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CLASSICAL SOLUTIONS OF QUASILINEAR PARABOLIC SYSTEMS

Abstract

Using a classical theorem of Sobolevskii on equations of parabolic type in
a Banach space and recently obtained results on elliptic operators with dis-
continuous coefficients including mixed boundary conditions we prove that
quasilinear parabolic systems in diagonal form admit a local, classical solu-
tion in the space of p—integrable functions, for some p > 1, over a bounded
two dimensional space domain. As applications we have in mind systems of
reaction diffusion equations, e.g. van Roosbroeck’s system. The treatment
of such equations in a space of integrable functions enables us to define the
normal component of the flow across any part of the Dirichlet boundary by

Gauss’ theorem.
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2 HANS-CHRISTOPH KAISER, HAGEN NEIDHARDT, AND JOACHIM REHBERG

1 Introduction

In this paper we will study quasilinear parabolic systems of the form

% — By (t,u) V- (Fy (t,u) ugVuy,) = Gy (t,u, Vu) on [Ty, T1] x Q,
Uy, = P on [Tp, 1] x O\ Iy,
v (V) = on [T, Ty] x Ty,
wy(To) = uj, on 2,
E=1,...,1, (1.1)
where u = (uy,...,u;) is the vector of unknowns depending on ¢t € [Ty, T}] and

r € Q C R?, and v is the outer unit normal to the boundary 9 of the bounded
spatial domain €. The functions wu, are subject to initial conditions u} = u}(z)
and in general mixed Neumann and Dirichlet boundary conditions on the parts I'y
and 02 \ I'y of the boundary of €, respectively; the functions ¢, may depend on
t. By, Fy, and G} are mappings from a space of R’ valued functions into a space
of real valued functions, depending on t parametrically. In particular they may be

Nemytzkii operators
Ey (t,w) (z) = ek(t,x,w(w)), te Ty, Th], =€

with suitable functions ey, k € {1,...,l}; mutatis mutandis for Fy and Gy. The puy
are essentially bounded real 2 x 2 matrix functions on {2 with an ellipticity condition.
We will specify the data of the problem in Assumption 2.1, Assumption 2.3, and

Assumption 4.1. Then §4 presents the precise formulation of the problem.

Equations of the form (1.1) are occurring frequently in physics, chemistry and bi-
ology, cf. [1] for an overview on the subject. In these fields of applications one
often is confronted with nonsmooth domains, discontinuous coefficients and mixed
boundary conditions cf. e.g. AMANN [1] and GAJEWSKI/GROGER [10]. In this sit-
uation equations of the type (1.1) have usually been regarded in negatively indexed
Sobolev spaces, cf. [10] and the references cited there. Though this approach often
provides a weak solution on [Ty, T;] one does not know in the end that for any ¢ the
divergence of the flow is an integrable function; one only obtains that it is a distri-
bution. However, it would be highly satisfactory to define the normal flow over any
part of the Dirichlet boundary by Gauss’ theorem. The continuity of the normal

component of the flow plays an essential role in connecting potential flow systems
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CLASSICAL SOLUTIONS OF (QUASILINEAR PARABOLIC SYSTEMS 3

(1.1) to adjacent systems. This problem occurs e.g. in electronic device simulation,
cf. GAJEWSKI [4]. In modelling heterogeneous semiconductors it is inevitable to
deal with nonsmooth domains, discontinuous coefficients and mixed boundary con-
ditions. Even more, the corresponding problem for pure Dirichlet or pure Neumann
boundary conditions is physically irrelevant, cf. e.g. [14] and [4]. Thus, it seems
adequate to treat equations (1.1) not only in negatively indexed Sobolev spaces,

but also in spaces of integrable functions.

We will demonstrate, cf. Theorem 5.10, that (1.1) admits a local, classical solution
which is unique. This solution is once continuously differentiable in ¢ and its deriva-
tive with respect to t is integrable over €2 to some exponent p > 1. For proving our
result we use the classical theorem of SOBOLEVSKII [15] on equations of parabolic
type in a Banach space. The problem is that with the discontinuous coefficients
(. and the mixed boundary conditions we have in mind one cannot use standard
regularity results. However, this difficulty can be overcome by means of recently
obtained resolvent estimates for second order elliptic differential operators with es-
sentially bounded coefficients, cf. [7], and interpolation results for function spaces
related to mixed boundary value problems, cf. [6]. In this paper we will not deal
with global existence of solutions to (1.1). Indeed, it cannot be generally expected

in such a wide spread class of problems.

Of course, the question arises why our investigation is restricted to the case of two
spatial dimensions and how relevant this case is for applications. Systems of the form
(1.1) on two dimensional spatial domains are very useful models for the simulation of
many processes in natural and technical sciences. In engineering the essentially two
dimensional structure of the problem in space often follows the applied technology.
Inspecting the proofs in this paper readers will realise that similar proofs in three
spatial dimensions would require (at least) that the gradients of solutions for the
elliptic boundary value problem associated to (1.1) are integrable to an exponent
p > 3. However, this cannot be expected in general, not even for arbitrary step
functions pp whose—finitely many—constancy domains are arbitrary polyhedral

subdomains of Q, cf. e.g. [3].

2 Notations and general assumptions

We start this section by specifying the spatial domain under consideration.
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4 HANS-CHRISTOPH KAISER, HAGEN NEIDHARDT, AND JOACHIM REHBERG

2.1 Assumption. Let  C R? be a fixed bounded Lipschitz domain. Further, for
any k € {1,...,1} there is a boundary part I'y, C 092 which may be empty and which
is the union of a finite set of open arc pieces such that no component of 992 \ T’y

consists only of a single point.

