Abstract

We study a mathematical model for the inductive heating of steel.It consists of a vector potential formulation of Maxwells equations coupled with a heat equation and an evolution equation for the volume fraction of the high temperature phase in steel. An important task for practical applications of induction heating it to find the optimal coupling distance between inductor and workpiece.

To this end, we employ the speed method to investigate the sensitivity of solutions to the state equations with respect to perturbations of the inductor coil. We show the existence of strong material derivatives for the state variables and apply the structure theorem to characterize the Eulerian derivative of the cost functional.

1 Introduction

Electromagnetic induction provides a method of heating electrically conducting materials. The basic components of an induction heating system are depicted in Figure 1. An altenating current flows through the induction coil (in the sequel called inductor). It generates an alternating magnetic field which in turn induces eddy currents in the workpiece. These dissipate energy, bring about heating and lead to the growth of the high temperature phase austenite in the workpiece made of steel.

Figure 1: Induction heating: real process (left) and notation of domains in idealized setting.

Since the magnitude of the eddy currents decreases with growing distance from the workpiece surface because of the frequency dependent skin-effect, induction heating is a suitable heat source for surface heat treatments if the current frequency has been chosen big enough. On the other hand, if sufficient time for heat conduction is allowed and the current frequency is not

Figure 2: Adjustment of induction heating patterns by varying the turn spacing (a) or the coupling distance (b),(c) (from [5]).

too big, relatively uniform heating patterns can be obtained. Hence induction heating can also be used in heat treatments like annealing.

An important task during the planning of an induction heat treatment is to find the optimal coupling distance between inductor and workpiece in order to obtain a desired heating pattern.This is illustrated in Figure 2. In all the examples shown, the goal is to produce a uniform hardening depth. In (a) a conical workpiece shall be heated by an inductor of the shape of a cylindrical spiral. To compensate for the bigger distance between inductor and workpiece in the upper part, the turn spacing there is narrower compared to the lower part.

In (b), because of the workpiece’s geometry, heat will concentrate in the lower corners of the workpiece cross-section, if the coupling distance is everywhere the same. The remedy is to increase the coupling distance in the lower part of the workpiece leading to a uniform penetration depth.

Example (c) depicts the typical situation of a hole in an otherwise plane workpiece surface. The inductor on the left-hand side with a uniform coupling distance leads to an uneven hardening pattern and possibly even to a melting of hole edges. A better result can be achieved when the coupling distance between inductor and workpiece is increased locally around the hole.

In the next Section we present the mathematical model for induction heating, which has been derived in [14]. To investigate the sensitivity with respect to perturbations of the inductor, we apply the speed-method as presented in the monographs [23] and [6]. In Section 3 we transform the state equations to the fixed domain, Section 4 is devoted to deriving stability estimates and in Section 5 we prove the existence of strong material derivatives for the state variables. There are already a lot of papers on modeling, analysis and simulation of induction heating, e.g., [2]–[4], [7]–[9], [14], [16], [20]–[22]. In [1], an optimal control problem for a 2D induction heating setting has been considered. Mathematical models for phase transitions in steel have been considered in, e.g., [11]–[14] and [19].

2 The mathematical model

2.1 The state equations

Since we cannot model the hardening machine itself, we restrict ourselves to the following idealized geometric setting (cf. Fig. 1 (right)). Let D ⊂ IR^3 be the hold all domain, which contains the inductor Ω and the workpiece Σ.

We call G = Ω ∪ Σ the set of conductors and define the space - time cylinder Q = Σ × (0, T ). Since we do not consider the hardening machine in our model, we assume that the inductor Ω is a closed tube. Inside we fix a section Γ and model the current density which is generated by the hardening machine by an interface condition on Γ.

In [14] an electrothermomechanical model for the induction heating of steel has been derived. Here we consider a simplified version where the equations are only sequentially coupled. It consists of a linear elliptic problem for the scalar potential ϕ, a degenerate parabolic equation for the magnetic vector potential A, a semilinear parabolic equation for the temperature θ and and ODE for the evolution of the austenite volume fraction z.

(P) Find (A, ϕ̄, θ, z) ∈ L^∞(0, T ; X) × H^1(0, T ; H^1(Ω)/IR) × W^{2,1}_3 (Q) × W^{1,∞}(0, T ; L^∞(Σ)) such that

κ_0 ∫ Ω ∇ϕ · ∇u dx + ∫ Γ j_sφ dx = 0, for all φ ∈ H^1(Ω)/IR, (2.1a)

A(0) = A_0, in D, (2.1b)

κ_0 ∫ G A_t · v dx + ∫ D 1 μ curl A · curl v dx + ∫ D 1 μ div A div v dx

+κ_0 ∫ Ω ∇ϕ · v dx = 0, for all v ∈ X, a.e. in (0, T ), (2.1c)

θ(0) = θ_0, in Σ, (2.1d) ∂θ ∂ν = 0, in ∂Σ × (0, T ), (2.1e)

ρc_εθ_t − kΔθ = −ρLz_t + κ_0|A_t|^2, in Q, (2.1f) z(0) = 0, in Σ, (2.1g)

z_t = 1 T (θ) [z_{eq}(θ) − z]^+, in Q, (2.1h)

with W^{2,1}_p (Q) = W^{1,p}(0, T ; L^p(Σ)) ∩ L^p(0, T ; W^{2,p}(Σ)) and Q = Σ × (0, T ) the space time domain. The solution space X for the vector potential as X = {v ∈ H( curl , D) | | | div v ∈ L^2(D) and n × v | | |_{∂D} = 0}, which in view of (H1) below is a closed subset of H^1(D). Owing to [10, Lemma 3.4] ‖v‖_X = ( ∫ D | curl v|^2 dx + ∫ D ( div v)^2 dx )_{1/2}

is an equivalent norm on X. Note further that (2.1a) is Neumann problem for which solutions are sought for in the quotint space H^1(Ω)/IR.

Remark 2.1 In the original model derived in [14] the Coulomb gauge div A = 0 has been enforced by including it in the solution space X. To simplify the application of the speed-method in the next section, we have chosen here to include a divergence part in the bilinear form in (2.1c).

We make the following assumptions:

(H1) Ω̄ ⊂ D, Σ̄ ⊂ D, Ω̄ ∩ Σ̄ = ∅, and ∂Ω, ∂Σ, ∂D are of class C^{1,1}. (H2) κ_0, ρ, c_ε, k, and L are positive constants, (H3) A_0 ∈ X ∩ H^2(D), θ_0 ∈ W^{2,3}(Σ), (H4) μ(x) = μ_2χ_Σ + μ_1(1 − χ_Σ ), with constants 0 < μ_1 < μ_2.

To obtain higher regularity we will differentiate the equations for scalar and vector potential with respect to time. Therefore we have to assume the compatibility conditions (H5) j_s ∈ H^1(0, T ; H^{−1/2}(Γ)), such that ∫ Γ j_s dx = 0 and ∫ Γ j_{s,t} dx = 0. (H6) There exists y_0 ∈ X, such that κ_0 ∫ G y_0 · v dx + ∫ D 1 μ curl A_0 · curl v dx + ∫ D 1 μ div A_0 div v dx + κ_0 ∫ Ω ∇ϕ(0) · v dx = 0, for all v ∈ X.

