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ABSTRACT. A new method of obtaining lower bounds for the attractor’s dimen-
sion is suggested which involves analysis of homoclinic bifurcations. The method
is applied for obtaining sharp estimates of the attractor’s dimension for a class
of abstract damped wave equations which are beyond the reach of the classical
methods.

INTRODUCTION

It is well known that the long-time behavior of solutions of partial differential equa-
tions arising in mathematical physics can, in many cases, be described in terms
of global attractors of the associated semigroups, see [1, 2, 3, 4] and references
therein. Moreover, it is also known that for a large class of equations of mathemati-
cal physics, including reaction-diffusion equations, Ginzburg-Landau equations, 2D
Navier-Stokes system, damped wave equations, etc., the corresponding attractor has
finite Hausdorff and fractal dimensions. Thus, although the phase space for such
problems is infinite-dimensional, the dynamics on the attractor occurs to be finite-
dimensional, hence it can possibly be understood by methods of the qualitative
theory of ordinary differential equations. One of crucial questions here is, of course,
obtaining more or less realistic estimates for the dimension of the attractor.

The best known upper estimates here are usually obtained based on the concept of
Lyapunov dimension dimg(A) of the attractor A, see [5, 3], and on the following
estimate:

where dimg and dimp denotes the Hausdorff and the fractal dimension respectively,
see [6, 5, 3, 7, 8, 9]. The main point here is that the Lyapunov dimension, by its
definition, can be explicitly estimated using sufficiently simple volume-contraction
arguments, see [3] for details.

Lower bounds for the attractor’s dimension are usually based on the observation
that the unstable manifold of any equilibrium of the system is always contained in
the global attractor A. Consequently, the following estimate is valid:

(0.2) dimp(A) > dimg(A) > max N7 (ug),

where R is the set of the equilibria of the system, and N*(up) is the instability
index of the equilibrium ug, see e.g.[1] and [2].

We note that this method of obtaining the lower bounds for the attractor’s dimen-
sion is perfect for the class of gradient systems (or, which is slightly more general,
for systems possessing a global Lyapunov function). Indeed, the dynamics in the
gradient case is, in a sense, trivial and the dimension of the attractor is determined
by the instability indices of the equilibria only, no matter what is the Lyapunov di-
mension of the attractor and what are the volume-contraction properties. Namely,
in this case we have the equality in the second part of (0.2):

(0.3) dimg(A) = max N7 (ug),

see e.g. [1] and [10].



2 There exists, however, a number of important equations of mathematical

physics (such as 2D Navier-Stokes system, Ginzburg-Landau equations, non-gradient
systems of damped wave equations, etc.), for which the given methods of estimating
the attractor’s dimension from above and below yield different asymptotics for the
dimension in terms of physical parameters of the system, see [3, 4] and references
therein. Which asymptotics is then correct is a long-standing open problem in the
theory of attractors. It is also worth to note that all systems mentioned above are far
from being gradient and they usually demonstrate a very complicated (e.g. chaotic)
dynamical behavior.

In this paper, we present a new method of obtaining lower bounds for the attractor’s
dimension which exploits explicitly the recurrent (as opposed to a gradient-like)
nature of the system, and which is based on some general ideas from the theory of
homoclinic bifurcations. Namely, we suggest to estimate from below the attractor’s
dimension in terms of the maximum M(T,ug) of the dimension of the unstable
manifold over the periodic orbits which can be born at a bifurcation of a homoclinic
orbit I' to an equilibrium ug:

To be more precise, one should consider a family of systems which depend on some
set of parameters y; then the global attractor is a function of u as well, and (0.4)
should be interpreted as

limsupdimg(A,) > limsupdimg(A,) > M (T, uo)

[ ) B> o

where the bifurcational moment p = py corresponds to the existence of the homo-
clinic loop T'. Of course, one may use various homo/heteroclinic cycles with the
same purposes — we take a homoclinic loop as a simplest possible construction.

As it is argued in [11], for many cases of homoclinic bifurcations the dimension
M(T, ug) essentially coincides with the Lyapunov dimension of the corresponding
equilibrium ug:

(0.5) M(T, up) ~ dimg,(uy),

no matter how small the dimension N*(ug) of the unstable manifold of ug is. Thus,
under this approach, both upper and lower bounds for the attractor’s dimension
are given in terms of Lyapunov dimension. That is why we expect this method
to be effective in order to obtain sharp bounds for the dimension. Of course, the
existence of a homoclinic orbit and the possibility to perturb it in the desired way
within the class of systems under consideration is crucial for this method. However,
the homoclinic phenomena are so typical for dynamical systems with a non-trivial
behavior, that it would be natural to expect that in a wide class of equations of
mathematical physics which demonstrate chaotic behavior appropriate homoclinic
bifurcations can indeed be detected.

We illustrate our method by a model example of an abstract damped wave equation

(0.6) O2u +v0u + Au = F(u,du)



in a Hilbert space H. We assume that A : D(A) — H is a positive self-adjoint 3
operator in H with compact inverse, whose eigenvalues satisfy the estimate

(0.7) Chi%% < \; < Cyi®*, i €N,

for some positive Cy, Cs and k. Natural examples for A are provided by elliptic
differential operators in a bounded domain, with H = L2. The quantity v > 0 in
(0.6) is a dissipation (or damping) parameter which is assumed to be small. Tt is
also assumed that the nonlinear operator F' = F(u, 0;u) belongs to some class S of
very regular (“smoothing”) operators which will be specified in Section 2.

We prove that under the above assumptions, equation (0.6) possesses a global at-
tractor A in the corresponding energetic space E, and the Lyapunov dimension of
the attractor satisfies

(0.8) Ciy ' <dimg(A) < Cyy Y,

for some positive constants C{’Q which are independent of . Consequently, due to
(0.1), we have

(0.9) dimp(A) < Cyy~t.

On the other hand, when the nonlinearity belongs to the class S of very regular
operators, we show that for every € > 0 there exists a positive constant C; such that
the instability index of any equilibrium state is less than C,y~°. Thus, using the
classical methods of estimating the dimension of the attractor A (which are based
on (0.1) and (0.2)), we will necessarily have a huge gap between the asymptotics for
upper and lower bounds of the attractor’s dimension.

Nevertheless, using our “homoclinic” method, we construct nonlinearities F' belong-
ing to the same class S, for which we have

(0.10) dimp(A) > dimg(A) > Cyy !,

for some positive constant C3. Thus, at least in the case of damped hyperbolic equa-
tions with smoothing nonlinearities, the correct asymptotics for the dimension of the
attractor is given by the corresponding asymptotics of the Lyapunov dimension, and
the estimate (0.2) is not very much relevant.

Note also that A is the so-called maximal attractor, so it could be possible, in
principle, that the dimension of A can be decreased drastically by removing from A
non-recurrent orbits (like in gradient-like systems where such operation reduces A
to a zero-dimensional set, typically). We show, however, that nonlinearities F' € S
exist for which equation (0.6) has a minimal set whose dimension satisfies (0.10);
therefore, the Lyapunov dimension (up to a constant factor) measures the complexity
of the dynamics of damped hyperbolic equations correctly.

The examples which we are talking about are obtained as small perturbations of a
decoupled system of second order ODE’s (see (4.6)) which is an infinite collection
of damped linear oscillators plus a single one degree of freedom Hamiltonian system
describing a particle in a double-well potential on a straight line. Note that none
of the modes here shows a chaotic behavior and, moreover, all of them but one are
damped. We show, however, that for any fixed value of the damping parameter
v > 0, an interaction of an arbitrarily small strength can be arranged between



4 these modes such that an extremely complicated behavior is ignited, involving

a huge (~ 1/v) number of modes (see Remark 4.3). Note that we nowhere use the
linear character of the oscillatory modes and our construction works for a chain of
nonlinear damped oscillators as well. Therefore, our results should be applicable
to perturbations of other integrable equations, such as the nonlinear Shrodinger
equation, etc..

The paper is organized as follows. The existence of the global attractor for problem
(0.6) is verified in Section 1. The upper bounds for fractal and Lyapunov dimension
of this attractor are obtained in Section 2. The quantity M(T',up) is computed
for a special class of homoclinic loops in Section 3. Finally, in Section 4, we show
that such homoclinic orbits really appear in equations (0.6) with the nonlinearities
belonging to the class S, then based on (0.4) we derive sharp lower bounds for the
attractor’s dimension.
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1. ABSTRACT NONLINEAR HYPERBOLIC EQUATION AND ITS ATTRACTOR

In this Section, we study the following abstract nonlinear hyperbolic equation in a
Hilbert space H:

(L.1) {8t2u +v04u + Au = F(u, Ou),

u‘t:o = Uo, atu‘tzo = Up,
where u = u(t) is an unknown H-valued function, A : D(A) — H is a given positive

selfadjoint operator in H with compact inverse, v > 0 is a given positive number
which is assumed to be small and F' is a given nonlinear operator.

As usual (see e.g. [12, 3]), we define a scale H* of Hilbert spaces associated with H
via

(1.2) H* := D((A)"?), [lullfe = [I(A)*ulf = ((A)*u, u)

(here and below (-,-) denotes the inner product in H) and consider equation (1.1)
as an evolution equation with respect to &(t) = [u(t), d;u(t)] in the corresponding
energetic phase spaces

(1.3) Ef := H"t x H®, £(t) = [u(t), Qu(t)] € E*

(in fact, we will consider only the case where the initial data [u, uy] belong either
to the space E := E’, or to E').

It is also assumed that the nonlinear term F' belongs to the space

(1.4) F € Cy(E, H)



and its partial derivatives F, and F} , satisfy the following conditions:
L (Ey(u,0)0,0) < Zl10lIF + G510/,
2. |(Fu(u, v)w,0) < F (lwllf + 1011F) + Cy 11011,

where [u, v], [w, 0] € E are arbitrary, v > 0 is the same as in equation (1.1), and the
constant C., is independent of [u,v] and [w, §].

(1.5)

The following theorem shows that under the above assumptions equation (1.1) gen-
erates a dissipative semigroup in the energetic space E.

Theorem 1.1 Let the assumptions (1.4) and (1.5) hold. Then, for every &£(0) :=
[u(0), 6u(0)] € E, equation (1.1) has a unique global solution £(t) € C([0,00), E)
and the following estimate is valid:

(1.6) lE@®IIE < ClIEO) Ige™™ + Cr,

where the constants C' and C; depend only on F', A and . Consequently, equation
(1.1) generates a semigroup

(1.7) Si: E—=E, by S(0):=¢&(1).

Moreover, this semigroup is globally Lipschitz continuous with respect to the initial
data [u(0), 0u(0)] € E, i.e.

(1.8) 161(t) — &()[E < Ce™[|&:(0) — &(0)[E,

where K and C depend only on A, v and F' (and they are independent of the solutions
u1(t) and us(t) of problem (1.1)).

If £(0) € E', then the corresponding solution £(t) belongs to E' for every t > 0 and
satisfies the following estimate:

(1.9) lE@)IIZ < CallEO)IFre™"® + Cs,

for some positive constants Cy and C5 which depend only on A, F' and ~.

The proof of this theorem is quite standard, so we move it to Appendix A.

Let us now verify that the semigroup S; : E — E possesses a global compact attractor
in the phase space E. Recall that the set A C E is called a global attractor for the
semigroup S; : E — E if the following conditions are satisfied:

1. A is compact in E;
2. A is strictly invariant with respect to S;, i.e. S; E = E;

3. A attracts bounded subsets of E as t — oo, i.e. for every bounded B C E and
every neighborhood O(A) in E, there exists a number T' = T'(|| B||g, O) such that

(1.10) SiBC A, fort>T
(see e.g. [1, 3| for details).