This class of domains 2 and parts I';, of its boundary 02 to be contacted from the
outside covers almost all spatially two dimensional problems encountered in science

and engineering.

2.2 Remark. Assumption 2.1 implies the following condition on 2 and the sets
[',: For every point x € 9 there exist an open neighbourhood U C R? of =z,
another open set @ C R?, and a bi-Lipschitz transformation £ from & onto O with
almost everywhere constant absolute value of the functional determinant such that
L(UN(QUTY})) coincides either with the open unit half ball in R?, the open unit
half ball united with its ground plate, or the open unit half ball united with half of
its ground plate, cf. [18, Ch. I Thm. 2.5]. These three model sets may be replaced
by just two model sets, namely the open unit ball and the open unit half ball united
with its ground plate, cf. [6]. Thus Assumption 2.1 implies for each k € {1,...,l}
the regularity of the set Q U T in the sense of GROGER, cf. [8], [9].

If pis from [1,00[, then we denote the space of real, Lebesgue measurable, p—
integrable functions on 2 by LP. Moreover, we denote the space of real Lebesgue
measurable, essentially bounded functions on € by L*. By L = LP x ... x LP
we denote the [ times direct product of the spaces LP, p € [1,00]. If s € [0,1]
and ¢ €]1, oo[, then we denote—as usual, cf. [17]—by H®? the space of real Bessel
potentials with the differentiability index s and the integrability index ¢ on the set
Q. N.B. for s = 1 these spaces coincide with the Sobolev spaces W1¢(Q)). We define

H;? as the closure in H*9 of the set
{ulo : u € C°(R?), suppun (2\ (QUTy)) = 0}.

If s € [—1,0], then H;'? denotes the dual to Hk_s’q/7 where %—i—i = 1. We abbreviate
by H% = H*? x ... x H%9 the [ times direct product of the spaces H*¢ and by
Hy? = H? x ... x H}"? the direct product of the spaces H;".

Apart of the real function spaces we introduce their complex analoga: If Z is a real

Banach space, we denote by Z its complexification.

For two Banach spaces X and Y we denote the space of linear, bounded operators
from X into Y by B(X;Y). If X =Y, then we abbreviate B(X). If X C Y
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CLASSICAL SOLUTIONS OF (QUASILINEAR PARABOLIC SYSTEMS 5

continuously embeds into Y, then we write X — Y .
C([tlth];X)v Cn([tlth];X)a Cl([tht?];X)? 776]071[

denote the spaces of continuous, Hélder continuous, and once continuously differen-
tiable functions, respectively, on the closed interval [¢;, t5] with values in the Banach
space X. The symbols (-, )z and (-, -)c2 denote the canonic bilinear forms on R?

and C?, respectively.

2.3 Assumption. yu; : Q — B(R?), k € {1,...,[} are measurable mappings into

the set of real, symmetric 2 x 2 matrices, satisfying the relations

. _ e
jJnax vraimax ()| w2y < p

i raimin ()6, 2 s < B 0
for two strictly positive constants p, and u®.
2.4 Definition. For each k € {1,...,l} we define the operator
a, : HY* — H (2.2)
by
(apthr, o) = /Q<Mkv¢1, Vih)c2 d, (2.3)

where (-,-) on the left hand side denotes the dual pairing between H +% and H o

Further, we denote by a the operator

Iﬂ_i:(l)’2 2 (wlv s 7wl) — (alwlu s 7al¢l) € ﬁ6172_ (24)

The restrictions of the operators ay, k € {1,...,l} and a to the real domains H;’Q
and H(l)’z, respectively, map into the (real) spaces H, 12 and H, 12 respectively, and

will be denoted by the same symbols.

2.5 Definition. Suppose p to be a fixed number from the interval |1, 00[. Then
for each k € {1,...,1} we define the following restriction of the operator aj from
Definition 2.4:

Ap Y= ap) Y € dom Ay, = {1/)6?],1’2 : ak¢62p}. (2.5)

Further, we define

A D::domA:domAlx...xdomAl—>f4p

~ 2.6
D> (Yr,..., ) — A, ... ) = (A, ... Apy) € LP 20
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6 HANS-CHRISTOPH KAISER, HAGEN NEIDHARDT, AND JOACHIM REHBERG

The domain of the operator A will be equipped with the norm |[(Ay + 1) 5,
which is equivalent to the graph norm of A;. The restrictions of the operators Ay,
k e {1,...,l} and A to the real domains map into the (real) spaces LP and LP,

respectively, and will be denoted by the same symbols.

2.6 Remark. Definition 2.4 incorporates in the usual way, cf. [5] or [2], homoge-
neous Neumann boundary conditions on I'y and homogeneous Dirichlet boundary
conditions on 992 \ I'y, for functions from dom Ay, k € {1,...,1}.

3 Functional analytic tools

We outline in this section the functional analytic background of our investigation. In
particular, we specify the adequate Banach spaces for the mathematical treatment
of the system formally introduced above. We start by quoting a recently obtained
interpolation result for spaces representing mixed boundary conditions and gather
some regularity results on elliptic and parabolic equations. Throughout this section

we suppose k € {1,...,l} and Assumption 2.1, and Assumption 2.3 apply.

3.1 Proposition. [6]. If

96]071[7 qE]l,OO[, S0, 81 € [_171]\{_%7 %}7

q

then there is the following complex interpolation identity:
[ﬁ;OvQ, ﬁ;w]e = H Y s=(1—0)so+0s1. (3.1)
3.2 Proposition. [11]. For each k € {1,...,l} there is a number
Gk = qe(€%, Tk, ) > 2

such that for any q € [2, g

i) the mazimal restriction of the operator ay from Definition 2. which still
maps nto ffk_l’q provides a topological isomorphism—we denote it also by

1 1
a—between H,'* and H, "?; and

i) the negative of this isomorphism generates an analytic semigroup on Ig',;l’q,

1.€.