(H7) 0 < T_∗ ≤ T (x) ≤ T^∗ < ∞, for all x ∈ IR, ‖T ‖_C2_{(IR)} ≤ M, (H8) 0 ≤ z_{eq}(x) ≤ 1, for all x ∈ IR, ‖z_{eq}‖_C2_{(IR)} ≤ M, (H9) H ∈ C^{2,1}(IR), a monotone approximation of the heaviside function.

2.2 A weak solution to the state equations

Problem (P) is only sequentially coupled and can be solved by solving consecutively the subproblems (2.1a), (2.1b) + (2.1c), and (2.1d) – (2.1h). For the first one, we have Lemma 2.1 Assume (H1), (H2), and (H5), then (2.1a) has a unique solution ϕ ∈ H^1(0, T ; H^1(Ω)/IR) such that ‖∇ϕ‖_H 1_{(0,T ;L}2_{(Ω))} ≤ C, (2.2) with a constant C > 0, depending on j_s, T , and κ_0. Proof.

The proof follows from the Lax-Milgram lemma and the fact that we may differentiate (2.1a) with respect to time because of (H5). □ For the vector potential equation (2.1b), (2.1c) we have Lemma 2.2 Assume (H1)–(H6), then (2.1b), (2.1c) has a unique solution A ∈ L^∞(0, T ; X), satisfying the estimate

‖A‖_L∞_{(0,T ;X)} + ‖A_t‖_L∞_{(0,T ;L}6_{(G))} ≤ C, (2.3) with a constant C depending on j_s, T, A_0, κ_0, and μ_{1,2}. Proof.

To prove the xistence of a unique weak solution one can use, e.g., Rothe’s method of implicit time discretization as described in the monograph [17]. The first part of the a priori estimate follows from inserting v = A_t into (2.1c) and integrating in time. To obtain the second part one can formally differentiate (2.1c) with respect to t. Then, we substitute y = A_t and solve the system y(0) = y_0, in D, κ_0 ∫ G y_t · v dx + ∫ D 1 μ curl y · curl v dx + ∫ D 1 μ div y div v dx

+κ_0 ∫ Ω ∇ϕ_t · v dx = 0, for all v ∈ X, a.e. in (0, T ).

Testing with v = y_t and integrating in time we obtain an estimate for y in L^∞(0, T ; X). Owing to the compatibility condition (H6) we can recover that y = A_t a.e. in G. Hence we can use the embedding H^1(G) ⊂ L^6(G) and obtain the second part of (2.3). □ Lemma 2.3 Assume (H7)–(H9), then the following are true:

(1) Let θ ∈ L^1(Q), then (2.1g), (2.1h) has a unique solution satisfying 0 ≤ z(x, t) < 1 a.e. in Q, (2.4) and ‖z‖_{W 1,∞ (0,T ;L∞(Σ))} ≤ C, (2.5) with a constant C > 0 independent of θ.

(2) Let θ_k → θ strongly in L^1(Σ). Then z_k −→ z, strongly in W^{1,p}(0, T ; L^p(Σ)), for p ∈ [1, ∞), where z_k and z are the solution to (2.1g), (2.1h) corresponding to θ_k and θ, respectively.

(3) Let θ_1, θ_2 ∈ L^p(Q), p ∈ [1, ∞), and z_1, z_2 the corresponding solutions to (2.1g), (2.1h), then there exists a constant C > 0, such that ‖z_1 − z_2‖_W 1,p_{(0,T ;L}p_{(Σ))} ≤ C‖θ_1 − θ_2‖_W 1,p_{(0,T ;L}p_{(Σ))}.

Proof.

The existence of a unique local solution to (2.1g), (2.1h) is a direct consequence of the theorem of Carathéodory, see e.g. [24, p. 1044]. Using (H7)–(H9), and the theory of differential inequalities (cf. [11, Lemma 2.1], we obtain (2.4), whereas (2.5) is a direct consequence of (H7)–(H9). Assertion (2) follows from Lebesgue’s lemma.

To prove (3), let θ^i ∈ L^p(Q), i = 1, 2, and define θ̄ = θ_1 − θ_2, then z̄ = z^1 − z^2 solves z̄_t = f(θ^1, z^1) − f(θ^2, z^2), (2.6) where f(θ, z) denotes the right-hand side of (2.1h). In view of (H7)–(H9), f is Lipschitz continuous. Hence, we can test (2.6) with z̄^{p−1} and apply Young’s inequality to obtain 1 p ∫ Σ ‖z̄(t)‖^p dx ≤ c_1 t∫ 0 ∫ Σ |z̄|^p dx ds + c_2 t∫ 0 ∫ Σ |θ̄||z̄|^{p−1} dx ds

≤ ( c_1 + c_2 p − 1 p )^t∫ 0 ∫ Σ |z̄|^p dx ds + c_2 p t∫ 0 ∫ Σ |θ̄|^p dx ds.

Now we can apply Gronwall’s lemma and use (2.6) once again to conclude the proof. □ Remark 2.2 Lemma 2.3 shows that the volume fraction z, which is defined as the solution to the initial value problem (2.1g), (2.1h), satisfies assumption (A6).

Before considering the heat equation (2.1f), we recall the following results from the linear theory of parabolic equations:

Lemma 2.4 [18, Theorem 9.1] Let g ∈ L^p(Q) and u_0 ∈ W^{1,p}(Σ) for some p ∈ (1, ∞). Then there exists a constand C > 0 such that the unique solution to u_t − Δu = g in Q, ∂u ∂ν = 0, in ∂Σ × (0, T ), u(0) = u_0, in Σ satisfies the estimate ‖u‖_W 2,1_{p (Q)} ≤ C ( ‖u_0‖_W 1,p_{(Σ)} + ‖g‖_Lp_{(Q)} ) . For later use we also note the following embedding theorem [22, (3.9)], written down for dim Σ = 3:

Lemma 2.5 Let k = 0, 1, p ≥ q, 2 − k − 5

(_1

q −^1_p ) ≥ 0, then the embedding

W^{2,1}_q (Q) ⊂ W^{k,0}_p (Q) is continuous. The inclusion is compact if the last inequality is strict. Lemma 2.6 Assume(H1)–(H9), then (2.1d)–(2.1h) has a unique solution (θ, z), such that ‖(θ, z)‖_W 2,1_{3 (Q)×W 1,∞ (0,T ;L∞(Σ))} ≤ C. The constant C depends on A_t and θ_0. Proof.

The existence can be proved, e.g., using the Schauder fixed point theorem. The a priori estimate is a direct consequence of Lemma 2.3 and Lemma 2.4.

To prove uniqueness, we take the difference of two solutions θ̄ = θ^1 − θ^2 which satisfies ρc_εθ̄_t − kΔθ̄ = −ρL(z^1_t − z^2_t ), in Q, ∂θ̄ ∂ν = 0, in ∂Σ × (0, T ), θ̄(0) = 0, in Σ.

