−l + ‖^v^1 − ^v^2‖^2_Y l � ds .

Gronwall’s Lemma leads to the first assertion. Next, testing (3.19) with w = T_w^v and using (3.5) the estimate

‖w(t)‖^2_Y m−l ≤ c + c

�_t 0 ‖w(s)‖_Y m−l ds ≤ c +

�_t 0 ‖w(s)‖^2_Y m−l ∀t ∈ S

follows where c does not depend on ^v. Again applying Gronwall’s Lemma the second assertion is obtained.

Next we conclude that for given ^v ∈ W^l the initial boundary value problem (3.20) has a unique solution. This follows from Lemma 4.2 since B_v and A_v are diagonal and the right hand side belongs to L^2(S, X^{l∗}). We denote by Q: W^l → W^l the operator which assigns to ^v the solution v of (3.20).

Lemma 3.10. The mapping Q is completely continuous.

Proof. Let {^v_n} ⊂ W^l be bounded. Because of Lemma 4.1 v) we may assume that there exists an element ^v ∈ W^l such that ^v_n → ^v in L^2(S, Y^l) as well as in L^2(S, L^2(Γ, R^l)). Let

v_n = Q^v_n , v = Q^v , w_n = T_w^v_n , w = T_w^v , ψ_n = T_ψ(^v_n, w_n) , ψ = T_ψ(^v, w) .

From Lemma 3.9 and Lemma 3.1 it follows that

w_n → w in L^2(S, Y^{m−l}) , ψ_n → ψ in L^2(S, H^1) .

Using the test function v_n − v we obtain

ϵ_0 2 ‖(v_n − v)(t)‖^2_Y l +

�_t 0 ϵ‖v_n − v‖^2_Xl ds ≤ �_t 0 c � � ‖^v_n − ^v‖_L2_{(Γ,R}l_) + ‖ψ_n − ψ‖_L2_{(Γ)} � ‖v_n − v‖_L2_{(Γ,R}l_)

+ (‖^v_n − ^v‖_Y l + ‖w_n − w‖_Y m−l + ‖ψ_n − ψ‖_L2 ) ‖v_n − v‖_Y l

+ � Ω l� i=1 � (|∇v_i| + |∇ψ|) |D_{iM} (·, ^v_n, w_n, ψ_n) − D_{iM} (·, ^v, w, ψ)| |∇(v_{ni} − v_i)|

+ � |Q_i(ψ_n) − Q_i(ψ)| + |[σ_M (^v_{ni})]^+ − [σ_M (^v_i)]^+| � |∇ψ| |∇(v_{ni} − v_i)|

+ |∇(ψ_n − ψ)| |∇(v_{ni} − v_i)| � dx � ds ∀t ∈ S .

16 A. GLITZKY AND R. H^¨UNLICH

Applying Hölder’s inequality and Lemma 3.9 we arrive at

‖v_n − v‖^2_L2_{(S,X}l_)

≤ c‖v_n − v‖_L2_{(S,X}l_) � ‖^v_n − ^v‖_L2_{(S,Y} l_) + ‖^v_n − ^v‖_L2_{(S,L}2_{(Γ,R}l_{))} + ‖ψ_n − ψ‖_L2_{(S,H}1_)

+ l� i=1 � �_T 0 � Ω |D_{iM} (·, ^v_n, w_n, ψ_n) − D_{iM} (·, ^v, w, ψ)|^2 |∇v_i|^2 dxds

�_{1/2}

+ � �_T 0 � Ω |D_{iM} (·, ^v_n, w_n, ψ_n) − D_{iM} (·, ^v, w, ψ)|^2 |∇ψ|^2 dxds

�_{1/2}

+ � �_T 0 � Ω |Q_i(ψ_n) − Q_i(ψ)|^2 |∇ψ|^2 dxds

�_{1/2}

+ � �_T 0 � Ω |[σ_M (^v_{ni})]^+ − [σ_M (^v_i)]^+|^2 |∇ψ|^2 dxds

�_{1/2}� . Properties of superposition operators ensure that the last four bracket terms tend to zero if n → ∞. Thus in summary we find that v_n → v in L^2(S, X^l). Next we obtain

