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Abstract

This paper studies the scattering of electromagnetic waves by a nonmagnetic biperi-
odic structure. The structure consists of anisotropic optical materials and separates
two regions with constant dielectric coefficients. The time harmonic Maxwell equations
are transformed to an equivalent strongly elliptic variational problem for the magnetic
field in a bounded biperiodic cell with nonlocal boundary conditions. This guaran-
tees the existence of quasiperiodic magnetic fields in H! and electric fields in H (curl)
solving Maxwell’s equations. The uniqueness is proved for all frequencies excluding
possibly a discrete set. The analytic dependence of these solutions on frequency and

incident angles is studied.

1 Introduction

We consider the diffraction of a electromagnetic plane wave incident on a general biperiodic
structure in R3. By biperiodic or doubly periodic we mean that the structure is periodic
in two not necessarily orthogonal directions. This structure separates two homogeneous
regions. The medium is assumed to be nonmagnetic, its optical property is characterized
completely by the dielectric coefficient of the materials. Below and above the structure
these coeflicients are fixed constants. The structure itself is formed by inhomogeneous and
anisotropic materials, we assume that the optical property of the structure is described by

a dielectric tensor with essentially bounded and doubly periodic components.

The diffraction problem is to find, for a given incident wave of arbitrary polarization, the
scattered far field pattern, i.e. the diffraction efficiencies and the states of polarization of
all propagating diffracted waves. This problem is of considerable interest in several diverse
areas of modern optics, where such doubly periodic structures are called crossed anisotropic
gratings. The numerical modelling of those devices has recently received considerable

attention within the engineering community ([13], [12], [14]).

Mathematical problems for isotropic biperiodic gratings have been considered in several pa-
pers. Dobson and Friedman 8] studied existence and uniqueness of solutions for biperiodic
structures, consisting of two homogeneous materials separated by a piecewise C? interface
by means of integral equations. Abboud introduced in [1] a variational approach for quite
general biperiodic structures with variable magnetic permeability. He obtained a saddle

point problem satisfying Fredholm’s alternative. In Dobson [7], Bao [3], Bao and Dobson



[4] the existence and uniqueness of solutions of variational equations for the magnetic field
are studied. The results are used to justify the stability of finite element methods for

biperiodic diffraction problems.

In this note we extend the approach of [9] for diffractive structures which are constant in
one direction to the analysis of crossed anisotropic gratings. We formulate a variational
problem for the magnetic field which is equivalent to the underlying Maxwell equations.
It has properties similar to those of the simpler twodimensional cases, where Maxwell’s
equations can be reduced to Helmholtz equations on R2. Using the concept of strong
ellipticity we state general existence and uniqueness results under assumptions that are
satisfied for any relevant practical application. We show that the variational problem is
solvable for all frequencies and directions of the incident wave. The solutions are unique
except a discrete sequence of frequencies accumulating at infinity. If the structure contains
absorbing materials and the dielectric tensor is piecewise analytic, then the diffraction

problem is uniquely solvable for all frequencies.

Specified to the isotropic case the variational formulation is close to that studied in [7] and
[3], but our approach allows to treat more general situations. So we admit also negative real
parts of the dielectric coefficients, which is quite common for metallic materials. Further we
study the case of so called Rayleigh frequencies, which are associated with the appearance

of new diffracted modes if the frequency increases.

The outline of the paper is as follows. In Section 2 we formulate Maxwell’s equations and
radiation conditions for the biperiodic diffraction problem. The variational formulation for
the magnetic field in a bounded periodic cell is introduced in Section 3. We prove its strong
ellipticity in H! and the equivalence to the partial differential problem, which justifies the
discretization of the biperiodic diffraction problem with standard finite elements. In Section
4 we prove existence and uniqueness results for the problem and consider the dependence of
solutions on frequency and incident angles of the incoming wave as well as the dependence

on perturbations of the dielectric coeflicients.