Using Lemma 2.3(3), Lemma 2.4 and Hölder’s inequality, we can infer^1

‖θ̄‖^3_W 2,1_{3 (Qt)} ≤ c_1 t∫ 0 ∫ Σ | | | s∫ 0 θ̄_ξ dξ | | |^3 dx ds ≤ T^2c1 t∫ 0 s∫ 0 ∫ Σ |θ̄_ξ|^3 dxdξ ds ≤ c_2 t∫ 0 ‖θ̄‖^3_W 2,1_{3 (Qs)} ds, where Q_t = Σ × (0, t). Now the assertion follows from Gronwall’s lemma. □ Summarizing the results of Lemmas 2.1–2.3 and Lemma 2.6 we obtain Theorem 2.1 Assume (H1) – (H9), then Problem (P) has a unique solution.

2.3 The shape design problem

To decide whether the coupling distance between inductor and workpiece has been chosen decently, we measure the volume fraction of austenite at the end-time T and compare it to a desired volume fraction z̄, i.e., we consider the following cost functional of tracking type

J (Ω) = ∫ Σ ( z(x, T ) − z̄ )_2 dx. (2.7) The precise formulation of our design problem then reads

1Note that θ̄_ξ is short for^{∂θ̄(x,ξ)}_{∂ξ} .

(CP) Minimize J (Ω) , given by (2.7) ,

subject to Ω ∈ U_{ad} and the state equations (2.1a)–(2.1h).

In this paper we completely ignore the question of defining a reasonable set of admissible domains U_{ad} and proving the existence of an optimal design. Using a special topology, namely tubes generated from space curves, these questions have been discussed in [15]. Instead we will investigate the shape sensitivity with respect to perturbations of the inductor without specifying the inductor topology. We only require that it satisfies (H1).

3 Speed method and transformation to the fixed domain

To investigate the sensitivity of solutions to the state system (2.1a) - (2.1h) with respect to perturbations of the shape of the inductor Ω, we use the speed method (cf. [23, Sec. 2.9]). We introduce a speed vector field V satisfying

(H10) V ∈ C(−τ_1, τ_1; C^2_0 (D, IR^3)), supp V ⊂ (B_{δ1} (Ω) \ B_{δ2} (Γ_1)), with positive constants τ_1 and δ_{1,2}.

Hence, the velocity field is chosen in such a way that the inductor can be perturbed, except for a small region around the interface Γ, where current is supplied and in reality the inductor is fixed to the hardening machine. Moreover, we tacitly assume that δ_1 has been chosen small enough to assure Σ̄ ∩ suppV = ∅. Now we construct a family of mappings

T_τ (V ) : IR^3 ∋ X −→ x_τ ∈ IR^3,

where x_τ satisfies the initial value problem dx_τ dτ = V (τ, x_τ ), x_0 = X.

Then we define a family of perturbations of a given initial configuration Ω by

Ω_τ = T_τ (V )(Ω).

All equations defined in Ω_τ can be transported to the fixed domain Ω, using the transformation T^{−1}_τ : Ω_τ → Ω. Note that, by construction, we have Ω_0 = Ω and Ω_τ ∩ Σ̄ = ∅, for all τ ∈ (−τ_1, τ_1), if τ_1 has been chosen small enough. Moreover, the interface Γ, where the source current is supplied, remains invariant under the perturbations of Ω, and we have T_τ (V )(D) = D.

Remark 3.1 In the sequel we indicate functions on Ω_τ with subscript τ , and functions transported to the fixed domain Ω with superscript τ , i.e., f^τ = f_τ ∘ T_τ .

The following lemma describes the transport of div and grad to the fixed domain. The proof can be found in [23, Sec. 2]. Note that the Jacobian of T_τ is denoted by DT_τ . Moreover, for any matrix B, the transposed one is denoted by^∗B.

Lemma 3.1 Let B_1(τ ) =^∗DT^{−1}_τ , then we have (1) ( grad φ) ∘ T_τ = ( B_1(τ )∇ )( φ ∘ T_τ ) , for all φ ∈ H^1(D), (2) ( div ψ) ∘ T_τ = ( B_1(τ )∇ ) · ( ψ ∘ T_τ ) , for all ψ ∈ H^1(D). (3) ( curl ψ) ∘ T_τ = ( B_1(τ )∇ ) × ( ψ ∘ T_τ ) , for all ψ ∈ H^1(D).

Using Lemma 3.1, we obtain for (2.1a), with φ ∈ H^1(Ω_τ )/IR , − ∫ Γ j_gφ dx = κ_0 ∫ Ω_τ ∇ϕ_τ · ∇φ dx

= κ_0 ∫ Ω det(DT_τ ) ( ∇ϕ_τ · ∇φ ) ∘ T_τ dx

= κ_0 ∫ Ω B_2(τ )∇ϕ^τ · ∇(φ ∘ T_τ ) dx

with β(τ ) = det(DT_τ ) and B_2(τ ) = β(τ )^∗B_1(τ )B_1(τ ).

Hence, (2.1a) is replaced with − ∫ Γ j_g φ dx = α_0(τ, ϕ^τ , φ), for all φ ∈ H^1(Ω)/IR, (3.8)

and α_0(τ, ϕ^τ , φ) := κ_0 ∫ Ω B_2(τ )∇ϕ^τ · ∇φ dx.

Now we turn to the Maxwell equation (2.1c). For the first term, we obtain

κ_0 ∫ G_τ ∂A_τ ∂t v dx = κ_0 ∫ G β(τ )A^τ_t · (v ∘ T_τ ) dx =: α_1(τ, A^τ_t , v ∘ T_τ ),

For the next term, we utilize Lemma 3.1 (2), (3) to obtain ∫ D 1 μ curl A_τ · curl v dx + ∫ D 1 μ div A_τ div v dx

= ∫ D β(τ ) μ ( curl A_τ · curl v ) ∘ T_τ dx + ∫ D β(τ ) μ ( div A_τ div v ) ∘ T_τ dx

= ∫ D β(τ ) μ {(B_1(τ )∇) × A^τ } · {(B_1(τ )∇) × (v ∘ T_τ )} dx

+ ∫ D β(τ ) μ {(B_1(τ )∇) · A^τ } {(B_1(τ )∇) · (v ∘ T_τ )} dx =: α_2(τ, A^τ , v ∘ T_τ ).

For the last term in (2.1c), we have

κ_0 ∫ Ω_τ ∇ϕ_τ · v dx = κ_0 ∫ Ω β(τ ) ( ∇ϕ_τ · v ) ∘ T_τ dx

= κ_0 ∫ Ω B_3(τ )∇ϕ^τ · (v ∘ T_τ ) dx =: F (τ, ϕ^τ , v ∘ T_τ ), with B_3(τ ) = β(τ )B_1(τ ).

Altogether, we have replaced (2.1c) with^2

α_1(τ, A^τ_t , v) + α_2(τ, A^τ , v) + F (τ, ϕ^τ , v) = 0, for all v ∈ X, (3.9a)

A^τ_0 = A_0 ∘ T_τ . (3.9b)

Remark 3.2 Another possibility to transport the divergence operator to the fixed domain is, to use the formula (cf. [23])

( div ψ) ∘ T_τ = 1 β(τ ) div ( β(τ )DT^{−1}_τ (ψ ∘ T_τ ) ) , for all ψ ∈ H^1(D).

