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Abstract

We consider the stochastic heat equation with a multiplicative colored noise term
on R¢ for d > 1. First, we prove convergence of a branching particle system in a ran-
dom environment, to the stochastic heat equation with a linear noise term. For this
stochastic partial differential equation with more general non-Lipschitz noise coeffi-
cients we show convergence of associated lattice systems, which are infinite dimensional
stochastic differential equations with correlated noise terms, provided that uniqueness
of the limit is known. In the course of the proof, we establish existence and uniqueness
of solutions to the lattice systems, as well as a new existence result for solutions to
the stochastic heat equation. The latter are shown to be jointly continuous in time
and space under some mild additional assumptions.
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1 Introduction

The stochastic heat equation considered in this paper is a stochastic partial differential
equation (SPDE), which can formally be written as

Oty z) = Au(t,2) + 1 (2, u(t,2)) + 0 (b2, u(t,2)) W (1,). 1)
Here, u is a random function on R} x R¢, where Ry = [0,00), and the operator A denotes
the Laplacian acting on R?. W is a noise on R, x R? that is white in time and colored in
space, for example a spatially homogeneous noise. The coefficients f and o are real valued
continuous functions on Ry x R¢ x R. They are mostly nonlinear, and we pay particular
attention to coefficients which are not Lipschitz continuous in .

We are concerned with convergence of rescaled branching particle systems in a random
environment and associated lattice systems, which are infinite systems of stochastic dif-
ferential equations (SDE), to solutions of (1). Intimately connected to convergence are
questions of existence and uniqueness, for the lattice systems as well as for the SPDE. For
the more delicate case of non-Lipschitz coefficients, a new existence result is established
through the approximation procedure. In this case, uniqueness has to be shown separately
to assure convergence.

The choice of SPDE and the study of convergence of associated systems to that equation
has been motivated by three factors:

(i) The heat equation with a noise term that is white in space and time arises in studying
the diffusion limit of a large class of spatially distributed (for the most part branching)
particle systems. It is, for example, the weak limit of branching Brownian motion as
well as of lattice systems of reproducing populations. Spatially colored noise reflects
spatial correlations of solutions to the SPDE. Given the recent focus on interacting
particle systems, it is an intriguing question how the stochastic heat equation with
colored noise relates to such systems or -as an intermediate step- to infinite systems
of SDEs with correlated noise terms.

(ii) Stochastic heat equations of the form (1), where W is white in space and time, have
function valued solutions only in dimension one. Thus, connections of these SPDEs to
population systems are restricted to a one dimensional state space. Some conditions
on the coefficients and the noise are known so that the heat equation with colored
noise has function valued solutions in all dimensions. This class of equations can
therefore be expected to offer a description for population processes in more general
settings. Biologically interesting are in particular the dimensions two and three.

(iii) The particle picture and the approximation by systems of related SDEs provide a
representation of a general class of SPDEs that also arise in other areas of application,
for example in filtering theory. In our case, the approximation by a system of SDEs
leads to a new existence result for the stochastic heat equation with colored noise
and non-Lipschitz noise coefficients. Both representations may be exploited further
for numerical purposes or the study of properties of these SPDEs.

In the following we elucidate these points a bit further and point out connections to related
work.



One of the classical examples for measure valued branching processes is the Dawson-
Watanabe superprocess (see Watanabe [Wat68] and Dawson [Daw75]). It is a process, X,
that takes values in M} (R?), the space of finite measures on R? equipped with the topol-
ogy of weak convergence, and can be characterised by the following martingale problem:
Let ® € CZ (R?), the space of bounded continuous functions which are twice continuously

differentiable, and let X (®) = [;4 ®(2)X (dz). Then
t

M;(®) = X:(®) —/ X (A®)ds, (2)
0

@) = o X, (02)ds, 3)

where M (®) is a martingale with quadratic variation (M (®)), and p is a constant.

The Dawson-Watanabe superprocess can be obtained as the diffusion limit of branching
Brownian motion. In this population model, individuals independently perform Brownian
paths during their exponentially distributed lifetime, leaving a random number of offspring
after their death. As approximations one considers then the empirical measure when
particle mass and lifetime are rescaled appropriately,

XP=n"1) byom, (4)

ar~pnt

where the sum is over all particles « alive at time ¢. In the n-th approximation, the branch
rate is increased by a factor of n, and each particle contributes a mass % at its position Y;*"
in the state space. In the limit, the Laplacian in (2) corresponds to the spatial motion,
the quadratic variation (3) reflects the reproduction with the constant p depending on the
variance of the offspring distribution as well as on the branching rate.

One may take another step back from these approximating population models. Branching
Brownian motion itself is the diffusion limit of a branching random walk on a lattice, for
example on Z%. As considered by Dawson [Daw90], one may change the order of limits,
first taking the diffusion limit for the reproduction, and then rescaling the motion. The
intermediate step can be described by a lattice system of the form

d.’L‘,(t) = Z m,-]- (:L‘j (t) — .'L',(t)) dt + f, (t, :L‘Z(t)) dt + o; (t, :L‘Z(t)) dWi (t) (5)
jezd

Here, x; describes the population size at lattice point ¢, and m;; migration between site i
and j. In the special case relating to the Dawson-Watanabe superprocess, the migration
is given by the generator of a simple random walk for which m;; = % ifli—j] =1
and zero otherwise. Reflecting that branching is a local property, W* are independent
Brownian motions, and the noise coefficients o;(t,z) = ,/pz take the same shape as in
the one dimensional Feller diffusion, see [Fel51]. The latter is the diffusion limit of a
Galton-Watson branching process without a spatial component.

While the measure valued process X satisfying (2) and (3) is well defined in any dimension,
it has a density, which we denote by u, only in dimension one. It has been shown (see Konno
and Shiga [KS88|, Reimers [Rei89]) that u is a solution to the stochastic heat equation

& u(t,z) = du(t,2)dt +/pull, )W (1, ), (6)
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where W is a one dimensional space-time white noise. Moreover, one can show (see Blount
[Blo96] and Kotelenez [Kot86]) that (approximate) densities of the particles in a branching
random walk converge directly to the SPDE (6).

The area of superprocesses, in general, has expanded rapidly with the main interest focused
on interacting particle systems. A number of variations of (6), also for white noise and
d = 1, have been linked to generalisations of the Dawson-Watanabe superprocess and other
particle systems. We refer to [Daw91, DP99, Eth00, Per02] for an overview and further
references.

Apart from its connections to population processes, the stochastic heat equation is natu-
rally a prominent example within the area of SPDE. Function valued solutions of the heat
equation with white noise have been studied in one dimension in a multitude of settings,
see for example Dawson [Daw75], Walsh [Wal86], DaPrato and Zabczyk [DZ92], Shiga
[Shi94], Pardoux [Par93], Gyongy [Gyo98a], and references therein. In higher dimensions,
function valued solutions for the stochastic heat equation with colored noise have been
investigated. The case of a linear noise coefficient has been treated by Dawson and Salehi
[DS80] and Noble [Nob97]. Manthey and Mittmann [MM99], Kotelenez [Kot92], Peszat
and Zabczyk [PZ97, PZ00]|, Brzezniak and Peszat [BP99] and Dalang [Dal99] investigate
solutions with Lipschitz coefficients. For some results on equations with non-Lipschitz coef-
ficient see amongst others Viot [Vio76], DaPrato and Zabczyk [DZ92], Krylov [Kry96] and
Kallianpur and Sundar [KS00]. However, these earlier results are not directly applicable
to the agenda considered here due to various assumptions like boundedness of the domain,
compactness of the differential operator, or nuclear or spatially homogeneous noise.

The paper is organized as follows. In Section 2 we give some notation and state the main
results. In Section 3 we rigorously construct a particle system in a random environment
and show that it converges to the martingale problem associated to (1) with linear noise
coefficient. In Section 4 we consider related lattice systems with non-Lipschitz noise coeffi-
cients and correlated noise terms, and establish their existence and uniqueness in weighted
I[P spaces. We then prove existence of the corresponding stochastic heat equations with
non-Lipschitz noise coefficients on weighted LP spaces. Convergence of approximate den-
sities of the rescaled lattice systems is shown provided that uniqueness holds for the limit.
Section 5 shows that, under some additional assumptions, the solutions constructed in
section 4 are jointly continuous in time and space.

2 Formulation of the main results

Let (Q, F,F;,P) be a complete probability space. We use C' as a generic constant, which
may change its precise value from line to line. Frequently, we list the quantities that the
constant C' depends on in parentheses. Let C>° be the infinitely differentiable functions
with compact support. The space D(Ry, E) denotes the cadlag functions from R, — FE,
endowed with the Skorohod topology, and C(R,, FE) the closed subspace of continuous
functions endowed with the supremum norm.

The noises W considered in this work are Gaussian martingale measure on R, x R? in the



sense of Walsh [Wal86|. They can be characterized by their covariance functional
B =EWEWwI= [ [ | seak@ vl dodyds, ()

for ¢,9 € C°(R; x R?), where W(¢) = [° Jza #(s,2)W (dz,ds). The function k : R? x
R? — R is called the correlation kernel We remark that some sufficient conditions for the
existence of a martingale measure W corresponding to k are that J is symmetric, positive
definite and continuous. Thus, necessarily, k(z,y) = k(y,z) for all z,y € R?. Continuity
on C2°, is implied, for example, if k is integrable on compact sets.

We note that a general class of martingale measures, spatially homogeneous noises, can
formally be described by (7). Here, k(z,y) = k(z —y), and one can show that all spatially
homogeneous noises are of this form if we allow k to be a generalised function on R?.

White noise is probably the most prominent example of this class, which we recover for
k= do, the delta function. Also, Ji describes a nuclear martingale measure if and only if
k € L2(R? x R?). See Sturm [Stu02] pp 18 for more detail.

Here, we focus on colored noises for which k € Cy(R? x R?). In this case, W is a random
field on R, x R?. We remark that by letting k approach a §p-function, this case may be
considered as a “smoothing out” of white noise.

