Abstract

We study a mathematical model for the inductive heating of steel.It consists of a vector
potential formulation of Maxwells equations coupled with a heat equation and an evolution
equation for the volume fraction of the high temperature phase in steel. An important
task for practical applications of induction heating it to find the optimal coupling distance
between inductor and workpiece.

To this end, we employ the speed method to investigate the sensitivity of solutions
to the state equations with respect to perturbations of the inductor coil. We show the
existence of strong material derivatives for the state variables and apply the structure
theorem to characterize the Eulerian derivative of the cost functional.

1 Introduction

Electromagnetic induction provides a method of heating electrically conducting materials. The
basic components of an induction heating system are depicted in Figure 1. An altenating current
flows through the induction coil (in the sequel called inductor). It generates an alternating
magnetic field which in turn induces eddy currents in the workpiece. These dissipate energy,
bring about heating and lead to the growth of the high temperature phase austenite in the
workpiece made of steel.
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Figure 1: Induction heating: real process (left) and notation of domains in idealized setting.

Since the magnitude of the eddy currents decreases with growing distance from the workpiece
surface because of the frequency dependent skin-effect, induction heating is a suitable heat
source for surface heat treatments if the current frequency has been chosen big enough. On the
other hand, if sufficient time for heat conduction is allowed and the current frequency is not
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Figure 2: Adjustment of induction heating patterns by varying the turn spacing (a) or the
coupling distance (b),(c) (from [3]).

too big, relatively uniform heating patterns can be obtained. Hence induction heating can also
be used in heat treatments like annealing.

An important task during the planning of an induction heat treatment is to find the optimal
coupling distance between inductor and workpiece in order to obtain a desired heating pat-
tern.This is illustrated in Figure 2. In all the examples shown, the goal is to produce a uniform
hardening depth. In (a) a conical workpiece shall be heated by an inductor of the shape of a
cylindrical spiral. To compensate for the bigger distance between inductor and workpiece in
the upper part, the turn spacing there is narrower compared to the lower part.

In (b), because of the workpiece’s geometry, heat will concentrate in the lower corners of
the workpiece cross-section, if the coupling distance is everywhere the same. The remedy
is to increase the coupling distance in the lower part of the workpiece leading to a uniform
penetration depth.

Example (c) depicts the typical situation of a hole in an otherwise plane workpiece surface. The
inductor on the left-hand side with a uniform coupling distance leads to an uneven hardening
pattern and possibly even to a melting of hole edges. A better result can be achieved when the
coupling distance between inductor and workpiece is increased locally around the hole.

In the next Section we present the mathematical model for induction heating, which has been
derived in [14]. To investigate the sensitivity with respect to perturbations of the inductor, we
apply the speed-method as presented in the monographs 23] and [6]. In Section 3 we transform
the state equations to the fixed domain, Section 4 is devoted to deriving stability estimates and



in Section 5 we prove the existence of strong material derivatives for the state variables.

There are already a lot of papers on modeling, analysis and simulation of induction heating,
e.g., [2]-[4], [7]-[9], [14], [16], [20]-[22]. In [1], an optimal control problem for a 2D induction
heating setting has been considered. Mathematical models for phase transitions in steel have
been considered in, e.g., [11]-[14] and [19].

2 The mathematical model

2.1 The state equations

Since we cannot model the hardening machine itself, we restrict ourselves to the following
idealized geometric setting (cf. Fig. 1 (right)). Let D C IR® be the hold all domain, which
contains the inductor €2 and the workpiece X.

We call G = QU ¥ the set of conductors and define the space - time cylinder @ = ¥ x (0,T).

Since we do not consider the hardening machine in our model, we assume that the inductor
is a closed tube. Inside we fix a section [' and model the current density which is generated by
the hardening machine by an interface condition on T

In [14] an electrothermomechanical model for the induction heating of steel has been derived.
Here we consider a simplified version where the equations are only sequentially coupled. It
consists of a linear elliptic problem for the scalar potential ¢, a degenerate parabolic equation
for the magnetic vector potential A, a semilinear parabolic equation for the temperature § and
and ODE for the evolution of the austenite volume fraction z.

(P) Find (4, ¢,6,2) € L=(0,T; X) x H*(0,T; H'(Q)/R) x W3"'(Q) x Wh>(0,T; L*(%))
such that

no/ V¢ -Vudz + /jscp de = 0, forall p € H'(Q)/R, (2.1a)
) r
A(0) = Ay, in D, (2.1b)
no/At-vdm—l—/lcuﬂA-curlvda:—l—/ldivAdivvdm
G DM D H
—I-KO/ Vé-vde = 0, forallve X, ae in (0,7), (2.1c)
)
6(0) = 6o, inX%, (2.1d)
% = 0, imndxXx (0T 2.1
67/ - ? n X( ? )7 ( ‘ e)
pcly — kA0 = —pLz+ kolAs?, inQ, (2.11)
2(0) = 0, inX, (2.1g)
1
W= (@), mQ, (21)

T(9)
with W2'(Q) = W'»(0,T; LP(X)) N LP(0,T; W??(X)) and @ = X x (0,T) the space time
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domain. The solution space X for the vector potential as

X ={veH curl,D)‘ div v € L*(D) and n x v

=0
oy = 00
which in view of (H1) below is a closed subset of H'(D). Owing to [10, Lemma 3.4]
1/2
|vllx = (/| curl v|? dz + /( div v)? daz)
D D

is an equivalent norm on X. Note further that (2.1a) is Neumann problem for which solutions
are sought for in the quotint space H'(Q)/IR.