It shows, that functions that are divergence-free on Ω_τ generally loose this property, when transported to the fixed domain. To cope with this difficulty, we could introduce an auxiliary unknown function η^τ = β(τ )DT^{−1}_τ A^τ , which in view of the above formula would give

div A_τ = 0 in Ω_τ ⇐⇒ div η^τ = 0 in Ω.

However, as we have mentioned already in Remark 2.2, in this case the shape sensitivity analysis becomes very difficult and is still an open problem, at least for a time-dependent vector potential.

2Note that v ∘ T_τ ∈ X if and only if v ∈ X.

4 Stability estimates

Lemma 4.1 B_1, B_2, B_3, β are differentiable. For |τ | ≤ τ_1, and τ_1 small enough, we have β(τ ) = 1 + τ β^′(0) + o(τ ), B_i(τ ) = I + τ B^′_i(0) + o(τ ), i = 1, . . . , 3.

The derivatives at τ = 0 are given by β^′(0) = div V (0), B^′_1(0) = −^∗DV (0), B^′_2(0) = div V (0)I − 2ε(V (0)), B^′_3(0) = div V (0)I −^∗DV (0).

Here, ε(V (0)) is the symmetrized part of DV (0), i.e. , ε(V (0)) =^1_2 (DV (0) +^∗DV (0)). For the proof, we refer again to [23, Sec. 2.13]. A particular consequence of Lemma 4.1 is Corollary 4.1 Let |τ | ≤ τ_1, and τ_1 small enough. Then there exist real-valued functions g_i satisfying g_i(τ ) = o(τ ), i = 0, . . . , 3 and bilinear forms α̃_i(τ, . , . ), i = 0, 1, 2 and F̃ (τ, . , . ) such that the following are valid:

(1) For all φ_1, φ_2 ∈ H^1(Ω)/IR, we have α_0(τ, φ_1, φ_2) = α_0(0, φ_1, φ_2) + τ α_{0,τ} (0, φ_1, φ_2) + α̃_0(τ, φ_1, φ_2), α_{0,τ} (0, φ_1, φ_2) = κ_0 ∫ Ω B^′_2(0)∇φ_1∇φ_2 dx, | | |α̃0(τ, φ1, φ2) | | | ≤ g0(τ )‖∇φ1‖_{L2(Ω)} ‖∇φ2‖_{L2(Ω)} ;

(2) For all v_1, v_2 ∈ L^2(D), we have α_1(τ, v_1, v_2) = α_1(0, v_1, v_2) + τ α_{1,τ} (0, v_1, v_2) + α̃_1(τ, v_1, v_2), α_{1,τ} (0, v_1, v_2) = κ_0 ∫ G β^′(0)v_1 · v_2 dx, | | |α̃1(τ, v1, v2) | | | ≤ g1(τ )‖v1‖_{L2(G)} ‖v2‖_{L2(G)} ,

(3) For all v_1, v_2 ∈ X, we have α_2(τ, v_1, v_2) = α_2(0, v_1, v_2) + τ α_{2,τ} (0, v_1, v_2) + α̃_2(τ, v_1, v_2), α_{2,τ} (0, v_1, v_2) = ∫ D β^′(0) μ ( curl v_1 · curl v_2 + div v_1 div v_2 ) dx

+ ∫ D 1 μ [(B^′_1(0)∇) × v_1] · curl v_2 dx

+ ∫ D 1 μ curl v_1 · [(B^′_1(0)∇) × v_2] dx

+ ∫ D 1 μ [(B^′_1(0)∇) · v_1] div v_2 dx

+ ∫ D 1 μ div v_1 · [(B^′_1(0)∇) · v_2] dx | | |α̃2(τ, v1, v2) | | | ≤ g2(τ )‖v1‖_X ‖v2‖_X . (4) For all φ ∈ H^1(Ω)/IR and v ∈ X, we have F (τ, φ, v) = F (0, φ, v) + τ F_{,τ} (0, φ, v) + F̃ (τ, φ, v), F_{,τ} (0, φ, v) = κ_0 ∫ Ω B^′_3(0)∇φ · v dx, | | |F̃ (τ, φ, v) | | | ≤ g4(τ )‖∇φ‖_L2_{(Ω)}‖v‖X. Using Corollary 4.1, we can prove the following stability result: Lemma 4.2 Assume (H1)–(H10), then there exists a constant C > 0 such that (1) ‖∇ϕ^τ − ∇ϕ‖_H 1_{(0,T ;L}2_{(Ω))} ≤ C · |τ |, (2) ‖A^τ − A‖_L2_{(0,T ;X)} + ‖A^τ_t − A_t‖_L10/3_{(0,T ;L}10/3_{(G))} ≤ C · |τ |, (3) ‖θ^τ − θ‖_W 2,1_{5/3 (Q)} ≤ C · |τ |, (4) ‖z^τ − z‖_W 1,5_{(0,T ;L}5_{(Σ))} ≤ C · |τ |.

Remark 4.1 (z^τ , θ^τ ) is the solution to (2.1d) – (2.1h), where A_t in (2.1f) has been replaced with A^τ_t . In view of (H12), we have A^τ_t = A_{τ,t} on Σ. For the proof, we need the following interpolation result: Lemma 4.3 Let u ∈ L^∞(0, T ; L^2(Σ)) ∩ L^2(0, T ; H^1(Σ)), then there holds T∫ 0 ‖u(t)‖^{10/3}_{L10/3(Σ)} dt ≤ (^T∫ 0 ‖u(t)‖^2_{L6(Σ)} dt ) ‖u‖^{4/3}_{L∞(0,T ;L2 (Σ))} .

Proof. Owing to Riesz’ convexity theorem (cf. [24, (A113)]), we have ‖u‖_Lr_{(Σ)} ≤ ‖u‖^{1−Θ}_{Lq1 (Σ)} ‖u‖^Θ_{Lq2 (Σ)} , for all u ∈ L^{q1} (Σ) ∩ L^{q2} (Σ) with 1 ≤ q_1, q_2 < ∞, 0 < Θ < 1, and^1_r =^{1−Θ}_{q1} +^Θ_{q2} . Invoking the continuous embedding H^1(Σ) ⊂ L^6(Σ), the assertion follows by defining q_1 = 6, q_2 = 2, Θ =^2_5 , and r =^{10}_3 . □ Proof. [of Lemma 4.2] According to Lemma 4.1, we can write β(τ ) = 1 + τ β^′(ξ_0), B_i(τ ) = I + τ B^′_i(ξ_i), i = 1, 2, 3 (4.10) for τ small enough and ξ_i ∈ [0, τ ], i = 0, . . . , 3. Note that β(τ ) ≥ c_{τ1} > 0 for |τ | ≤ τ_1, if the latter has been chosen small enough and that the B_i’s are positive definite for |τ | ≤ τ_1. Using (H2) and (H5), this gives immediately ‖∇ϕ^τ ‖_H 1_{(0,T ;L}2_{(Ω))} ≤ c_1, (4.11) independent of τ . Moreover, we can use (3.8) and (4.10) to write 0 = α_0(τ, ϕ^τ , φ) − α_0(0, ϕ, φ) = α_0(0, ϕ^τ − ϕ, φ) + τ ∫ Ω B^′_2(ξ)∇ϕ^τ · ∇φ dx.