-1
§;;121)0(1—1— 12))|[(ar + 14 2) HB(ﬁ;,q) < 00. (3.2)
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CLASSICAL SOLUTIONS OF (QUASILINEAR PARABOLIC SYSTEMS 7

3.3 Remark. The numbers gy may be arbitrarily close to 2, even in the case of

pure, homogeneous Dirichlet boundary conditions, cf. [13, §5].

3.4 Proposition. [7, §5]. Let U € L* be a function with strictly positive essential
upper and lower bounds U® and U,, respectively. If p €|1, 00|, and Ay, k € {1,...,1}
1s one of the operators from Definition 2.5, then the operator U Ay, is densely defined
and satisfies the following resolvent estimate for z € C with Rz > 0:

B U. M. 1
A1 g = A () g 9

with some explicitly given continuous function
A : 1, 00[x]1, 00[—]0, 00].

3.5 Proposition. Let X be a Banach space and let B be a densely defined operator
on X satisfying the resolvent estimate
sup (1+1¢)|[(B+ t>71||B(X) < 0.
te[0,00]
If0<a<p<1, then
(X, dom B]z — dom B, (3.4)

and
dom B? — [X, dom B],, (3.5)

the domains of B, B, and B® being topologized by a norm equivalent to the graph

norm of the corresponding operator.

Proof. The assertions are obtained from [17, 1.15.2, 1.10.3, and 1.3.3]. O

3.6 Lemma. Let X andY be Banach spaces, let us assume that' Y embeds densely
and continuously into X, and let B : 'Y — X be a linear, topological isomorphism
which satisfies

sup (1+1t)[[(B +t)_1||B(X) < 00. (3.6)
te[0,00]

Furthermore, let Xg DY be another Banach space which embeds continuously into
the complex interpolation space [X,Y ]y for some 6 €]0,1[. We denote the maximal
restriction of B which maps into Xo by By. AsY C Xy, the domain of By is a
subspace of Xo. We assume that this subspace is dense in Xo and we suppose

sup (1+1¢) ||(Bo +1t

te[0,00]

Then both, B* and B§ are well defined for any o € [0,1]. Moreover, if « > 1 — 0,

then the complex interpolation space [Xo, dom Byl, continuously embeds into Y .

)" sy < o0 (3.7)
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8 HANS-CHRISTOPH KAISER, HAGEN NEIDHARDT, AND JOACHIM REHBERG

Proof. The first assertion is well known, cf. [17, 1.15.1]. In order to prove the second
assertion we regard an arbitrary o €]1—6, 1] and some 3 with & > 1—( > 1—6. Then
there are constants 01, ..., d7 such that for any w from the complex interpolation

space [Xo, dom By, the following is true (read it from right to left):

lelly < Bl I1Bwllx = 8[| BB w]| < 82| B™ ]|y, s

UJH [X,dom BJy < 54 HBI?BU}H [X,Y]e

= 6513y P, < a6

< &||B7 < 6| B wl

<ol

HdeomBé ,dom Bola’

cf. (3.4) from Proposition 3.5, the presupposed continuity of the embedding Xy —
[X, Y]y, and the equivalence of ||-||y with the graph norm of B due to B being a
topological isomorphism from Y into X. N.B. under the preconditions of Lemma 3.6
B} is the maximal restriction of B® which maps into Xy, for any ¢ €]0, 1[. Indeed,
there is

(B+t)_1|XO = (By+t)™* for all ¢ € [0, oo

according to the definition of the operator By; hence,

B|, =By  forall§€]0,1], (3.8)

Xo
cf. [17, 1.15.1]. Now one passes over to the inverse in (3.8). O

3.7 Proposition. SOBOLEVSKII [15]. Let Ay be a linear operator on a (complex)
Banach space X with dense domain dom Ay, and let us assume that Ay admits the
resolvent estimate

;up (1+ [2D](Ao + 2) M lsx) < oo (3.9)
2>0

Suppose 1 > > a >0 and vy € dom .Ag. Additionally, let

[Ty, T1] x dom Ay > (t,v) — A(t,v) € B(dom Ay, X)

be a mapping satisfying A(To,vo) = Ao and for some number R > 0:

(A1, Ag®or) = Alts, Ay *ea)) Ag

0 00 < Cr (1t = ta]” + [|or = val|x)

for all ty, ty € [Ty, T1] and all vy, ve € X with ||v]|x < R, ||ve|lx < R, (3.10)
where Cg is a constant. Finally, let

[Ty, T1] x dom A§ > (t,v) — f(t,v) € X
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CLASSICAL SOLUTIONS OF (QUASILINEAR PARABOLIC SYSTEMS 9

be a mapping obeying

[ £(t1, Agor) = flta, Ay v < Cr(tr = ta]" + [lor — v x)
for all ty, ty € [To, Th] and all vy, vo € X with ||v1]|x < R, ||va||lx < R.  (3.11)

If | ASwvol|lx < R, then there is an interval [Ty, T, T > Ty, such that the equation

ov
Ao = f(e), olTy) = (3.12)

admits exactly one solution on [Ty, T| which belongs to the space

C([Ty, T); dom A3) N C(1Ty, T); dom Ay) N CH(| Ty, T); X). (3.13)

4 Exact formulation of the problem

At first we will make precise assumptions about the operators Ej, Fj, and Gy,
ke {1,...,l}, and the boundary conditions. We always make Assumption 2.1 and
Assumption 2.3.