‖(B_vv_n)^′ − (B_vv)^′‖_L2_{(S,X}l∗_) ≤ ‖R_v(^v_n, w_n, ψ_n) − R_v(^v, w, ψ)‖_L2_{(S,X}l∗_) + ‖A_v(v_n; ^v_n, w_n, ψ_n) − A_v(v; ^v, w, ψ)‖_L2_{(S,X}l∗_) + ‖A^0_v(^v_n, w_n, ψ_n) − A^0_v(^v, w, ψ)‖_L2_{(S,X}l∗_) ≤ c � ‖v_n − v‖_L2_{(S,X}l_) + ‖^v_n − ^v‖_L2_{(S,Y} l_) + ‖^v_n − ^v‖_L2_{(S,L}2_{(Γ,R}l_{))}

+ ‖w_n − w‖_L2_{(S,Y} m−l_) + ‖ψ_n − ψ‖_L2_{(S,H}1_) + l� i=1 � �_T 0 � Ω |D_{iM} (·, ^v_n, w_n, ψ_n) − D_{iM} (·, ^v, w, ψ)|^2 |∇v_i|^2 dxds

�_{1/2}

+ � �_T 0 � Ω |D_{iM} (·, ^v_n, w_n, ψ_n) − D_{iM} (·, ^v, w, ψ)|^2 |∇ψ|^2 dxds

�_{1/2}

+ � �_T 0 � Ω |Q_i(ψ_n) − Q_i(ψ)|^2 |∇ψ|^2 dxds

�_{1/2}

+ � �_T 0 � Ω |[σ_M (^v_{ni})]^+ − [σ_M (^v_i)]^+|^2 |∇ψ|^2 dxds

�_{1/2}� → 0 for n → ∞

and we arrive at v_n → v in W^l. The continuity of the operator Q can be shown by similar arguments.

Lemma 3.11. The mapping Q has a fixed point.

Proof. Let ^v ∈ W^l, ψ = T_ψ(^v, T_w^v) and v = Q^v. We use v as test function for (3.20), take into account the properties of D_{iM} , Q_i, apply Lemma 3.1, (4.1),

GLOBAL EXISTENCE RESULT FOR PAIR DIFFUSION MODELS 17

Lemma 3.9, the boundedness of r^Σ_i and Young’s inequality. Thus we obtain

ϵ_0‖v(t)‖^2_Y l − c‖(U_1, . . . , U_l)‖^2_Y l + 2ϵ

�_t 0 ‖v‖^2_Xl ds ≤ c �_t 0 � 1 + ‖v‖^2_Y l + ‖^v‖^2_Y l + ‖ψ‖_H1 ‖v‖_Xl + ‖v‖^2_L2_{(Γ,R}l_) � ds ≤ �_t 0 � ϵ‖v‖^2_Xl + c � 1 + ‖v‖^2_Y l + ‖^v‖^2_Y l � ds ∀t ∈ S .

(3.22)

Therefore we find a constant c > 0 such that for all k > 0

e^{−kt} � ‖v(t)‖^2_Y l +

�_t 0 ‖v‖^2_Xl ds �

≤ c + ce^{−kt}

�_t 0 � � ‖v‖^2_Y l + ‖^v‖^2_Y l +

�_s 0 � ‖v‖^2_Xl + ‖^v‖^2_Xl � dτ � e^{−ks}e^{ks} � ds

≤ c + ce^{−kt} sup_{s∈S} � � ‖v(s)‖^2_Y l + ‖^v(s)‖^2_Y l +

�_s 0 � ‖v‖^2_Xl + ‖^v‖^2_Xl � dτ � e^{−ks} � e^{kt} − 1 k . Choosing now k ≥ 3c we obtain

sup_{t∈S} e^{−kt} � ‖v(t)‖^2_Y l +

�_t 0 ‖v(s)‖^2_Xl ds �

≤ 3 2 c + 1 2 sup_{t∈S} � e^{−kt} � ‖^v(t)‖^2_Y l +

�_t 0 ‖^v(s)‖^2_Xl ds � . Again using Lemma 3.1 and Lemma 3.9 we estimate

‖(B_vv)^′‖_L2_{(S,X}l∗_) = sup

‖v‖_{L2(S,Xl)}≤1

⟨R_v(^v, T_w ^v, ψ) − A_v(v; ^v, T_w^v, ψ) − A^0_v(^v, T_w ^v, ψ), v⟩_L2_{(S,X}l_) ≤ c � ‖v‖_L2_{(S,X}l_) + ‖ψ‖_L2_{(S,H}1_) + 1 � ≤ c � ‖v‖_L2_{(S,X}l_) + ‖^v‖_L2_{(S,Y} l_) + 1 �

≤ ~c � ‖v‖_L2_{(S,X}l_) + � sup_{t∈S} � e^{−kt} � ‖^v(t)‖^2_Y l +

�_t 0 ‖^v(s)‖^2_Xl ds � e^{kT}

�1/2 + 1 � .

Now we define the set B = � v ∈ W^l: sup_{t∈S} � e^{−kt} � ‖v(t)‖^2_Y l +

�_t 0 ‖v‖^2_Xl ds � ≤ 3c ,

‖(B_vv)^′‖_L2_{(S,X}l∗_) ≤ ~c � 2 √ 3ce^{kT} + 1 � � .

This set is a non-empty, bounded, closed and convex subset of W^l with the property that Q(B) ⊂ B. Since the mapping Q is completely continuous the assertion follows from the Schauder Fixed Point Theorem.

18 A. GLITZKY AND R. H^¨UNLICH

Theorem 3.12. There exists a solution (u, b, ψ) of (P_M ). Proof. Because of Lemma 3.11 there exists a solution v of the problem

(B_vv)^′ +A_v(v; v, T_w v, T_ψ (v,T_wv)) = R_v(v, T_wv, T_ψ (v,T_wv)) −A^0_v(v, T_wv, T_ψ (v,T_wv)),

(B_vv)(0) = (U_1, . . . , U_l) , v ∈ W^l .

We set w = T_wv ∈ H^1(S, Y^{m−l}). Then the pair (v, w) fulfils the equations (3.17) and (3.18) which represent an equivalent formulation of problem (P_M ).

3.7. Energy estimates for solutions of (P_M ). First, we proof Lemma 3.13. For any solution (u, b, ψ) of (P_M ) and for every t ∈ S the inequalities b(t) , u(t) ≥ 0 a.e. on Ω are fulfilled.

Proof. Let (u, b, ψ) be a solution of (P_M ). We test the evolution equation with the function −b^−. Taking into account that

(∇b_i + [σ_M (b_i)]^+Q_i(ψ)∇ψ) · ∇b^−_i ≤ 0 , i = 1, . . . , l ,

−r^Σ_i (·, b^+_1 , . . . , b^+_{mΣ} , ψ) b^−_i ≤ 0 , i = 1, . . . , m_Σ , Σ = Ω, Γ ,

we find that ‖b^−(t)‖^2_Y ≤ 0 for all t ∈ S.

Next, we introduce a regularized free energy functional F_M which is adapted to the regularizations in problem (P_M ). We define the function

l_M (y) = � � � ln y if 0 < y ≤ M ,

ln M − 1 + y M if y > M ,

and the functional ~F_{M2} : Y → R by

~F_{M2}(u) = � � � � �

� Ω m� i=1 �_{ui}

p_{0i}

l_M (z/p_{0i}) dz dx if u ∈ Y_+ ,

+∞ if u ∈ Y \ Y_+ .

(3.23)

Moreover, we set

F_{M2} = ( ~F^∗_{M2}|_X )^∗ : X^∗ → R, F_M = F_1 + F_{M2} : X^∗ → R

where F_1 was introduced in Subsection 3.3. Since the function l_M has the same essential properties as the function ln which occurs in the definition of the functional F_2 similar arguments as in [12] give the following results.

Lemma 3.14. The functional F_M = F_1 + F_{M2} : X^∗ → R is proper, convex and lower semi-continuous. For u ∈ Y_+ it can be evaluated according to (3.7), (3.23). The restriction F_M |_{Y+} is continuous. If u ∈ Y_+ then P (ψ) ∈ ∂F_1(u) where ψ is the solution of E(ψ, u) = 0. If u ∈ Y , u ≥ δ > 0 and u/p_0 ∈ X then l_M (u/p_0) ∈ ∂F_{M2}(u) where l_M (b) denotes the vector {l_M (b_i)}_{i=1,...,m}.