Theorem 1.2 Let the assumptions of Theorem 1.1 hold. Then semigroup (1.7)
associated with the nonlinear hyperbolic problem (1.1) possesses a global attractor
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A, which is bounded in E'. This attractor is generated by all complete bounded
solutions of (1.1):
(1.11)

A ={£(0), &(t):=[u(t),Bu(t)], t € R solves (1.1) and ||£(t)||g < C,, t € R}.

Proof. According to the abstract attractor’s existence theorem (see e.g. [1]) the
theorem will be proven if we verify the following conditions on the semigroup S;:
1. S; : E — E is continuous with respect to £(0) for every fixed ¢ > 0;

2. The semigroup S; possesses a compact attracting (in the sense of (1.10)) set
K CCE.

Let us verify these conditions. Indeed, the continuity of S; is given by Theorem 1.1.
So, we are left to verify the second condition. To this end, we split the solution
u(t) of (1.1) as follows: u(t) := v(t) + w(t), where v(t) is a solution of the following
problem:

(1.12) {83” + (v +bA 0w + Av+ My — F(v,0) = Mu(t) + bA™ du(t),
| [U’atv”t:o =0.

Here M > 1 and b > 1 are sufficiently large positive constants which will be
specified below.

Consequently, the remainder function w(t) satisfies the equation

(1.13) {53“’ + (v +bA 0w + Aw + Mw = I*(t)w + 12(t)Oyw,
[w, Bw]|,_, = £(0),
where
1Mt) = / F!(su(t) + (1 — s)v(t), sGyu(t) + (1 — 5)ow(t)) ds,
(1.14) 0

P(t) :== /0 Fy (su(t) + (1 — s)v(t), sdwu(t) + (1 — s)dv(t)) ds.

We will prove that ||w(t)||z tends uniformly (with respect to small variations in
initial conditions) to zero, and v(¢) enters some fixed ball in E' as time grows. This
ball is compact in F, so it can be taken as a desired attracting set K.

Let us, first, estimate w(t).

Lemma 1.1 Let the assumptions of Theorem 1.1 hold. Then, there exist large
positive constants M = M (v, F,A) and b = b(y, F, A) such that the solution w(t) of
equation (1.13) satisfies the following estimate:

(1.15) lw(®), Bw(®)]lle < C'e™(|€(0) |k,

for appropriate positive constants C' and « which are independent of u.

Proof. Taking the inner product in H of equation (1.13) with d;w + %Aflw(t),
we derive the following relation:



(1.16)

O {loww||f + lwllfn + ((v + A w, Gw) + M||w||F}+
+ 24l10wwllf + llw s + Ml + (v +bA™w, 8w) } =
= —bl|Bewllg- — bllwlf — Mbllwllg- — % (1Bewllfy + lwll + MllwlE) +
+ 2 (I"(t)w, Bw) + 2 (P(1)Ow, Byw) + (I*()w, (v +bA Yw) + (P()dw, (v + bA™ w) —
- % (v + b A 0w, (v + 26 A" w) = hy(2).
We recall that, by conditions (1.4) and formulas (1.14),

(1.17) 12 ey + 11 O] ey < C
where C' is independent of u and ¢, and, by conditions (1.5),

(1.18) ()8 (t), a(®)) < 28w + Gyl

Estimating the right-hand side h,,(t) of (1.16) by Hoélder inequality and taking into
account estimates (1.17) and (1.18), we obtain

(1.19) ho(t) < <C7 — %b) 10w (®)||f 1 + (CL(1+b%) — M) [Jwl||Z,

where C, and C’; are two positive constants which depend only on «, F' and A, but
are independent of b, M and u. Fixing now the constants M and b in such a way
that

b=2C,, M>C, (1+0b%),

we obtain the inequality h,(t) < 0. Moreover, without loss of generality we assume
that M is chosen in such a way that, in addition,

1
(v +bA " w, Bw) | < 3 (18vwlff + M ||wl|F) -

Applying now the Gronwall’s inequality to (1.16), we obtain (1.15). Lemma 1.1 is
proven.

Now we are ready to estimate the solution v(t) of equation (1.12). We rewrite this
equation in the following equivalent form:

(1.20) 02v + 48w+ Av — F(v,0,v) = Mw(t) + b A~ Qw(t) := hps(2),
' v, atv”tzo =0,
We note that equation (1.20) is a nonautonomous analogue of equation (1.1). More-

over, due to Theorem 1.1 and Lemma 1.1, the function hp4(t) can be estimated as
follows:

(1.21) 1hars (@)l + 18chars@)I[E < Carp (1+[16(0) [Re ),

for an appropriate constant Cysp which is independent of u. Consequently, using
estimate (1.21) and the fact that v(0) = 0, d;v(0) = 0, arguing exactly as in the



8 proof of Theorem 1.1 (see Appendix A), we obtain that the solution [v, 8;v] of

(1.12) belongs to the space C(R, ,E') and satisfies the estimate
(1.22) 1v(8), dw®]llr < Cu (1€(0)[|lpe™" + 1),

for some positive constants o and C, which depend on M and 7, but are independent
of u.

Estimates (1.15) and (1.22) imply that the set
K= {€€ Y, €]l <207}

is a compact (in E) attracting set for the semigroup S;. Thus, all conditions of the
abstract attractor’s existence theorem are verified and Theorem 1.2 is proven.

Remark 1.1 We recall that our conditions (1.4) and (1.5) imply that the operator F’
(along with its first derivatives F, and Fj ,) is globally bounded as ||£||[g — oo. This
is enough for our purposes since in our examples of sharp upper and lower bounds for
the attractor’s dimension (see Section 4) the nonlinearity F' has a bounded support.
So, for simplicity, we restrict ourselves to the class of globally bounded nonlineari-
ties, although more general nonlinearities (see e.g. [12, 13, 3|) can be treated in the
same way.

Remark 1.2 We note that conditions (1.4) and (1.5) are, obviously, satisfied if
(1.23) F € C{E™ H),

for some positive exponent §. In the sequel, we will often use this more strong
condition (1.23) instead of conditions (1.4) and (1.5).

2. UPPER BOUNDS FOR THE ATTRACTOR’S DIMENSION

In this Section we show, using the standard volume contraction technique, that the
attractor A of (1.1) constructed in the previous Section has finite Hausdorff and
fractal dimensions, and we obtain some estimates for this dimension in terms of the
dissipative parameter y. To this end, we need the following assumption: there is an
exponent x > 0 and two positive constants C; and Cs such that

(2.1) Cri®* < X\ < Coi®*, i €N,

where 0 < Ay < Ay < - are the eigenvalues of the operator A.

Remark 2.1 We note that assumption (2.1) is always satisfied if A is an elliptic
differential operator in a bounded domain 2 C R* with a sufficiently smooth bound-
ary and H := L%*(Q) (see e.g. [14]). Moreover, in this case k := 2=, where k is the
order of A.

In order to formulate the abstract theorem for estimating the dimension of invariant
sets, we need the following definition.



Definition 2.1 A map S : A — A, where A is a subset of a certain Banach 9
space E is called uniformly quasidifferentiable on A if for any £ € E there is a linear
operator S'(§) : E — E (the quasidifferential) such that

(2.2) 1S(&1) — S(&) — S"(€)(& — &)le = o([|&1 — &|lr)

holds uniformly with respect to &;,&; € A. It is also assumed that

(2.3) zuE 15" (€)llcery < oo and S" € C(A, L(E,E)).
€

Theorem 2.1 Let S; be a semigroup in a certain Hilbert space E and let A C E be
a compact strictly invariant set of this semigroup (SpA = A). Let us suppose also
that the semigroup S; is uniformly quasidifferentiable on A for some fixedt =T and
the following inequality holds for some positive integer d:

(2.4) walA) = supwa(Sp(€)) < 1,
EeA

where wy(L) := ||A%L||xag is the norm of the d-th exterior power of the operator L
in the Hilbert space A°E (see e.g. [3]). Then the fractal dimension of A is finite in
E. Moreover,

For the proof of this theorem see [3] for the case of Hausdorff dimension and [7, 8, 9]
for the fractal dimension.

Lemma 2.1 Let the assumptions of Theorem 1.1 hold. Then, semigroup (1.7), asso-
ciated with hyperbolic equation (1.1) is uniformly quasidifferentiable on the attractor
A and its quasidifferential S;(£(0)) at £(0) € A is defined via the following standard
eTPTeSSion:

(2.6) Sy(£(0))n := [v(t), B ()],

where n € E and v(t) is the solution of the equation of variations

(2.7) {83 v+ 70w + Av = F(u(t), 0u(t))v(t) + Fp,,(u(t), 0:u(t))du(t),
[v,00]|,_, = [u(t), du(t)] :== Si£(0).

The assertion of the lemma is completely standard, so we move its proof into Ap-
pendix A.

Thus, according to Theorem 2.1, for estimating the dimension of A it is sufficient
to estimate the norms of d-external powers for solving operator of equation of vari-
ations associated with the hyperbolic problem (1.1). To this end, following [12],
we introduce a new variable 0(t) := O,u + Ju(t) and rewrite system (1.1) in the
equivalent form in variables [u, f] € E. We obtain

:
2 2(5) = (o 3020 au-30).

2



10" Thus, instead of applying Theorem 2.1 to the initial system in [u, 8,u] variables

we will use it for the transformed system (2.8) (since these systems are linearly
equivalent, they have equivalent attractors whose dimensions coincide).

The equation of variations for the transformed system, obviously, has the form

(2.9) Bin(t) = L(u(t), dru(®))n(t),  [u(t), u(t)] := SiE(0),
where

—7 : 1
(2.10) L:<—A+§+fua—g%¢o ;—g+%¢o>'

In order to estimate the exterior powers of solving operator S7.(£(0)) : n — n(T) of
linear problem (2.9), we use the following standard lemma (see [12] or [3]).

Lemma 2.2 Let the assumptions of Lemma 2.1 hold. Then
(2.11) wa(Sp(§(0)) < elo TaHEN & g(1) = S€(0),

where Trq(L) means the d-dimensional trace of the operator L : E — E in E, i.e.
d

(2.12)  Trg(L) :==sup{ > (Lmmi)g ¢ [Imille =1, (mi,mj)p =0 fori#j}.
i=1

Now we are in a position to estimate the fractal dimension of the attractor A of
hyperbolic equation (1.1). For simplicity, we assume that the nonlinearity F' satisfies
condition (1.23) and estimate the corresponding dimension in terms of parameters
v, k (introduced in (2.1)) and ¢ (introduced in (1.23)). (In the general case of
conditions (1.4) and (1.5), this dimension can be analogously estimated in terms of
7, & and the constant C, defined in (1.5).)

Theorem 2.2 Let the assumptions of Theorem 1.1 hold and let, in addition, the
nonlinearity F satisfies (1.23). Then, the fractal dimension of the attractor A is
finite in E and can be estimated, as v — 0, as follows

2

yTRE KO < 1,
(2.13) dimp(A,E) <CN(y) :=C{v?Ins , k=1,
y~2 , KO > 1,

where C' is independent of v — 0, § > 0 and k > 0.