4.1 Assumption. With respect to the numbers ¢, from Proposition 3.2 there are

numbers ¢, n, and v with

1 1 q
2<g< 1 0<n<l1 —+-<y<l1 ==
q_kef{rilnl}%, n=l1 2+q Y ) p 5

-----

(4.1)
such that:

i) By, k€ {1,...,1}, maps [Ty, T1] x H" into the set L*N{y : 1 > 0}. For
any bounded set M C HY? there is

] inf imin F.. (t >0 4.2
i i Vraimin By (fw) (@) > 0, (4.2)

and a constant &£, such that
[ Bk (t1, W1) — B, (ta, Wo)|l poo < Enr ([t1 — Lo + ||lw1 — Wallma)  (4.3)
for all k£ € {1, R ,l}, tl, ty € [To,Tﬂ and Wi, Wy € M.

ii) Fy, k€ {1,...,1}, maps [Ty, T1] x HY into the set H*9N{y : ¢ > 0}. For
any bounded set M C H'? there is

i inf inf F (t > 0. 4.4
ker{lil?,l} te[To,%l},weM 200 k(W) (7) (4.4)
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iii)

iv)

and a constant Fj; such that
[ Fy (t1, W) — Fy (ta, Wo) | e < Far ([t — to]” + |1 — wallgia)  (4.5)
for all k € {1,...,1}, t1, ty € [Ty, T1] and wy, wy € M.

Gi, k € {1,...,1}, maps [Ty, T1] x H" into LP. Moreover, for any bounded
set M C H"? there is a constant G, such that

|G (t1, w1) — G (t2, Wo) || 1o < Gur ([t — L] + [[W1 — Wal[g1a) (4.6)
for all k € {1, BN ,l}, t1, Lo € [To,Tl], and Wi, Wy € M.

There are functions ®;, € C"([Ty, T1]; HY9), k € {1,...,1}, representing the
inhomogeneous Dirichlet boundary conditions for the u,. For all ¢ € [Tg, T}]
the distributional derivatives V - (1, V®(t)) belong to LP and there is in the
sense of traces, cf. [16, Ch. 1],

D ()|oponr, = Px(t) and v (uVP(t)) =0 on .
Moreover, the mapping
[To,Th] >t — V- (1 VP(t)) € LP ke{l,....l}

is from C"([Ty,T1]; L?). Further,

0%,

d, € CY([Ty, T1]; LP), o

e C"([Ty, T1]; LP), ke{l,...,1}.
In the sequel we will denote by ®(¢) the vector (®y(t), ..., ®(t)).

If ug = (uf,...,u)), then ug — ®(7,) belongs to the complex interpolation
space [i”,D]V for some number 7, cf. (4.1). N.B. D is the domain of the
operator A from Definition 2.5.

4.2 Remark. In the formal equation (1.1) Gy was allowed to depend on the gra-

dient of the solution while this dependence here seems to be forbidden. In fact,

this is not the case as operators such as e.g. Gy (t,u) := ||[Vul|2, are covered by

Assumption 4.1.

4.3 Example. Let ¢ : [Ty, T1] x R —]0,00] be a mapping which satisfies the

following conditions:
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CLASSICAL SOLUTIONS OF (QUASILINEAR PARABOLIC SYSTEMS 11

i) for any R > 0 there is

&(t,s) > 0;

inf
(t,s)E[To,Tl] X [*R,R]
ii) for any fixed ¢ € [Ty, T1] the function £(t, ) is twice differentiable;

iii) there is a number 1 €]0, 1] and for any R > 0 there is a constant cg such that
§(t1,8) = &(ta, 5)| + 028 (t1, 5) — D& (t2, 5)| < crlty — 1o
for all s € [-R, R] and all t, t, € [Ty, T1];
iv) for any R > 0 there is

sup ‘8%5(25,3)’ < 00.
(t,S)E[To,Tl]X[fR,R}
Ifwe HY 2 < q < ¢, and Fi(t,w) denotes the Nemytzkii operator F(t,w)(z):=
£(t,w(z)), induced by the function £(,-), then the mapping (t,w) — FEi(t,w)
satisfies Assumption 4.1.ii.

One can generalize Example 4.3 in a straightforward way to a Nemytzkii operator
Fi(t,w)(z) := £(t, 2, w(z)) induced by a function & : [Ty, T1] X Q x R —]0, oo[. The
next example demonstrates that Assumption 4.1 does not restrict the mappings Ej,

Fy, and G to Nemytzkii operators.

4.4 Example. Let I', and p, be a part of 02 and a real 2 x 2 matrix function to
which apply mutatis mutandis Assumption 2.1 and Assumption 2.3, respectively,
and let a, : HY?> — H_1? be the corresponding operator as in Definition 2.4 and
let g, be the associated number from Proposition 3.2. Suppose §; and §» to be
mappings from R into ]0, co[ which are either multiples of exponentials or strictly
monotonous, twice continuously differentiable, polynomially bounded functions (e.g.

Fermi’s integral to the index one half). Further, let
Wy, W2 GHan dEH*_an 2 <q§m1n{q>k7 qi, Q2}

be given, and let P be the operator which assigns to the tuple (w;, ws) the solution

@ of the equation
a.p + F1(wr + ) — Fa(w2 — ) = d.

This solution exists and is unique because the operator

H? 2 ¢ a.p+Fi(wy + ) — Fa(wy — ) € H V2
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12 HANS-CHRISTOPH KAISER, HAGEN NEIDHARDT, AND JOACHIM REHBERG

is well defined and strongly monotone. Moreover, as a, provides an isomorphism
between H!% and H; 19, cf. Proposition 3.2, ¢ even belongs to H}¢ C H". If one

defines
Fi(t, (wi,w2)) = F1 (w1 + Plwr,wa)),  Fa(t, (wi, wa)) = Fa(ws — Plws,ws)),
then Fi, Fy satisfy Assumption 4.1.ii.