By the definition of l_M the inequality

�_y

p_{0i}

l_{Mi}(z/p_{0i}) dz ≥ y ln y p_{0i}

− y + p_{0i} a.e. on Ω , ∀y ∈ R_+

GLOBAL EXISTENCE RESULT FOR PAIR DIFFUSION MODELS 19

holds. Therefore it follows that

F_M (u) ≥ c_1 � ‖ψ‖^2_H1 + m� i=1 ‖u_i ln u_i‖_L1 � − c_2 , u ∈ Y_+ .

(3.24)

Lemma 3.15. Along any solution (u, b, ψ) of (P_M ) the regularized free energy F_M (u) remains bounded by its initial value and decreases monotonously, F_M (u(t_2)) ≤ F_M (u(t_1)) ≤ F_M (U) = F (U) , 0 ≤ t_1 ≤ t_2 ≤ T .

Moreover, there exist positive constants c, c_{3.25}, c_{3.26} not depending on M, such that m� i=1 ‖u_i ln u_i‖_L∞_{(S,L}1_{(Ω))} ≤ c , ‖u‖_L∞_{(S,L}1_{(Ω,R}m_{))} ≤ c , m� i=1 ‖b_i ln b_i‖_L∞_{(S,L}1_{(Ω))} ≤ c_{3.25} ,

(3.25)

‖ψ‖_L∞_{(S,H}1_{(Ω))} ≤ c , ‖ψ‖_L∞_{(S,L}∞_{(Ω))} , ‖ψ‖_L∞_{(S,L}∞_{(Γ))} ≤ c_{3.26}

(3.26) for any solution of (P_M ).

Proof. Let (u, b, ψ) be a solution of (P_M ).

1. We know that u ∈ H^1(S, X^∗), ψ ∈ L^2(S, H^1(Ω)), P (ψ) ∈ L^2(S, X), ∇P (ψ) = Q(ψ)∇ψ. By Lemma 3.14 we find that P (ψ(t)) ∈ ∂F_1(u(t)) f.a.a. t ∈ S. Thus, the function t → F_1(u(t)) is absolutely continuous on S and according to the chain rule (see [3, Lemma 3.3]) we obtain d dt F_1(u(t)) = ⟨u^′(t), P (ψ(t))⟩_X f.a.a. t ∈ S .

2. We choose some δ ∈ (0, 1) and define u^δ = u + δp_0, b^δ = u^δ/p_0 = b + δ. Then we find that u^δ ∈ H^1(S, X^∗), l_M (b^δ) ∈ L^2(S, X), ∇l_M (b^δ_i ) = ∇b_i/σ_M (b^δ_i ) , i = 1, . . . , l. Lemma 3.14 ensures that l_M (b^δ(t)) ∈ ∂F_{M2}(u^δ(t)) f.a.a. t ∈ S. Thus, the function t → F_{M2}(u^δ(t)) is absolutely continuous on S and d dt F_{M2}(u^δ(t)) = � u^′(t), l_M (b^δ(t)) � X f.a.a. t ∈ S .

3. We set ζ^δ_M = l_M (b^δ) + P (ψ) and obtain � F_1(u(t)) + F_{M2}(u^δ(t))

� �_{t2}

t_1 =

�_{t2}

t_1

⟨u^′(t), ζ^δ_M (t)⟩_X dt = �_{t2}

t_1

⟨R_N (b(t), ψ(t)) − A_M (b(t), ψ(t)), ζ^δ_M (t)⟩_X dt .