Proof. According to Theorem 2.1 and Lemma 2.2, it is sufficient to prove that

(2.14) supge 4 Tra{ll(§)} <0, for some d < CN(v).



In order to show this, we first estimate the quadratic form, associated with 1

the operator L, using the assumptions (1.23) and Schwartz inequality

2

v v
(Lip,m)g = —5||77u||?{1 + (9, Anu) — (19, Anu) + v (N> me) +

v v
(2.15) + ((F; — §F5tu)nu,ne> — 5||ne||12{ + (F,um8,m9) <

< =2 (Il + llmall) + 7" (Imalifos + ImoliF-s) = (Bn,m).,
where 7 := [n,,ns] € E, the operator B is defined as
5.7 <— Id +4C~y2A7%2 0 )
4 0 ; —Id+4Cy 2 AT
and the constant C is independent of y, § and 7 € E.
It follows now from (2.15) that for any d € N,
(2.16) Trg{L} < Trys{B}.

We now observe that the operator B is selfadjoint, hence, by the classical min — max
principle (see e.g. [3]), its traces can be immediately expressed in terms of its
eigenvalues, namely,

d
7 % 9 —8/2
(2.17) T8} = (—d+407 E,-l: A ) |

where \; are the eigenvalues of A. The estimate (2.14) is an immediate corollary of
(2.16),(2.17) and of the assumption (2.1) on the asymptotics of A;. Theorem 2.2 is
proven.

The following theorem shows that the estimate (2.13) can be essentially improved
if the additional regularity of the nonlinear term F' is known.

Theorem 2.3 Let the assumptions of Theorem 1.1 hold and let, in addition,
(2.18) F e CHE * V2 et

where s > —1/2 is some regularity exponent. Then, the dimension of the corre-
sponding attractor A can be estimated via

fy*m , k(s+1/2) <1,
(2.19) dimp(A,E) < Ci ¢ 71 ln% , k(s+1/2)=1,
1 s>,

where the constant C; depends on s and F, but is independent of ~y.

Proof. Indeed, due to condition (2.18), we have the following estimates:

| (F'::(ua 8tu)77ua 7)0) | S ||F,,:(U, (9tu)nu|

Hs+1/2 ||n.9 ||H*S*1/2 S
(2.20)

< C (Imullf-esrsa + 6l f-e-1s2)



12 and, analogously,

(2:21)  (Ep,u(u, Opu)mo, mo) < || F,,, (1, Ore)mg|

where the constant C' depends only on F. Estimates (2.20) and (2.21) allow to
improve (2.15) in the following way:

(Ln,n)g < (Ban,n)g

o172 || Mollg-e-12 < Cllmgl[-c/e,

where

B, ::Z

(—Id +Cy A2 0 )
4 )

0 . —Id+Cry L A(H1/2)/2
for some constant C' > 0 which is independent of ~ (the term v (F%,unu, o) in (2.15)
is of order v and does not require additional estimates).

Computing now the d-dimensional trace of the operator B, in terms of the eigenval-
ues J;, using asymptotics (2.1) for them and arguing as in the end of Theorem 2.1
we derive the improved estimate (2.19). End of the proof.

Corollary 2.1 Let the assumptions of Theorem 1.1 hold and let, in addition, (2.18)

be satisfied with the exponent s > % — % Then, the dimension of the attractor A
possesses the following upper bound:
(2.22) dimp(A,E) < Cy™' asy—0,

where the constant C is independent of .

Let us now introduce the class S of smoothing nonlinearities F'.

Definition 2.2 A nonlinear operator F' : E — H belongs to the class S = S(Cim)
if, for every m € R,, this operator belongs to C°(E™™ H™) and the following
estimates valid, for every £ € NU {0}:

(2.23) (T P——C

for appropriate constants Cj .

Corollary 2.2 Let the eigenvalues of the operator A satisfy condition (2.1) and let
the nonlinearity F' belong to the class S. Then, the fractal dimension of the cor-
responding global attractor A associated with equation (1.1) possesses the following
upper estimate:

1
(2.24) dimp(A,E) < C—,

Y
where the constant C' depend on constants C ,, (defined in (2.23)) and on constants
C1, Cy and k (defined in (2.1)), but are independent of ~y.

Remark 2.2 In Section 4, we will show that even in the case of extremely regular
nonlinearities F' € S, the dimension of the attractor A may indeed have the rate
growth ~ v~ as v — 0. So, estimate (2.24) is indeed sharp in the limit v — 0.



3. BIFURCATIONS OF A HOMOCLINIC LOOP AND LYAPUNOV DIMENSION 13

In this Section, we consider bifurcations of a certain type of homoclinic loops; the
results will be essentially used in the next Section in order to obtain sharp lower
bounds for the fractal dimension of the attractor A in the class S.

In contrast to the previous Sections, we consider here finite-dimensional systems of
ODE’s, namely, systems of the following form:

(3.1) y=~Ay+Fy), yekR,
where the nonlinearity F(y) belongs to C*°(R", R") and satisfies
(3.2) F(0) = F(0) = 0.

We assume that the matrix A € L(R",R"*) has only one eigenvalue to the right
of the imaginary axis. By scaling the time variable in (3.1) we can always make
this eigenvalue equal to 1. The rest of the spectrum consists of m pairs of complex
eigenvalues (—A; + wq,...,—Ap + wy) and (n — 2m — 1) eigenvalues whose real
parts are less than some —\,,11 < —A,,. Here m is some positive integer such that
2m+1 < n,and A = (A, -+, An) € R™ and w = (w1, ,wy,) € R™ are given
vectors satisfying the condition

(33) 0<>\1§A2§"'§Am<1, Wk>0, k‘:]_’-..,m.

We assume that the matrix A can be brought to the following form by a linear
transformation of coordinates:

1 0 0 -+ 0
0 Ry O 0 \
(5.4 A=l sl R (T M)
— Wk _)\k
o --- 0 Rn, O
o --- 0 0 A
where the matrix A € L(R*~?m~! R*~2m~1) satisfies the spectral assumption:

Such transformation can always be done when all w’s are different. We, however,
prefer not to make this assumption. Instead, we simply assume that the matrix A
is in the form (3.4).

Accordingly, denoting y = (z, (u1,v1)," -+, (Um, Um), w), system (3.1) is written in
the following form :

Zz=z4+...,

(3.6) ?k:—)\kuk—l—wkvk—l—...,
vk:—wkuk—)\kvk—i—..., kzl,...,m,
w=Aw+...,

where the dots in (3.6) stand for the nonlinearities, i.e. for the terms vanishing at
the origin along with their first derivatives.

By construction, system (3.1) has a hyperbolic equilibrium at the origin O : y = 0.
Moreover, the unstable manifold W*(O) is one-dimensional here, and it is tangent



14 to the z-axis at the origin. W*\O consists of two orbits (the separatrices)

which leave the origin at £ = —oo in the opposite directions. We assume that one
of the separatrices which leaves O towards positive z (we denote this separatrix as
') returns to the origin as ¢ — 400, thus it forms a homoclinic loop.

The system under consideration has an (n — 2m — 1)-dimensional smooth invariant
strong-stable manifold W*® which is tangent at O to the w-space and which consists
of all orbits which tend to O faster than e *=! (see e.g. [15]). We assume that the
homoclinic loop I' belongs to W*°, i.e. it enters O being tangent to the w-space.
Note that this is a bifurcation of codimension (2m + 1), so we study here a problem
which is, at large m, very degenerate from the point of view of the conventional
bifurcation theory. However, the homoclinic loops of these type are quite typical for
integrable equations with damping (see e.g. system (4.6) in the next Section).

Finally, we assume that
(37) 2M01 + 20+ -+ 20, < 1, 2>\1+2)\2++2)\m+)\m+1 > 1.

Remark 3.1 We note that inequalities (3.5) and (3.7) imply that the flow defined
by (3.6) contracts (2m + 2)-dimensional volumes near O while (2m + 1)-dimensional
volumes are not contracted. Thus, the Lyapunov dimension dimy,(A) of system (3.1)
at the origin possesses the estimates (see e.g. [3]):

2m + 1 < dimy(Ay) < 2m + 2.

The main result of this Section is the following theorem.

Theorem 3.1 Let the above assumptions hold. Let R := {u1, -, pam} be an
arbitrary set of 2m non-zero complex numbers such that if p belongs to the set R,
then its complex-conjugate i belongs to R as well. Then, by an arbitrarily small C*°-
perturbation of system (3.1), a periodic orbit with 2m multipliers equal to u1, . . ., tom
and with the rest of the multipliers inside the unit circle can be born from the homo-
clinic loop, i.e. for an arbitrarily small neighborhood V of the homoclinic loop T, for
every € > 0 and every r € N, there exists a C*-function G, satisfying the inequality

1Ge — (Ao +F)|[ck gngmy <€,

such that the perturbed system y = G, (y) possesses a periodic orbit of the type de-
scribed above, which lies in V.

Proof. Let us first locally straighten invariant manifolds W*, W¢ and W#* C W?*,
i.e. we make a coordinate transformation in a small neighborhood of the origin such
that the system takes, locally, the form

z=2z(1+p(y)),

Uy = —Apur + wpvr + fi(y) - (v, v, w),

U = —wrly — MUk + & (y) - (u, v, w), k=1,...,m,
w = (A+q(y))w,

where the functions fi(y), gx(v), p(v), q(y
dinates we have W}, = {(ug,vx) = 0 (k

(3.8)

(v) vanlsh at the or1g1n In these coor-

loc



WeE ={2=0,(ug,vxg) =0 (k=1,...,m)}, so the invariant manifolds are 15

straightened indeed. When the system is brought to this form, we can freely change
the characteristic exponents (i.e. —A; + iwy and the eigenvalues of A) by localized
small perturbations, without destroying the homoclinic loop. Indeed, we may arbi-
trarily add small localized perturbations to the coefficients Ay, wy and A in (3.8), and
this will not move the local invariant manifolds Wj., W ., W2, Thus, by applying
perturbations of this kind, we will still have a homoclinic loop which enters O lying
in W;%. So, we may always assume that

(3.9) AL <A << A < Apgt-

Moreover, we may always achieve by an arbitrarily small such perturbation that
the set of characteristic exponents is non-resonant. After that is done, Sternberg’s
theorem (see e.g. [16]) is applied which means that we can make a smooth coordinate
transformation which makes the system linear in a small neighborhood of O, i.e. the
system takes, locally, the form

z =z,
U = —ApUp + Wik,
(310) ‘k kUEk kVk
vk:—wkuk—)\kvk, kzl,...,m,
w = Aw.

In other words, after the above transformations, our equation reads as

(3.11) y=Aw)y+Fly), y:=_(2,u,v1, - ,Un,p,w) € R
with the matrix A given by (3.4) (from now on, we fix \’s satisfying (3.7) and (3.9),
but we will vary the values of wy, ..., wy,, therefore we indicate the dependence of A

on w explicitly). The smooth nonlinear function F vanishes in some neighbourhood
O of the origin

(3.12) F(y) =0 fory e O.

Thus, by construction, the intersection of the homoclinic loop I' with O consists of
two pieces. The first piece, corresponding to the large negative times, coincides with
the positive local z-axis, and the second piece, corresponding to the large positive
t, lies in the w-space.

Solution of (3.10) which starts in O at a point (2°,u, ..., 42,02 w°) is written
as

z(t) = 2%,

ur(t) = e M (U cos wit + v2 sin wyt ,
- ()= Lsinn)

k(1) = e (—uy sin wit + v cos wyt),

w(t) = e*'w’.