4.5 Remark. The importance of the first example is evident. The second example
plays a role in the theory of van Roosbroeck’s system which describes the flow of
electrons and holes in semiconductors, cf. e.g. [14] and [4]. Based upon Theo-
rem 5.10 we shall derive a local, unique solution of van Roosbroeck’s system on two
dimensional domains in a forthcoming paper [12].

4.6 Definition. We fix from now on the numbers ¢, 1, v, and p :=  according
to Assumption 4.1 and the operators Ay : dom Ay — I[P and A : D — LP from
Definition 2.5 always will refer to this number p. Furthermore, let P : H“ — H“
be the mapping onto the real part of H' which takes componentwise the real part
of the function, and let ) : L? — LP be the canonic embedding of the real space

into the complex one.

Now we present a precise formulation of the formal equations (1.1).

4.7 Definition. We say that u = v + ® is a local solution of (1.1), if there is a

solution v to the following

4.8 Problem. Determine a number 7" €]T}, T1] and a function

v € O([T,, T),L*) N C(|Ty, T), PD) N C*(|Ty, T], LP) (4.7)
such that
v(Ty) = ug — ®(Tp), (4.8)
and
%(t) + (Ey (t,v(t) + (1)) Fi (t,v(t) + ®(t)) Ap + 1) v ()
= (1) — 224 )
+ By (6, v(t) + @) (VE (8, v(t) + ®(1)), 115 VUi (t)) go (4.9)
+ Gy (t,v(t) + B(1))
— By (t,v(t) + ®(1)) Fi (£, v(t) + B(1)) V - (1x V(L))
+ By (t,v(t) + @(t)) (VF; (t,v(t) + (1)), 1 VO, (E) ) g2

for all k € {1,...,{} on |Tp, T7.
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4.9 Remark. We have split up

—Ep(t,v+ @)V - (F (t, v+ @) Voy)
= Ek (t,V + (I)) Fk (t,V + @) Akvk
— B (6, v+ @) (VE (t, v + @), 11 Vi) e

This corresponds to the definition of the mappings a; and A, cf. Definition 2.4

and Definition 2.5, respectively, and the differentiation rules for distributions.

In Problem 4.8 an initial value problem for a system of operator differential equa-
tions in the real space L? has been formulated. However, the methods for its solution
operate in complex Banach spaces, cf. Proposition 3.7. That’s why we now pass

over to a complex version of the problem.
4.10 Definition. For any (¢, w) € [Ty, T1] x H“? we define

Ey, (t,w) = QE, (t,Pw), F,(t,w):=QF,(t,Pw), Gi(t,w):= QG (t,Pw),
where P and () are the operators from Definition 4.6.

4.11 Lemma. If Assumption J.1 applies to Ey, Fy, Gy, and @, k € {1,... 1},
then Assumption /.1 applies to Ek, Fk, Gk, and QP with the complexified functzon

spaces.

For the sake of simplicity, we denote the complexified functions )@, and the vec-
tor (QCI)l, e ,Q@l) again by &, and ®, respectively. Furthermore, in referring to

Assumption 4.1 we implicitly also refer to Lemma 4.11.

4.12 Problem. Determine a number 7' €]Tj, T1] and a function

v € C([Ty, T], L") n C(Ty, T, D) N C*(1Ty, T, LP), (4.10)
such that
v(Ty) = up — ®(Tp), (4.11)
and
Ay

(1) + (B (1,v(8) + @ (1) Fi (1, v(1) + @(0) Ak + 1) vit) = fiult, V(1))
forall k € {1,...,1} and ¢ €]Ty, T], (4.12)

ot
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14 HANS-CHRISTOPH KAISER, HAGEN NEIDHARDT, AND JOACHIM REHBERG

where

0Py,

fk(t,V) = UV — —( )+Ek t V—F‘I’ <VFk t V+(I)( )),uvak>(c2

ot

+ G (6, v+ B(1) = Bi (1, v + (1)) Fi (£, v + B(1) V - (1 V(1))

Bl 00 (T 0+ 20070,

5 Existence and uniqueness of a solution

(4.13)

In this section we prove the local existence and uniqueness of a solution to Prob-

lem 4.8 under Assumption 2.1, Assumption 2.3, and Assumption 4.1. To that end

we prove, by means of Proposition 3.7, the local existence and uniqueness of a so-

lution to Problem 4.12. Proposition 3.7 applies with X := L?; at first we specify

the operator Aj.
5.1 Definition. We define the mapping
(A1,...,2) : [T, 1] x HY — B(D; 1),
D3 (1, y) — (At W), ..., Ayt w)ey) € LP,

where

We(t, W) =1+ Ep (t, w+®1)) Fp (t, w+ ®(1) A, ke{l,...

In particular, we denote by Ag the operator
Ao = (A (To,ug — ®(T0)), ..., A(To, up — ®(1p))) -
Furthermore, we abbreviate
Uy, := By (To, uo) By, (To,wo) ke {1,...,1};

thus,
A0:(1+U1A1,...,1—|—U1Al).

1.

(5.1)

(5.2)

5.2 Remark. Definition 5.1 is justified because according to Assumption 4.1 and
Lemma 4.11 the functions Ej, (£, w + ®(t)) and F}, (£, w + ®(t)) have strictly posi-
tive essential lower and upper bounds for all (t,w) € [Ty, T3] x H4; N.B. H' —

L. Hence, the multiplication operator induced by

By, (t,w +®(1) Fy, (t, w + ®(1))
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is a linear homeomorphism on LP which implies
dom 2y, = dom (1 + By (t,w) Fy, (t,w) Ay) = dom (1 + A;) = dom A, (5.3)
for all ¢t € [Ty, T1] and w € HY? including the equivalence of the norms

|2 - ||z, and H(l—l—Ak)

) HEP'

In particular, there is D = dom A = dom Aj.