The volume integral in the definition of ⟨R_N (b, ψ), ζ^δ_M ⟩_X , namely I = � Ω ρ_N (b, ψ) � (α, β)∈R^Ω

k^Ω_{αβ} (·, b, ψ)(a^α − a^β ) m� i=1 (β_i − α_i)ζ^δ_{Mi} dx , a_i = b_ie^{Pi (ψ)} ,

is estimated as follows. Since for |(b, ψ)|_∞ > N the integrand vanishes we may assume that |(b, ψ)|_∞ ≤ N and thus b_i ≤ N, b^δ_i ≤ N + 1 ≤ M, ζ^δ_{Mi} = ln a^δ_i with a^δ_i = b^δ_i e^{Pi (ψ)},

20 A. GLITZKY AND R. H^¨UNLICH

i = 1, . . . , m, |ψ| ≤ N. Then we have � (a^δ)^α − (a^δ)^β

� �m i=1(β_i − α_i) ln a^δ_i ≤ 0 , � � � � a^α − a^β − (a^δ)^α + (a^δ)^β

� �m i=1 (β_i − α_i) ln a^δ_i � � � ≤ cN δ(1 + | ln δ|)

and I ≤ c_N δ(1+| ln δ|). The boundary integral is handled analogously and in summary we obtain

⟨R_N (b(t), ψ(t)), ζ^δ_M (t)⟩_X ≤ h^δ_1 = c_N δ(1 + | ln δ|) f.a.a. t ∈ S .

Next we consider the term −⟨A_M (b, ψ), ζ^δ_M ⟩_X , i.e. the integral − � Ω l� i=1 D_{iM} (·, b, ψ)p_{0i}(∇b_i + σ_M (b_i)Q_i(ψ)∇ψ) · ∇ζ^δ_{Mi} dx .

Here we write

∇b_i + σ_M (b_i)Q_i(ψ)∇ψ = σ_M (b^δ_i )∇ζ^δ_{Mi} + � σ_M (b_i) − σ_M (b^δ_i ) � Q_i(ψ)∇ψ

and in view of D_{iM} (·, b, ψ) ≤ c_M we obtain

−⟨A_M (b(t), ψ(t)), ζ^δ_M (t)⟩_X ≤ h^δ_2(t) f.a.a. t ∈ S ,

h^δ_2(t) = c_M � Ω l� i=1 δ|∇ψ(t)| � |∇ψ(t)| + 1 σ_M (b^δ_i (t))

|∇b_i(t)| � dx .

The last estimates ensure that � F_1(u(t)) + F_{M2}(u^δ(t))

� �_{t2}

t_1 ≤

�_{t2}

t_1 � h^δ_1 + h^δ_2(t) � dt and letting δ → 0 the inequality F_M (u(t_2)) − F_M (u(t_1)) ≤ 0 follows. The choice of M guarantees that F_M (U) = F (U). The remaining assertions of the lemma are a consequence of (3.24), Lemma 3.1 and (4.2).

3.8. Further estimates for solutions of (P_M ). We prove Theorem 3.16. There is a constant c_{3.27} > 0 not depending on M such that

‖b‖_L∞_{(S,L}∞_{(Ω,R}m_{))} ≤ c_{3.27} , ‖b_i‖_L∞_{(S,L}∞_{(Γ))} ≤ c_{3.27} , i = 1, . . . , l ,

(3.27)

for any solution (u, b, ψ) of (P_M ).

Proof. Let (u, b, ψ) be a solution of (P_M ). Let q > 2 be chosen as in Lemma 3.1, r = 2q/(q −2), r^′ = 2q/(2+q). Other constants in the following estimates can depend on N (and on T ).

1. Testing (P_M ) with (0, . . . , 0, b_{l+1}, . . . , b_m) we obtain in view of (3.5) that

‖b_i(t)‖_L2 ≤ c ∀t ∈ S , i = l + 1, . . . , m ,

(3.28)

which ensures that ‖u_i(t)‖_Lr′ ≤ c for all t ∈ S, i = l + 1, . . . , m. Hence we get

‖ψ(t)‖_W 1,q ≤ c � 1 + m� i=1 ‖u_i(t)‖_Lr′ � ≤ c � 1 + l� i=1 ‖b_i(t)‖_Lr′ � ∀t ∈ S .

(3.29)

GLOBAL EXISTENCE RESULT FOR PAIR DIFFUSION MODELS 21

2. Testing (P_M ) with 2(b_1, . . . , b_l, 0, . . . , 0), estimating [σ_M (b_i)]^+ by b_i, using (3.5), (3.29), (4.1), (4.3), Youngs’s inequality and Lemma 3.15 we find that l� i=1 � ϵ_0‖b_i(t)‖^2_L2 − c‖U_i‖^2_L2 �

≤ �_t 0 l� i=1 � −2ϵ‖b_i‖^2_H1 + c(‖b_i‖_Lr ‖ψ‖_W 1,q ‖b_i‖_H1 + ‖b_i‖^2_L2 + ‖b_i‖^2_L2_{(Γ)} + 1) � ds ≤ �_t 0 l� i=1 � −ϵ‖b_i‖^2_H1 + c‖b_i‖_Lr ‖b_i‖_H1 l� k=1 ‖b_k‖_Lr′ + c � ds .