Throughout this work we consider solutions to the formal equation (1) in the mild form in
the sense of the following Definition 2.1. Let p be the d-dimensional heat kernel

1 |z —y|?
p(t.,y) = exp(- 1240 )
(27t) 2
We will sometimes abuse notation and abbreviate p(t,z — y) = p(t, z,y).
Definition 2.1 A stochastic process u : Q x Ry x R — R, which is jointly measurable and
Fi-adapted, is said to be a (stochastically) weak solution to the stochastic heat equation (1)

with initial condition ug, if there exists a martingale measure W, defined on €, such that
a.s. for almost all x € R?,

u(t, x) :/ p(t,z,y)uo(y)dy + / /Rd — s,2,9)f(s,y,u(s,y))dyds
/ /Rd —s,2,y)0(s,y,u(s,y))W(dy,ds). (9)

The process u is called a (stochastically) strong solution to (1) if (9) is fulfilled a.s. for
almost all x € R? for a given W.

We assume that the coefficients f,0 : Ry x R? x R — R are continuous and satisfy the
following growth condition. For all T' > 0, there exists a constant ¢(7"), such that for all
0<t<T,zeR and uc R

[f (&2, u)| + ot 2, u)| < e(T)(1 + [ul). (10)

As solution spaces we consider LP-spaces on R? for p > 2 with some weight function

v:RY - R, . Set

o= [t 2)Pr(a)da (11)
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and define
L?;(Rd) = {u: R = R |ully, < 00}. (12)

We write LP(R?) if 4 = 1. As a choice for the weight function we consider mostly vy (z) =
e M=l for X > 0. However, other integrable weight functions, in particular any positive

continuous function that equals ) outside a bounded region could be used.

It can be shown by standard methods (see for example Walsh [Wal86] and Sturm [Stu02]
Proposition 3.2.3 for detail in this specific case) that mild solutions as in Definition 2.1
satisfy the corresponding martingale problem,

My(®) = /Rdu(t,m)q)(m)dm—/Rd uo(z)®(z)dz (13)
—// u(s,m)A‘I)(m)dmds—/ f(s,z,u(s,z))®(x)dzds
0 JRd 0 JRE
@) = [ [ e@e)ku)o(szu(sz) oy uls ) dsdyds. (14

Here, M;(®) is a continuous square integrable martingale with given quadratic variation
for a class of test functions ® that depends on the regularity of the solution sought. With
the appropriate class of test functions, solving the martingale problem is indeed equivalent
to finding a stochastically weak solution to (9), see [Stu02] pp 103.

Interpreting u once again as the density of a measure, we note that the martingale problem
(13) and (14) makes sense for measure valued solutions if o(¢,z,u) = Cou and f(¢,z,u) =
Cyu are linear in the solution u, where C; and Cy are constants. In Section 3 we define
a branching particle system that converges to this solution in a measure sense. We do so
in a more general setting since the arguments are identical but take C'y = 0 for notational
convenience.

In the model we consider, the particles move independently from each other on a locally
compact Polish space E with their motion given by a Feller generator (A, D(A)). At
given times, each particle may branch into two particles or die, or just live on. The main
difference to the Dawson-Watanabe superprocess lies in the fact that the distribution of the
branching behavior is dependent on a random environment which is correlated in space but
independent in time: At each branch time we consider an independent copy of a random
field £ on E. We assume that £ is symmetric,

P(z) > 2] =Pl¢(x) < —z] forallz € E,z € R, (15)

and that for some € > 0,
E[|é(@)]**¢] < oo, (16)

uniformly in all € E. The correlation of ¢ at different points in space is given by

k(z,y) = E[¢(2)¢(y)] € Co(E x E), (17)

vanishing at infinity. The probabilities for a birth/death event to happen at a branch
time are given by the positive/negative part of the (appropriately truncated) random field
evaluated at the location of the particle. These birth/death probabilities are rescaled by

ﬁ in the n-th diffusion approximation. For the rescaled empirical measure X" defined as

in (4) we can then establish the following result:



Theorem 2.2 Let k € Cy(E x E) vanishing at infinity such that ||k||co < K, and X = m
in My(E). Assume that for some € > 0, sup, E[X{(1)>T¢] < co. Then X" = X in
D(Ry, M¢(E)), where X € C(Ry, Mf(E)) is the unique solution of the following martin-
gale problem. For all ® € D(A),

t
Mi®) = Xi(®)-m(®) - [ X.(A)ds (18)
0
18 a continuous square integrable .7-'tX — martingale with

(M(®)), = / /E (@) B(u)k(a,1) X, (do) X, (dy)ds (19)

The model is inspired by Mytnik [Myt96], who considers a related branching mechanism.
In comparison, branching is a rather rare event in our model: As n — oo the particles
just live on for the majority of branch times. As a result, the branching does not give
rise to the white noise term which is present in most superprocesses, in the archetypical
Dawson-Watanabe superprocess as well as in Mytnik’s limiting superprocess.

For E = RY and A = A, any density u of X is a solution to (13) and (14) with o linear
and f = 0, corresponding to a weak solution of the linear heat equation with no drift. For
E = 7% and A the discrete Laplacian we see that solutions X to the martingale problem
are solutions (in /') to the lattice system (5) for f; = 0 and o;(t,z) = z, and correlated
Brownian motions Wj.

As in the work by Mueller and Perkins [MP92|, nonlinear noise coefficients can be ex-
pected to arise from the above particle picture by an additional density dependence of the
branching mechanism. In Section 4 we consider such nonlinear noise coefficients which
may, in particular, be non-Lipschitz. Since in this case we need to show convergence of
approximate densities directly to the solution of the limiting SPDE (rather than in a mea-
sure sense), it is convenient to start with the corresponding lattice systems instead of the
particle model itself (see Funaki [Fun83] and Gyongy [Gyo98b] for this approach applied
to related systems).

Thus, we first consider existence and uniqueness questions of the following system:

z;i(t) = xi(O)—l-/O f{n(s,X(s))ds—i-/O oi(s,zi(s))dW;(s), (20)

for all 7 in a countable index set S. We write X for (z;);cs with z; € R. Here, f™ is a
function Ry x RS — RS. For each i, o; is a function on Ry x R — R, and W; are real
valued martingales with (W;, W;); = tk;;, where k;; are constants. The lattice system that
interests us in particular is contained in this description by setting for each ¢ € §

e, X) =Y mij(e; — i) + fi(t, ). (21)

jes

In analogy to the definition of solution spaces in the continuous setting, (11) and (12), we
consider solutions with continuous paths in the space

1
I ={X €R® [ [|X[[rp < 00}, where [|X|lr,, = (Y viz)? (22)
i€S



is a weighted [P-norm on the index set S and I' = (7;)ics € [1(S). We define the following
growth and Lipschitz conditions on f™ and o; : For any T' > 0 there exists a constant ¢(7")
so that for all 0 <t < T,

7@ Xl < e(T) (L+ 1 X]Irp) (23)
IF7(@X) = (6 Y)]lep < (DX =Yy, (24)
loit,2)] < e(T)(1 + [z]), (25)
|oi(t, 2) —oi(t,y)| < o(T)|z -yl (26)

Strong existence and uniqueness of lattice systems of the form (20) with independent
noise terms W; have, for example, been investigated by Shiga and Shimizu [SS80]. With
correlated martingale terms they have not been considered in such detail. However, as we
show in Section 4 existence and uniqueness results for solutions in the space lII)‘ carry over
from the uncorrelated systems, leading to the following Theorem.

Theorem 2.3 Let p > 2. Assume also 0 < k;; < K for all 4,5 € S, and some constant
K > 0, as well as T' = (v;)ies € [1(S) with all vy > 0. Let f™ and o; fori € S be
continuous in their components, f™ with respect to the product topology on RS. Suppose

that the growth condition (23) holds for f™ and (25) holds for o; and all i € S.

Then there exists for each initial condition X (0) € I%. a solution X to the infinite dimen-
sional system (20) with paths in C(R,[}). We have the bound

E[ sup [|X(¢)|Ip,] < C(T). (27)
0<t<T
If we furthermore assume that f™ satisfies (24) for p = 1 and o; satisfies (26) for alli € S,
then solutions to (20) are pathwise unique.

We remark that, as in the result for finite dimensional SDEs, see [YW71], pathwise unique-
ness together with existence of (stochastically) weak solutions implies the existence of
(stochastically) strong solutions. The following corollary demonstrates that the infinite
dimensional SDEs, that are used as approximations to the stochastic heat equation, are
covered by Theorem 2.3.

Corollary 2.4 Assume that S C R? is a lattice embedded in R?. Let o and X, be as in
Theorem 2.3, and f™ be of the form (21). Consider the weight function (i) = e . If
0 < my;j < M vanishes for |i — j| > Cm, where Cyp, is a constant, and for each i € S, f; is
continuous and satisfies the growth condition (25), then there exists a solution to (20) as
in Theorem 2.3. If, in addition, f; and o; are Lipschitz continuous, satisfying (26) for all
i € S, then solutions are pathwise unique.

We continue to show that the approximate densities of the appropriately rescaled systems
converge to solutions of the stochastic heat equation with colored noise (9) in the spaces
LY, . We start with the following system defined on the rescaled lattice %Zd. For 2" =
(27,...,2%) € 174 we define

du”(t,z") = A"™u"(t,2")dt + f(t, 2", u"(t,2"))dt (28)
+ ndo(t, 2", u™(t, 2"))W (dt, I),



where, denoting the unit vectors on R? by e;, the operator in the first term is given by

A" f(z —nZZ( (t, 2" + )+u( —ﬁ)—w(t,zn)). (29)
n
The discrete Laplacian A™ is the generator of a simple random walk, Y™, on the rescaled
lattice, for which time has been speeded up by a factor 2dn?. Hence, jumps to any neigh-
boring site happen independently at rate n?. The W (t,I%) are derived from a colored
noise W on R? with covariance given by (7) and k € Cy(R? x R?). Specifically,

t
W(t, I%) = / W (dz, ds), (30)
ITL

where the intervals I, are defined by

S R Y £ Qg g (31)
on’ 1 " on T g T 9 )
The W(t,I}.) are correlated one dimensional Brownian motions and we note that for k

bounded we have (W (t,I™)) ~ n2¢, explaining the factor n¢ in definition (28).

Lo = [ -

For putting (28) in its mild form, we define heat kernel approximations. Set for 2", 2" €
1md
174

p"(t, 2", 2%) = niP*" Y = 2" = nfP Y = 2 | Y = 2.