Inserting φ = ϕ^τ − ϕ and using Young’s inequality, we obtain ‖∇ϕ^τ − ∇ϕ‖_L2_{(0,T ;L}2_{(Ω))} ≤ c_2|τ |.

Since the same estimate holds true for ϕ^τ_t − ϕ_t, assertion (1) is proved. We insert v = A^τ_t into (3.9a), use (4.10) and integrate in time to obtain for the first term

κ_0 t∫ 0 ∫ Σ β(τ )A^τ_s · A^τ_s dx ds ≥ c_{τ1} κ_0 t∫ 0 ∫ Σ |A^τ_s |^2 dx ds.

The second term gives t∫ 0 α_2(τ, A^τ , A^τ_s ) ds = t∫ 0 ∫ D β(τ ) μ {(B_1(τ ) · ∇) × A^τ } · {(B_1(τ ) · ∇) × A^τ_s } dx ds

+ t∫ 0 ∫ D β(τ ) μ {(B_1(τ ) · ∇) · A^τ } {(B_1(τ ) · ∇) · A^τ_s )} dx ds

= 1 2 t∫ 0 ∫ D β(τ ) μ ∂ ∂s | | | (B1(τ ) · ∇) × A^τ | | |^2 dx ds

+ 1 2 t∫ 0 ∫ D β(τ ) μ ∂ ∂s | | | (B1(τ ) · ∇) · A^τ | | |^2 dx ds

≥ 1 2μ_2 ∫ D | | | curl A^τ (t) | | |^2 dx + 1 2μ_2 ∫ D | | | div A^τ (t) | | |^2 dx + τ ~g(A^τ (t)) − c3, with a function ~g satisfying ~g(A^τ (t)) ≤ c_4‖A^τ (t)‖^2_X. For the last term in (3.9a), we apply Young’s inequality and obtain t∫ 0 F (τ, ϕ^τ , A^τ_s ) ds ≤ c_{τ1} 2 κ_0 t∫ 0 ∫ Ω |A^τ_s |^2 dx ds + c_5 t∫ 0 ∫ Ω |∇ϕ^τ |^2 dx ds. Invoking (4.11) and choosing τ small enough, we finally obtain

‖A^τ ‖_L∞_{(0,T ;X)} + ‖A^τ_t ‖_L2_{(0,T ;L}2_{(G))} ≤ c_6. (4.12)

Now we differentiate (3.9a) formally with respect to time and insert v = A^τ_{tt}. Defining

A^τ_{0,t} = y ∘ T_τ (4.13)

(cf. (H6) and (3.9b)), analogously to the derivation of the previous estimate, we get

‖A^τ_t ‖_L∞_{(0,T ;X)} + ‖A^τ_{tt}‖_L2_{(0,T ;L}2_{(G))} ≤ c_7. (4.14)

Next, we take the difference of (3.9a) for A^τ and A and obtain

0 = α_1(τ, A^τ_t , v) + α_2(τ, A^τ , v) + F (τ, ϕ^τ , v) − α_1(0, A_t, v) − α_2(0, A, v) − F (0, ϕ, v) = α_1(0, A^τ_t − A_t, v) + α_2(0, A^τ − A, v) + F (0, ϕ^τ − ϕ, v) +G_0(τ, ϕ^τ , v) + G_1(τ, A^τ_t , v) + G_2(τ, A^τ , v), (4.15)

with G_0(τ, ϕ^τ , v) = F (τ, ϕ^τ , v) − F (0, ϕ^τ , v), G_1(τ, A^τ_t , v) = α_1(τ, A^τ_t , v) − α_1(0, A^τ_t , v) and G_2(τ, A^τ , v) = α_2(τ, A^τ , v) − α_2(0, A^τ , v) satisfying (cf. (4.10)), |G_0(τ, φ, v)| ≤ c_8|τ | ‖∇φ‖_L2_{(Ω)}‖v‖_X, |G_1(τ, v_1, v_2)| ≤ c_9|τ | ‖v_1‖_{L2(G)} ‖v_2‖_{L2(G)} , |G_2(τ, v_1, v_2)| ≤ c_{10}|τ | ‖v_1‖_X ‖v_2‖_X .

Inserting v = A^τ − A into (4.15) and integrating in time leads to κ_0 2 ∫ G |A^τ (t) − A(t)|^2 dx + t∫ 0 ∫ D 1 μ | curl (A^τ − A)|^2 dx dt

≤ κ_0 t∫ 0 ∫ D |∇(ϕ^τ − ϕ) · (A^τ − A)| dx dt + κ_0 2 ∫ G |A^τ_0 − A_0|^2 dx

+|τ |c_8 t∫ 0 ‖∇ϕ^τ ‖_L2_{(Ω)}‖A^τ − A‖_X + |τ |c_9 t∫ 0 ‖A^τ_t ‖_{L2(G)} · ‖A^τ − A‖_{L2(G)}

+|τ |c_{10} t∫ 0 ‖A^τ ‖_X · ‖A^τ − A‖_X .

Applying the inequalities of Young and Gronwall and using (3.9b), we obtain ‖A^τ − A‖_L∞_{(0,T ;L}2_{(G))} + ‖A^τ − A‖_L2_{(0,T ;X)} ≤ c_{11}|τ |. (4.16) Moreover, using (4.15) once again as well as (4.16), we obtain t∫ 0 α_1(0, A^τ_s − A_s, v) ds ≤ c_{12}|τ |‖v‖_L2_{(0,t;X)}. (4.17)

As before, we now differentiate (4.15) formally with respect to time^3 insert v = A^τ_t − A_t and make the same computations as before, but use (4.13) instead of (3.9b). Thus we obtain ‖A^τ_t − A_t‖_L∞_{(0,T ;L}2_{(G))} + ‖A^τ_t − A_t‖_L2_{(0,T ;X)} ≤ c_{13}|τ |, and, similar to (4.17) t∫ 0 α_1(0, A^τ_{ss} − A_{ss}, v) ds ≤ c_{14}|τ |‖v‖_L2_{(0,t;X)}. (4.18)

To conclude the proof of assertion (2), we apply Lemma 4.3 with u = A^τ_t − A_t, i.e., ‖A^τ_t − A_t‖_L10/3_{(0,T ;L}10/3_{(Σ))} ≤ c_{15} · |τ |. (4.19) To prove assertion (3), we define θ̄ = θ^τ − θ and z̄ = z^τ − z (cf. Remark 4.1). Then θ̄ solves ρc_pθ̄_t − kΔθ̄ = −ρLz̄_t + κ_0(A^τ_t − A_t) · (A^τ_t + A_t) in Q ∂θ̄ ∂ν = 0, in Σ × (0, T ), θ̄(0) = 0 in Σ.

3Note that B_i(τ ), i = 1, 2, 3 and β(τ ) are independent of time, hence the bilinear forms are not affected.