Using the inequality (4.4) for p = 2 and Lemma 3.15 we have c l� i=1 ‖b_i‖_Lr ‖b_i‖_H1 l� k=1 ‖b_k‖_Lr′ ≤ l� i=1 � ϵ 2 ‖b_i‖^2_H1 + c‖b_i‖^2_L2 l� k=1 ‖b_k‖^2_L2 �

≤ l� i=1 � ϵ 2 ‖b_i‖^2_H1 + � √ ϵ 2c_{3.25}

‖b_i ln b_i‖_L1 ‖b_i‖_H1 + c‖b_i‖_L1

�_2� ≤ l� i=1 ϵ‖b_i‖^2_H1 + c .

The previous estimates and the inequalities (3.28), (3.29) ensure the existence of positive constants c, ~κ not depending on M such that

‖b_i(t)‖_L2 ≤ c , i = 1, . . . , m , ‖ψ(t)‖^{2r}_W 1,q + 1 ≤ ~κ ∀t ∈ S .

(3.30)

3. Following the estimates in the proofs of Lemma 3.6 and Theorem 3.7, but estimating [σ_M (b_i)]^+ by b_i and using ~κ from (3.30) instead of κ we find that

‖b_i(t)‖_L4 ≤ ~c , i = 1, . . . , m , l� i=1 ‖(b_i −K)^+(t)‖_L∞ ≤ √ l � 2^{4r} � ~κ + ~c^8 � cT �_l � i=1 sup_{s∈S} ‖(b_i − K)^+(s)‖^4_L4 + 1

�_{c0} , ‖(b_i − K)^+(t)‖_L∞ ≤ c , i = l + 1, . . . , m , ∀t ∈ S

where the constants K, c_0 have the same meaning as in the proof of Theorem 3.7. This provides the desired estimates.

3.9. Existence result for (P_N ).

Theorem 3.17. There exists a solution of (P_N ).

Proof. We choose M = max{M^∗, c_{3.26}, c_{3.27}} (cf. Lemma 3.15, Theorem 3.16). By Theorem 3.12 there is a solution (u, b, ψ) of (P_M ). Since b ≥ 0 (cf. Lemma 3.13) and ‖ψ‖_L∞_{(S,L}∞_{(Ω))} , ‖ψ‖_L∞_{(S,L}∞_{(Γ))} ≤ M , ‖b_i‖_L∞_{(S,L}∞_) ≤ M , i = 1, . . . , m , ‖b_i‖_L∞_{(S,L}∞_{(Γ))} ≤ M , i = 1, . . . , l ,

(cf. Lemma 3.15 and Theorem 3.16) this solution is a solution of (P_N ), too.

3.10. Existence result for (P). Proof of Theorem 2.2. It suffices to prove the existence of a solution of (P) on any finite time interval S = [0, T ]. Such problems are denoted by (P_S). We choose N = 2 max{c_{3.11}, c_{3.16}} (cf. Lemma 3.3, Theorem 3.7). Then according to Theorem 3.17 there is a solution (u, b, ψ) of (P_N ). The choice of N guarantees that the operators R_N and R coincide on this solution. Therefore (u, b, ψ) is a solution of (P_S), too.

22 A. GLITZKY AND R. H^¨UNLICH

4. Appendix. We assume that Ω ⊂ R^2 is a bounded Lipschitzian domain. We apply Sobolev’s imbedding theorems (see [17]) and some other imbedding results, especially the trace inequalities

‖w‖^q_{Lq (Γ)} ≤ c_Ω q ‖w‖^{q−1}_{L2(q−1)(Ω)}‖w‖_H1_{(Ω)} ∀w ∈ H^1(Ω) , q ≥ 2 ,

(4.1)

‖w‖_L∞_{(Γ)} ≤ ‖w‖_L∞_{(Ω)} ∀w ∈ H^1(Ω) ∩ L^∞(Ω) ,

(4.2)

and the following version of the Gagliardo–Nirenberg inequality (see [5, 21])

‖w‖_Lp ≤ c_{p,k} ‖w‖^{k/p}_{Lk} ‖w‖^{1−k/p}_{H1} ∀w ∈ H^1(Ω) , 1 ≤ k < p < ∞ .