—

32)

We extend the lattice systems to all of R? as step functions. For this define k,(z) = 2"

for z € I7.. The associated heat kernels are given by

p"(t,z,y) = p" (L, kn(T), kn(Y))- (33)

Note that p™ is not any more a function of z — y. Instead, we will use the translation
invariance of p™ and the fact that k() — &, (y) = kn(T — ka(y)) for all z,y € R?, and we
abbreviate occasionally p"(t,z) = p"(¢,0, kn(z)). We also write pf},p]; and pq to indicate
the dimension if necessary.

The rescaled lattice systems, u™(¢,z) = u™(t, kn(z)), can now be written in the mild form
for all z € RY,

wite) = [ Peepueds + [ [ = sm s, 6
| 7= sz, 0, W ().

We can now state the main theorems proven in Section 4.

Theorem 2.5 Assume that the coefficients f(t,z,u) and o(t, z,u) are real valued functions
on R, x R? x R that are continuous in & and u, and satisfy the growth conditions (10).
Assume further that E[||ugl||},p] < 0o, for some p > 2. Let W be a colored noise of the
form (7) such that ||k||cc < K < o0o. Then there exists a (stochastically) weak solution,
u € C(Ry, L5, (RY)), to the stochastic heat equation (1) with respect to W. For any T > 0
there ezists a constant C(T), so that

sup E[||u(t, )|, ,] < C(T). (35)
0<t<T



Theorem 2.6 Let f,o and ug satisfy the conditions of Theorem 2.5. Assume further
that there ezist (stochastically) strong solutions, u™, to the approzimating lattice systems
(84). If in addition pathwise uniqueness holds for the heat equation (1) then convergence
in probability of u™ to u on the space C(Ry, L5, (R?)) holds. If weak uniqueness holds for
(1) we obtain weak convergence of u™ to u on the space C(R, L5, (RY)).

Not surprisingly, pathwise uniqueness and thus convergence of the approximations holds
if the coefficients satisfy Lipschitz conditions (see [PZ00]). But pathwise uniqueness also
holds for the lattice systems if the drift coefficients are Lipschitz continuous and o satisfies
the conditions of Yamada and Watanabe [YWT71|. For the special case o(t,z,u) = /u,
and some conditions on ug one can also show pathwise uniqueness for the limiting equation
(1) on all of R?, see Sturm [Stu02] Chapter 3.3. As the colored noise analogue to the
Dawson-Watanabe superprocess, for which pathwise uniqueness is an open question, this
is a particularly interesting case.

Finally, in Section 5 we show continuity of the solutions obtained in Theorem 2.5. Let C,,
be the space of continuous functions on R?, endowed with the weighted supremum norm,

[|[ulloo,x = sup [u(z)|ya(@). (36)
zER4

Theorem 2.7 Let u be a solution of (1) with coefficients that satisfy the growth condition
(10). Let p > 2, d < p — 2, and assume that E[|Jug||%,,] < 00, as well as (35). Then

p
u € C(Ry,Cy, ), and for any T > 0 there exists a constant, C(T), so that
P

E[ sup [lu(t, )| 1] < C(T). (37)
0<t<T

’p

3 A particle system in a random environment

In the following, we rigorously construct the branching particle system in a random envi-
ronment in 3.1 and give the proof of Theorem 2.2 in 3.2.

3.1 Construction of the particle system

In keeping track of the particles and their genealogy we follow the construction of Walsh
[Wal86|, which has been used by Perkins [Per02], and -in a setting similar to ours- by
Mytnik [Myt96]. Let all particle be labelled by

I ={a=(ag,01,...,an)|ap € Nyo; € {1,2} for i > 1}. (38)
The quantity |a] = N specifies the generation of the particle. The unique ancestor of
a = (ag,...,an) k generations back is denoted by a — k = (ap,...,an_x). We note

that I is the index set for all possible particles since in our model there are at most two
offspring. Which particles really ezist is decided by the offspring distribution.

In the n-th approximation, branching events happen at times % fori € N. Fort € Ry,

we set t, = % Now let {?a’”}ae 1 be a collection of independent Feller processes with

10



generator A and }700‘ = 0. The path of a particular particle and its ancestors is then given
by
yomgey = | a0+ TEVINE fort <lal+n 7, (39)
A for t > |a| +n7t

Here, z,, is the initial position of the first particle, and A is a “cemetery”-state.

The branching behavior is dependent on the random environment. Let £ be as in (15)
o (17). In order to define the approximating particle systems we need to truncate the
random fields. For all z € E set

Vi for £(@) > VA,
@) ={ —vn for £(z) < —v/m, (40)

£(z) otherwise.

Analogously to (17), we now define

kn(z,y) = E[£"(2)¢"(y)] - (41)

Let (£!*)ien be independent copies of the truncated random field {™ on E. Now let (N®™),¢

be a family of random variables so that { N*", |a| = i} are conditionally independent given
n
1
Denoting by fl"'i' and &'” the positive and negative part of the noise respectively, the
conditional offspring probabilities are given by

and the position of the particles in the i-th generation at the end of their lifespan.

[ | 1 n a,n
plwen =g vy = Joe(var), (12)

P |No™ = 0|¢n, ’i:l = 7”‘( 2?) (43)
p|Nem = 1jep van] = 1—7|§"|( :1?). (44)

n n

According to the offspring distribution we trim the branching tree down to its existent
particles. For any particle a = (ap,...,an) we write a ~,, t whenever the particle « is
alive at time ¢, which is the case if and only if o had an unbroken line of ancestors. Thus,
a ~y, t for all t with nt, = N if furthermore N® 4" > an—i+1 foralle=1,... N.

Lastly, we need to define a filtration. It will be the natural filtration generated by the
process,
P =0 ({Y*", N*"||a| < nt,} U{Y " |tn < s < t,]a] =ntn}). (45)

We remark that the environment is not a part of the filtration, and will therefore be
averaged in each step. In the studies of random media this is called the “annealed” case
in contrast to the “quenched” case, where one considers statements for almost all random
environment. The quenched case of a similar model to the one considered here, called the
parabolic Anderson model, has be studied in some detail, see for example [CM94].

For the branching times ¢,,, we also define a discrete filtration,

Fr =0 (Fpu{ =nt,}),

11



that will be used later in conditioning. Note that ﬁt’i = .7-'(’; n-1)— includes the sigma-
algebra generated by the motion of the particles born at time ¢,, but not that generated

by their offspring distribution or the random environment at time ¢, + n~".

Before proceeding to the proof of Theorem 2.2 we put X" into a form which gives an
intuitive idea how the limit emerges. For ® € D(A), a ~y t, and t € [ty,t, +n71) we
define the F}*-martingales

t
ME™(B) = BY2") — B(YE™) — / AB(YE™)ds. (46)
tn

Thus, we have for t € [tn,t, +n71),

XP(®) - Xp (@) = n7h Y (Y - (V™) (47)
ar~pty
= nt > Mf"”(@)+/ Y Av(vrmyd
ar~ptn ar~pty

For the difference of measures between two branch times we obtain

X (@) = X2 (@) = n ' Y ( Na"—@m:’")) (48)

ar~vptn

— ! nt

- Z +n—1 Nan_ Z ]Mtaj:n—1
ar~vptn anptn
tn+n_1

+ / n !t Y AD(YM)ds

tn

arvptn

By adding all the differences from (47) and (48) we obtain

th((I)) — -1 Z Z a:n ) Na,n_l)

$n<tn @~nSn

(-lz S M >+n-lef’”<<b>)

8n <tpn @~pSp arvptn

t
+ / X"(A®)ds
0

= XJ(®) + M (®) + M]™(®) + / t XI(A®)ds. (49)
0

The term MZZ"(CD) is a discrete martingale with respect to the filtration .7:'{:1, as can be
easily by conditioning appropriately and using the fact that for a ~, ¢,

]E[(Na’n_l)‘ﬁgﬁ] - [7504 ( tn+n 1) N \/—S\al ( tn +n 1)
\r [5la\( o in 1) Yot 1} =0,

because of the symmetry condition (15). The term M;""(®) is an F;*-martingale as a sum
of martingales. We subsequently show that M"™" becomes negligible in the limit whereas

a,n
Y;n—l—nl]

12



the martingale M®™ converges to M in (18) and its quadratic variation to (19). We get a
sense of this by calculating (M®"). We note first that

E[(ver - 12|72 ] = f E |¢nt + € |70

- \/’ [|5Ia\|( win-1) \fZL] (50)
1

B[N =N =D = R+ e - 5@T5\a'| e €l 0]
]- C\(n
- _]E [SM( Y im0 (Y, +n‘1 ‘ftn}
]' a,n o ,n
- Ekn(y;tnikn—“ytnjrn—l)’ (51)

where we have, for notational brevity, not always explicitly stated where £ is evaluated.
By conditioning we obtain with (50) and (51),

E [(M”’" (@) |f;;]

tn+n—1
= @)+ Y e B[ 12 | 7
ar~vptn
D DI AV LI 1>E[<NQ’"—1>(NQ’"—1>|J%£}
S,
a#ad
1 -
= @F Y e, 0 (SB[, ) 172
ar~pty \/_ “

1 a,n a,n
V)

Y (B[O R k(Y V) |

arvptn
a’Nntn

—R(V )RV (V" V)
th+n—
/ / n(@,y) X2 (do) X2, (dy)ds
tn ExXFE
= (@) +6(@) +€()

n tn+n~
+/tn /ExE D (2)®(y)kn(z,y) X2 (dz) X2 (dy)ds.

The quadratic variation of M®" is thus given by

(MPM @), = 3 E[(MY, L (2)) — (ME(@))* | F (52)
= Y al(®+ ) an®)

[ e@ek e X ) X ).

13



3.2 Proof of Theorem 2.2

The proof of convergence proceeds in several well known steps. First, we show tightness
of the sequence in D(R+,Mf(E)), where F is the compactified space. This implies rela-
tive compactness and thus the existence of a convergent subsequence in that state space.
We then show that all limit points of the sequence are in C(R, M¢(F)) and that they
are solutions to the martingale problem given by (18) and (19). The uniqueness of the
martingale problem finally implies convergence of the particle system.

In order to show tightness of the measures X™ in D(R;, M;(E)) we start with several
lemmas. We define for a process Y in D(R,R), 0Y; = Y; — Y;_, specifying the heights of
the jumps of the process Y.

Lemma 3.1 There is an € > 0 such that for all T > 0 and ® € D(A) bounded
(i) E[supycicr X7(®)?1€] is uniformly bounded in n.
(ii) E [SUPogtST Mb;n(@)Q"'e} is uniformly bounded in n.