In view of Lemma 2.4, we can apply Hölder’s inequality, Lemma 2.3(3), and (4.19) to infer

‖θ̄‖^{5/3}_{W 2,15/3(Qt)} ≤ c_{16} t∫ 0 ∫ Σ |z̄_s|^{5/3} dx ds

+c_{17} (^t∫ 0 ∫ Σ |A^τ_s − A_s|^{10/3} dx ds )_{1/2}(^t∫ 0 ∫ Σ |A^τ_s + A_s|^{10/3} dx ds )_{1/2}

≤ c_{18} t∫ 0 ‖θ̄‖^{5/3}_{W 2,15/3 (Qs)} + c_{19}|τ |^{5/3}.

Then assertion (3) follows from Gronwall’s lemma whereas assertion (4) is a direct consequence of (3), Lemma 2.3(3), and the continuous embedding W^{2,1}_{5/3}(Q) ⊂ L^5(Q) (cf. Lemma 2.5). □

5 Strong material derivatives

Remark 5.1 All the unknowns depend on the shape of Ω_τ , either explicitly as A^τ and ϕ^τ or implicitly as θ^τ and z^τ . For all these functions, we call

ḟ = lim_{τ →0} f^τ − f τ the strong material derivative of f, whenever the limit exists in the strong sense in the respective Banach space.

Our main result in this section is Theorem 5.1 Assume (H1)–(H10), then the following are valid:

(1) The strong material derivative

∇ϕ̇ exists in H^1(0, T ; L^2(Ω)), Ȧ exists in L∞(0, T ; X) and W 1,10/3(0, T ; L10/3(G)), ż exists in W^{1,5/2}(0, T ; L^{5/2}(Σ)), θ̇ exists in W^{2,1}_{5/3}(Q).

(2) (ϕ̇, Ȧ, ż, θ̇) satisfy the linearized state equations

α_0(0, ϕ̇, φ) + α_{0,τ} (0, ϕ, φ) = 0, for all φ ∈ H^1(Ω)/IR, (5.20a) α_1(0, Ȧ_t, v) + α_2(0, Ȧ, v) + F (0, ϕ̇, v) + F_{,τ} (0, ϕ, v) +α_{1,τ} (0, A_t, v) + α_{2,τ} (0, A, v) = 0, for all v ∈ X, (5.20b) Ȧ_0 − DA_0V (0) = 0, in D, (5.20c) ż_t − ∂f ∂θ θ̇ − ∂f ∂z ż = 0, in Q, (5.20d) ż(0) = 0, in Σ, (5.20e) ρc_pθ̇_t − kΔθ̇ + ρLż_t − 2κ_0A_t · Ȧ_t = 0, in Q, (5.20f) ∂θ̇ ∂ν = 0, in ∂Σ × (0, T ), (5.20g) θ̇(0) = 0, in Σ, (5.20h)

where f is the right-hand side of (2.1h). (3) There exists a constant C > 0 such that

‖∇ϕ̇‖_H 1_{(0,T ;L}2_{(Ω))} + ‖Ȧ‖_L∞_{(0,T ;X)} + ‖Ȧ_t‖_L10/3_{(0,T ;L}10/3_{(G))} +‖θ̇‖_W 2,1_{5/3(Q)} + ‖ż‖_W 1,5_{(0,T ;L}5_{(Σ))} ≤ C‖V (0)‖_C1_{(D)}. (5.21)

Proof.

Similar to the proof of Theorem 2.1, one can show that (5.20a) – (5.20h) has a unique solution (ϕ̇, Ȧ, ż, θ̇), hence we omit this part of the proof. To prove assertion (3), we first test (5.20a) with ϕ̇. According to Corollary 4.1 and Lemma 4.1, we obtain

κ_0 t∫ 0 ∫ Ω |∇ϕ̇|^2 dx ds ≤ ‖B^′_2(0)‖_C1_{(D)} (^t∫ 0 ∫ Ω |∇ϕ̇|^2 dx ds )_{1/2}(^t∫ 0 ∫ Ω |∇ϕ|^2 dx ds )_{1/2} .

Using Young’s inequality and (2.2), we obtain the estimate for ∇ϕ̇. Then we again differentiate formally with respect to t and obtain the estimate for ∇ϕ̇_t. Next, we test (5.20b) with Ȧ and obtain

κ_0 2 ∫ G |Ȧ(t)|^2 dx + t∫ 0 ∫ D 1 μ | curl Ȧ|^2 dx ds + t∫ 0 ∫ D 1 μ | div Ȧ|^2 dx ds

≤ κ_1 t∫ 0 ‖∇ϕ̇‖_L2_{(Ω)}‖Ȧ‖_L2_{(Ω)} ds + κ_1‖B^′_3(0)‖_C1_{(D)} t∫ 0 ‖∇ϕ‖_L2_{(Ω)}‖Ȧ‖_L2_{(Ω)} ds

+‖β^′(0)‖_C1_{(D)} ∫ Σ ‖A_s‖_L2_{(G)}‖Ȧ‖_L2_{(G)} ds

+c_1‖B^′_1(0)‖_C1_{(D)} t∫ 0 ‖A‖_X‖Ȧ‖_X ds + κ_0 2 ∫ G |Ȧ(0)|^2 dx.

Now we apply Young’s inequality, Gronwall’s lemma and (5.20c) to infer ‖Ȧ‖_L∞_{(0,T ;L}2_{(G))} + ‖Ȧ‖_L2_{(0,T ;X)} ≤ c_1‖V (0)‖_C1_{(D)}.

Using the corresponding initial condition for Ȧ_t (cf. (4.13)), we differentiate (5.20b) formally with respect to time and insert v = Ȧ to obtain ‖Ȧ_t‖_L∞_{(0,T ;L}2_{(G))} + ‖Ȧ_t‖_L2_{(0,T ;X)} ≤ c_2‖V (0)‖_C1_{(D)}.

A further application of Lemma 4.3 then yields ‖Ȧ_t‖_L10/3_{(0,T ;L}10/3_{(G))} ≤ c_3‖V (0)‖_C1_{(D)}. (5.22) Next, we remark that similarly to the derivation of Lemma 2.3(3), we can infer that ‖ż‖^p_{W 1,p(0,T ;Lp(Σ))} ≤ c_4‖θ̇‖_Lp_{(Q)}. Then in the light of (5.22), the last part of inequality (5.21) follows as in the proof of Lemma 4.2(3) and (4).