2 Diffraction problem

In the following we suppose that the whole space is filled with material of everywhere
constant magnetic permeability g > 0 having a measurable and essentially bounded per-
mittivity function €, which is doubly periodic and homogeneous above and below the
grating structure. More precisely, in Cartesian coordinates (z;, z3,z3) = (2, z3) = x € R?
we assume that the permittivity function satisfies (@ + Bm, z3) = e(@, z3) for all m =

(my,ms) € Z% and ® € R? with a nonsingular real 2 x 2 matrix B. There exists a constant



b > 0 such that for some § > 0
e(w,z3) =ex € C for tz3>b—-94

with €1 > 0 (the grating is illuminated from above) and 0 < arge_ < w. Otherwise, for
|z3| < b the permittivity function is given by a nonsingular 3 X 3 matrix £(x) with doubly

periodic, complexvalued L*—components. We assume that almost everywhere
()€ E>c>0, 0<age(x)€-E<d<m, VECC Jg=1.  (21)

In the following e(x) denotes for +z3 > b the diagonal matrix e4I.
The grating is illuminated by a plane wave

E: = p ezk-xe—zwt , H: = qezk-xe—zwt

with the wave vector k = (oq, az, —f) = w /e n(sin @1 cos Py, sin 4 sin ®o, — cos ),
given by the angles of incidence ®;, ®5 with 0 < ®; < 7/2,0 < &3 < 27. In the following

we denote a = (a1, az). The coefficient vectors p, q and the wave vector k satisfy

_qxk

, . :0,k-k:w2€ .
oo, P pey

Dropping the factor e ™, the electromagnetic field (E, H) solves the time-harmonic Max-

well equations
VXE=iwpH and V xH = —iweE, (2.2)
which hide also the equations on the divergence
V-(eE)=0 and V.(H)=0. (2.3)

We are interested in weak solutions of (2.2) belonging to H(curl), i.e. possess locally finite

energy
E,H,VxE, VxHc L] (R%:3. (2.4)

By the translation & — @ + Bm the diffraction problem is altered only in so far as the

(a,Bm)

phase of the incident wave is modified by e* . This motivates to look for quasiperiodic

solutions, i.e. solutions E and H such that the vector fields
#(x) = e P H(x), ¥(x)=e ) Ex) (2.5)

are doubly periodic, #(® + Bm,z3) = @(e,z3) for all 2 € R? and m = (my,my) € Z2
Then E and H are defined by their values on G x R with G = B((0, 1)3).



Because the domain is unbounded in the z3—direction, a radiation condition must be im-
posed. The physics requires that the diffracted fields remain bounded as |z3| — oo, which

leads to the so called outgoing wave condition for diffraction gratings (see 7], [4]):

H(X) _ qel( 1,5933 _ Z H-I— i(am,z)+iB  x3 ,
meZ?
. I3 Z b
E(X) — p ez( Z:lei — Z E‘I’ am; +1':Bmz3 , !
men (2.6)
Z H amy )_Zﬂr_nz:i ,
meZ2
I3 S b )
Z E amy Zﬂmzli ,
meZ?

with certain constant vectors HE and EZ the so called Rayleigh coefficients. Here we

denote o, = o + 2mAm, m € Z?, with A = (B*)™! and

B = Bm(@) = Vw?per — am|?, (2.7)

where the branch of the square root is chosen such that % > 0if w?ues > |a,,|? and its
branch-cut is (—o0,0). Thus Re B, > 0, Im 8, > 0. Note that 8, is real for at most

finitely many m, corresponding to propagating modes of the electromagnetic field

ot
Z H-I— i(am,x +1':Bmz3 Z E-I— i(am,z)+iBhxs , T3 — 00,
melPt meP+
Z H amy Zﬂmzli Z E a’m.y )_Zﬂmzli , T3 -3 —00 ,
meP— melP—

where P* = {m € Z? : |am|? < w?ue+}. The remaining plane waves in the sums (2.6) are
exponentially decayed as |z3| — oo, they carry no energy away from the inhomogeneous

structure.

The Rayleigh coefficients are the main characteristics of diffraction gratings. They indicate
the efficiencies, phase shifts and polarization of the propagating modes. The efficiency is
defined as the ratio of the energies of the corresponding mode and of the incident wave
and can be calculated from the formulas
e} = ﬂm| m|” and e,, = €7+ﬂ7_"|H7_"|2 for m € P*.
Blal? e-Blaf?