Remark 2.1 In the original model derived in [14] the Coulomb gauge div A = 0 has been
enforced by including it in the solution space X. To simplify the application of the speed-method
i the next section, we have chosen here to include a divergence part in the bilinear form in

(2.1c).

We make the following assumptions:

(HI) QCc D, ¥Cc D,ONE =0, and 89, %, 8D are of class C1L.
(H2) ko, p, ce, k, and L are positive constants,
(H3) 4o € XN H?(D), §, € W23(X),

(H4) p(z) = poxy + p1(1 — x5 ), with constants 0 < pq < po.

To obtain higher regularity we will differentiate the equations for scalar and vector potential
with respect to time. Therefore we have to assume the compatibility conditions

(H5) j, € H'(0,T; H~'/?(T)), such that Jpdsdz =0and f.j,:dz=0.

(H6) There exists yo € X, such that

1
no/yo- vdm—l—/—curle- curl vdz
G DM

1
—I—/—divAodivvda:—l—no/ng(O)-vda: = 0,
DM 4)

for all v € X.
(H7) 0< T, <T(z) <T* < oo, forall z € R, ||T|c2m) < M,
(H8) 0 < zg4(z) <1, for all z € IR, ||2eq||c2(m) < M,

(H9) H € C*'(IR), a monotone approximation of the heaviside function.



2.2 A weak solution to the state equations

Problem (P) is only sequentially coupled and can be solved by solving consecutively the sub-

problems (2.1a), (2.1b) + (2.1¢), and (2.1d) — (2.1h).

For the first one, we have

Lemma 2.1 Assume (H1), (H2), and (H5), then (2.1a) has a wunique solution
¢ € H(0,T; HY(Q)/IR) such that

V& a1 0,75020)) < C, (2.2)

with a constant C > 0, depending on j,, T, and ko.

Proof.
The proof follows from the Lax-Milgram lemma and the fact that we may differentiate (2.1a)
with respect to time because of (H5). O

For the vector potential equation (2.1b), (2.1¢) we have

Lemma 2.2 Assume (H1)-(H6), then (2.1b), (2.1¢) has a unique solution A € L*(0,T;X),
satisfying the estimate

| Al (0,75%) + | Ael| L (0,718(6)) < O (2.3)
with a constant C depending on 35, T, Ao, ko, and 1 3.

Proof.

To prove the xistence of a unique weak solution one can use, e.g., Rothe’s method of implicit
time discretization as described in the monograph [17]. The first part of the a priori estimate
follows from inserting v = A; into (2.1¢) and integrating in time. To obtain the second part
one can formally differentiate (2.1c) with respect to t. Then, we substitute y = A; and solve
the system

y(O) = Yo, In D,

1 1
no/yt-vdaz—l—/—cuﬂy-curlvda:—l—/—divydivvdaz
G D DM

w
—I-KO/ Véi-vde = 0, forallve X, ae. in (0,7T).
Q

Testing with v = y; and integrating in time we obtain an estimate for y in L*(0,7;X). Owing
to the compatibility condition (H6) we can recover that y = A; a.e. in G. Hence we can use

the embedding H'(G) C L8(G) and obtain the second part of (2.3). O
Lemma 2.3 Assume (H7)-(H9), then the following are true:

(1) Let 8 € L'(Q), then (2.1g), (2.1h) has a unique solution satisfying

0<z(z,t)<1l a.e inQ, (2.4)



and
||z||W1x°°(0,T;L°°(E)) <G, (2.5)
with a constant C > 0 independent of .
(2) Let 8 — 8 strongly in L'(X). Then
zx — 2z,  strongly in W'P(0,T; LP(X)), for p € [1,00),
where zp and z are the solution to (2.1g), (2.1h) corresponding to 0y and 0, respectively.

(3) Let 01,0, € LP(Q), p € [1,00), and 21,22 the corresponding solutions to (2.1g), (2.1h),
then there exists a constant C > 0, such that

|21 — 22||W1,p(o,T;Lp(z:)) <C|6: - 02||W1'P(0,T;LP(E))'

Proof.

The existence of a unique local solution to (2.1g), (2.1h) is a direct consequence of the theorem of
Carathéodory, see e.g. |24, p. 1044|. Using (H7)-(H9), and the theory of differential inequalities
(cf. |11, Lemma 2.1|, we obtain (2.4), whereas (2.5) is a direct consequence of (H7)-(H9).
Assertion (2) follows from Lebesgue’s lemma.