(iii) E [supogtg |5Mb;"(<1>)|2+1 50 as n — oo

PROOF. We first obtain an LP(Q)-estimate on (M>™(®)); as given in (52). For0 <t < T
and p > 1 we have for C{p)(cp) =K [| D s <t ei;n(@)|p} ,

P
(») (||<I>||§o2(1 +K)>’” i
Ci7(® —— ) Efn E E 1 53
' ( ) B \/ﬁ $n<tn @~nSn ( )
||¢’||§o2(1+K)>p 1/t”
< (1Pl F RN o E[X" (1)7] ds,
- ( vn 0 . (7]
where we have used the fact that, for all z € E, E[|¢"(z)|] < E[|¢" (z)|2]% = Vkn(z,2) <

VK <1+ K, as well as Jensen’s Inequality.

Let T\ be the semigroup on EY of j independent motions with generator A, and define
for z,y € E the function d,(z,y) = ®(z)®(y)kn(z,y). Then,

> 6§;”(‘1>)|”] (54)

sn<tn

cP@) = E

i
+ 3 @Y - Dy, vam)p|
. tn o
< maxllr? - a2 || [ Xz 02asp |
=1, n 0

IA

tn
(1212, K)PTP ! / E[XT (1)%%] ds.
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Note that the last line follows from ||dy||eo < ||®||2%, K and T¥) being a contraction semi-
group as well as Jensen’s Inequality. Similarly,

o (@) JE[| [ a@ewhile.x, @)X, @asp (55)

IN

tn
(1|12 Kypre=! /0 E[XT (1)%] ds.

We also need a bound on the jumps of M®"*(®). For doing this we define 5Mtb;n(¢)) =
5Bt1;n(¢') + 5Btzrin(¢'), where

n — an a.n 1 an
0B,"(®) = n”! > @ ntn1 (N ST \/_§|04( tntn- 1)>’

ar~vptn
1
§By"(®) = n7! nEer ).
tn ( ) aNZntn -I—n 1 \/ﬁg‘cd( tnt+n 1)
Indexed lexicographically by a ~, t, and conditioned on a(]}{i U S\T:ﬂ)’ each 5Bt1;n(<1>) is
a discrete martingale with respect to its natural filtration since E[(N*"™ — 1)|§|7:x‘(x)] =
\/_fw( z). The term Cﬁp)(@) = E[supg<i<r |5Btlrin(<1>)|2p] can be bounded by using the
martingale properties,

of(@®) < E| Y [BBM@)” )
0<tn <T
> E[}E[MB},;”(@)I?”‘U(J%QUf@ﬂ”
0<tn <T
||2loo \2 [ o e 2]
o (12 E A I
< o n ) oggsT( ai»lilzn| \/_6‘04( pen?)
. . p
B ]E[(Na’”—l— =G (YT ) o(fzzufw])]
(aNZntn \/_ o \ e, + ‘ |ex] )
< o2l 2, /T (1+nPE[ X7 (1)7]) dt,
n 0

where in the third inequality we have used Burkholder’s Inequality for discrete martingales
(see [Bur73]) resulting in some constants C. For the fourth inequality note that |[N*" —

f§|a‘( +n—1)| < 2. We are left to estimate §B%"(®) :
c¥)(®) = E| sup [§B2"(®)|* (57)
0<t<T
< 3 mln T om0 0]
OStnST ar~ptn
T
< nl7P||®|% supE[|§(m)|2p] / ]E[ sup X?n(l)zp] dt,
zcE 0 0<s<t
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where we have first applied Jensen’s Inequality to the particle sum. Now, because A is a
conservative operator we have for ® = 1 that A® = 0. Thus we obtain from (46) and (49),
X)) = X3(1) + Mtb;n(l) By the same version of Burkholder’s Inequality as above and
for € small enough as in (16), setting p = 1 + §, it now follows that

E| sup XP(1)**e

SC(l—i—E

sup Ml’,;”(l)”ﬁ]) (58)

0<t<T 0<t<T
< c<1+E[<M’W(1)>1T+5]+1E sup |5Mt”;"(1)|2+f]>
£, <T
T
< C(T,K) <1+/ E[sup XQ(1)2+E] ds).
0 0<s<t

The last line and the choice of the constant C(T, K), which is independent of n, followed
from (53) to (55) and (56) as well as (57). But the function T' — E [supg<;<p X7*(1)*"¢] <
E[(X7(1)2"T)2*€] is a bounded measurable function, and thus we can apply Gronwall’s
Lemma to obtain the bound E [supy<;<r X7*(1)*¢] < C(T, K). This completes the proof
of (i) since E [Supogth th(‘l’)%e] < [[@[]ZE [Supogth th(1)2+6] .

Property (ii) follows now from the calculations in (58) with an additional constant depend-
ing on ||®||» and the boundedness of the mass shown in (i).

Property (iii) follows from (56) and (57) combined with the boundedness of the total mass
shown in (i). O

Using the above Lemma 3.1(i) we can now show that both, M"™"(®) as well as the € terms
n (52), become indeed negligible.

Lemma 3.2 For all T > 0,® € D(A), limy_,o0 E [supycicr M (®)?] = 0.

Since the motion of the particle system is no different from that of the Dawson-Watanabe
superprocess considered by Perkins [Per02] in the same set-up we may simply refer to his
Lemma I1.4.3 for proof. To show convergence of the remaining terms we need the following
lemma which is a consequence of condition (16), see [Stu02] Lemma 6.2.1 for proof.

Lemma 3.3 sup(, ,)cpxp |kn(z,y) — k(z,y)| — 0, as n — 0.

Lemma 3.4 We have for i = 1,2, ® € D(A) and all T >0,

E| sup Z e (®)| — 0.
0st<Ty, <t

PROOF. For i = 1 the statement follows immediately from (53) because of the boundedness
of the total mass (Lemma 3.1(i)). For i = 2 we refer to (54) combined with Lemma 3.1(i)

and note the fact that for i = 1,2 and n — oo, ||(T§z) — I)dp||eo — 0. The latter follows
since ||d,, — d||0, Where d(z,y) = ®(z)®(y)k(z,y), cgnverges to zero by Lemma 3.3. Also,

||(T§z) — I)d||s converges to zero because of the strong continuity of the semigroups. O

We now show that the martingale as well as the integral part of X™ are tight.
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Lemma 3.5 For all ® € D(A) we have that M>™(®) and (M*™(®)) as well as C(P) =
fot X7 (A®)ds are C-tight sequences in D(Ry,R).

PROOF. Lemma 3.1(ii), together with Markov’s Inequality and Burkholder’s Inequality,
implies that Mtbrin(@) and (Mb"(®)); are tight in R for any fixed ¢ > 0. To complete the

tightness proof we estimate for 0 < ¢ < T and 0 < u < §, using (52) and the calculations
n (53) to (55),

E

sup [(M*"(®)) 41y, — (MO"(®))e, |] (59)

0<t<T
sup  XP(1)%] ).
0<t<T+¢

Due to Lemma 3.1(i) this converges to zero uniformly in n as § — 0. Theorem 8.6 of
Chapter 3 in [EK86] now implies the tightness of (M®"(®)). The tightness of M®"(®)

follows exactly with the same calculation by observing that

< @t ) (9l K) (1 +E

E[|M,, (@) = ME7(@)] < E[[MP™(®)) w1, — (MM (@))r, ] -

It remains to show C-tightness of X™. For the quadratic variation we just need to observe
according to Proposition VI.3.26 of [JS87] that

<l
€

P [ sup |5(Mb’”(<1>))tn| > €
0<t<N

sup [(M""(®)), ;1 — (M"”(<I>)>tn|] :
0<t<N

which converges to zero by (59). For M""(®) itself, the same condition has already been
shown in Lemma 3.1(iii). The arguments for CJ*(®) follow the same pattern using the
boundedness of ||A®||, and Lemma 3.1(i). O

Denote by E = E U © the one point compactification of FE. The generator A and its
semigroup T} are extended to E by setting for f € C(E), Tif = f(©) + T3 (f — f(©)).

Proposition 3.6 The X" are a tight sequence in D(Ry, M;(E)) and all limit points are
continuous.

PROOF. By (49), X}(®) = Xg(®) + M_™(®) + M;"(®) + C;*(®). Here, the first term
converges weakly by assumption, the branching part M®"(®) and C™(®) are C-tight in
D(R,,R) by Lemma 3.5. The martingale M™"(®) converges to zero in C(R,,R) in L?(Q)
by Lemma 3.2 so certainly also in law. Thus X"(®) is C-tight in D(R;,R) for ® in
a dense subset of Cy(E). As M;(E) is compact, the compact containment condition is
fulfilled naturally, and thus [RC86] now implies tightness in D(R,, M;(E)). All limit
points X must have continuous sample paths since X (®) is continuous for ® in a dense
subset of Cy(E). O

Now, let X™ be a subsequence which converges weakly in the space D(R,,Ms(E E)).
By Skorohod’s Representation Theorem we can find a probability space and on it a se-
quence X™ such that £(X™) = L(X™) with X™ converging to X almost surely in

D(Ry., My(E)).
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Lemma 3.7 For any a.s. convergent subsequence X"k, ]\;[tb’n’“ (®) converges in probability
for each t > 0 and ® € D(A). The limit is a square integrable continuous martingale,
M (®), with quadratic variation given by (19).

PROOF. By the continuity of the limit, for all £ > 0, supp<s<; | X7 (B) — Xs( ) — 0
a.s., and so fO Xk (AdD)ds — fO s(A®)ds a.s.. By Lemma 3.2, SUPg<s<; Mg (®) = 0 in
Lz(Q) Thus,

NIP™ () = XP*(B) — Xp*(B) — N ( / Ko (A@)d (60)

converges in probability on D(R,, E) The limit is a square integrable martingale because
of Lemma 3.1(ii). It is continuous since all the terms in (60) have continuous limits. It
only remains to show that the quadratic variation converges to the appropriate expression.
Thus, consider a.s.

[ ] e@0ha T, (00X, d)ds

_// B(2)(y)k(z, y) X, (dz) X, (d)ds|
0 JEXE

< [T @k le) - k) K2 (@) X2, (d0)ds
ExE
4 / (Lpstn) /E @()k(z, ) K2, (d2) X3 (d)
- [ 8(@)e()k(s, ) L.(de) X (do))ds|.
ExXE

Here, the first term converges to zero by Lemma 3.3 and Lemma 3. 1(i). The second term
converges since X ’2 X X T X, x X; a.s. on Mf(E X E) according to Lemma 2.1.2

of [Daw91]. The remainder terms of the quadratic variation, see (52), converge to zero in
LY(Q) due to Lemma 3.4. Thus, the expression (19) is the a.s. limit of (M™% (®));. O

Lemma 3.8 The limit takes values in space C(Ry, M¢(E)).