It remains to show that the solutions to (5.20a)–(5.20h) are the strong material derivatives. To this end, let ψ^τ = 1 τ (ϕ^τ − ϕ) − ϕ̇, (5.23)

then, according to Corollary 4.1, (3.8), and (5.20a), ψ^τ satisfies

α_0(0, ψ^τ , φ) = − 1 τ ( α_0(τ, ϕ^τ , φ) − α_0(0, ϕ^τ , φ) ) − α_0(0, ϕ̇, φ) = α_{0,τ} (0, ϕ − ϕ^τ , φ) − 1 τ α̃_0(τ, ϕ^τ , φ). Integrating in time, inserting φ = ψ^τ , and using Corollary 4.1 once again, we obtain ‖∇ψ^τ ‖_L2_{(0,T ;L}2_{(Ω))} −−−→_{τ →0} 0. (5.24) Since the same computations hold for ∇ϕ_t, the first part of assertion (1) is proved. Next, defining p^τ = 1 τ (A^τ − A) − Ȧ, and using (5.20b), and Corollary 4.1, we see that p^τ satisfies

α_1(0, p^τ_t , v) + α_2(0, p^τ , v) = − 1 τ ( F (τ, ϕ^τ , v) − F (0, ϕ, w) )

− 1 τ ( α_1(τ, A^τ_t , v) − α_1(0, A^τ_t , v) ) − 1 τ ( α_2(τ, A^τ , v) − α_2(0, A^τ , v) ) +F (0, ϕ̇, v) + F_{,τ} (0, ϕ, v) + α_{1,τ} (0, A_t, v) + α_{2,τ} (0, A, v) = −F (0, ψ^τ , v) − F_{,τ} (0, ϕ^τ − ϕ, v) + 1 τ F̃ (τ, ϕ^τ , v) −α_{1,τ} (0, A^τ_t − A_t, v) − α_{2,τ} (0, A^τ − A), v) − 1 τ α̃_1(τ, A^τ_t , v) − 1 τ α̃_2(τ, A^τ , v). (5.25)

We take v = p^τ , integrate in time, and use Hölder’s inequality to obtain

κ_0 2 ∫ G |p^τ |^2 dx − κ_0 2 ∫ G |p^τ_0 |^2 dx + t∫ 0 ∫ D 1 μ | curl p^τ |^2 dxds + t∫ 0 ∫ D 1 μ ( div p^τ )^2 dxds

≤ κ_0 t∫ 0 ‖∇ψ^τ ‖_{L2(Ω)} ‖p^τ ‖_{L2(Ω)} ds + c_5 t∫ 0 ‖∇ϕ^τ − ∇ϕ‖_{L2(Ω)} ‖p^τ ‖_{L2(Ω)} ds

+ 1 τ g_3(τ ) t∫ 0 ‖∇ϕ^τ ‖_{L2(Ω)} ‖p^τ ‖_{L2(Ω)} ds + t∫ 0 ∫ G β^′(0)(A^τ_s − A_s) · p^τ dx ds

+c_6 t∫ 0 ‖A^τ − A‖_X ‖p^τ ‖_X ds + 1 τ g_1(τ ) t∫ 0 ‖A^τ_s ‖_{L2(G)} ‖p^τ ‖_{L2(G)}

+ 1 τ g_2(τ ) t∫ 0 ‖A^τ ‖_X ‖p^τ ‖_X ds.

Using (3.9b), the second term in (5.25) gives ∫ G |p^τ_0 |^2 dx = ∫ G | 1 τ (A_0 ∘ T_τ − A_0) − Ȧ_0|^2dx.

According to [23, Sec. 2.14], τ → A_0 ∘ T_τ is differentiable with d dτ (A_0 ∘ T_τ ) | |_{τ =0} = DA0V (0), hence A_0 ∘ T_τ = A_0 + τ DA_0V (0) + o(τ ).

Hence, we obtain ∫ G |p^τ_0 |^2 dx −−−→_{τ →0} 0. Regarding (H12) and Lemma 4.1, β^′(0)p^τ ∈ X a.e. in (0, T ). Thus, we apply (4.17) to infer t∫ 0 ∫ G β^′(0)(A^τ_s − A_s) · p^τ dx ds = 1 κ_1 t∫ 0 α_1(0, A^τ_s − A_s, β^′(0)p^τ ) ds

≤ c_7|τ |‖p^τ ‖_L2_{(0,t;X)}.

Then we apply Young’s inequality, Corollary 4.1, (5.24) and Gronwall’s lemma to conclude ‖p^τ ‖^2_L∞_{(0,T ;L}2_{(G))} + ‖p^τ ‖^2_L2_{(0,T ;X)} −−−→_{τ →0} 0.

Now we differentiate (5.25) formally with respect to time, repeat the same considerations as before (but use (4.13) as initial value instead of (3.9b)) and obtain ‖p^τ_t ‖^2_L∞_{(0,T ;L}2_{(G))} + ‖p^τ_t ‖^2_L2_{(0,T ;X)} −−−→_{τ →0} 0.

A further application of Lemma 4.3 finally yields ‖p^τ_t ‖_L10/3_{(0,T ;L}10/3_{(G))} −−−→_{τ →0} 0. (5.26)

To prove the differentiability of θ^τ and z^τ , we define

q^τ = 1 τ (θ^τ − θ) − θ̇, r^τ = 1 τ (z^τ − z) − ż, then, (q^τ , r^τ ) solve ρc_pq^τ_t − kΔq^τ = −ρLr^τ_t + κ_0τ |Ȧ_t|^2 + κ_0p^τ_t · ( 2A_t + 2τ Ȧ_t + τ p^τ_t ) (5.27a)

r^τ_t = 1 τ ( f(θ^τ , z^τ ) + f(θ, z) ) − ∂f ∂θ (θ, z)θ̇ − ∂f ∂z (θ, z)ż =: G(τ ) (5.27b) ∂q^τ ∂ν = 0, q^τ = 0, r^τ (0) = 0. (5.27c)

Owing to (H7)–(H9), we can apply Taylor’s formula to develop G(τ ) and obtain (with a constant ξ ∈ [0, 1]) |G(τ )| = | | | 1 τ ( f(θ + τ (q^τ + θ̇), z + τ (r^τ + ż)) − f(θ, z) ) − ∂f ∂θ (θ, z)θ̇ − ∂f ∂z (θ, z)ż | | | = | | |(q^τ + θ̇) ∂f ∂θ (θ + ξτ (q^τ + θ̇), z + ξτ (r^τ + ż))

+(r^τ + ż) ∂f ∂z (θ + ξτ (q^τ + θ̇), z + ξτ (r^τ + ż)) − ∂f ∂θ (θ, z)θ̇ − ∂f ∂z (θ, z)ż | | | ≤ c_8|q^τ | + c_9|r^τ | + |θ̇| | | | ∂f ∂θ (θ + ξ(θ^τ − θ), z + ξ(z^τ − z)) − ∂f ∂θ (θ, z) | | | +|ż| | | | ∂f ∂z (θ + ξ(θ^τ − θ), z + ξ(z^τ − z)) − ∂f ∂z (θ, z) | | | ≤ c_8|q^τ | + c_9|r^τ | + c_{10}|θ̇||θ^τ − θ| + c_{11}|θ̇||z^τ − z| + c_{12}|ż||θ^τ − θ| + c_{13}|ż||z^τ − z|. Owing to (5.26) and (5.21), the last term of right-hand side of (5.27a) will be in L^{5/3}(0, T ; L^{5/3}(Σ)). Thus we try to get an estimate for G(τ ) in the same space. To this end, we apply the inequalities of Hölder and Young and use (5.21) to obtain t∫ 0 ∫ Σ |G(τ )|^{5/3} dx ds ≤ c_{14} t∫ 0 ∫ Σ |q^τ |^{5/3} dx ds + c_{15} t∫ 0 ∫ Σ |r^τ |^{5/3} dx ds