Having an application of Proposition 3.7 in mind, our first goal is to prove the
precondition (3.9) for the operator Ag from Definition 5.1. Thus, we also will be

able to make use of Proposition 3.5 for the operator B := Aj.

5.3 Theorem. The domain D of the operator Ay from Definition 5.1 is dense in
LP. With respect to the Banach space X = L? the operator Aqy satisfies the resolvent
estimate (3.9).

Proof. Proposition 3.4 applies to the k' component of the operator Ay with U :=
Up = Ey, (T, ug) Fy (Tp, wp). According to Assumption 4.1.i and Assumption 4.1.ii
the function Uy has strictly positive essential lower and upper bounds; N.B. HY <
L. By Proposition 3.4 now follows that UpAy is densely defined and obeys the
resolvent estimate (3.3). Hence, A, is densely defined and obeys the resolvent
estimate (3.9). O

5.4 Theorem. For every o E]% + é, 1[ the space dom A§, equipped with the norm

|AS - Iz, continuously embeds into H.

Proof. 1t suffices to prove, cf. (5.2),
dom (1 + UpAg)® — HM forall ke {1,...,1}. (5.4)
Lemma 3.6 applies to this situation with
Y = f[,i’q, X = ﬁ,;l’q, Xo = Zp, B :=a;+1;

N.B. p = £ and Assumption 4.1 applies. We verify the preconditions of Lemma 3.6.

At first, from Proposition 3.1 one obtains

1
p7
Hk

q

q—2

- [ﬁf,;W, ﬁ;vﬂ . (5.5)

2q
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16 HANS-CHRISTOPH KAISER, HAGEN NEIDHARDT, AND JOACHIM REHBERG

According to [17, 4.6.1] the embeddings

1 7
7709 i T 1 1 1 1
HP (_)Hp’q(_)Lp = = — = —:1
k ) P + P’ q + q
are continuous, hence,
N7%7q

LP— H, (5.6)

The operators B = a + 1 and By = A; + 1, cf. Definition 2.4 and Definition 2.5,
respectively, obey the resolvent estimates (3.6) and (3.7), respectively. Lemma 3.6
yields

[LP,dom A]  — H," for all o € |1 + %, 1[. (5.7)

(5.3) and (5.7) imply
(L7, dom (1 + UpAy)], — Hy* forall a €]f + 2,11, (5.8)

Now the assertion (5.4) follows from (5.8) by means of (3.5), cf. Proposition 3.5,
thereby observing Theorem 5.3. O

5.5 Definition. Let a be an arbitrary but from now on fixed number from the
interval }% + %, ’y[, where ¢ and  are the numbers from Assumption 4.1. Then we
denote by A the restriction of the operator (2, ...,%2;) from Definition 5.1 to the
domain

dom A := [Tp, T1] x dom Af.

Moreover, we denote by x the embedding constant from dom .A§ into H4
I¥lg e = Iyllga < &l ASyllg,  forally € dom A (5.9)
and by A the embedding constant from HY“ into L™
[l 70 < AWl gre  forall € HM. (5.10)
5.6 Remark. The definition of A and & is justified because of Theorem 5.4.

5.7 Lemma. Let M be a bounded set in dom AS. Then there are constants Ey and
.7-A"M such that

max sup Ey(t,y+®1) |- < Ey < o0,
ke{ll}  (t,y)€[To.Ti]x M ” k( ( )) HL M (5 11)
max - sup Bty + @) ||, < P < o,

ke{ll} (ty)e[To,T1]xM
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and

HEk (ti,y1 +@(th)) — Ek (ta, y2 + P(t2) HLoo
< &y (It — ta|" + A5 y1 — ASyallg,) . (5.12)

Hﬁk (t1,y1 + @(t1)) = Fi (t2, 2 + B(t ”qu
Fu (|t1 — b+ [[AGy1 — 8}’2”1}7) (5.13)
forall k€ {1,...,1}, all ty, t5 € [Ty, T3], and all y,, y2 € M.
Proof. According to Theorem 5.4 the set M is not only bounded in dom .A§ but also

in H9. Thus, by means of Assumption 4.1.i, Lemma 4.11, and Assumption 4.1.iv

we can estimate
HEk (tr,y1 + ®(t1)) — B (ta, yo + ®(t2) ) ||z
< En ([t — ta|" + lyr + ®(t1) — y2 — B (t2) I 1)
Em <|751 = tof "+ 1P| ooy 1y 0.0y 111 — 2"+ ly1 = Y2||ﬁ1,q>

<t (U 1l ) 1 — 127+ 5 AGy1 — A3yl )

IN

This proves (5.12). In order to show (5.13) we estimate by means of Assump-

tion 4.1.ii, Lemma 4.11, and Assumption 4.1.iv:

Hﬁk (tr,y1+ ®(t1)) — Fi (2, y2 + B(t2) ) || 1.0
< Fur ([th =t + lyr + (1) — y2 — ®(t2)] 510)

< Fu (|t1 — b + H(I)Hm([TO,Tl];ﬁl,q)“l —to|" + [lyr — Y2Hﬁ1,q>
< Fur (119l o)l — ol + #4531 — A3l
(5.11) follows from (5.12) and (5.13). O