The proof follows standard arguments, see [Stu02] p102 for detail. The proof of Theorem
2.2 is now complete upon noting that following result which is contained in the main
theorem of Mytnik [Myt96].

Theorem 3.9 Solutions to the martingale problem (18) and (19) are unique in distribu-
tion.

The proof is based on the observation that X would be dual to itself if it was suffi-
ciently regular: If u and v are the densities of two independent processes that satisfy the
martingale problem (18) to (19), then it would follow that I [exp(— [, ui(z)vo(z)dz)] =
E [exp(— [ wo(z)v¢(z)dz)] . For proving uniqueness, it suffices then to construct a suitably
regular approximation to X, and apply an approximate duality argument.
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4 Convergence to the heat equation

Here, we outline first the proof of Theorem 2.3. follows the arguments of Shiga and Shimizu
[SS80] closely, and we will therefore only be explicit about the necessary modifications. We
then prove Corollary 2.4, which shows that the stepping stone models approximating the
heat equation fulfill the conditions of Theorem 2.3.

Subsequently, after citing some auxiliary lemmas, we give the proof of Theorem 2.5 and
Theorem 2.6. We first show tightness of the rescaled systems. Thus, we are able to prove
existence of weak solutions to the heat equation with colored noise for continuous coeffi-
cients that obey a linear growth bound, see Theorem 2.5. When the strong existence of the
approximating systems and uniqueness of the SPDE, well-known for Lipschitz coefficients,
and for non-Lipschitz coefficients investigated in [Stu02], is known, Theorem 2.6 establishes
convergence of the approximations.

4.1 Proof of Theorem 2.3

We approximate the solution X to (20) by finite dimensional diffusions. So choose S, C S
finite such that S, T 5, and let X" be the solution of the diffusion

z(t) in(0)+/0 f?(s,X"(S))dSvL/O oi(s, zi'(s))dW;' (s)

for i € Sy. Set z'(t) = x;(0) for ¢ ¢ S,. Note that the W can be represented by a
linear combination of at most n independent Brownian motions. Thus, existence of weak
solutions with continuous sample paths is a classic result, see for example, Theorem 3.10

of Chapter 5 in [EK86].

The key of the proof is to obtain a uniform bound on the approximating finite dimensional
solutions X™ in the norm (27), which can then be used to bound temporal differences in
the same norm.

In order to be able to apply Gronwall’s Lemma we use a stopping time argument and define
TWn) = inf{t >0| || X"(t)|lrp > N}. Now, we consider

g"N(T) = E

sup IIX”(t)II’E,p] (61)
0<t<TATN:n)

C (Y iz (0)P +E

ieS

IA

Sup E Yi
0<E<TATN:m) jog

+E sup Z Yi

0<t<TATN?) ;og

While the first term is bounded by assumption, the next two terms can be bounded by
Cle, T, K)(1 + [ g™V (s)ds) :
p]

- /0 o5(s, 27 (s)) AW (5)

sup E Vi
0<t<TATVom) 1 og

19



IA

Z v

1€ESn

sup
0<t<TATN:n)

/ o5, 2 (s'))dWT (s)
0

p]
- TATN:m) R
< C()T? ) vikaE |os(s', @i’ (s))[Pds
i€5n 0

T
< C(pe,T,K) (1 + [ g"’N(s)ds) |
0

where we have used Burkholder’s Inequality and Jensen’s Inequality as well as the growth
condition (25) on the o;. The term involving f™ is estimated similarly using (23). Thus,
by Gronwall’s Lemma, g™ (T) is bounded by a constant that is independent of n and
N. The sample paths are a.s. continuous for each n and therefore bounded on [0,7],
albeit not uniformly. This implies ]P’[T(N’") < T] - 0as N — oo, and as a conse-
quence limy ;00 SUPy << AT(N.m) ||X"(t)||11'i’p = SUPp<i<T ||X"(t)||11'i’p a.s.. Thus, by Fatou’s
Lemma,

supE | sup ||[X"(®)|% | < supliminfg™™(T) < C(T). (62)
n 0<t<T P n N—oo
Using this bound and an almost identical calculation leads to
sup E[|[X"()) = X"(5)|If,,| < C(p,e, K, 7). (63)
0<s<t<T ’
[t—s|<d<1

The estimates (62) and (63) combined with Theorem 8.6 of Chapter 3 of [EK86] show that
each coordinate is tight in C(R;,R). By a diagonalisation argument one can then find
a weakly convergent subsequence in C(R,,R%), where R is equipped with the product
topology. Using the continuity of the coefficients one can show that all limit points solve
(20), which completes the proof of existence. We remark that this argument does not
imply any convergence on C'(Ry, %), and thus (27) needs to be verified separately for the
solution to the infinite dimensional lattice system. By (62) and Fatou’s Lemma we obtain

first supg<;<r E [||X(t)||{: p] < 00. From this (27) follows by a calculation analogous to

that of (61). The a.s. continuity of the sample paths in the space l;f‘ follows from this
bound with a similar calculation as in (63). Pathwise uniqueness follows now with the
same calculations as for the uniform bound if the Lipschitz conditions on the coefficients
are assumed. Here we estimate the difference of two strong solutions with respect to
the same noise using the Lipschitz conditions where we have previously used the growth
conditions.

4.2 Proof of Corollary 2.4

For existence of solutions we merely have to verify (23).

Yom@ | Y milei — ) + filt, @)

ics i3] <Crm
< (C(M,Cr) + 1P (@) Y mijlai — jfP + (1 + zi)P)
icS li—j|<Cm
. () »
< O(M,Crm,p,e; )Y M@ D (mij +myji—==L) + &)zl
ics |i—§|<Com ()
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Here, we have first used Jensen’s Inequality and the growth condition (25). Then we use
that y,(:) is summable over S. Finally, we note that the term in parentheses is bounded
by a constant since for |i — j| < Cpm, ya(4)/7a (1) < eXC(Cmd),

For uniqueness we have to verify (24), which works in an analogous way, using the Lipschitz
condition (26) instead of the growth condition (25).

4.3 Auxiliary lemmas

We start with stating a number of technical lemmas, proofs of which can be found in the
appendix. Lemma 4.1 estimates spatial and temporal differences of the heat kernels p",
as well as of the differences of p™ and p. Lemma 4.2 provides an estimate for the heat
kernels p" and p integrated against the weight function v,. In order to show tightness of
the approximations we need a compactness criterion on L%, (R?), which is stated in Lemma
4.3. This is an adaptation of the Frechet-Kolmogorov Theorem to our setting.

Lemma 4.1 We have the following properties of p™ and the heat kernel p :

(i) [gaP™(t, @, y)dy = [pap(t,z,y)dy =1 for all x € RE, ¢t > 0.
(i) F™(t,)(€) = [ra D" (t,y)e®Vdy = exp(—nt 3¢ (1 — cos &) for all € € R™.
(ii) sup, yera [P"(t, 2,y) — p(t,z,y)| = 0 as n — oo for each t > 0.
SUP,erd fga [P"(t2,y) — p(t,z,y)|dy — 0 as n — oo for each ¢t > 0.
fot sup,erd ([ra |P"(8,2,y) — p(s,2,y)| dy)* ds — 0 as n — 0o for any a > 0.

(1v) fot SUPgcgd ([ra [P"(s + h,z,y) — P"(s,z,y)| dy)” ds — 0 uniformly in n for any o >
0 as h — 0. The analogous result holds for p.

(v) supjer||<s Jga 0™tz + 2, y) — p"(t, 2, y)|dy — 0 as § — 0, for almost all z and all
t > 0. Similarly, as § — 0,
SUD,eRd SUD)||¢7||<s Jra |P(S, T + ', y) — p(s,2,y)| dy — 0.

Lemma 4.2 Let vy(z) = e Nl and X € R. Then there exists a constant C(6,\) — 1 as
0 — 0 such that

sup sup M < C(6, ). (64)
seRe |lyll<s 1A (2)

Also, for all T > 0, there ezists a constant C(T,)\) independent of n such that for all
r € RY and 0 <t < T,

7t mdy < O, 0m(@), (65)

and likewise

[tz um@dy < €A m@). (66)
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Lemma 4.3 A set Cg in LP(R?) is relatively compact if and only if the following condi-
tions hold,

(i) supsccy Jralf () Pdz < oo,
(i) limy_so [pa |f(z +y) — f(@)[Pdz = 0 uniformly for all f € Ck,

(113) limgy—00 fRd\Ba |f(z)[Pdz = 0 uniformly for all f € Ck,
where B, is the ball with radius o.

A set Cg in LY, (R?) is relatively compact if the above conditions hold for Lebesgue measure
replaced by vy (z)dz.

4.4 Proof of Theorems 2.5 and 2.6

By the assumptions on the coefficients in Theorem 2.6, Corollary 2.4 assures existence of
(stochastically) strong solutions to the system (34) with initial conditions ug. In this case,
we set fm(t,z,u) = f(t,kn(x),u) and likewise for ™. By the continuity of f and o we
obtain pointwise convergence: For all (t,z,u) € R, x R x R as n — oo,

" (t,z,u) = o(t,x,u) and f"(t,z,u) — f(t,z,u). (67)

In order to obtain approximations driven by a given noise W to the SPDE of Theorem 2.5
we exploit the continuity of f and o and define f™ and 6™ which converge pointwise as in
(67), and satisfy in addition to the growth condition (10) the Lipschitz condition

(8@, u) = f(t 2, 0)] + (67 (8, @, u) = 5"(8 @, u)| < C(n)|u — v|

for all t € Ry,z € R, and u,v € R. Corollary 2.4 now implies pathwise uniqueness and
thus existence of strong solutions to (34) with initial condition ug and coefficients f and &,
and so we define in this case f"(t,z,u) = f(t, kn(z),u) and similarly . Note that these
functions also satisfy (67).