To prove (3), let 8 € LP(Q), 7 = 1,2, and define § = §; — 8,, then z = 2* — 22 solves
Zt:f(elazl)_f(ezazz)a (26)
where f(6,2) denotes the right-hand side of (2.1h). In view of (H7)-(H9), f is Lipschitz

continuous. Hence, we can test (2.6) with 2°~! and apply Young’s inequality to obtain

¢ ¢
1 _
—/||Z(t)||pda: < cl//|Z|pdazds—|—c2//|0||2|p_1 dz ds
s 0 % 0o %

t t
1 _
< (cl—l—c2p )//|2|pdazds—|—c—2//|0|pdmds.
p p
0z 0z
Now we can apply Gronwall’s lemma and use (2.6) once again to conclude the proof. O

Remark 2.2 Lemma 2.3 shows that the volume fraction z, which is defined as the solution to
the initial value problem (2.1g), (2.1h), satisfies assumption (A6).

Before considering the heat equation (2.1f), we recall the following results from the linear theory

of parabolic equations:

Lemma 2.4 [18, Theorem 9.1] Let g € LP(Q) and ug € WYP(X) for some p € (1,00). Then

there ezists a constand C > 0 such that the unique solution to

u—Au = g m @,
0
a—": = 0, ndTx(0,T),
u(0) = wuo, m X



satisfies the estimate
lullwz @y < € (Jluollwr sy + 19]1zo())-
For later use we also note the following embedding theorem [22, (3.9)], written down for dim
Y=3
Lemma 2.5 Letk=0,1,p>¢q,2 — k— 5($ — ;1)) > 0, then the embedding

W2HQ) c WF(Q)

18 continuous. The inclusion is compact if the last inequality is strict.

Lemma 2.6 Assume(H1)-(H9), then (2.1d)—(2.1h) has a unique solution (6, z), such that

||(07z)||W§'1(Q)xW1:°°(0,T;L°°(E)) <C.
The constant C depends on A; and 6.
Proof.

The existence can be proved, e.g., using the Schauder fixed point theorem. The a priori estimate
is a direct consequence of Lemma 2.3 and Lemma 2.4.

To prove uniqueness, we take the difference of two solutions 8 = #* — §2 which satisfies
pceld; — kAG = —pL(2} — 22), in @,
o0

5 =0 in 9% x (0,T), 6(0) =0, in X.

Using Lemma 2.3(3), Lemma 2.4 and Holder’s inequality, we can infer!

1811324 0, //‘/egdg‘ do ds < T, // Be|* dde ds <c2/||0||W21

00X
where Q¢ = ¥ x (0,t). Now the assertion follows from Gronwall’s lemma. O
Summarizing the results of Lemmas 2.1-2.3 and Lemma 2.6 we obtain

Theorem 2.1 Assume (H1) — (H9), then Problem (P) has a unique solution.

2.3 The shape design problem

To decide whether the coupling distance between inductor and workpiece has been chosen
decently, we measure the volume fraction of austenite at the end-time 7' and compare it to a
desired volume fraction Z, i.e., we consider the following cost functional of tracking type

j(Q):/(z(m,T)—z)zdm. (2.7)

The precise formulation of our design problem then reads

INote that 95 is short for Mo_;éil.



(CP) Minimize J () , given by (2.7) ,
subject to
) € Uag
and the state equations (2.1a)—(2.1h).

In this paper we completely ignore the question of defining a reasonable set of admissible
domains U,4 and proving the existence of an optimal design. Using a special topology, namely
tubes generated from space curves, these questions have been discussed in [15].

Instead we will investigate the shape sensitivity with respect to perturbations of the inductor
without specifying the inductor topology. We only require that it satisfies (H1).

3 Speed method and transformation to the fixed domain

To investigate the sensitivity of solutions to the state system (2.1a) - (2.1h) with respect to
perturbations of the shape of the inductor 2, we use the speed method (cf. [23, Sec. 2.9]).

We introduce a speed vector field V satisfying

(H10) V € C(—m,m; C3(D,R?)), supp V C (Bs, () \ Bs,(T'1)), with positive constants 7;
and 51,2.

Hence, the velocity field is chosen in such a way that the inductor can be perturbed, except
for a small region around the interface I', where current is supplied and in reality the inductor
is fixed to the hardening machine. Moreover, we tacitly assume that d; has been chosen small
enough to assure ¥ NsuppV = 0.

Now we construct a family of mappings
T.(V) : R*> X — z, € IR®,

where z, satisfies the initial value problem

dz
% = V(r,z.),
g = X.

Then we define a family of perturbations of a given initial configuration Q by
Q, =T (V)(Q).