I~

We take some small d > 0 and consider two cross-sections to the homoclinic loop:
[°“ = {z = d} and II"* = {||w||la = d} where the metric ||w||4 in the w-space
Rr2m-1 i5 defined as follows:

o0
Jully = [ letulds
0



16 and || - || is a standard norm in R*~2™~1. Then, obviously,

d
Z (lwll) = =2]lwl* <o,

and, consequently, every nonzero solution w = w(t) of equation w = Aw intersects
transversely the ellipsoid ||[w||4 = d at a unique point. Therefore, the Poincare
section IT*" is, indeed, well defined. Let also wy correspond to the intersection point
of the homoclinic loop with II**, and let & € R*2™~2 be local coordinates on the
ellipsoid ||w||4 = d near wy, i.e. there is a smooth function W : R*2m~2 — Rr—2m~1
such that |[W(a)||la = d, W(0) = wy and W'(0) = Id. We introduce the local
coordinates for M € II'™ and M € II°* as follows

M(Zaulavla"' aumavm)a) = (d Zaulavla"' )um)vmaw(a)))

M@y, 01, -+, U, U, W) 1= (d, Uy, 01,7+ U, U, W)
According to (3.13), the orbit of a point M € II" with Z > 0 reaches I1°* at the
moment of time ¢ = —In Z, and the intersection of the orbit with IT°** is the point

ZM(up coswy In Z — vy sinw; In Z)

Z* (uy sinw; In Z + vy coswy In Z)

7 . miloc L S

(3.14) M =T (M) = ZM (ug coswy In Z — vy sinwy In Z)

Z (ug sin wy In Z + v cos wy In 2)
Z=W(a)

which defines the local Poincare map T'*¢ : TI'" N {Z > 0} — TI°*.

Analogously, the orbits starting on II°“* close to the origin follow the homoclinic
loop, so they come to the cross-section II* in finite time. These orbits define a
global Poincaré map T¢" : IT°% — I which is a diffeomorphism (since it is defined
by orbits of a smooth flow in a finite time and since the trajectories intersect II*"
transversely). Thus, the linear operator

d

3.15 =

(3.15) To o=~ T2(0)

is invertible and, due to our choice of coordinates in IT"* and II°%,
(3.16) T8 (0) = 0.

Moreover, without loss of generality we assume that 7y € L(R*™2>™~2 R"2™~2) can
be represented as follows:

(317) 76 - L[) . U(),
where Uy and Ly are upper- and lower-triangular matrices respectively:
Ly 0 .. \ (Uh Ul Ufy -
Ly LY 0 ... 0 Uy U
(3.18)  Lg= ; Up =
Lgl ng Lgs 0 .. .. 0 Ugs




Indeed, decomposition (3.17) is well known for generic invertible matrices Ty 17

(and can be obtained e.g. via classical Gauss diagonalization procedure). If 7y
is not generic, we can always put it in a general position by an arbitrarily small
perturbation of (3.11) which is localized outside the d-neighbourhood of the origin
and preserves the homoclinic loop (using the standard flow-box technique). Note
that

(3.19) Ul#0, L% #0, fori=1,---,n—2m—2,
since 7 is invertible.

We now consider an (m + n — 1)-parameter family of small smooth perturbations of
the system (3.11), namely for every w € R™ which is sufficiently close to the original
vector w := w° and for every sufficiently small § € R" !, we consider the following
family of equations:

(3.20) v =Aw)y + Fo.(y).

We assume that the function Fy ,, is smooth with respect to all variables and satisfies
the assumptions

(3.21) Fo.(y) =0 fory € O, and Fy,(y) = F(y),

where F(y) is defined in (3.11). Then, for sufficiently small # and (w — w°), the
global Poincare map Tg’fj : I1°¥t — TI*" is well defined and smooth. We assume that
the perturbation (3.20) is such that this global Poincare map is written, in a small
neighborhood of the origin in I1°%, as follows:

(3.22) ng;(M) =0+ T9°(M),

i.e. the only effect of the perturbation in the nonlinearity F' is an additive term in
the global map (see (3.16)). Obviously, such a family of perturbations exists (one
can construct it by the flow-box technique). Since the global map is insensitive to
changes in w we will further use the notation 7.

It is obvious, that for every frequency vector w which is sufficiently close to w° and
for every M € II""N{Z > 0} which is sufficiently close to 0 (in our local coordinates
on IT") there exists a perturbation parameter 6 such that system (3.20) possesses
a periodic orbit which intersects with IT"" at the given point M. Indeed, note that,
due to our construction, fixed points M with Z > 0 of the first-return map

(3.23) Tpo(M) == TE(T(M)), Ty, : " — I,

correspond to periodic orbits of the system (3.20). Thus, we must find the value of
6 for which the given point M is the fixed point of map (3.23). It remains to note
that the fixed point equation Ty, M = M recasts, by virtue of (3.22),(3.23), as the
following relation

(3.24) 0 =M — T&"(T"(M))
which indeed defines 6 uniquely, given w and M.

Our next step is to compute the multipliers of the periodic orbit in dependence on
w and M. By definition, these multipliers are the eigenvalues of the derivative with



18 respect to M of the first-return map (3.23):

d
(3.25) P(w, M) := d—MTgyw(M)‘eze(w’M) = Tor © Z(w, M)
where
3.26 o = — 8o (7 Z(w, M) = —ploe(g
( . ) w,M -— m 0 ( )‘G:G(w,M),M:TLOC(M)’ (wa ) " m w ( )
As M tends to the point (Z,uy, vy, -+, Um, Um, @) = 0 (this is the point of intersec-

tion of the homoclinic loop I' with the cross-section IT™ at § = 0), we have 6 — 0,
by virtue of (3.24),(3.14),(3.16). Thus, as w — w®, M — 0, the matrix 7, 3; tends
to the matrix 7y defined by (3.15).

On the other hand, differentiating (3.14) with respect to M, we obtain

(Z)‘l_l cos(wi In Z + ¢1)p1 \
R1(Z) 0 ... 0
ZMLsin(wy In Z + 1) py
Z* L cos(woln Z + ©32)po
(327) Z(w,M)= 0 Ro(Z2) ... 0 |>

Z2 2 Lgin(wy In Z + ¢5)p2

\ —AZAT 0 0o ... Z*A)
where we denote

coswpInZ —sinwgInZ
(3.28) Ri(Z,w) = Z*
sinwgInZ coswglnZ

and use, notationally, polar coordinates (pg, ¢x) instead of (ug,vy) in the following
way:

(329) U — & COS(QDk — wk)a Vp = @ Sin(gok — wk)a
Tk Tk
with
(3.30) i = (A2 + w22, cosyyp = M\p/rr and  sinyp = wy /7.

In the sequel, we will study the eigenvalues of the matrix P(w, M) defined by (3.25)
for (w, M) of some special form only. To be more precise, we fix some positive
numbers G, k= 1,---,m, such that

(3.31) 1—2>\1—---—2>\T_n>ﬁ1>ﬁ2>--->ﬁm>
> 01 —min{Ay — A, A3 — Ao, - A — A1, At — Am )y

(such numbers exist due to assumption (3.7)). Then, we fix

(3.32) pr = 2Pk,

Moreover, we consider the perturbations of the frequency vector w® in the form

(3.33) w(@) :=w’+ (In2) 'o,



where @ € [—m, 37]™. Then, for every small positive Z < 1, every 19
w € [—m,37]™ and every ¢ = (¢1, -+, m) € [—m, 37|™, the point M = M(Z,w, ¢)
is defined as follows:

(3.34)

M(Z,@,6) =y = (d-z,%cos(¢1 b)), —s1n(¢1 b1),- -
,”—cos(qsm Yim), 2 S0 (G — ), W(0)),

m m

where the parameters py = pp(2), w = w(@), 1, = re(@) and ¥y, = Y (@) are defined
by (3.32), (3.33) and (3.30).

Thus, we consider finally the (2m + 1)-parameter family of perturbations of equa-
tion (3.11) which corresponds to the choice of M of the form (3.34) and w in the
form (3.33) with small positive Z < 1 and arbitrary @,¢ € [—m,37]™ and study
the matrix (3.25) only for such (w,M). In order to simplify the notations, we
write in the sequel P(Z,, ¢) instead of P(w(®), M(Z,@,¢)), Z(Z,o, ¢) instead of
Z(w(@), M(Z,o,¢)) and so on. It is obvious that our family of perturbations is,
indeed, arbitrarily small when Z — +0.

The following lemma gives the principle part of the asymptotic expansions of the
coefficients of the characteristic polynomial for the matrix P(Z, @, ¢) as Z — 0.

Lemma 3.2 Let
Pza,s(p) == det(pld —P(Z,®,¢)) :=
. ,U:n _ Ml,U/n_l +M2,U:n_2 et (_1)nMn

be the characteristic polynomial of the matriz P(Z,w, ¢) defined by (3.25). Then the
following formulas are valid for the coefficients My, of this polynomial:

2k—1 2k—2
Moy 1 (H L ) . (H U;)j) 71201 201+ X B o
j=1

X [Uk 12k lcos(wkan—l—gok—i-wk)—l—

(3.35)

(3.36) + ng_mk sin(wyIn Z + o + @) + Ma_1(Z, @, ¢)] ,

2k—1 2k
M (H £ ) | (H U%-) Zr
j=1

X [ - Lgk,Zk sin @, + Lgk+1,2k cos pr + M (7, @, ¢)]

fork=1,--- ,m, and

(337) Mk — Mk (Z,U_},(b)

for k > 2m. Here L?j and UZ-OJ- are the entries of the lower- and, respectively, upper-
triangular matrices defined by (3.17). The functions My are smooth with respect to

(©,¢) and Z > 0, and they tend to zero, along with their derivatives with respect to
(@,9), as Z — +0.



20 Proof. We recall that the matrix 7z4,4 = T(w(@),M(z,¢) i0 (3.25) is close to

the matrix 7y, hence it can be decomposed, analogously to (3.17):

(3.38) Tz006=Lzog Uzsg,
where U and L are upper- and lower-triangular matrices respectively:
(Lll 0 \ (UH Ulg U13 \
L21 L22 0 e 0 Ugg U23
(3.39) L= , U=
L31 L32 L33 0 e e 0 U33

Moreover, the entries U;; = U;;(Z,,¢) and L;; = L;j(Z,,$) are smooth with
respect to all arguments and are close to the corresponding entries UZ-OJ- and L?j as
Z L 1.