(4.3)

As an extended form of the this inequality one obtains that for any δ > 0 and any p ∈ (1, ∞) there exists a constant c_{δ,p} > 0 such that

‖w‖^p_Lp ≤ δ ‖w ln |w|‖_L1 ‖w‖^{p−1}_{H1} + c_{δ,p} ‖w‖_L1 ∀w ∈ H^1(Ω) .

(4.4)

This inequality is proven in [2] for bounded domains with smooth boundary and p = 3. But (4.4) is valid also for bounded Lipschitzian domains and p ∈ (1, ∞), since (4.3) is true in this case, too.

Let p_0 ∈ L^∞(Ω), ess inf_{x∈Ω} p_0(x) > 0. We define B: L^2(Ω) −→ L^2(Ω) by

(Bw, w)_L2 = � Ω p_0 w wdx w ∈ L^2(Ω) .

Let S = [0, T ] be a compact interval. The extended operator B: L^2(S, L^2(Ω)) −→ L^2(S, L^2(Ω)) is defined by (Bw)(t) = B(w(t)) f.a.a. t ∈ S. Because of properties of p_0 the operator B is linear, continuous, self-adjoint, positive definite, and it exists the inverse operator B^{−1}: L^2(S, L^2(Ω)) −→ L^2(S, L^2(Ω)) with the same properties. Let

W_B = � w ∈ L^2(S, H^1): (Bw)^′ ∈ L^2(S, H^{1∗}) � . The following assertions can be verified as in [6, 18, 22]

Lemma 4.1.

i) Equipped with the scalar product

(w, w)_{WB} = (w, w)_L2_{(S,H}1_) + ((Bw)^′, (Bw)^′)_L2_{(S,H}1∗_)

the linear space W_B is a Hilbert space. ii) W_B is continuously embedded in C(S, L^2(Ω)). iii) The operator B: W_B → C(S, L^2(Ω)) is continuous. iv) For w ∈ W_B and t_1, t_2 ∈ S the formula

�_{t2}

t_1 � (Bw)^′(s), w(s) � H^1 ds = 1 2 ((Bw)(t_2), w(t_2))_L2 − 1 2 ((Bw)(t_1), w(t_1))_L2

holds.

v) The imbeddings of W_B in L^2(S, L^2(Ω)) and in L^2(S, L^2(Γ)), respectively, are compact.

GLOBAL EXISTENCE RESULT FOR PAIR DIFFUSION MODELS 23

Finally, the following existence result can be obtained as in [6, Chapt. VI]. Lemma 4.2. Let A: L^2(S, H^1(Ω)) → L^2(S, H^1(Ω)^∗) be the operator

⟨Aw, w⟩_L2_{(S,H}1_) =

�_T 0 � Ω (a ∇w · ∇w + d w w) dxds , w, w ∈ L^2(S, H^1(Ω)) ,

where a, d ∈ L^∞(S × Ω) with a(t, x), d(t, x) ≥ c > 0 a.e. on S × Ω. Then for every f ∈ L^2(S, H^1(Ω)^∗) and every U ∈ L^2(Ω) there is a unique solution of the problem

(Bw)^′ + Aw = f , (Bw)(0) = U , w ∈ W_B .

REFERENCES

[1] R. Bader and W. Merz, Local existence result of the single dopant diffusion in arbitrary space dimension, Preprint SFB–438–0013, Technische Universität München, Universität Augsburg, 2000.

[2] P. Biler, W. Hebisch, and T. Nadzieja, The Debye system: Existence and large time behavior of solutions, Nonlinear Anal., 23 (1994), pp. 1189–1209.