All equations defined in €2, can be transported to the fixed domain 2, using the transformation
T-' : Q, — Q. Note that, by construction, we have Qy = Q and Q, N ¥ = 0, for all
T € (—71,71), if 71 has been chosen small enough. Moreover, the interface I', where the source
current is supplied, remains invariant under the perturbations of 2, and we have 7.(V)(D) = D.



Remark 3.1 In the sequel we indicate functions on Q. with subscript 7, and functions trans-
ported to the fized domain Q with superscript 7, 1.e., f7 = fr o T,.

The following lemma describes the transport of div and grad to the fixed domain. The proof
can be found in |23, Sec. 2|. Note that the Jacobian of T is denoted by DT,. Moreover, for

any matrix B, the transposed one is denoted by *B.
Lemma 3.1 Let By(7) =*DT !, then we have

(1)
(grad p)o T, = (Bl(T)V) (cp 0 TT), for all ¢ € H'(D),

(2)
(divip)oT, = (Bl(T)V) . (¢ 0 TT), for all 4 € H'(D).

(3)
(curl)oT, = (Bl(T)V) X (¢ 0 TT), for all p € H'(D).

Using Lemma 3.1, we obtain for (2.1a), with ¢ € H'(Q,)/IR ,

- /jg‘P dz

r

Ko / V¢, Vedz

= Ko / det(DT;) (quT . ch) oT, dz

Ko

By(1)V¢™ - V(poT,)dx

{O\{O

with
B(7) = det(DT,) and Bs(1) = B(7)*B1(7)B1(7).

Hence, (2.1a) is replaced with

- [Gwpde—aalr,#",0), forallp e HUQ)R, (3.8)
N

and

ao(7,97,¢) 1= Ko / By (1)V¢™ - Vepdz.

Q
Now we turn to the Maxwell equation (2.1c). For the first term, we obtain

0A,
ot

Ko

= /B AT 'UOT)d
Gr
=: al(T,At,voTT),

9



For the next term, we utilize Lemma 3.1 (2), (3) to obtain

1 1
/ —curl A, - curl vdz + / —div A, divvdz
u u

D D

:/@ curlA-curlv)ona:—l—/ﬁ divATdivv)oTTdm
~ [P B9) x 4 BT x (00 T} e

B(r ;
/ )9) - ATH{(By(r)V) - (v T,)} da
=: ay(7, AT, v 0 TT).
For the last term in (2.1c), we have

/VgﬁT vdrx = kg B(T)(VqﬁT-v)oTTdm

B3(1)V¢™ - (voT,)dz

D O

=: F(r,¢",voT),
with Bs(7) = B(7)B1(7).
Altogether, we have replaced (2.1c) with 2
a1 (7, A7, v) + o1, A7,v) + F(7,¢7,v) =0, for all v € X, (3.9a)
AT = Ago T,. (3.9b)
Remark 3.2 Another possibility to transport the divergence operator to the fized domain is, to

use the formula (cf. [23])

. 1 : ~1 1
(divyp)oT, = % dw (B(T)DTT (o TT)), for all+p € H* (D).

It shows, that functions that are divergence-free on §). generally loose this property, when trans-

ported to the fized domain. To cope with this difficulty, we could introduce an auziliary unknown

function

n” = B(7)DT A",
which 1 view of the above formula would give
divA, =0 in, <— divn™ =0 ).

However, as we have mentioned already in Remark 2.2, in this case the shape sensitivity analysis
becomes very difficult and s still an open problem, at least for a time-dependent vector potential.

2Note that v o T, € X if and only if v € X.
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4 Stability estimates

Lemma 4.1 B;, B,, B3, B are differentiable. For |t| < 71, and 71 small enough, we have

B(r) = 1+7B(0)+o(r),
B,(r) = I+ 7Bl{0)+ o(7), 1=1,...
The derwatives at T = 0 are given by
B(0) = divV(0),
Bi(0) = —'DV(0),
B5(0) = div V(0)I —2¢(V(0)),
B;(0) = div V(0)I — *DV(0).

Here, e(V(0)) is the symmetrized part of DV (0), i.e. , e(V(0)) =
For the proof, we refer again to |23, Sec. 2.13|.

A particular consequence of Lemma 4.1 is

3.

L(DV(0) + *DV(0)).

Corollary 4.1 Let |7| < 71, and 71 small enough. Then there exzist real-valued functions g;

satisfying ¢;(7) = o(7),t = 0,...,3 and bilinear forms &;(r,
such that the following are valid:

(1) For all 1,05 € H'(Q)/IR, we have

)yt =0,1,2 and 13’(7',.,.)

ao(T,p1,02) = ao(0,01,902) + T, (0,01,92) + (7, 01, ¢2),

a,,(0,p1,02) = ”O/BQ(O)V%V‘Pzd%
a

S gO(T)HV(P]-HLZ(Q)||v902||]_‘2(n)7

dO(Ta ¥1, 902)