We now note that the matrix
(3.40) C=C(Z,w,¢):=U-2(Z w,¢) L

is similar to P(Z,w,¢) = L -U - Z(Z,, $) and, consequently, these two matrices
have the same characteristic polynomials. So, we compute below the characteristic
polynomial of the matrix C' defined by (3.40). In order to do so, we recall that
assumptions (3.9), (3.31) and (3.32) imply the following inequalities:

ZLp<KLpr L L p K 1,
(3.41) ZMpy > Z0py > . 2 py > 2w
ZM > 72 s 7 s ZAmi

if 7 < 1. Since the matrices U and L are upper- and lower-triangular, the entries
of the matrix C are given by the following formula

(3.42) Cii =Y. ZuiUinLy;.

m=i k=j

Computing by (3.27) and (3.42), and using (3.41), it is easy to verify that the matrix
C' defined by (3.40) is estimated as follows:

(O(21p) O(z*) O(2) 0(2*%) 0(2*) O(z*) ...\
O(ZM 1p) O(ZM) O(Z) 0(2%) O(Z2*) 0(Z»)
(3.43) O(Z* tpy) O(Z*) O(Z*) 0(Z*) 0(Z*) 0(Z*)

O(Z2%7p) O(Z2*) O(Z*) 0(Z%) 0(Z*) O(Z*)

\ s s s s )




i.e. its entries are estimated as follows: 21

(3.44) Ciu = O(ZM07 pyy),  Ciy = O(Z*0)  (j > 2),
where we denote
1 at 1 =1, 2,
2 at 7= 3,4,
(3.45) k(i) =
m at 1 =2m —1,2m,
m—+1 at ¢ > 2m,
and
( m—+1 at i >2m
or (at 1 < 2m)
k(7) at j=2,...,2k(i) + 1,
(3.46) s(i,§) = k(i) +1 at j = 2k(i) +2,2k(i) + 3,
m at 7 =2m,2m +1,
L m+1 at 7>2m+1.

We also denote here p,,11 = 1.

We recall now that the p-th coefficient M, = M,(Z,®,¢),p=1,--- ,n of the char-
acteristic polynomial (3.35) can be represented as a sum of all main (i.e. diagonal)
minors of order p of the matrix C' defined by (3.40), i.e.

(3.47) M, = Z M. (C),

1<61 <ip < <ome<ip <

where the minor M,-h___,ip(C’) is the determinant of the matrix obtained as the in-
tersection of the raws with the numbers 4;,...,7, and the columns with the same
numbers.

Our task now is to show that the major contribution to M, at Z < 1 is given by
the minor M 5 ... ,. Indeed, it follows from (3.44) that all the entries C;; with ¢ > 1
vanish at Z = 0 and, consequently, all the diagonal minors M;,, ; (C) with 4; > 1
tend to zero as Z — 0. For the minors M; —y ,...; (C) we use the following formula:

(3.48) My —1s,...5, = Z'\k1+'\k2+m+'\kflpkp -det Ci4,....,
where we denote k, = k(i,) (see (3.45)), and
( Zlil\lpkjplcll Zil\lch'z R, Zil\lclip \
Zl_)‘k2 p,:plcizl Z_)‘kZ Ci2i2 e Z_)"“2 Cizip

(3.49) Cliigynip =

\Zlil\klJ p_IC'pl Zi)‘kl’ Cipiz Zil\kp Cipip

kp



22 By (3.41) and (3.43), all the entries of the matrix C are bounded from above,
so we have

(3‘50) Ml,iz,...,ip(c) — O(Z)‘k1+)‘k2+'"+)‘k1’_lpkp).
If p > 2m + 1, this estimate gives us
(3.51) My, (C) = O(Z2M 42204 22m i Ansa 1),

so, by virtue of our assumption (3.7), all the diagonal minors of order 2m + 1 and
larger tend to zero as Z — +0, which proves (3.37).

Let us now consider the case p < 2m. We note that when ¢ decreases at least on
2, the corresponding value of A; will also decrease. Thus, it follows from (3.41)
and (3.50) that the main contribution to the coefficient M, (p < 2m) is given by

.....

M. p-1+1(C) in case p is odd (and p > 1). Moreover, we claim that
(3'52) My 2012 = Z—1+2)\1+-..+2)\1_2+2)\1_1+)\l+ﬁlO(Ze)’
for some £ > 0. Indeed, according to (3.31),(3.32), (3.45),

priyor L = O(ZP07P) < 1 and Z M0 C;q = O(ZNM0) < 1,

for i < 2(I — 1). Consequently, the matrix Ci ... 2q-1),2(C) defined via (3.49) can be
rewritten as follows:

0 0(1) o) o0
0 0O(1) o) o0
Ci,.. p0-1)21 = : : : +0(Z2°),
0 O(1) o(1) o
O(1) 0O(1) O(1) 0O(1)

which implies (3.52), since the determinant of the matrix in the right-hand side of
the last formula is, obviously, zero. Thus, we have proved that

MZkfl — M]_’...72k,1(0) + Z71+2/\1+"'+2/\k,1+/\k+[3kO(Zs),

3.53
( ) MZk — Ml,Z,---,Zk(C) + Z71+2/\1+...+2/\k+ﬁk0(Z£) (k _ 1, . ,m)

for some small positive constant € > 0. It remains to compute the determinants
M. p,forp=1,---,2m.

To this end, according to (3.41) and (3.44), we rewrite the formula (3.49) for C; ... 21—1
and Cy,... o (I =1,---,m) as follows:



23

(3.54)
Cl,---,2l71 —
0 Z7A1012 Zil\1013 0 0 0
0 ZMCyy  Z7M(Cly3 0 0 0
0 0(1) 0(1) Zil\2034 Zil\2035 0
= 0 o(1) O() Z™2Cy Z72Cx 0
Zl_)"pflCZZ,l,l O(1) e e e - 0(1)
+0(Z7),
and
(3.55)
Cl,---,ZZ —
( 0 Z*/\1012 Z7A1013 0 0 0 \
0 Z7MCqy Z7MCoy3 0 0 0
0 O(].) 0(1) Zil\2034 Z7A2035 0
— 0 O(1) O(1) ZzZ™2Cy Z72Cy 0
Zl_’\’pl’lCZZ,Ll 0(1) . ... . 0(1) Z_)‘lCZlfl,Zl
\Zlf’\’pl_lcgl,l 0(1) - - ce 0(1) ZiAlCQl,Zl )
—I—O(ZE).

Since all the entries of C;__, are bounded, we obtain from (3.48),(3.54) and (3.55)

Coa—1,21 Com12141

—14+2A14++2A 1+ A
o o /4 F2A1 4+ 2A 1+ k+ﬁkO(ZE),
21,21 21,2141

k-1
(356) Ml,---,?kfl = Cz]g,Ll X H
=1

and
(3.57)
C C o C
Ml ok = 2k—1,1 2k—1,2k % 21—1,21 2[1—1,21+1 4 Z71+2A1+---+2Ak+ﬁko ZE
o Cori Corox 111 Cumu  Cauprti (Z%),
for k =1,---,m, where € > 0 is a small positive number.

Now, it remains to express the right-hand sides of (3.56) and (3.57) in terms of the
entries of the matrices Z(Z,®,¢), U(Z,w, ¢) and L(Z,, ). One can easily see



24 that, according to (3.27), (3.28), (3.41), (3.42), (3.44),
Cok—11 = L11Usk—1 211 Z2k—1,1 + L11Usp—128 2011 + Z 1 O(Z°) =

(3.58) - Z_1+Ak+ﬂkL(l)1 |:ng—1,219_1 Cos(w,g InZ + ¢ + (Dk)—l—

+ Uy, 1o Sin(wp In Z + ¢y + @p) + o(1) |
Analogously,

(3.59)

Cau—121 Cu—12141| _
Cau Cot2141

_ ZZ)" U2l—1,2l—1 Ugl_l,gl COS W InZ —sin wr InZ % Lgl’gl 0 +
0 Uzzygl sin wr InZ COS Wp InZ Lgl+1’21 Lgl+1’21+1
+722M0(2°) = Z*M |:Ugl—1,2l—1Ugl,2lL(2)l,21Lgl+1,2l+1 + 0(1)] :
And, finally,

.y Usk—12k-1 Usi—1,2%
= L1y

‘CZkl,l Cok—1,2k %

Cora Cor 2k 0 Usk 2
s ( Lo o Zok—11  Zok—12k 4 Lotk Zok—1,1 Zok—12k+1 n
2%,2 2%+1,2
N Zogt Zokok N Zokt Zokok+

(3.60)
+ 27PN O (Z°) = | LY, ng—l,?k—lng,Qk] 7712k

X [ — Loy o1, Sin g + Ly 4 o COS (/)k] + Z 712t Pro(1).

Inserting these formulas into (3.56),(3.57) and (3.53), we obtain expansions (3.36).
Lemma 3.2 is proven.

We are now ready to finish the proof of Theorem 3.1. Indeed, let us consider only
such sequence of values of Z — +0 for which

olnZ
wkﬁ — 0

for all £ = 1,--- ,m (here {-} denotes the fractional part). It is easy to see then,
that given any fixed values of the coefficients My, .-, My, of the characteristic
polynomial of the derivative matrix P(Z,, ¢) of the Poincaré map of the periodic
orbit under consideration, the system of equations (3.36) for these coefficients can
be resolved with respect to ¢ and @w. Moreover, ¢ and @ depend on My, -, Mo,
smoothly and have finite limits as Z — +0, along with the derivatives with respect

to (My, -+, Moap).
Indeed, system (3.36), recast as
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(3.61)

(U1 o1 co8(2m {wR B2} + dr + wp)+

+ Ugp 1 g, sin(2m {052} + 61 + @) =

— My, (H% lLO) 1_ (H% 2U0> F1=2A1 =2\~ Ae i

j=1 7]
- MZkfl (Za wa ¢)a
{
_Lgk,Zk sin ¢y + Lgk+1,2k oS ¢ =
- M2k (HZk ' LO ) (HZk UO ) h Z172’\17"'72)‘k*ﬁk - MZk (Z) (D) ¢))
\ (kzlj...’m),

has a regular limit as Z — +0:

(3.62) ng—l,?k—l cos(pr + Wi) + ng—l,Zk sin(¢g + @g) = 0,
_Lgk,Zk sin ¢y + Lgk+1,2k cos ¢, = 0.
Here we have used the fact that due to our assumptions (3.7) and (3.31),
1—2X — =2  — B >0

for every k =1,--- ,m. By (3.19), Ugy_; 941 # 0 and Lg; o, # 0, so we may resolve
the limit system (3.62) as follows:

0 0
2k 2k U2k71,2k71

. Lgk+1,2k — UZk 1,2k
(3.63) ¢r = arctan , Oe =5~ arctan ———=— — ¢.
Now, according to the implicit function theorem, we have indeed the functions
&(Z, M1,...,Maop), ©(Z, My, ..., Map), close to those given by (3.63), which sat-
isfy (3.61) (hence, they satisfy (3.36)) at small Z and which depend smoothly on

My, ..., Moy,

We now fix ¢ = ¢(Z, My,..., Man), © = @(Z, My, ..., Ma,), so we choose now
My, ..., My, to parametrize our family of small perturbations. As we just have
shown, My,..., Ms,, can be taken from an arbitrarily large domain in R®*™. Let
My, ..., My, be uniformly bounded and let M,,, stay bounded away from zero.
As Z — +0, the coefficients My,,11, ..., M, of the characteristic polynomial tend
uniformly to zero, according to (3.37). Thus, the characteristic equation

(364) p/n _ Mlunfl NI MZmﬂnizm _ M2m+1ﬂn72m71 I (—l)nMn —

has (n — 2m) roots which tend to zero as Z — +0, and 2m roots (we denote them
as [, ..., h2m) Which are bounded away from zero and tend to the roots of the
polynomial

(3.65) 2 = My Mo,



26 Define the real numbers Ml, ey Mgm such that pq, ...y, were the roots of
the polynomial

(3.60 W KA 4 Mo,
i.e.
2m
(3.67) [T — ) = 2™ = Mup®™ 4+ Mo
j=1

By construction, (My, ..., Myp) tend to (My, ..., May) as Z — +0. Let us show
that My,..., Ms,, depend on My, ..., My, smoothly, and that

d(My, ..., My,)
(3.68) A My M) | z=0 = Ld.
Indeed, consider the linear operator @ : R* — R"™ defined by the matrix
0 -1 o .-
0 0 -1 0
(3.69) : CL e
0 e N . |
Moy Mop -y - My My

Its characteristic equation is also given by (3.64), so it has, as well, (n — 2m) eigen-
values close to zero and 2m eigenvalues which are bounded away from zero and
are the roots of the polynomial (3.66). Hence, the operator Q has two invariant
eigenspaces, one corresponds to the close to zero eigenvalues and the other cor-
responds to the eigenvalues which are bounded away from zero. The coefficients
of the characteristic polynomial of O restricted onto the second subspace are ex-
actly the coefficients My, ..., Mapn,. Since all the entries of the matrix (3.69) are
bounded and since it depends smoothly on Mj,..., M,, the invariant subspaces
depend on My,..., M, smoothly as well. This gives us the smooth dependence of
Ml, .. ,Mgm on My,..., Moy, Mopma1, ..., M,. Recall now that the coefficients
Momit, ..., My depend on (My, ..., Myy,) smoothly, and they are continuous in
7 along with the derivatives with respect to (My,..., Map). Thus, the required
smooth dependence of My, ..., Mgy on (My, ..., Myy) at all small Z, includ-
ing Z = 0, follows immediately. Identity (3.68) follows now from the fact that
(Ml,...,./\;l2m) = (Ml,...,Mgm) at Z =0.