The proof of the theorems now proceeds as follows. Proposition 4.4 gives a uniform bound
on u" in the || - ||,, p-norm. Proposition 4.5 estimates temporal and spatial differences of

™ in this norm. Using these results and Lemma 4.3, we prove compact containment in

U
Proposition 4.6. Finally, we show tightness and identify the limit points -establishing the
existence statement of Theorem 2.5- and prove the convergence result of Theorem 2.6. We

proceed to show a uniform bound on the approximating solutions:

Proposition 4.4 Assume the linear growth condition (10) on f™ and ™ as well as ||k||oo <
K < co. Then, for all vy with A\ > 0, p > 2 and ug with E[||ug|5, p] < oo, there ezists a
constant Cp(T) so that

sup sup E[||u”(t,-)||§;bp] < Cp(T). (68)
n 0<t<T

PROOF. Let 0 < t < T. We treat the three terms in (34) separately. Thus, by Jensen’s In-
equality, g"(¢) = E [ [ga [u"(¢, ) Pya(z)dz] < 3P (A1 + Ag + A3), where, by Lemma 4.1(i),
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Jensen’s Inequality and Lemma 4.2,

= B[ [ 1] st neds)

e| [ ([ teumeds) e

< e [ Elu@Pln®dy < OT,u,p.2)

IA

For Ay we use the growth condition (10) as well as 7, € L! in addition to the same line of
arguments:

a2 B[ [ [ 5 smnieats st @i

otwepe| [ [ ([ 56— smmm@is) 0+t dis]
C(T, ¢, p, \) (1 + /Ot g”(s)ds> .

For Az we first apply Burkholder’s Inequality and the growth condition, and then Jensen’s

IN

IN

Inequality as well as ||k||oc < K. The last inequality follows as in the calculations for As.

a2 B[ [ [ ] 5= s o )W b, ds) )i
cen) [E[([ [, [ 76— sm0m om0

(1+[u" (5,9 + |u" (s, 2)|)dydzds) ] (z)dz

Clekp) [ 2 ( [ ([ 7e-swm-a+ |u"(s,y>|>dy)2ds>g ()

< ot [ B[] 5 s 0 s dvds] (el

IN

(SIS

IA

< C’(T,C,K,p,)\)(l—l—/0 g"(s)ds).

Taken together, we obtain that there is a constant C = C(T, ¢, K, p, A, ug) independent of
n such that for all ¢t < T, ¢g"(¢) < C(1 + fot g"(s)ds). But each g" is bounded according to
(27). Thus, supg<i<r 9" (t) < CefT =: C(T) by Gronwall’s Lemma. 0

Using this bound we can prove the following approximation of differences.

Proposition 4.5 Assume the conditions of Proposition 4.4. Then the approximating so-
lutions satisfy

limsup sup sup E|||[u"(t+ h,-) —u"(t, )P —o. 69
Jimsup sup sup B [[|Ju”(¢+hy) = u(t ), ) (69)

For the difference of spatial translations we obtain for all 0 <t < T,

limsupE | sup |[u™(¢,-+2') —u™(t,)|[2 = 0. (70)
020 n | o<laf||<6 et
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PROOF. In order to show (69) we use the decomposition (34) and split the integral into
five parts. Abbreviate the difference p}(¢,z,y) = p"(¢t + h,z,y) — p"(t,z,y), and observe
that by Jensen’s Inequality

E [ e bz) — m)|p'y,\(x)dx]

7 (| | [ st numarnei
w2 [ 1] = s, 7)o )|

IA

r t+h )
E / | / / p"(t+h—s,z,wf"(s,y,u"(s,w)dydswmdx]
L JIRd t R4

w2 [ ][ 7 s,2.00" oo, )W o, ds) ()|

- t+h
v | [ [ e h s o0 )W, ) Pa(o)is |
L/RE  Jt Rd
5
=1
For bounding Bj let us first assume that E[||Aug||}, p] < co. Then,

t+h
B — E[ L[] p"(s,x,y)A”uO(y)dydsWx)dx]
R Jt R4

t+h p—1
sup (/ / ﬁ"(s,w,y)dyd8>
R4 t R4
t+h
u-z[ L[] p"(s,m,y)-|A"uU(y)|dedm(x>dx]
R4 Jt R4

= [ [ ([ mam@) 8P

< C(T +h)RPE [|| Ao, ] < C(T + h)RPE [|| Aug|

IN

p p ] .
TX.P IX-P

We have applied Jensen’s Inequality twice before using Lemma 4.2. For general ug consider
u§(x) = [rap(e, 7 —y)uo(y)dy. Observe that Ap(e,z,y) = (&|jz—yl|* — £)p(e, z,y). Thus,
with arguments almost identical to those of Lemma 4.2 we obtain [4 Ap(e, z,y)va(y)dy <
C(e)a(z), as well as B[||Au|[5, p] < C()E[||uo|[35 5] < 00. Now,

Bo< B[] 00+ b)) 0 - i)y )de|

t-l—h
+E[ L[] ﬁ”(s,x,y)A”US(y)ddeI”w(w)dx]-
Rd Jt Rd

By applying Lemma 4.2 we obtain that for all € > 0 bounded, a.s. |[u§|[5, p < C|luo|fhp <
0o. Thus, by first applying Lebesgue’s Differentiation Theorem and then using the above
bound and Lebesgue’s Dominated Convergence Theorem we obtain E[||u§ — uo|[5, p] = 0

as € — 0. It follows that By converges to 0 uniformly in n and 0 < ¢ < T by first letting
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h — 0 and then € — 0. Similarly to the previous calculations we obtain for By,

t p—1
By < sup <// Iﬁ’ﬁ(t—s,x,y)uyds)
zeR? 0 JRd
t
E[/Rd// DR (¢ — s,2,9) ||/ (s, y,u"(s,y)) Pdydsyr(z)dx

-1
< sup (/ / IpR(t — s,z y)|dyds>
zeR?

P20 T+h)T sup ]E[|| L+ [u"(t,y)| 15, ] =

uniformly in n as h — 0 according to Lemma 4.1 (iv) and Proposition 4.4. Likewise, we
can bound

t+h
o< wicwenes| [ [ d(1+|u"(s,y)>|>wy)dyds

< KWC(T+h)® sup E[|| 1+][u(t,y) ||w;v]
0<t<T

as in the term Bs. For B4 we use in addition Burkholder’s Inequality as well as the bound-
edness of k.

Bo< cweE] [ ([ [ [ st - sz selk.2)
(L (s, ) ) (L + |u(s, 2)|)dydzds) 5 (x)dx}
< C(p,e, K)T /Rd/ /Rdlph —5,2,Y)|
(1+ [u"(s, ) dy) dsya(2)da
<

C(p,c, K, T)E //sup/ Ph(t — s, 2,y)|dy)"
R4 JO geRd

([ 7R = 5,2, )I(1 + [ (o,) )P dsma o)
Rd

t
< C(p,c, K,T) (/ Sup(/ Iﬁﬁ(t—s,w,y)ldy)”ld8> sup E[[|1+[u"(s,)[I[5, ,] -
0 R4 0<t<T

zER4

We have used Jensen’s Inequality first for the time, and then for the spatial integral. In
the last equality we applied Lemma 4.2. The quantity now converges to zero by Lemma
4.1 (iv) and Proposition 4.4. The calculation for By follows closely that for By, and we
obtain

t—|—h
By < )hE[/ / Iﬁ"(t—s,w,y)l-(1+|U"(S,y)|)”dy]dsw(w)dw
Rd Jt R4
P
< C(T,p,c)h2 'y>\,p]

sup E[|| 1+4[u"(s,)| |l
<t<T

which converges to zero as h — 0 uniformly in n, due to Proposition 4.4.
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For proving (70), define pathwise z;, 5(t) € R? such that ||z, sl <6 <1 as well as
sup <5 [0ty + 2°) — w6, Vg = W78, + @, 5(8)) — w2, )|/ Simce the shift
operator is continuous on ¥, , such a &/, s(t) does exist. Set p? (¢, z,y) = p"(t,z + 2, y) —
P"(t,z,y). According to (34) we have to bound the following terms,

B[, + 2 4(8) — u"(t, I, )
P (E [H 7 ot vmtdsl,

t

+E|:||/0 /Rdﬁ;b:t,ts(t_s) -5 y)f (S Yy, u (say))dyds||g>‘,p:|
t

+E || ﬁz’ (t—s) (t -8, y)6n(sa Y, un(s, y))W(dy’ ds)”p)\,p )

0o Jrd "m0 K
3
= 3? Z C;.
=1
We now estimate the first term similarly to By,

o < s [, ([ i owesia) ()

(P (t, + 2, 5(8),9) + 5" (t, 2,)) M(@)dw)  Juo(y) dy]

p—1
< swp s ([ ( / |ﬁZI(t,w,y')|dy'> (1, 2,5) 2 g
lle'|| <6 yerd \ JrRd \JRa ()

. ( sup sup M‘i—l) E[HUO( )||’7>\,P]

o[ <5 zcre  YA(Z)

IN

p—1
< o) [, s ([ e Nay") s

4 a']|<d
In the second inequality we have used that [|z;, 5(¢)|| < d, together with a shift of variable
and (64) of Lemma 4.2 for the first term in the sum. In the third inequality we have
estimated “E g < Cvy_x(z — kn(y)) with (64). We have then performed the variable shifts
" =z — kn(y) as well as ¢y’ = ¢’ — k,(y) , and exploited the shift invariance of p™ (see
(33)). For fixed n the supremum converges to zero as § — 0 for almost all " due to Lemma

4.1(v). Since it is bounded by 2 and p"(t, z")y_»(z") is integrable by Lemma 4.2 the result
follows for fixed n and any t > 0 by Lebesgue’s Dominated Convergence Theorem.

Similarly, using the growth conditions on f™ and " as well as Burkholder’s inequality for
the stochastic integral, we obtain that Cs and Cs are bounded by

C(T)sup sup E[||1+|u (t,-)
n  0<t<T

t
[ sup sup (/ ([ 2= s, 50 = 5,2,)2 x>dm>d3,
0 [jo'|j<d yerd \JR Jrd ()

where the expectation is bounded according to Proposition 4.4. Thus, with the same
arguments as for (71) plus an additional application of Lebesgue’s Dominated Convergence
Theorem for the time integral convergence follows for each n fixed as § — 0.