+c_{16} (^t∫ 0 ∫ Σ |θ^τ − θ|^{10/3} dx ds )_{1/2} + c_{17} (^t∫ 0 ∫ Σ |z^τ − z|^{10/3} dx ds )_{1/2} . (5.28)

Next, we test (5.27b) with (r^τ )^{2/3}, use the estimate above and apply the inequalities of Young and Gronwall, as well as the stability estimates of Lemma 4.2, to obtain 3 5 ∫ Σ |r^τ |^{5/3} dx ≤ c_{18}|τ |^{5/3} + c_{19} t∫ 0 ∫ Σ |q^τ |^{5/3} dx ds. Using the last estimate and (5.28) we go back to (5.27b) and conclude t∫ 0 ∫ Σ |r^τ_s |^{5/3} dx ds ≤ c_{20}|τ |^{5/3} + c_{21} t∫ 0 ∫ Σ |q^τ |^{5/3} dx ds. (5.29) Now we can proceed again as in the proof of Lemma 4.2(3), i.e., we apply Lemma 2.4 to (5.27a), and use (5.29) and (5.21) to obtain ‖q^τ ‖_W 2,1_{5/3(Q)} = o(1).^4 (5.30)

Using the embedding W^{2,1}_{5/3}(Q) ⊂ L^5(Q) (cf. Lemma 2.5), we can go back, estimate G(τ ) again (this time in L^{5/2}(Q)), and obtain finally ‖r^τ ‖_W 1,5/2_{(0,T ;L}5/2_{(Σ))} −−−→_{τ →0} 0. □ 4Recall that g(τ ) = o(1) if and only if g(τ ) → 0 for τ → 0.

6 The structure theorem

In the last section we have shown that the state variables possess strong material derivatives. In particular, we can conclude (cf. Theorem 5.1(1))

z^τ (T ) = z(T ) + τ ż(T ) + o(τ ), in L^{5/2}(Σ),

where z^τ is the volume fraction of austenite in Σ, corresponding to the perturbation Ω_τ = T_τ (V )(Ω).

Hence, our cost functional (2.7) is shape differentiable at any admissible domain Ω, i.e. the limit dJ (Ω; V ) = lim_{τ →0} 1 τ (J (Ω_τ ) − J (Ω)) (6.31)

exists and satisfies dJ (Ω; V ) = 2 ∫ Σ ( z(x, T − z̄(x) ) ż(T ) dx. (6.32)

Let us recall that the cost functional depends only implicitly on Ω, namely through the equation for the scalar potential φ and the vector potential A. The dependence of the material derivative ż on V is revealed in Theorem 5.1(3). We can conclude Corollary 6.1 Assume (H1) – (H12), then the mapping

dJ (Ω; .) : C^1_0 (D) → IR, V → dJ (Ω; V )

is linear and continuous.

Corollary 6.1 allows us to apply the structure theorem (cf. [23]). From this, we infer Corollary 6.2 Assume (H1) – (H12), and let in addition ∂Ω be of class C^2, then there exists a distribution G_{∂Ω} with support in ∂Ω, the shape gradient, such that G_{∂Ω} ∈ C^1(∂Ω)^∗, and for all V ∈ C^1_0 (D; IR^3) there holds

dJ (Ω; V ) =< G_{∂Ω}, V · ν >_C1_{(∂Ω)}∗_{×C}1_{(∂Ω)},

where ν is the outer unit normal vector on the boundary of the tube Ω.

References

[1] Bodart, O., Touzani, R., Optimal control of electromagnetic induction heating 1. A twocontrol parameter model. Preprint Laboratoire de Mathématiques Appliquées, Université Blaise Pascal (Clermont-Ferrand 2).

[2] Bossavit, A., Free boundaries in induction heating, Control Cybern., 14, (1985), 69–96.

[3] Bossavit, A., Rodrigues, J.-F., On the electromagnetic "Induction Heating" Problem in bounded domains. Adv. Math. Sci. Appl.4 (1994), 79–92.

[4] Clain, S., et al., Numerical modelling of induction heating for two-dimensional geometries.

Math. Models Methods Appl. Sci., 3 (1993), 271–281.

[5] Curtis, F.W., High Frequency Induction Heating. McGraw-Hill, New York, 1950.

[6] Delfour, M.C., Zolésio, J.-P., Shapes and Geometries: Analysis, Differential Calculus and Optimization. SIAM series on Advances in Design and Control, Philadelphia, 2001.

[7] Egan, L.R., Furlani, E. P., A computer simulation of an induction heating system. IEEE Trans. Mag. 27 (1991), 4343–4354.

[8] Fuhrmann, J., Hömberg, D., Numerical simulation of surface heat treatments. Num. Meth.

Heat & Fluid Flow 9 (1999), 705–724.

[9] Fuhrmann, J., Hömberg, D., Uhle, M., Numerical simulation of induction hardening of steel. COMPEL 18 (1999), 482–493.

[10] Girault, V., Raviart, P.-A., Finite Element Methods for Navier–Stokes Equations. Springer, Berlin, 1986.

[11] Hömberg, D., A mathematical model for the phase transitions in eutectoid carbon steel.

IMA J. Appl. Math. 54 (1995), 31–57.

[12] Hömberg, D., A numerical simulation of the Jominy end–quench test, Acta Mater. 44 (1996), 4375–4385.

[13] Hömberg, D., Irreversible phase transitions in steel. Math. Methods Appl. Sci. 20 (1997), 59–77.

[14] Hömberg, D., A mathematical model for induction hardening including mechanical effects, WIAS Preprint 766 (2002).

[15] Hömberg, D., Induction heat treatments – modeling, analysis and optimal design of inductor coils. Habilitationsschrift, TU Berlin, 2002.

[16] Hoppe, R.H.W., Kornhuber, R., Multi–grid solution of two coupled Stefan equations arising in induction heating of large steel slabs. Internat. J. Numer. Methods Engrg. 30 (1990), 779–801.

[17] Kačur, J., Method of Rothe in Evolution Equations. Teubner–Texte zur Mathematik, Vol.

80, Leipzig, 1985.

[18] Ladyzenskaja, O.A., Solonnikov,V.A., Ural’ceva, N.N., Linear and Quasilinear Equations of Parabolic Type. Amer. Math. Soc. Transl., Vol. 23, Providence, 1968.

[19] Leblond, J.-B., Devaux, J., A new kinetic model for anisothermal metallurgical transformations in steels including effect of austenite grain size. Acta Met. 32 (1984), 137–146.

[20] Rappaz J., Swierkosz M., Mathematical modelling and numerical simulation of induction heating processes. Appl. Math. and Comp. Sc. 6 (1996), 207–221.

[21] Rappaz J., Swierkosz M., A boundary element method for solving an external vector potential problem. Application to electromagnetic heating. Computers in Physics 11 (1997), 145–150.

[22] Rodrigues, J.-F., A nonlinear parabolic system arising in thermomechanics and in thermomagnetism. M3AS 2 (1992), 271–281.

[23] Sokołowski, J., Zolésio, J.–P., Introduction to Shape Optimization. Springer series in computational mathematics, Vol. 16, Berlin, 1992.

[24] E. Zeidler, Nonlinear Functional Analysis and its Applications, Vol. II. Springer, New York, 1990.