Now, by implicit function theorem, we have that given any values My, ..., Mo, with
Mo # 0, the corresponding values of My, ..., Moy, are defined uniquely. In turn,
the coefficients My, ..., My, are defined uniquely by (3.67), given any (symmetric
with respect to the complex conjugation) set R of the non-zero roots 1, ..., am-
Hence, given any such set R, we find the corresponding values of My, ..., Mo,
and then the values of the perturbation parameters ¢ and @, for arbitrarily small
values of Z. Theorem 3.1 is proven.

By taking in Theorem 3.1 the values of the multipliers u1, ..., o, outside the unit
circle, we arrive at the following



Corollary 3.1 Let the assumptions of Theorem 3.1 hold. Then, by 27
an arbitrarily small C*-perturbation of system (3.1), a periodic orbit P the insta-
bility index NT(P) of which satisfies

(3.70) N*(P) = 2m

can be born in an arbitrarily small neighborhood of the homoclinic loop under con-
sideration.

Remark 3.2 We note that the unstable manifold W*(P) of the periodic orbit P
constructed in Corollary 3.1 has dimension 2m + 1. Thus, if every solution of the
perturbed system (3.20) can be extended globally for positive ¢ € Ry, then this
unstable manifold is, obviously, a (2m + 1)-dimensional invariant submanifold for
the system under consideration. Moreover, due to Remark 3.1, we have

(3.71) dim W*(P) = [dim(A)],

where [v] denotes the integral part of v. Since such invariant manifolds always be-
long to the attractor (if the system possesses a global attractor) then Corollary 3.1
and formula (3.71) present a possibility of obtaining lower bounds for the attractors
dimension in terms of their Lyapunov dimension. This possibility will indeed be
used in the next Section in order to obtain sharp lower bounds for the attractor’s
dimension for the abstract hyperbolic equation (1.1).

It is also interesting to consider the case where the multipliers 1, ..., 42, in Theorem
3.1 are all equal to 1 in the absolute value. In this case, a small perturbation of the
periodic orbit P with the multipliers u1, ..., iom can produce an (m + 1)-dimensional
invariant torus (see a proof in Appendix B). This gives us the following

Corollary 3.2 Let the assumptions of Theorem 3.1 hold. Then, by an arbitrarily
small C>®-perturbation of system (3.1), an (m + 1)-dimensional smooth invariant
torus, densely filled by a quasiperiodic trajectory, can be born in an arbitrarily small
neighborhood of the homoclinic loop under consideration.

4. LOWER BOUNDS FOR THE DIMENSION OF THE ATTRACTOR

In this concluding Section, we obtain sharp lower bounds for the attractor’s dimen-
sion for the damped hyperbolic equation (1.1) with the nonlinearity in the class S
(see Definition 2.2). The main result here is the following theorem.

Theorem 4.1 Let A : D(A) — H be any linear selfadjoint operator whose eigenval-
ues satisfy (2.1), and let {e;}2, be the corresponding orthonormal system of eigen-
vectors. Then there exist two smooth nonlinear operators Fy and Fy in the form

(4.1)  Fi(u):=F'((u,e1), (u,e2))er + F2((u,e1), (u,e2))e2, uweH, i=1,2,

(where Fij € C°(R?,R), 7,7 = 1,2) and a smoothing operator ® = ®, . 1., defined
for every € > 0, every small v > 0 and every k,m € N, belonging to the class S and
satisfying the estimate

(4.2) 1llop 5 semy < <,



28 such that the fractal dimension of the attractor A= A, . m of the equation
(4.3) O2u +y0u + Au =T (u) + yFy(u) + ®(u, Opu)

possesses the following estimates:
1 1
(44) Cl— S dlmF(A, E) S Cg—,
Y Y

where the positive constants C; and Cs are independent of 7y, €, k and m.

Proof. First, take a second order ODE in the form:
(4.5) 02U =U — Fy(U), U €R,

where F, € C*°(R) vanishes at the origin together with its first derivative. We
assume that equation (4.5) possesses a homoclinic orbit Uy(t) to the equilibrium
U = 0 (as an example, take Fy(U) = U?). Let us fix a sufficiently small v > 0,
n :=[1/(2v)] — 1 and a frequency vector w := (w1, ,w,) € R"® and consider the
following decoupled system of second order ODE’s:

O;U(t) = U(t) — Fo(U (1)),
(4.6) %m(®) + 7000 + wfm(®) = O,
821 (t) + YOyiin(t) + wlin(t) = 0.

By construction, this system has a homoclinic loop of the type studied in Section 3,
so one can expect an analogue of Theorem 3.1 for system (4.6), as it is indeed given
by the following lemma.

Lemma 4.1 Let the above assumptions hold and let, in addition,

(4.7) w; > /2, foreveryi=1,---,n

Then, for every e > 0 and every k € N, there exist C{°-functions ®; : R*"*? — R,
i=0,1,---,n, satisfying

(4.8) @il montor) <€,

such that the system

OfU(t) =U(t) — Fo(U
0211 (t) + 0,1 (t) + w

() + o (U(2), 0U(2), a(t), Bya(t)),
%1()=<1>(U()8tU()ﬂ()5ﬂ())

)
(4.9) "

O (t) + yO04tn(t) + wnﬂn(t) =®,(U(t),0U(t), u(t), dyu(t))
possesses a periodic orbit P with the instability index N*(p) = 2n.

Proof. We rewrite problem (4.6) in new variables

z(t) == (U(t) + 0,U(t))/2, w(t):= (U(t) —:U(t))/2,

(4.10) @Glt) = w(t),  w(t) = (W) (atai(t) + %m(t)) :



where w) := (w? — 7742)1/2 >0,7=1,---,n. In these variables, system (4.6) 29
reads as
(0,2 = 2 — L Fy(z + w),
815’(7,1 = —%’al + w‘l)z‘)l,
Oty = — 10 — Wiy,
(4.11)
Oyl = — L, + Wby,
8tll_)n — _%'Dn - wgﬂn;
(Ow = —w + 3 Fy(z + w).

We now note that system (4.11) has the form of (3.1) and that all assumptions
of Theorem 3.1 are, obviously, satisfied for (4.11). Consequently, according to this
theorem, for every given & > 0 and k € N, there are C{°-functions ®; : R — R,
1 =0,--+,2n+ 1, satisfying

(4.12) 19l ransomy < €
such that the following perturbation of system (4.11)
Oz = z — LFy(z + w) + Py (2, w, @, ),

(4.13) a”:“ - _%sz + wép_@i + ‘~1~>2i—1(z, U_), 7:1, 17),-
6tUi = —%Ui — w; U; + <I>2,-(z,w,u,v), 7 = 1, cee M,
ow = —w + %F[](Z +w) + &)2n+1(z, w, U, D)

possesses a periodic orbit P with the instability index N*(P) = 2n. This periodic
orbit lies in a small neighborhood of the homoclinic loop of the nonperturbed system,
so we may assume without loss of generality that all the functions ®; have finite
supports.

It remains to rewrite system (4.13) as a system of second order ODE’s for the
variables U(t) := z(t) + w(t) and %;(t). To this end, we take the sum of the first and
the last equation of (4.13) and differentiate it with respect to ¢ and, analogously, we
differentiate the equations for @;(¢) in (4.13). This gives us

07U (t) = U(t) — Fo(U(2)) + o(2(t), w(t), a(t), 9(t)),
(4.14) 071 (t) + v, (t) + wiu(t) = ®i(2(t), w(t), a(t), v(t)),
i=1,-,m,
where the C° functions ®; : R>"™? — R satisfy
(4.15) ||(i)i||cf*1(R2"—2,R) < Cie,

and the constant Cy, is independent of €. To finish the proof of the lemma, it remains
to express the variables z, w, ¥; in terms of U, 8;U, u; and 0;4; from the system

z+w="U,

(4.16)



30" Note that in the case when all ®; are equal to zero identically, system (4.16)

reduces to a non-degenerate linear system. Hence, due to (4.12), system of equations
(4.16) is indeed can be solved in a unique way (by virtue of the implicit function
theorem) if ¢ is small enough:

z = ®0(U7 8tU, ’Ij, at’lj),
(4.17) 7; = 0,(U, 8,U, 4, 0,0), i=1,---,n,
w = ®n+1(Ua 8tU, U, 8{(7,),

for some C*°-functions ©;, i = 0,--- ,n. Inserting (4.17) into the right-hand side of
(4.14) finishes the proof of Lemma 4.1.

Let us now finish the proof of Theorem 4.1. Indeed, let A be a selfadjoint positive
operator in a Hilbert space H with a compact inverse such that its eigenvalues
0 < A < Ay < --- satisfy condition (2.1) for a certain positive constant k. Let
{e;}3°, be the corresponding orthonormal system of eigenvectors. Then, every H-
valued function u(t), t € R, , can be expanded as follows:

(4.18) u(t) = Zui(t)ei, ui(t) == (u(t), e) .
Moreover, due to (1.2),

(4.19) [u(®)]

Be= ) Mluwt)]?, seR
=1

We rewrite now equation (4.3) in the following equivalent form:
(4.20) O ui(t) + vOui(t) + Niug(t) = @;(u(t), u(t)), 1=1,2,---,

where u(t) = (uy(t), uz(t),---) € R*® (see (4.18)) and {®;(u, Ou)}2, are defined as

(4.21) ®;(u, Ou) := (Fy (u) + vFa(u) + ®(u, Oiu), e;) .