(2) For all vi,vy € L*(D), we have

ay(T,v1,v2) = a1(0,v1,v2) + T (0,v1,v2) + G1(T,v1,v2),

a, (0,v1,v2) = /ﬂ Juy - v daz,

617,01, 2)| < @r (M) osll g Iellae

11



(8) For all v1,v2 € X, we have
as(T,v1,v2) = (0 ’Ul,’Ug) + 10, (0,v1,v2) + Ga(T, v1,v2),

a, (0,v1,v2) = /B curl v - curl vy + div vy dw ’Ug) dz

_|_

1
—[(B{(O)V) X vy] - curl vy dz
Y

_|_

curl vy - [(B1(0)V) X vs] dz

_|_

[(B1(0)V) - v1] div vy dz

_|_

U\ U\ U\ U\

BT i ~ e S e

div vy - [(B1(0)V) - va] dz

~—~

5‘2(7—7'017'02) < g2 T)Hlevasz‘

(4) For all ¢ € H'(Q)/IR and v € X, we have
F(r,p,v) = F(0,0,v)+ 7F.(0,0,v)+ F(T, ©,v),

Fr09,0) = ro [ B0} vds,
Q

F(r,0,v)

< ga(MIVelra@llvix.

Using Corollary 4.1, we can prove the following stability result:
Lemma 4.2 Assume (H1)-(H10), then there exists a constant C > 0 such that

(1) [IV¢™ = Vlmi oz < C-I7l,
(2) [|AT — AHL2 0,T;X) T | A7 — At||L10/3 0,T;L10/3(G < C-|7|,
(5) 167~ Bz q) < C-Irl

(4) |27 — z|lwrs o5y < C - |7

Remark 4.1 (27,07) is the solution to (2.1d) — (2.1h), where A; in (2.1f) has been replaced
with A7. In view of (H12), we have A] = A,; on X.

For the proof, we need the following interpolation result:

Lemma 4.3 Let u € L°(0,T; L*(X)) N L*(0,T; H'(X)), then there holds

T

0/3 4/3
[t < ( / )2, ) ) 1l e

0

12



Proof. Owing to Riesz’ convexity theorem (cf. [24, (A113)]), we have

1-©
L9 ()

©

||u||Lq2(2)7

[eellzr(zy < [l

for all w € L% (2) N L% (E) with 1 < g1,q2 < 00,0 < O < 1, and * = 1= 4 q%. Invoking the

@
continuous embedding H'(X) C L°%(X), the assertion follows by defining g, =6, go = 2, © = 2,
and r = %. O

Proof. |of Lemma 4.2]
According to Lemma 4.1, we can write
Blr) =1478'(&), Bi(r)=I1+7B(&), =123 (4.10)

for 7 small enough and ¢ € [0,7], 2 = 0,...,3. Note that B(7) > ¢, > 0 for |7| < 71, if the
latter has been chosen small enough and that the B;’s are positive definite for |7| < 71.

Using (H2) and (H5), this gives immediately
V& ||z (0,L2(0)) < e, (4.11)
independent of 7. Moreover, we can use (3.8) and (4.10) to write
0 =ao(r,¢7,¢) — a0(0, ¢, ¢)
—ao(0,¢"~ 4,0) + 7 [ BUOVS Ve

Q

Inserting ¢ = ¢ — ¢ and using Young’s inequality, we obtain

V@™ — Vo 20,m512(0)) < 2l Tl

Since the same estimate holds true for ¢] — ¢, assertion (1) is proved.

We insert v = A] into (3.9a), use (4.10) and integrate in time to obtain for the first term

¢ ¢
no//ﬁ(T)A:-A:dazds chﬂo//|A:|2dmds.
0o X 0 X

13



The second term gives

t

/az(T,AT,AI) ds = //B(T) {(Bi(1)- V) x A} -{(B1(7) - V) x AT} dz ds

0

t B(T) . AT . AT z ds
+0/D/ L A(Bir) V) ATH(Bi(r) - V) A7)} dod
— l / @g B T) - K; X ATz r as
B 20// u Os (Bi(r)-V) ded

¢
1 B(r) 0 2
— —2 | (B{(7)- -A7| dxds
w5 [ [P0 5] @)
0o D
1 2 1 2
> —/ curl AT(t)‘ de + —/‘ div AT(t)‘ dz 4+ 7g(A7(t)) — c3,
2/1,2 e 2/1,2 4

with a function g satisfying g(A7™(¢)) < c4||A7(t)||%. For the last term in (3.9a), we apply
Young’s inequality and obtain

¢ ¢ ¢
/F(T,qu,A:) ds < %no//|A:|2dazds—|—c5//|V¢"|2da;ds,
0 0 0 0 0

Invoking (4.11) and choosing 7 small enough, we finally obtain
| A Lo 0,75%) + | A7 || 22 (0,7522(0)) < Ce- (4.12)

Now we differentiate (3.9a) formally with respect to time and insert v = A],. Defining
oe=yoT; (4.13)
(cf. (H6) and (3.9b)), analogously to the derivation of the previous estimate, we get
147 e 0730) + 1AL 200y < er. (114)