5.8 Theorem. The operator A from Definition 5.5 satisfies (3.10) with respect to
the Banach space X := L.

Proof. For an arbitrary R > 0 we regard the ball B with radius R in the space L.
Then the set Aj*Bp is identical with the R-ball in dom Af; hence, it is a bounded
set in ﬁl’q, cf. Theorem 5.4. Let

tl, tz € [jﬁo,jﬂl]7 Wi, Wy € BR (514)
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18 HANS-CHRISTOPH KAISER, HAGEN NEIDHARDT, AND JOACHIM REHBERG

be arbitrarily chosen. We abbreviate

yi = (v = Asw;,  El:=FE(t;,y; + ®(t;)),

v (~F)k€{1 ””” BT T T R T i=12. (5.15)
Fil = F(t;,y; + ®(15)), Gy, = G (t;,y; + ®(t)))

Then the k-th component of (A(t1,y1) — A(ts,y2)) A" can be estimated in the

following way

Hm+@@@ym+@@mmuﬂmmwmﬂ

il 22
< M |UeAr(1 + UkAk)_lug(Zp)
k B(LP)
FElpl _ p2[2 -
< JLLafLilw<1+W1+UM%)wabJ
I+ + A Y|
= ||ELE - LR I ) o

vraimingeq Uk ()

The last fraction is finite according to Assumption 4.1 and Proposition 3.4. Thus,

it remains to estimate by means of Lemma 5.7 and (5.10)
|ELEY — ERFR|
< ||(Bk (b1, y1 + ®(11)) — Bk (t2, y2 + ®(t2)) ) Fi (t1, y1 + (t1)) ||

+| B (b2, y2 + @(12)) (Fi (b1, y1 + ®(11)) = Fi (b, y2 + 8(12)) )| .
< 20 ap Faep, (I =t + || — walg,)

(5.16)

O

In order to apply Sobolevskii’s Proposition 3.7 to the Problem 4.12 we still have to
prove that the right hand side of (4.12) satisfies (3.11).

5.9 Theorem. FEach f; from (4.13) provides a mapping from [Ty, Ti] X HY into
L. Moreover, if B is again the ball with radius R in Ep, and f denotes the vector
(f1,.-., /1), then for each R > 0O there is a constant Cr such that

||f<t1,AaaW1) — f(t27"46aw2>Hip S CR (|t1 — t2’77 + ||W1 — WQHpr) (517)

for all ty, ty € [Ty, Ty and all wy, wy € Bg.

Proof. The first assertion immediately follows from Assumption 4.1. We suppose

t1, to € [Ty, T1] and wy, wy € Bg to be arbitrarily chosen and adopt the notation
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5.15). As in the proof of Theorem 5.8 one obtains that A, “ Bg is a bounded set in
0
H9; A;%Bp is contained in the xR ball of H™, cf. (5.9). For each k € {1,...,1}

there is

0Py,

0P
ka t,y1) — fr(te,y2) ||L,, H k (t1) — W(tz _+ Hy,i — yzHEp (5.18)
»
+ || B! <VFk,ukVyk>C2 —E,3<V}7’k2,ukVyi>C2 _ (5.19)
+]|GL - éin (5.20)
4 |BLELY - v t)  BEFRY - (uant) | (5.21)
+ || B <vﬁ,§, pkvtbk(tl)>c2 .y <vﬁ,§, ukV@k(t2)>C2 ( . (5.22)

We estimate the addends on the right hand side separately and will show that each
of them has an upper bound as claimed in (5.17). For the first term on the right
hand side of (5.18) this follows directly from Assumption 4.1.iv and Lemma 4.11.
The second addend can be estimated
vt = vl < Iyt = vollo < AT |z 91 = Wallis -

The norm (5.19) can be estimated

| B (VEL o), — BE (VE iVt

< |(Bi = EDVEL i Vi) o7 + | EFCV(E = F2D), i Vyi) e | 7

+ HE13<VFk27 :ukv<yli - yl%)>(cz Hip
<N\ Ex = Eillzoe 175 |z o1 1510 + 1R | oo [| 7 = FE ] o 1y 1 000

B g R ot 11 = 2l
Taking into account Lemma 5.7 and dom A$ < H'%, cf. Theorem 5.4, we continue
S /L./€<2R -+ 1)8-/46(131{?-46&312 (’tl — tQ‘n + HW1 — WQ”EP) .
As for the term (5.20) one obtains according to Assumption 4.1.iii and (5.9)

-

0 < Yu5o8s (Itr = t2|" + [[y1 — y2llmra)
< Gurap,(L+5) (It =t + [[wi — walg,) -
The term (5.21) can be estimated
|ELELY - (V1)) — BIFEV - (uVex(t2)) |2,
< ||ELE! = B2F2|| |V - (1 VOu(t)
+ || ERE

Mz
V- (s V(1)) = V - (s VO (t2)

Iz )1z

Preprint 765, Weierstra3—Institut fiir Angewandte Analysis und Stochastik, Berlin 2002



20 HANS-CHRISTOPH KAISER, HAGEN NEIDHARDT, AND JOACHIM REHBERG

According to (5.10), (5.16) Lemma 5.7, and Assumption 4.1.iv this term is bounded

from above by

3)‘§Ag“BR‘7?Ag°‘BR”V (1 VPy) |

onimyryin (1= ol + w1 = wallg,)

Finally, the term (5.22) can be treated as follows:

HE; <vﬁ,§, ukvq>k(t1)>c2 .y <vﬁ,§, ukV<bk(t2)>
< 32~ ) (Bt
|| B (V(F = B mevenn) |

+ HEE <Vﬁk17 1V (@ (t1) — ‘I)k(t2)>

c2 llLe

p

2

Ccz IlLp

Making use of (2.1) we continue
< 1B = B e B nae® @80

Bz | B = B2 oo ]| @) | 0
+ 1B 2 1R b || @ (81) = @il8)]

and by means of Lemma 5.7 and Assumption 4.1.iv we finish this estimate

~

ra) L]
< gAaaBR]:AgaBRM

‘I)ch([TO,Tl];ﬁl,q) (|t1 —to|" + [lwr — W2||Ep)-

5.10 Theorem. Problem /j.12 admits exactly one solution
v € C([Ty, T),dom AS) N C(|Ty, T), D) N C*(ITp, T), LP).
The function u := v + ® is a local solution of (1.1) in the sense of Definition J.7.