We will construct the desired equation (4.3) in the form (4.20). The main idea is
to construct the nonlinearities in such a way that the components u;(t) of the cor-
responding solution will satisfy system (4.9). Then, by Lemma 4.1, this equation
will possess a periodic orbit P such that N*(P) = 2n, n+ 1 := [1/(27)] and, con-
sequently, the fractal dimension of its attractor will be larger than (2v) . Indeed,
let ¥ >0, e > 0 and let & € N be arbitrary. Let us also fix n := [1/(27)] — 1 as in
Lemma 4.1. We need to rewrite system (4.9) constructed in Lemma 4.1 in the form
(4.20). To this end, we fix the frequencies w? = A\;;9, 1 = 1,--- ,n, where ); are the
eigenvalues of A, and introduce the variables

(4.22) ur(t) == U(t), us(t) := U(t), uz(t) :=a1(t), -+, Unia(t) = ,(¢).
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'8t2u1 + vOpuy + Muy = {u; — Fo(ug) + Aug b+
+y{us} + @1 (ur, -+, Upnyo, Oy, -+, Osinya),
O2us + YOyus + Aotz = {us — Fj(u1)ua + Aous }+
+y{ur — Fo(ur)} + ®o(ur, -+, Uny2, Optr, - - -, Opinia),
(4.23) % O?usz + yOpuz + Azuz =
= ®3(uy, + , Unso, Opur, -+ , Optinsa),

2 _
O; Un+2 + YOUnt2 + Anj2Unio =

= (DTH-?(U’IJ trty Ung2, atula e 78tun+2)7

\

where the C§°-functions ®; satisfy
(424) ||(bi||ck—2(Rn+27R) S C;CE:

Since every solution of (4.9) is, obviously, a solution of (4.23) as well, then (4.23)
has also a periodic orbit P with N*(P) = 2n.

We complete system (4.23) as follows:
(4.25) Ou; +yOuu; + Au; =0, i=n+3,n+4,---.

Then, system (4.23), (4.25) has the form (4.20) indeed. Moreover, since only the
existence of a periodic orbit P with N (P) = 2n is important for our purposes, we
may cut-off all the nonlinearities outside of this orbit and define finally

Uy — FO(’U,l) + )\1U1 U9
Uy — Fé(ul)U2 + )\2U2 Uy — F()(’U,l)
(426) Fl (U) = ¢0 ' 0 y ]F2 (’U,) = (b() . 0
0 0
and
(bl(ul) e Jun+2) at”l; T 78tun+2)
(bn Ury " Un 78u)"'78un
(4.27) O (u, Byu) = 2l A tini2) ,

0

where ¢y := @o(|u1|? + |uz|?) is an appropriate cut-off function.

Thus, the desired operators IF;, F, and ® are defined. Let us now verify that they
satisfy all conditions of Theorem 4.1. Indeed, (4.1) is obvious. Since the operator
® has a finite rank (see (4.27)), then, obviously, ® € S. Moreover, it follows from
(2.1), (4.19) and (4.24) that, for every m € N

(428) ||¢||Ck72(E7m,Hm) S Cn4nm6.



32 Hence, by rescaling, if necessary, €, we may always satisfy (4.2) (for every

fixed m). Furthermore, due to our construction, system (4.23), (4.25) possesses a
smooth periodic orbit P with N*(P) = 2n. Therefore,

1
(4.29) dimp(A,F) > 20 > 5.

The upper bounds for the fractal dimension in (4.4) is an immediate corollary of
Proposition 2.1 and Corollary 2.2. Theorem 4.1 is proven.

Remark 4.1 We emphasize that the operators F; and Fy from Theorem 4.1 have
very simple structure (see (4.26)) and can be computed explicitly. It is also worth
to emphasize that the unperturbed system (4.3)

(4.30) O2u + You + Au = Fy (u) + yFy (u)
possesses a 4-dimensional inertial manifold
M := {(uy, ug, Oyus, Oyus) € R, (uy,Opu;) = 0,8=3,4,---}
and, consequently, the fractal dimension of its attractor A, satisfies
(4.31) dimp(Ay, E) <4, for every v > 0,
whereas its Lyapunov dimension, obviously, satisfies
(4.32) dimp (Ap, E) ~ vy 1.
Theorem 4.1 shows, however, that, by an arbitrarily small perturbation of equa-

tion (4.30), we may increase drastically the fractal dimension of the corresponding
attractor A and obtain the relation

(4.33) dimp(A, E) ~ dimy (A, E) ~ y71.

This example confirms that the Lyapunov dimension is a more robust qualitative
characteristic of the global attractor than its fractal dimension.

Remark 4.2 We have constructed in Theorem 4.1 the examples of attractors A
of equations of the form (1.1) which depend explicitly on the first derivative d,u of
the unknown function u. Differentiating, however, equation (4.3) by ¢ and denoting
v = 0w and w(t) := (u(t),v(t)) € H:=H x H, we obtain the equation of the form
(4.34) 2w + vow + Aw = Fy (w) + +Fa (w) + ®(w),

where the nonlinearities are already independent of d;w. Therefore, the phenomena
described in Theorem 4.1 can appear in hyperbolic equations of the form (1.1) where

the nonlinearity F' is independent of d;u (F'(u,d;u) = F(u)). Unfortunately, this
reduction leads to linear operators A in a special form

(4.35) A= (13 2) :

In order to avoid this restriction, we permit the explicit dependence of the nonlin-
earity F' on d;u in our abstract model (1.1).
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fractal dimension is to estimate the instability index for some equilibrium of the
equation under consideration, see [1], [2] and references therein (see also [17], where
lower estimates for the instability index of a linear nonautonomous equation of
type (1.1) with periodic coefficients were given based on the parametrical resonance
phenomena). In our next proposition, we show that it is principally impossible,
using this method, to obtain reasonable lower bounds for the attractor’s dimension
of equation (1.1) with nonlinearities belonging to S.

Proposition 4.1 Let A be a linear selfadjoint operator with a compact inverse in a
Hilbert space H whose eigenvalues satisfy (2.1) and let the nonlinearity F' in equation
(1.1) belong to the class S.Then, for every € > 0, there exists a positive constant C.
such that the instability indez of any equilibrium uy of equation (1.1) is estimated as
follows:

(4.36) NT(up) < Coy =

Proof. Indeed, due to the trick described in Remark 4.2, it is sufficient to prove
estimate (4.36) only for the case where

(4.37) F(u,8u) = F(u).

Let now wuy be an arbitrary equilibrium of equation (1.1). Then, the corresponding
equation of variations reads as

(4.38) 2w+ yow + Ayyw =0, Ay, = A —F'(up)

and, consequently, the spectrum of the linearization D, S; of the semigroup (1.7)
at the point (ug,0) can be expressed as follows:

. tuk k . Y 72 1/2
(4.39) 0 (DuySt) = < e, pll = 3 + s O, :

where {0;}32, € C are the eigenvalues of the operator A,,.

We recall now that the operator F' belongs to the class S. Therefore,
(4.40) 1" (o) | e gy < Clm,s

for every m € N, where the constant C,, is independent of ug € H. Thus, due to the
classical theory of compact perturbations of selfadjoint operators (see e.g. [18]), we
derive from (4.40) that for every N € N, there exists a constant Cy such that

|9k - )\k| < CNk_Na ke Na

where )y is the corresponding eigenvalues of the unperturbed operator A. It follows
that all but finitely many 6, have positive real parts, and their imaginary parts tend
to zero faster than any power of k as k — +oo. Hence, according to formula (4.39),
the number of eigenvalues p* with nonnegative real parts satisfies (4.36) indeed.
Proposition 4.1 is proven.
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Remark 4.3 We stress that our “homoclinic” method of obtaining lower estimates
for the attractor’s dimension gives, in fact, more than an estimate from below of
the maximal attractor. Indeed, in absolutely the same way as Theorem 4.1 was
deduced from Corollary 3.1 to Theorem 3.1, we obtain from Corollary 3.2 that the
nonlinearities F; 5 and ® can be constructed in such a way that equation (4.3) would
have an invariant torus (densely filled by quasiperiodic trajectories) of dimension
~ C/7, where C is a certain constant. In other words, we show that equations
under consideration may have minimal sets whose dimension is of the same order as
the Lyapunov dimension of the maximal attractor.

Recall also that, according to [19], any quasiperiodic flow on a smooth (m + 1)-
dimensional invariant torus can be perturbed in such a way that the torus would
contain an invariant m-dimensional manifold, homeomorphic to D™ ! x S, the flow
on which is smoothly conjugate to a suspension over any aforehand given diffeomor-
phism of D™ 1. Hence, by Corollary 3.2, every dynamics which is possible in a phase
space of dimension ~ C/~v can be encountered in equation (4.3), at an appropriate
choice of the nonlinearities.

APPENDIX A. PROOF OF THEOREM 1.1 AND LEMMA 2.1.

In this Appendix, we prove the existence of a solution for problem (1.1) under the
assumptions of Theorem 1.1. We also prove the Lipschitz property of the corre-
sponding semigroup S;, as well as the quasidifferentiability of S; on the attractor
A (Lemma 2.1). As usual (see [1], [3], [4]), the proof is done via the Galerkin
approximation method, based on the a priori estimates (1.6), (1.8), (1.9).

We start with the proof of the a priori estimate (1.6). Let £ € C(R,, E) be a solution
of (1.1). Then, according to assumption (1.4), the nonlinear term F'(u, d;u) belongs
to the space C'(R,,H) and is globally bounded in it. Consequently, we may take a
scalar product of equation (1.1) with d,u(t) + au(t), where a > 0 is a sufficiently
small number, and derive the following relation (see e.g. [3|, Lemma I1.4.1):

%@[IlatU(t)ll?{ +lu®llf + 2a(u(t), deu(t))] + (v — )| Gu(t)li + ellu@®lli =
= (Fu+adw) < C. + e([|0u(t)|[ + [lu(®)l5),

where € > 0 can be arbitrarily small. Fixing now ¢ < 1 and @ < 1 in the last
inequality and applying the Gronwall’s inequality, we obtain (1.6) indeed.

Let us now verify estimate (1.8). Let &,,(¢) and &,,(t) be two solutions of (1.1) and
let n(t) := [v(t), 0w(t)] := & (t) — &2(t). Then wv(t) satisfies the following equation

6t2’U + ’yatv +Av= Ll(t)v + Lz(t)at’l), n‘tzo = 61(0) - 52(0),

where Li(t) :== fol F!(su; + (1 — 8)uz, sOyu)ds and

Ly(t) := fol Fj . (suy + (1 — s)ug, sO;uy)ds. We note that, according to (1.4), these
operators are globally bounded as operators from H' — H and H — H respectively.
Consequently, the right-hand side of the equation for v belongs to the space C(R, , H)
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the following estimate

%[H@tv(t)H% + o) Ifn] + 100 @) =
= (L1(t)v(t), Bu(t)) + (L2()0pu(t), O (t)) < K (||v(t)[l7n + |0 (8)[|7)

where K is independent of u; and usy (since the derivatives F,, and F, é’,tu are assumed
to be globally bounded). Applying the Gronwall’s inequality to this relation, we
obtain (1.8).

In order to prove the a priori estimate (1.9), let us differentiate equation (1.1) with
respect to ¢ and introduce the function z(t) := du(t). Then, this function satisfies
the following equation:

(A1) [P0 An = Fiw Gz + F, (u, 000
| Z‘tio = U, atz‘t:o = J7u(0) = — Ao — yugy + F(uo, uf).

Denote n(t) := [z(t), d;2(t)]. Since £(0) := [u(0), B,u(0)] € E' and the nonlinearity
F satisfies (1.4), it follows that n(0) € E and

(A.2) In(0)IIE < C (1) 15 + 1),

for an appropriate constant C' depending on F' and . Moreover, it follows from
estimate (1.6) and from equation (1.1) that

(A.3) (8|52 < C'lIEO)Ige ™ + C1,
where C’" and C] depend only on A, F' and 7.