Next, we take the difference of (3.9a) for A” and A and obtain
0 = ai(r,A],v) + aa(1,A7,v) + F(1,¢",v) — a1 (0, As,v) — a2(0, A, v) — F(0, $,v)
= al(oaAZ - Atav) + a2(07AT - A,’U) + F(07¢T - ¢7’U)
+Go(7,¢7,v) + Gi(7, A, v) + Ga(T, A7, v), (4.15)

with Go(7,¢7,v) = F(1,¢",v) — F(0,¢",v), Gi(7,A],v) = ai(r,A],v) — o1(0, A],v) and
Ga(7, A7, v) = as(T, A7, v) — a2(0, A7, v) satisfying (cf. (4.10)),

|G0(7—7 907'0)|
|G1(7,v1,v2)|
)|

|G2(T7 V1,02

< a7 Vel @llvlx,

C9|T| ||'U]_||L2(G) ||'U2||L2(G),

<
< cuol7| [lvrlx [[oallx-

14



Inserting v = A” — A into (4.15) and integrating in time leads to

t
1
%/|A7(t)—A(t)|2daz—|—//—| curl (A™ — A)[? de dt
7
|v A)ldedt+ =2 [ |4 2
— z —I—? |A7 — Ao|* dz

7oy / 196 |47 — Allx + Irlcs / 1A g - A7 = Al

Frlexs / A7 - A — Al

Applying the inequalities of Young and Gronwall and using (3.9b), we obtain
|A” = Al[pe(oms22(@)) + [|A7 = AllL20,13%) < enl7]. (4.16)

Moreover, using (4.15) once again as well as (4.16), we obtain

t

/al(O, A7 — Ay, v)ds < cial|T|||v]| 22 0,%)- (4.17)

0

As before, we now differentiate (4.15) formally with respect to time?® insert v = A] — A; and
make the same computations as before, but use (4.13) instead of (3.9b). Thus we obtain

| A7 — A¢l|zeo(0,1522(0)) + [|AL — Atl|z2(0,1ix) < c13|T],

and, similar to (4.17)

t

/al(O,A; — Ags,v) ds < cral|T|||v] 2200,4,%)- (4.18)

0

To conclude the proof of assertion (2), we apply Lemma 4.3 with u = A] — 4, i.e.,
AT — Adl|prorsoinion(zyy < as- |7l (4.19)
To prove assertion (3), we define § = §” — § and z = 2™ — 2 (cf. Remark 4.1). Then 8 solves
pcpd; — kA = —pLz, + ko(AT — A;) - (A] + A,) in Q

7] _
%:o, in % x(0,T), 6(0)=0in %,

3Note that B;(r),i = 1,2,3 and B(r) are independent of time, hence the bilinear forms are not affected.

15



In view of Lemma 2.4, we can apply Holder’s inequality, Lemma 2.3(3), and (4.19) to infer

t
HHH%;Qt < 016//|z_3|5/3da:ds
0o X
¢ ¢
1/2 1/2
+cl7(//|A§—As|1°/3dazds) (//|A§—|—As|1°/3dazds)
0o X

/ 1815224 g + el

IN

Then assertion (3) follows from Gronwall’s lemma whereas assertion (4) is a direct consequence

of (3), Lemma 2.3(3), and the continuous embedding W2(Q) C L3(Q) (cf. Lemma 2.5). O

5/3
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5 Strong material derivatives

Remark 5.1 All the unknowns depend on the shape of )., either explicitly as A™ and ¢™ or

implicitly as 7 and 27. For all these functions, we call

leime_f

7—0 T

the strong material dertvative of f, whenever the limait exists in the strong sense in the respective

Banach space.

Our main result in this section is

Theorem 5.1 Assume (H1)-(H10), then the following are valid:

(1) The strong material derivative
ng ezists in H'(0,T;L*(Q)),
A exists in L®(0,T; X) and WH%/3(0, T; L'9/3(@)),
z exists in WLs/2(0, T; L5*(%)),
8 exists in W2(Q).

5/3
(2) (qb, A,é,é) satisfy the linearized state equations
Oéo(o, ¢7 ()0) + aO,T(Oa ¢7 ()0)

10, Ar,v) + (0, 4,0) + F(0,6,v) + F(0,,v)
+a1,.(0, A¢,v) 4+ a,-(0, A, v)

Ay — DALV (0)
2 — 0fg 91,
08 0z
z(0)
pcpét — kA + pLzy — 2K0A; - At
86
v
6(0)

where f is the right-hand side of (2.1h).

(8) There exists a constant C > 0 such that

0,

o o o o O

for all o € H'(Q)/IR, (5.20a)

for all v € X,
m D,

mn Q,

m X,

mn Q,

in 0% x (0,T),
m X,

IVl m o720y + | All e (o,m3) + | Al 173 (o 710005 ()

HOllwz @) + 2w oizsy < CIV(0)ler(0)-

17
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Proof.