[3] H. Brézis, Opérateurs maximaux monotones et semi-groups de contractions dans les espaces de Hilbert, vol. 5 of North-Holland Math. Studies, North-Holland, Amsterdam, 1973.

[4] S. T. Dunham, A quantitative model for the coupled diffusion of phosphorus and point defects in silicon, J. Electrochem. Soc., 139 (1992), pp. 2628–2636.

[5] E. Gagliardo, Ulteriori proprietà di alcune classi di funzioni in più variabili, Ricerche Mat., 8 (1959), pp. 24–51.

[6] H. Gajewski, K. Gröger, and K. Zacharias, Nichtlineare Operatorgleichungen und Operatordifferentialgleichungen, Akademie-Verlag, Berlin, 1974.

[7] K. Ghaderi and G. Hobler, Simulation of phosphorus diffusion in silicon using a pair diffusion model with a reduced number of parameters, J. Electrochem. Soc., 142 (1995), pp. 1654–1658.

[8] A. Glitzky, K. Gröger, and R. Hünlich, Free energy and dissipation rate for reaction diffusion processes of electrically charged species, Applicable Analysis, 60 (1996), pp. 201– 217.

[9] A. Glitzky and R. Hünlich, Energy estimates and asymptotics for electro-reaction-diffusion systems, Z. Angew. Math. Mech., 77 (1997), pp. 823–832.

[10] , Global estimates and asymptotics for electro-reaction-diffusion systems in heterostructures, Applicable Analysis, 66 (1997), pp. 205–226.

[11] , Electro-reaction-diffusion systems including cluster reactions of higher order, Math.

Nachr., 216 (2000), pp. 95–118.

[12] , Global properties of pair diffusion models, Adv. Math. Sci. Appl., 11 (2001), pp. 293– 321.

[13] K. Gröger, A W^{1,p}-estimate for solutions to mixed boundary value problems for second order elliptic differential equations, Math. Ann., 283 (1989), pp. 679–687.

[14] S. L. Hollis and J. J. Morgan, Partly dissipative reaction-diffusion systems and a model of phosphorus diffusion in silicon, Nonlinear Anal., 19 (1992), pp. 427–440.

[15] R. Hünlich and A. Glitzky, On energy estimates for electro-diffusion equations arising in semiconductor technology, in Partial differential equations. Theory and numerical solution, W. Jäger, J. Nečas, O. John, K. Najzar, and J. Stará, eds., vol. 406 of Chapman & Hall Research Notes in Mathematics, Boca Raton, 2000, pp. 158–174.

[16] J. R. King, Asymptotic analysis of a model for the diffusion of dopant-defect pairs, in Semiconductors. Part I, W. M. Coughran, Jr., J. Cole, P. Lloyd, and J. K. White, eds., vol. 58 of The IMA Volumes in Mathematics and its Applications, Springer, New York, 1994, pp. 49–66.

[17] A. Kufner, O. John, and S. Fučik, Function spaces, Academia, Prague, 1977. [18] J. L. Lions, Quelques méthodes de résolution des problèmes aux limites non linéaires, Dunod Gauthier–Villars, Paris, 1969.

[19] W. Merz and A. Glitzky, Single dopant diffusion in semiconductor technology, Preprint SFB–438–0011, Technische Universität München, Universität Augsburg, 2000.

24 A. GLITZKY AND R. H^¨UNLICH

[20] W. Merz, A. Glitzky, R. Hünlich, and K. Pulverer, Strong solutions for pair diffusion models in homogeneous semiconductors, Nonlinear Anal.: Real World Applications, 2 (2001), pp. 541–567.

[21] L. Nirenberg, An extended interpolation inequality, Ann. Scuola Norm. Sup. Pisa, 20 (1966), pp. 733–737.

[22] R. Temam, Navier–Stokes equations. Theory and numerical analysis, vol. 2 of Studies in Mathematics and its Applications, North-Holland, Amsterdam - New York - Oxford, 1979.

[23] N. S. Trudinger, On imbeddings into Orlicz spaces and some applications, J. of Mathematics and Mechanics, 17 (1967), pp. 473–483.

[24] W. Walter, Differential and integral inequalities, vol. 55 of Ergebnisse der Mathematik und ihrer Grenzgebiete, Springer, Berlin - Heidelberg - New York, 1970.