Proof. The first assertion is implied by Proposition 3.7 which applies with respect
to the Banach space X := L¥ to the operators Ay and A(t, w) from Definition 5.5.
According to Theorem 5.3, Theorem 5.8, and Theorem 5.9 the preconditions of
Proposition 3.7 on the operators and the right hand side of the equation are fulfilled.
As for the initial value, (3.4) from Proposition 3.5 implies ug — ®(7}) € dom A} for
any 3 €a, y[.

The complex conjugate ¥ of v also is a solution of (4.12) and has the same initial

value. Hence, v =V, i.e. v takes its values in R' and satisfies (4.9). [

Preprint 765, Weierstra3—Institut fiir Angewandte Analysis und Stochastik, Berlin 2002



CLASSICAL SOLUTIONS OF (QUASILINEAR PARABOLIC SYSTEMS 21

Acknowledgement

We

would like to thank Professor Herbert Gajewski and Professor Konrad Groger

for their helpful comments on this paper.

References

1]

8]

H. Amann, Nonhomogeneous linear and quasilinear elliptic and parabolic
boundary value problems, Function spaces, differential operators and nonlinear
analysis. Survey articles and communications of the international conference
held in Friedrichsroda, Germany, September 20-26, 1992. (Stuttgart) (H.-J.
Schmeisser and H. Triebel, eds.), Teubner-Texte Math., vol. 133, B. G. Teub-
ner Verlagsgesellschaft, 1993, pp. 9-126.

P. G. Ciarlet, The finite element method for elliptic problems, Studies in Math-
ematics and its Applications, North Holland, Amsterdam, New York, Oxford,
1979.

M. Costabel, M. Dauge, and S. Nicaise, Singularities of Mazwell interface prob-
lems, M2AN, Math. Model. Numer. Anal. 33 (1999), no. 3, 627-649.

H. Gajewski, Analysis und Numerik von Ladungstransport in Halbleitern, Mitt.
Ges. Angew. Math. Mech. 16 (1993), 35.

H. Gajewski, K. Groger, and K. Zacharias, Nichtlineare Operatorgleichungen
und Operatordifferentialgleichungen, Akademie—Verlag, Berlin, 1974.

J. A. Griepentrog, K. Groger, H.-Chr. Kaiser, and J. Rehberg, Interpolation
for function spaces related to mized boundary value problems, Mathematische
Nachrichten 241 (2002), 110-120, (Preprint 580, WIAS, Berlin, 2000).

J. A. Griepentrog, H.-Chr. Kaiser, and J. Rehberg, Heat kernel and resolvent
properties for second order elliptic differential operators with general boundary

conditions on LP, Advances in Mathematical Sciences and Applications 11
(2001), no. 1, 87-112, (Preprint 511, WIAS, Berlin, 1999).

K. Groger, A WP —estimate for solutions to mized boundary value problems for
second order elliptic differential equations, Math. Ann. 283 (1989), 679-687.

Preprint 765, Weierstra3—Institut fiir Angewandte Analysis und Stochastik, Berlin 2002


http://www.wias-berlin.de/publications/preprints/580
http://www.wias-berlin.de/publications/preprints/511

22

HANS-CHRISTOPH KAISER, HAGEN NEIDHARDT, AND JOACHIM REHBERG

[9]

[10]

[11]

[12]

[13]

[16]

[17]

[18]

K. Groger, WhP—estimates of solutions to evolution equations corresponding to
nonsmooth second order elliptic differential operators, Nonlinear Anal. Theory

Methods Appl. 18 (1992), 569-577.

K. Groger and H. Gajewski, Reaction—diffusion processes of electrically charged
species, Math. Nachr. 177 (1996), 109-130.

K. Groger and J. Rehberg, Resolvent estimates in WP for second order elliptic
differential operators in case of mized boundary conditions, Math. Ann. 285
(1989), 105-113.

H.-Chr. Kaiser, H. Neidhardt, and J. Rehberg, Van Roosbroeck’s equations

admit classical solutions in LP: the 2d case, in preparation.

N. Meyers, An LP-estimate for the gradient of solutions of second order elliptic
divergence equations, Ann. Scuola Norm. Sup. Pisa, Sci. Fis. Mat., III. Ser. 17
(1963), 189-206.

S. Selberherr, Analysis and simulation of semiconductor devices, Springer,
Wien, 1984.

P. E. Sobolevskii, Fquations of parabolic type in a Banach space, Amer. Mat.
Soc. Transl. Ser. 2 49 (1966), 1-62 (English. Russian original: Trudy Moskov.
Mat. Obsc. 10 (1961), 297-350).

R. Temam, Navier—Stokes equations — theory and numerical analysis, North
Holland Publishing Company, Amsterdam, New York, Oxford, 1979.

H. Triebel, Interpolation theory, function spaces, differential operators, Dt.
Verl. d. Wiss., Berlin, 1978, North Holland, Amsterdam, 1978; Mir, Moscow
1980.

J. Wloka, Partielle Differentialgleichungen, Teubner Verlagsgesellschaft
Leipzig, 1982.

Preprint 765, Weierstra3—Institut fiir Angewandte Analysis und Stochastik, Berlin 2002



	Introduction
	Notations and general assumptions
	Functional analytic tools
	Exact formulation of the problem
	Existence and uniqueness of a solution