Similar to the proof of Theorem 2.1, one can show that (5.20a) — (5.20h) has a unique solution
(¢, 4,2,0), hence we omit this part of the proof. To prove assertion (3), we first test (5.20a)
with ¢. According to Corollary 4.1 and Lemma 4.1, we obtain

t t t

no//|V¢|2dmds < ||B;(0)||01(D)(//|V¢|2dmds)1/2(//|V¢|2dazds)1/2.
0 0 0o 0 0o Q

Using Young’s inequality and (2.2), we obtain the estimate for Vg'b. Then we again differentiate
formally with respect to ¢ and obtain the estimate for V.

Next, we test (5.20b) with A and obtain

t t
- 1 : 1 :
%/IA(t)|2dm+//—| cur1A|2da:ds—|—//—| div Al dz ds
G 0 D a 0 D K
t t

< [ IVl Al ds + ml B o) [ IVlhota |4l ds
0 0

+||ﬁ'(0)||01(D)/||As||L2(G)||A||L2(G) ds
b

t
. K .
+al BLO)looy [ Al Alxds + 5 [ 14O da.
0 G

Now we apply Young’s inequality, Gronwall’s lemma and (5.20c) to infer
[ Al Lo om12(0)) + 1 Allz2(0,75%) < 1|V (0)| ot ()

Using the corresponding initial condition for A, (cf. (4.13)), we differentiate (5.20b) formally
with respect to time and insert v = A to obtain

| Ael| Lo 0,120y + || Atl|z20,75%x) < 2| V(0)]| o1 (p)-
A further application of Lemma 4.3 then yields
||AtHLlO/?’(O,T;LlO/‘*(G)) S Cg”V(O)Hcl (D) (522)
Next, we remark that similarly to the derivation of Lemma 2.3(3), we can infer that
||73||11;V1,p(o,T;Lp(z)) < ¢4 |9]|z7(q)-
Then in the light of (5.22), the last part of inequality (5.21) follows as in the proof of Lemma

4.2(3) and (4).
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It remains to show that the solutions to (5.20a)—(5.20h) are the strong material derivatives. To
this end, let

1 .
g9 -4, (5.29
then, according to Corollary 4.1, (3. 8), and (5.20a), 97 satisfies

ao(0,97,9) = —%(ao —ao(0, 9, 90)) — (0,4, )
= 0£0,7-(0, ¢ - ¢T7 90) - %5‘0(7—7 ¢T7 90)

Integrating in time, inserting ¢ = %7, and using Corollary 4.1 once again, we obtain
VYT |20 n2(0)) omg” O (5.24)
Since the same computations hold for V¢, the first part of assertion (1) is proved.

Next, defining
plemf—Ay—A

-
and using (5.20b), and Corollary 4.1, we see that p” satisfies

0‘1(071’:7"’) + a2(07pT7v) = _%(F(Ta ¢T7'U) o F(07¢7w))

1 1
_;(al(’r: AZ—:'U) - al(oa AZ:”)) - ;(OQ(T: ATav) - a2(07 ATav))
F(0,$,v) + F(0,¢,v) + a1.+(0, Ay, v) + az,+(0, 4, v)

= _F(07¢T7v) - F,T(()) ¢T - ¢7’U) + %F(Ta ¢T7’U)

—a1,.(0, A7 — A, v) — a2, (0, A7 — A),v)

1 1
__dl(Ta AZ—:'U) - _5‘2(7—7 ATa'U)- (525)
T T

We take v = p7, integrate in time, and use Holder’s inequality to obtain

t t
1 1
%/|p7|2daz — %/|pg|2dm—|—//—| curl pT|2dmds—|—//—( div p”)? dzds
p p
G G 0 D 0 D
t t
0 [ IV 7 s 85+ 8 [ 1967 = Vbl 157
0 0
t t
1 T T T T
() [ IV |5y d+ [ [ 800047 — 457 dods
0 0 G
t t
T T 1 T T
co [ 147 = ALl ds + 201(r) [ 142 g 1 oo
0 0

1 T T
+20ir) [ 147 s
0
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Using (3.9b), the second term in (5.25) gives
1 .
/ |P5|2d$ = / |=(Ago T, — Ag) — Ao|2daz.
T
G G

According to [23, Sec. 2.14|, 7 — Ag o T, is differentiable with

d
_(AO o] TT)

= DA
dr OV(0)7

7=0

hence

Ago T, = Ao+ 7DAV(0) + o(7).
Hence, we obtain
o
G

Regarding (H12) and Lemma 4.1, 5'(0)p” € X a.e. in (0,7"). Thus, we apply (4.17) to infer

/ / BO)AT — A)-pdeds = — [au(0, 47 — A, B(0)p7)ds
0 G

K1

< cr|Tlllp" || 2 0,65%)-

Then we apply Young’s inequality, Corollary 4.1, (5.24) and Gronwall’s lemma to conclude

HPTH%‘X’(O,T;L?(G))—I_||pT||%2(O,T;X) 50 0.