[15.0] (72)
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To obtain convergence uniformly in n we note that the arguments in (71) and (72) are true,
uniformly in n, if p replaces p". Furthermore, when |p"™ — p| replaces the spatial differences
|p | in the C; we obtain convergence to zero as n — 0o. For example, the stochastic integral

is bounded by

t p—1
¢ [ sup (/ Pt - 5,2,9) — plt - 5,2, y>|dy) ds - supsupE [||1+ [u"(t, )|, ,]
0 zcRd R4 n t<T
which converges to zero according to Lemma 4.1(iii) and Proposition 4.4. Inserting p(-, z,y)
and p(-,z+z',y) and using (64) as well as a 3¢ argument now implies convergence uniformly
in n. O

We obtain the compact containment condition of the approximating sequence of solutions.

Proposition 4.6 For each t > 0, and € > 0 there exists a compact set Ck in the space
LF, (R?) such that for all n,
Plu"(t,-) € Ck] >1—ce. (73)

PROQOF. We start by showing that for each € > 0,

lim sup P

=0 pn l|z'|| <8

sup / [u™(t,z + ') — u™(t, z)|Pya(z)dz > e] =0. (74)
R4

Using Markov’s Inequality, the convergence is implied by (70) of Proposition 4.5. We will
also need to show that for all € > 0

=0. (75)

lim sup P / [u™(t, z)|Pya(z)dz > €
R\ B,

a—r 00 n

We define an auxiliary function

@/ | m(x) for|lz|| > q,
5\ (:C) = { e~ 2@ for ||:C|| <a. (76)

which, as an immediate consequence of Lemma 4.2, also satisfies (65). Thus, we obtain as
in the proof of Proposition 4.4,

B| [ W@ op ] (7
< o ([ a+Elu@r @+ [ [ i eomi @) i) .

Since the first term is independent of n and converges to zero as a@ — oo by Lebesgue’s
Dominated Convergence Theorem, we obtain uniform convergence of (77) to zero by Gron-

)

wall’s Inequality. But 1ga\p, 72 < 'yg\a , and so (75) follows by Markov’s Inequality.

Now, by (74) and (75) we can for any € > 0 and k£ € N choose 3 and o4 such that

1
supP | sup / [u™(t,z + ') — u™(t, z)[Pya(z)de > — | < E2_’“,
n Hz’||<6le Rd k 3
n 1 €k
sup P [u™(t, ) Pyr(z)de > — | < =277,
n Rd\cak k 3
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Also choose N such that P[|[u"(t,-)|[5,» > N] < £, and define the sets

Ck = {u"] [u"(t,)If,, <N},

pay 1
Ck = ({u"| sup / W™t 2+ 2') — u(t, 2)Pa(2)dz < 7},
pey <o JR k
1
Gk = ﬂ{u"|/\ W (6P @)z < 1),
ak

By Lemma 4.3 Ck is a compact set in L, (R?), and by the above definitions, we finally
conclude that inf, P[u"(t,") € Cx] >1— (1 +2>52,27%) =1 O

For the proof of Theorem 2.6 we require another Lemma (see Lemma 4.4 of [Gyo98b]).

Lemma 4.7 Let E be a Polish space equipped with its Borel o-algebra. A sequence of
E-valued random elements u™ converges in probability if and only if for every pair of sub-
sequences u! and u™ there exists a subsequence v = (ul(k),um(k’)) converging weakly to a
random element v supported on the diagonal {(u,u') € E X E‘u =u'}.

PROOF OF THEOREM 2.5 and THEOREM 2.6.

Taking together the tightness condition for each ¢t > 0, that has been shown in Proposition
4.6, and the estimation of the differences in time given by (69) of Proposition 4.5, we obtain
tightness of u™ in D(R,, L%, (R?)) according to Theorem 8.6 of Chapter 3 in [EK86]. Since
all u™ are continuous in time (Theorem 2.3), they are relatively compact in C(R; , L%, (R?)).
This implies that we can find a subsequence which converges weakly on C(R,, L%, (R?))
to a process u.

By Skorohod’s Representation Theorem we can find another probability space €2, and on
it a further subsequence, 4", as well as a noise W equivalent in law to u™ and W, so that
@™ converges almost surely to @ in C (R, , L, (R?)). We now show that, by taking a further
subsequence if necessary, the right hand side of (34) converges a.s. for all ¢ > 0 in L%, (R?)
to the appropriate expressions for the limit process 4. This implies that @ satisfies (9) and
is thus a solution to the heat equation with colored noise as in Definition 2.1.

Following the calculations for B;j in the proof of Proposition 4.5, we obtain for any t < T,

/. ( L@ s.2) = ple = s,2.9) Uo(y)dy>p7,\(:c)d:c
< om ([ ee-sam-st-sew) [ wwrawa.

Here, the first term converges to zero as n — 0o by Lemma 4.1(iii), and the second integral
is bounded a.s. by assumption. We consider next

/Rd (/Ot /Rd (" (t — s,2,9)3"(s,y,4"(5,9)) (78)

—p(t—s,z,y)o(s,y,u(s, y)))W(dy, ds))p'yA(x)dx < D;j + D;.
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Here, we split the integrand into a term, D1, involving the differences of the convolu-
tion kernels, and one, D, involving the differences of the solutions. With a calculation
analogous to that of By in the proof of Proposition 4.5 we obtain that E[D;] is bounded
by

Co K DIE] [ ([ 17~ 5,2, =l = 5,2.0)10" (5,9, (o, )"ds] I,

t p—1
S C(paKaTa C)/ sup (/ |ﬁn(t—8,$,y,) —p(t—S,.'L',y,)|dy,> ds
0 zcRd R4

- sup E|||1+a"(s, P,
s B[+ 7 (e 0)IE, ]

which converges to zero by Proposition 4.4 and Lemma 4.1(iii). By choosing a further
subsequence if necessary, a.s. convergence follows. To estimate the second difference,
Dy, we define Vp = sup, sup,<7||/@"(s,y)|[5, p, Which is bounded a.s. because of the
convergence of the @" in C(R,, L%, (R?)). As a consequence, we have limy o P[Vp >
N] = 0. Since, by Markov’s Inequality, P[Dy > €] < PV > N]+ LE[D, | Vr < NJ, it
suffices to show for any fixed N, lim,,_,o E[D2 | VP < N] = 0. With a similar calculation
as for Dy, we bound this expectation by

c.K.T) [ B[l (5,5 (5,9) — oo, i Vi < V] ds. (79)

By taking a further subsequence if necessary, 4"(s,y) — 4(s,y) a.s. for a.a. y and all s.
Thus, the continuity of 6" and o and (67) imply that 6"(s,y,d"(s,y)) — o(s,y,4(s,y))
a.s. for a.a. y and all s. But by (10),

5" (s, 9,4 (s,9)) — o(s,,a(s,y))| < c(2+[a"(s,y)| + [a(s,y)]) . (80)

Since @"(s,-) — u(s,-) in L%, (R?) a.s. for each s, the right hand side and so also the
left hand side of (80) is a uniformly integrable in L%, (R?) a.s. for each s. Therefore, the
norm converges a.s. for each s. The conditioning on the event {Vr < N} and Lebesgue’s
Dominated Convergence Theorem, now imply that (79) converges to zero. Thus, Dy — 0
in probability as n — 0o, and a further subsequence converges a.s..

Taking the two estimates together, we have proven that, for a further subsequence if
necessary, (78) converges to zero a.s. for ¢ € [0,T] and so, since T is arbitrary, for all ¢ > 0.
We can perform essentially the same, albeit slightly simpler, calculation to show that for
the chosen subsequence 4",

L L 7600 700, 5,00) pla=5,2,0) v, ) ()i =0,

as n — oo a.s. for all ¢ > 0. Thus, @ is a solution to (1), which by Proposition (4.4) and
Fatou’s Lemma also satisfies (35). Since (@, W) have the same distribution as (u, W) we
have shown the existence result of Theorem 2.5.

It remains to complete the proof for Theorem 2.6. The weak convergence result follows
immediately from weak uniqueness of the limit. For convergence in probability when
pathwise uniqueness of the limit is known we consider a pair of subsequences u! and u™.
By the tightness on C(R, , L%, (R?)) we can find further subsequences u!(¥) and u™¥) that
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converge weakly on C(R,, L5, (R?)). The above calculation shows that both limit points
satisfy the heat equation with respect to W. Thus, the pathwise uniqueness implies that
they are equal a.s., and so on the diagonal of £ x E. Theorem 2.6 follows now by Lemma
4.7. O

5 Continuity of solutions

5.1 Proof of Theorem 2.7

We first show that under the assumptions of Theorem 2.7, (35) implies (37). Set A\, = p,
and bound ]E[SuPth l|u(t, )|, A,,] by

3
Z S; = sup || ( » % y)UO(y)dyHgo,)\p]
i—1 t<T
+E sup||/ / - S, ;y (s;y;u(s;y))dydngo,)\p]
t<T
Sup”/ / - S, ;y (s,y,u(s,y))W(dy,ds)||€o,)‘p] '
t<T

Note that Lemma 4.2 and E[||u0||go,7>‘p] < 00 bound S;. To bound S5 and S3 we use a
factorisation method first introduced by DaPrato, Kwapieri and Zabczyk [DKZ87], which
is based on the fact that for 0 < a < 1,

™

/St(t — )y — 5)"du =

sin(ma)

To demonstrate the argument we focus on the stochastic integral S3 and define

. t
T lu(t,z) = M/ / (t = 8)*7'p(t — s,2,y)uls, y)dyds,
™ 0 JRd
t
Jaultye) = [ [ (6= 5y (0 5,290, uls, )W (dy, d),
0 JRd
so that with the stochastic Fubini Theorem (see Theorem 2.6 of [Wal86]),
t
I Ugu(ty) = [ [ bt 5,2,5)0(s,yyuls, )W (dy, ds).
0 JRd

Thus, S5 is equal to

E |sup||J* T ult,
t<T

] ]
¢ ;
< CE|supl| [ (t—s)*! (/ p(t—s,y)7_2(y) - |Jau(s,y)lfn(y)dy> dsllf.’o,x,,]
t<T Jo R4 2 2
. 1
< CE|sup|| [ (t—s)*! </ p(t—s,-9)2v_A(y )dy) || Jaw(8y )4 pds ||oo,\,,]
t<T JO R4
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C(T)E

igg(/t(t—s - 2p||/ E— 5, y)ra )yl .||Jau(s,.)||wds>‘°]
O(T)(/UTs‘a 4t 1ds) [/ (s, )|, pds] (51)

We have first used Jensen’s and the Cauchy-Schwartz Inequality. We have then used (66)
of Lemma 4.2 and (84) of the proof of Lemma 4.1 to see that [, p(t — s, z,y)?v_x(y)dy <

C(T)(t — s)~ Z’y,)‘( ). Lemma 4.2 and a subsequent application of Holder’s Inequality
completes the calculation. Now, for all ¢t < T, by Burkholder’s Inequality and ||k||o0 < K,

IA

B[l Jau(t, )2, (52)
< ow|i [w-9 ([ dp(t—s,-,y>a(s,y,u(s,y>)dy)2ds||§i,§]
< o) ( /Td)E[ [ =) ot uts DI, s
< C(K,c) (/OTszadsf : <1 +§§5E[Ilu(t,-))ll%,p]> :

Thus, by (35), the term is bounded provided that —2a > —1 and (o — 1 — £)-2- > —1
(from (81)), which can be fulfilled if and only if d < p — 2. The term S works similarly,
implying the same conditions on a.