Taking the inner product in H of equation (A.1) with the function 8,z(t) + 2z(t),
we have

0{110ez [l + 12l + 7 (2(2), 0e2(8) } + VIO fy + Vll2llfn =
(A.4) = 2(F,(u, 8u)z, 8;z) + 2 (Fj,,(u, Opu)dz, 6:2) +

+ v (F,(u, 8u)z, z) + v (Fj,, (v, Ou)d;z, 2) .
Using conditions (1.5), we derive that

2 (Fy(u, Ou)z, 0,2) + 2 (Fétu(u7 Oyu) 0y 2, 8tz) <

(A.5) < % (102 (®) % + |2(0)[|2n) + 4C, ||[2(2), Bz (8)]][%-1.

Analogously, using assumption (1.4) on the derivatives of F' and the interpolation
inequality ||ul|f < ||u||m||u|lg-1, we estimate

(F.(u, Byu)z, z) + (F3,,(u, Ou)dpz, 2) <

(A.6) < 5 (1) + 120)10) + ol 0), eI

Inserting estimates (A.5) and (A.6) into the right-hand side of (A.4), we obtain, for
a sufficiently small v > 0,
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(A7)

fY "
O{l10ealsz + 121l + 7 (2(2), 0e2(8) } + g {l19uzller + 1z ll7n + v (2(8), Br2(0)) } < CFlIn(®) -+,

for an appropriate constant CA’rl which depends only on 7, A and F'. Applying the
Gronwall’s inequality to (A.7) and using (A.2) and (A.3), we arrive at the estimate

(A-8) In()I < Cae™2[IEO) 13 + Cu.

It remains to note that due to equation (1.1) and condition (1.4) we have

IE@E < C (IIn®)]E +1),
o (1.9) follows from (A.8).
Now we can prove the existence of the solutions of (1.1). Let {e;}32; be the orthonor-
mal basis in H generated by the eigenvectors of the selfadjoint operator A and let Il
be an orthoproector to the first N eigenvectors in H, Hy := Iy H and Ey := Iy E.
For every N € N, we consider the following problem in the finite-dimensional space
Ey, which approximates the initial infinite-dimensional problem (1.1):

(A.9) {8t2uN +v0uy + Auy = [y F(uy, Oruy),

En(t) = [un(t), Oun(t)] € En, &En(0) =&}

We recall that (IIy F,vy) = (F,vy) for every vy € Ex and, consequently, repeating
word by word the derivation of estimates (1.6) and (1.9), we obtain the following
uniform (with respect to V) a priori estimates for the solutions of (A.9):

(A.10) {1- len(@)]2 < Cllén(0)lee + G,

2. [lEn®)3e < Cillén(0)]|gre /5t + Cs,

where the constants C, C;, Cy and Cj3 are the same as in (1.6) and (1.9) (and,
in particular, they are independent of N). On the other hand, equation (A.9) is a
system of ODE’s with smooth (C') nonlinearity and, consequently, estimates (A.10)
give the global existence of a solution &x(t) € Ey of problem (A.9). Our task now
is to pass to the limit N — oo in (A.9) and construct the solution u(t) of (1.1) as
a limit of Galerkin solutions uy(t). To this end, we first assume that the initial
conditions £(0) for problem (1.1) belongs to E':

(A.11) £(0) € E'  and set &% := IIx&(0).

Then, according to (A.10)(2) and equation (A.9), we have the uniform with respect
to N estimate

(A.12) 16, un || 2= o) + [1€wll o= o, < CUIEO) g2

which is valid for every 7" > 0. Consequently, without loss of generality, we may
assume that, for every 7' > 0,
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(A.13)

v — € xweakly in L°([0,7],E') and 0?uy — 0?u  *-weakly in L>([0,T],H),

for some function ¢ := [u,du] € L°(R,,E'). We claim that u solves the initial
problem (1.1). To this end, we need to pass to the limit N — oo in equations (A.9).
Indeed, passing to the limit N — oo in the linear terms of (A.9) is evident due
to (A.13). In order to pass to the limit in the nonlinear term, we recall that the
embedding

L>([0,T],E) n{0}u € L>([0,T],H)} c C([0,T],E)

is compact, for every 7' > 0 (see e.g. [3]) and, consequently, (A.13) implies the strong
convergence &y — & in C([0,T],E). Since the operator F' is continuous, it follows
that Iy F(uy, 0:Ux) — F(u,d;u), and u is indeed a solution of problem (1.1).

Thus, for every £(0) € E', we have constructed a solution ¢ € L®(R,., EY)NC (R, E)
of problem (1.1) (moreover, arguing in a standard way like e.g. in [3|, one may verify
that £ € C(R,,E"), in fact). It is not difficult now to extend this result to the initial
data from E. Indeed, let £(0) € E be an arbitrary initial condition. Let us consider
a sequence £"(0) € E' such that

(A.14) €"(0) — £(0) as n— o0

Let also £"(t) € E' be the corresponding solutions of problem (1.1), the existence
of which has just been proven. Then, according to estimate (1.8), there exists some
function £ € C(R,,E) such that

(A.15) " — ¢ in C([0,T],E) strongly,

for every T' > 0. As above, the strong convergence law (A.15) allows to pass to the
limit n — oo in the equations for u™ and verify that the limit function u(¢) also
satisfies equation (1.1). Thus, the existence of a solution of problem (1.1) is now
proven under the assumptions of Theorem 1.1.

It remains to prove the quasidifferentiability of the corresponding semigroup S; on
the attractor A. Let & (¢) and & (t) be two solutions of problem (1.1) belonging
to A and let v(t) be a solution of equation of variations (2.7) (computed along
the trajectory &;(t)) with [v(0),8,v(0)] = & (0) — &(0). Then, arguing as in the
derivation of estimate (1.8), we obtain the following estimate:

(A.16) v (t), B ()]l < Cll[v(0), Brv(0)][[5e"™,

where the constants C and K are independent of u; and uy. Moreover, the function
w(t) := uy(t) — ug(t) — v(t) obviously satisfies the following linear nonhomogeneous
equation

(A.17) {atZw + 0w + Aw — F(uy, Opur )w — Fétu(ul, Opuq)Oyw = Py, (1),
. [w, atw”t:ﬂ =0,
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(A.18)

Py s (£) = {fOI(F;(sul + (1 — s)ug, s0yu1) — Fy(u1, Opuy) ds} v(t)+
+ {fJ(Fétu(sul + (1 = 8)us, s0iu1) — Fy (1, Opus) ds} dyu(t).

Consequently, analogously to (1.8) and (A.16), we have

(A.19) |[w(T), B (T)]| | < CeXT / Py ()2

where the constants C' and K are independent of u; and us. On the other hand,
since the attractor A is compact in E, the set

A = {861+ (1 —8)&, &,6€ A, s€(0,1]}

is also compact in E and, due to assumption (1.4), the derivatives [, and Fj , are
uniformly continuous on this set. Consequently, we have an estimate

(A.20) [1us @) [0 < ([[62(8) = &(O]]&)[[[v(2), Bro(@)]e,

where the function a(z) tends to zero as z — 0% and is independent of ¢, u; and u,.
Estimates (1.8), (A.16), (A.19) and (A.20) imply that

(A.21) (), Brw (T < ar([1€2(0) = £2(0)[)11€1(0) — &2(0) e,

where the function ar(z) tends to zero as z — 07, it depends on 7" > 0 but it is
independent of &1, & € A. Thus, estimate (2.2) is verified. The continuity of S’(§)
on the attractor is verified analogously. End of the proof.

APPENDIX B. PROOF OF COROLLARY 3.2.

Let P be a periodic orbit, born by a small perturbation of a homoclinic loop of
system (3.1), which has 2m multipliers equal to 1 in the absolute value (such an
orbit can indeed be born according to Theorem 3.1). Let us prove that a smooth
(m+1)-dimensional invariant torus, filled by quasiperiodic trajectories each of which
is dense in the torus, can be born at the bifurcations of P.

Proof. Consider a Poincar’e map (z — Z) for the periodic orbit P:
(B.1) T = Bz + o(x),

here z = 0 is the fixed point which corresponds to the orbit P. The eigenvalues of
the matrix B are the multipliers of P. By assumption, 2m of these eigenvalues lie
on the unit circle. Our goal is to prove that this map can be perturbed in such a
way that an m-dimensional invariant torus would appear in a small neighborhood
of the origin.

Fix any integer r > 1. It is obvious, that by perturbations, small in C"-topology, one
can arrange arbitrary small changes in any entries of the matrix B in (B.1). Hence,
we can always achieve that B would have exactly m pairs of complex-conjugate
eigenvalues on the unit circle: e ... e*™m all w’s are rationally independent
and the factors w;/m are irrational; and the rest of the multipliers does not lie on

the unit circle.
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invariant manifold which is tangent at x = 0 to the eigenspace of B correspond-
ing to the multipliers on the unit circle. It is well-known that since the numbers

{m,w1,...,wn} arerationally independent, there exist local coordinates (21, ..., 2,) €
C™ in which the map on the center manifold takes the following (normal) form
(B.2) zZi = Qi(zz1,. .., zmzn)z + 0(2") (j=1,...,m)

where * means complex conjugation, and (; are complex polynomials of degree
<(r—1)/2,

(B.3) Q;(0) = e™

It is obvious that by an arbitrary small (in the C"-topology) perturbation, one can
make map (B.2) coincide with the polynomial map

(B.4) Z; = Qj(z12],. .., Zm2n)2 (j=1,...,m)
in a sufficiently small neighborhood of zero. Thus, it is enough to prove that a small

perturbation of map (B.4) can produce an m-dimensional invariant torus arbitrarily
close to z = 0.

Let us, first, introduce polar coordinates pje’¥i := z;, j = 1,...,m. Map (B.4)
recasts as

p; = Rj(p3,..., p%)p;

(B.5) (j=1,...,m)
¢j =i +Q(0t,. .., om)
where Q; = R;e*% (j =1,...,m), so R;,; are real analytic functions, and
(B.6) R;(0)=1, 2;0)=w; (=1...,m).
Let a1,...,am,01,...,0, be arbitrary small numbers. Then the map

pi = (a; + Bi(pi, ..., p7))p;
(B.7) G=1,...,m)
8 =i +0; + Qo1 ., p7)
is a small (real analytic) perturbation of (B.5). The amplitude map
(B.8) pi = (aj + Ri(pt, .., 0 (G=1,...,m)

is independent here on the phases ¢y, . .., @.,. Therefore, a fixed point of (B.8) with
all p1, ..., pm non-zero corresponds to an m-dimensional invariant torus of (B.7).

Take now some sufficiently small strictly positive numbers g%, ..., 0% . Put

aj =1—=R;(()?, .-, (P)?),
(B.9) (j=1,...,m)

0; = w;i — (A% - - -, (o))
By (B.6), the numbers ay, ..., am,01,...,0, are indeed small when p?,..., p° are
small. With ay,...,a,, given by (B.9), (0,...,00) is a fixed point of (B.8), i.e. the

torus (p1 = %, ..., pm = %) is a smooth m-dimensional invariant torus of (B.7).
By construction, map (B.7) is a C"-small perturbation of the restriction of
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the perturbation under which an invariant torus is born from our periodic orbit. By
(B.6), (B.7), the restriction of the Poincaré map on this torus is given by

Pj = Y; +w; (]zl,,m)
Since the numbers 7,w;y,...,w,, are rationally independent, it follows that every

orbit of this map is indeed quasiperiodic and fills the torus densely. End of the
proof.
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