Now we differentiate (5.25) formally with respect to time, repeat the same considerations as

before (but use (4.13) as initial value instead of (3.9b)) and obtain

||pz—||%°°(0,T;L2(G)) + ||p:||%2(O,T;X) 50 0.
A further application of Lemma 4.3 finally yields
1P} (| Lrors 0, 7m0r36)) 750 0. (5.26)
To prove the differentiability of 8™ and 27, we define
1 .
T = —(0-6)—24
7= -4
T 1 T :
rT o= ;(z —2z)— 2,
then, (¢7,r") solve
pcpar —kAq™ = —pLr] + H0T|At|2 + Kopj - (2At + ZTAt + sz') (5.27a)
T 1 T T 6][ ) af 3
o= (s )+ 5(8,2)) - 5500200 - 516,22
=: G(7) (5.27b)
6 T
e — g =0, r(0)=0. (5.27¢)
ov



Owing to (H7)-(H9), we can apply Taylor’s formula to develop G(7) and obtain (with a constant
¢ €[0,1)

G(r)| = E(f(e+T(qf+é),z+T(rT+z))—f(e,z))_g—g(e z)e'_g—’;( 2)3
= @+ 06t )2 40071 )
o+ ALt erta 10,z e+ ) - D0, Do,
- |0f of
< cs|qf|+c9|rf|+|e|\%<e+f<ef—0>,z+s<zf—z>> 59(0:2)

Yiovew —oz+e—2)- Lo

< cslq” |‘|'C9|7’ |+ c10l61107 — 8] + c11[8]]27 — 2| + c1a] 307 — 6] + eas|3]]27 — 2.

Owing to (5.26) and (5.21), the last term of right-hand side of (5.27a) will be in L%3(0, T'; L3/3(%)).
Thus we try to get an estimate for G(7) in the same space. To this end, we apply the inequalities
of Holder and Young and use (5.21) to obtain

¢ ¢ ¢
//|G(T)|5/3dazds §c14//|q"|5/3dazds—|—c15//|7'T|5/3da:ds
0z 0z 0z
¢ / ¢ /
1/2 1/2
‘|‘016(//|07—0|10/3d$d3) -|-017(//|z7'—z|10/3da:ds) : (5.28)
0z 0z

Next, we test (5.27b) with (77)%/2, use the estimate above and apply the inequalities of Young
and Gronwall, as well as the stability estimates of Lemma 4.2, to obtain

¢

3

g/|r"|5/3daz §c18|7'|5/3—|—c19//|q"|5/3dazds.
% 0o %

Using the last estimate and (5.28) we go back to (5.27b) and conclude

¢ ¢
//|r:|5/3dazds §c20|7'|5/3—|—c21//|q"|5/3dazds. (5.29)
0o % 0 %

Now we can proceed again as in the proof of Lemma 4.2(3), i.e., we apply Lemma 2.4 to (5.27a),
and use (5.29) and (5.21) to obtain

197wz g = o(1)-* (530)

Using the embedding W;/;(Q) C L3(Q) (cf. Lemma 2.5), we can go back, estimate G(7) again
(this time in L5/2(Q)), and obtain finally

HTT||W1r5/2(0,T;L5/2(E)) 5o 0.

“Recall that g(7) = o(1) if and only if g(r) — 0 for 7 — 0.
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6 The structure theorem

In the last section we have shown that the state variables possess strong material derivatives.
In particular, we can conclude (cf. Theorem 5.1(1))

2(T) = 2(T) + 75(T) + o(7), in L%(%),
where 27 is the volume fraction of austenite in ¥, corresponding to the perturbation Q, =
T.(V)(Q).
Hence, our cost functional (2.7) is shape differentiable at any admissible domain Q, i.e. the
limit .
dJ (V) =1lm—(J(Q,) — T(Q)) (6.31)

70 T

exists and satisfies

4T (V) = 2/ (z(az, T - Z(m))z(T) dz. (6.32)

)

Let us recall that the cost functional depends only implicitly on €, namely through the equation
for the scalar potential ¢ and the vector potential A. The dependence of the material derivative
z on V is revealed in Theorem 5.1(3). We can conclude

Corollary 6.1 Assume (H1) — (H12), then the mapping
dJ(9;.) : Cé(D) — R, V—=d7(Q;V)
18 linear and continuous.

Corollary 6.1 allows us to apply the structure theorem (cf. [23]).

From this, we infer

Corollary 6.2 Assume (H1) — (H12), and let in addition 0N be of class C?, then there ezists
a distribution Gaq with support in OX), the shape gradient, such that Gag € C*(0Q)*, and for
all V € CL(D;R®) there holds

dT (V) =< Gaa, V - v >c190)xc1 (90)

where v is the outer unit normal vector on the boundary of the tube €.
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