In order to see that u(t,-) € Cy, for any 0 <t <T, consider a.s. |u(t,z) —u(t,z+= "| for
||z'|| < 1. The difference can again be bounded by three terms according to (9). The term
involving the initial condition converges as ||z'|| — 0 due to Lemma 4.1(v) and Lemma

4.2. We focus again on the stochastic integral, which may be approximated analogously to
(81), and is thus bounded by

-1

T (1) 2 B T
cm(/o slo-1-% d) (/0 wus, I,

([ bt = s, +29) = ple = s,z s)) ds)

B =

By Lemma 4.2 the integral of the heat kernel differences is bounded by C(T,z). Since
Jou € LP([0,T],LY,), a.s. it is sufficient by Lebesgue’s Dominated Convergence Theorem
to note that the integral of the heat kernel differences converges to zero for each s < t.
This is again a consequence of Lebesgue’s Theorem combined with Taylor’s Theorem and
Lemma 4.2.

We end the proof by showing that u € C([O,T],C,Y/\p) for any T' > 0, and thus in
C(Ry,Cy,,)- Once again, we use the definition in (9) and show continuity of the stochas-
tic integral. We note that the drift term can be treated similarly and that the first term
converges according to Lemma 4.1(iv) and Lemma 4.2. Hence, we bound a.s.

1T Tu(t + b, -) — J* L au(t, )| loop,
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t+h
<[ [ h= s ple A s ) o )y,

+||// (t— )= Ip(t+ b — 5,,y) — p(t — 5,,9)| - [Tau(s,y)|dyds||son,

C(Tx(/ a3 lds)T/ au(s, )2, s
(/ I bt 5= 5000 =50 = 50 2@ - Vo5, B ) ),

We have used that (t+h—35)* ! < (t—s)* ! for s € [0,t]. Arguments analogous to those in
(81) explain the second inequality. We observe for the first term that fo | Jau(s, y)| 5, pd

is bounded a.s., for the second that the inner integral is bounded by Lemma 4.2 and
converges pointwise for each s > 0. Thus, both terms converge to zero by Lebesgue’s
Dominated Convergence Theorem as h — 0.

IA

6 Appendix

6.1 Proof of Lemma 4.1

We use the random walk Y™ as in the definition (32) of p". Property (i) merely states that
the transition probabilities p™ and p sum (respectively integrate) to one.

The Fourier transform in (ii) is given by

d d
FP (1,0, k(1)) (€) = Bl = [ Bl ] = T @, (n%t, %)
=1 i=1

where ®,(t,7) = exp(—t(1 — cosr)) is the characteristic function for a one dimensional
simple random walk y at time t (see for example [Fel51]), and (ii) follows.

In order to show (iii) we use a result in [DEF102]. For d = 1 and n > 0 there exist
constants Ky(n) and C(Kj) such that

1
sup [pf(t,2,2) = pu(t, 2, 2)| <7 + C(Ko) 5t 2 (83)
2,617

for all n > %F%. Also stated in [DEFT02] is that there exists a universal constant cy,
independent of n and ¢, such that

sup max(p}(t, 2, y), pi(t, 2, 9))t? < ci. (84)

z,ycR4

We observe via Taylor’s Theorem that there exists another universal constant ¢, such that
for all z,y € RY

|p1(taxay) _pl(ta"i.ag” S 62(|.'L' - i"| + |y - g|)t_1 (85)
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Therefore, combining (83) and (85) implies for all n > %F%,

sup |p7(t,z,y) —pi(t,z,y)] < sup (|p7(t 2,y) — pi(t, kn(2), Kn(y))]
z,y€R4 z,yc€R4

+ |p1(t kn (@), Kn(y) — p1(t; 2, 9)|)

| 2
< i C(Kv)-5 13+ Et‘l. (86)

In d dimensions we have pj(t,z,y) = Hi:l Pt (t, zi,y;) and the analogous form for pg,.
Thus, with (84) and (86) we finally obtain for n > %t_% that

sup |ﬁg(t) z, y) - pd(t; z, y)|

z,y€Rd
< Zm?(t;xiayl pl t sz,yz le t yLjyYj le t -'L'kayk
= i<t k>1
d-1 2
< d (clt—%) (nt—% + C(Ko) 3 4 ﬂt_1> (87)

Since n > 0 may be chosen as small as we like the first part of (iii) now follows. For the
two remaining statements we first note that since £, () — kn(y) = £n(kn(z) — y), we can
deduce that supycga [pa [P (¢, 2,y) — p(t,z,y)| dy is bounded by

/ 15" (t,y) — p(t,y)| dy + sup / Ip(t, kn(z),y) — p(t, z,y)| dy.
Rd zeRd Rd

Convergence of the second term is deferred to (v). For the first term we use that, for all
€ >0 and T > 0, there exists a compact set C¢ 7 independent of n so that

sup / 7"(t,y) + p(t,9)) dy < c. (88)
0<t<T JRIC. 1

This is a consequence of the tightness of the associated measures in D(Ry,R?), following
from the classical functional Central Limit Theorem (see for example [EK86]). Thus, on
for any t < T,

/ 5°(y) — p(t, )| dy < / 5°(t, ) — p(t, y)| dy + 2c.
R4 Cor

Hence, the first part of (iii), (84) and Lebesgue’s Dominated Convergence Theorem im-
ply that the integral on the right hand side converges to zero. The second part of (iii)
now follows by letting € — 0. The last part of (iii) is obtained by another application of
Lebesgue’s Dominated Convergence Theorem upon noting that, by (i), the spatial integrals
are bounded by 2.

For property (iv) consider first

t a
[ s ( / |p(s+h,m,y)—p(s,x,y>|dy) ds
0 zeRd R4
t s+h «
< [ s ( L] Ap(g,m,y)dﬂdy) ds
0 zcRd R4 s

t (67
< / h  sup sup/ |Ap(3,z,y)|dy | ds,
0 5€[s,s+h] zcRd JRE
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where the term in brackets is bounded by 2* by (i) and converges to zero as h — 0 for
all 5 > 0, since SUPzcs 54 4] SUPgcRrd Jra AP(3, T, y)dy < C’(SL2 + 1). Lebesgue’s Dominated
Convergence Theorem now implies statement (iv) for p. For p"™ we use a decomposition as
in (87) as well as property (i) to obtain that

t «a
[ s (/ 7"(s + hy2,) (sxy)|dy) ds
0 zeRd Rd

d t a
@)y | sup P (s + by @i, y:) — P (s, @i, yi)|dyi | ds.
i=1 70 R

zCRd
But by the definition of p™ the term in absolute values equals

s+h 1 1
[0 (5o )+ 2 R ) ) )~ 20805, ), ) ) 5.

Thus, by property (i) the integral is bounded by C(a)td(2hn?)®, which proves (iv) for any
given p". That the convergence is uniform in n follows now by a 3¢ argument from the
statement for p and the appropriate convergence shown in (iii).

For the first statement of (v) we merely note that, for all z in the interior of the intervals I™
(see the definition of k,, ), the spatial differences of p" are identically zero for § small enough.
But the boundary of these intervals form a null set. To show (v) for p we use arguments
analogous to those in(88). For all ¢,d > 0, find a compact set C such that, for all ||z’|| < §
and t < T, fRd\Cp(t, z',y)dy < e. Thus, sup<s Jo lp(t,2',y) —p(t,0,y)|dy — 0,as
0 — 0. Because of shift invariance in x this establishes the convergence result for p.

6.2 Proof of Lemma 4.2

For property (64) note that
Nz —y) — e Mlz=yll=llzll) < ALyl (89)
(z)

Let Y™ be a simple random walk as in the definition (32) of p". Using the norm equivalence
on R? we obtain

/ 7t @, )e— (==l gy
Rd ) )

< Z [Pﬂn(x)[ytn - yn]nd/ ecng:l('yi‘*'zi‘)dy

yrerzd on

d
< H Z Pﬁn(h)[ylt — yl] / CeC’\M(y;‘—nn(zi))dyi

=1 \yretz e

d
Cx  _Cx d
= — ~n]eC|)\‘gn (Ce(;( e )1)n2t>
"E L7,

o2k, (—2k+2) coa2k N\ d d
= C’ez’c 1T e t) <Cezk 1@RT ) < (CeeC/\T) .
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In the first inequality we have used the symmetry in z as well as (64) and subsequently
Lemma 4.1(ii). By similar arguments (66) follows, see [Stu02] p. 75 for detail.

6.3 Proof of Lemma 4.3

The first part of the theorem is just the Frechet-Kolmogorov Theorem (see IV.8.21 of
1 1

[DS58]). Observe now that f, — f in L5, (R?) if and only if fn'y)‘?’ — f’yf in LP(R?). Thus,
conditions (i) and (iii) transfer immediately to their analogues on L%, (R%). For condition
(i) consider

(2)Pde

> |

[ e+ uni e ) - e
< ([ ety - 1@Pnis+ [ e+t - @)Pds)

R4
' T — f(@)Pa(z)dz + su _(n=y) %p VP (2)da
< 2 </Rd|f( +y) = f(@)Pn(z)d +$d§d|1 ( e ) I/Rdlf( )Pl )d),

Provided condition (i) is fulfilled, the second integral converges to zero uniformly for f €
Ck due to (64) of Lemma 4.2. Uniform convergence of the first integral, which corresponds
to condition (ii) with the measure v, (z)dz, is thus sufficient for compactness.
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