3 Variational formulation

Finite energy solutions of Maxwell interface problems are in general not H'-regular, see
[6] and the literature cited therein. Therefore the natural variational spaces for those
problems consist of vector fields from H(curl) satisfying V - (eE),V - (uH) € L (R?),

and only variational forms in the energy space give back a solution of the original Maxwell



system. But constant g implies H!-regularity of the magnetic field H. This follows from
the fact, that any vector field @ € L?(Q)3 with V x @ € L?(Q)3, V - @ € L?(Q) satisfies
€ H} _(Q)3 for any bounded domain Q € R? (see [11]). Therefore we look similar to [7]

loc
for a H'-variational equation for the doubly periodic vector field #(x) = e~*®®) H(x).

Define the vector valued differential operators
Va = (81,a1 y 82,a2, 03) =V + ) (a, 0) y

which satisfies the usual curl and divergence identities. Then Maxwell’s equations (2.2)
transform in view of Vg X @ = e 4®2)V x (7 e{*?)) to the second order equation for

doubly periodic vector fields
VaXe N (Vg x i) —pw?i=0, (3.1)

and one has to look for solutions with Vg X €7}(Vq x @) € L _(R?)?3. The outgoing
wave conditions (2.6) are transformed to nonlocal boundary conditions in a standard way
by specifying the Dirichlet-to-Neumann map. Define the pseudodifferential operators TE

acting on doubly periodic vector functions on R? by the formula

- Z /Bm me27rz (z,Am) (3‘2)
meZ2
with the Fourier coefficients
Um = | det A|/ e~ 2@ Am) g0 |
If H satisfies (2.6), then obviously
Ogui(,b) = —Thu;(w,b) — 2iB g e, Bgu; (e, —b) = T ui(=, —b) (3.3)

for each component of % = (uy, 4y, u3). The operators TE map the Sobolev space Hy(G)
of doubly periodic functions on G boundedly into H;™*(G), s € R. Here H(G) denotes

the closure of smooth doubly periodic functions with respect to the norm
1/2
(lwol?+ > Imlamf) .

meZ\{0}
Further we introduce the domain Q2 = G x (—b,b) and denote by I'* its upper and lower

boundary, respectively. The doubly periodic Sobolev space Hy(f2), s € R, is defined as

the restriction to Q of all functions in H{ (R3) which are doubly periodic in #. Note

loc
that for @ € H, () the boundary values 4] , € Hl/z(I‘i) Next we define the periodic
pseudodifferential operators RE 1= (8} o, 02,0y, FT2) acting on functions from H;/z(I‘i).
For sufficiently smooth vector fields 4 obviously
X (Vo x @)lr+ — R X @lr+) = (Onta|re — Taualrs, Onuzlrs — Touz|rs, 0), )
3.4
(Vo @)r+ — Ry - tlre = £(Onualrs — Toualrs),

where 0, is the normal derivative with respect to the exterior normal # = (0,0,4+1) on I+,



Lemma 3.1 Any field @ € H}(Q)* with Vo x €' (Va X @) € L*(Q) satisfies the nonlocal
boundary conditions (3.3) if and only if in Hp_l/z(I‘i)

AXREXTL=1X Vg X %+ 2i0e 7 x 7 x q
' onI't |
Rt -4 =Vy- 4+ 2iBe 7. q

onI'~

Proof. Denoting by (-, -)_, the duality pairing between Hp_l/z(I‘i) and H;/z(I‘i) Green’s
formula
/(vﬂ X 17) '5_ /17 (va X ‘13) = <7—I" X U:@p+ + <7—I" X 177‘;’)1"— ) ‘13E H;(Q)ga (3‘6)
Q Q
is valid for 7 = €7 }(Vq x @) (cf. [11]), hence the tangential trace 7 x ¥ is well defined in

H~1/2(T'#). Since € is constant in a neighborhood of I'F the assertion follows immediately
from (3.3) and (3.4). 1

Now we fix some complex number p and introduce the sesquilinear form

B#,9) = [ (Vax ) (VaX @) +s [(Va ) (Va @) -wu [ -5
Q 1 Q Q
o (X RE X ),y — (RG-89, ) (3.7)

+ (A x Ry x @), @), — (Ra 7 @), ).

Let (E,H) a quasiperiodic solution of Maxwell’s equations (2.2) satisfying the outgoing
wave condition (2.6). Using the notations (2.5) we get

e N (Vax i) =—iwd, VaXT=iwpll, Vg -#4=0.

Then Green’s formula (3.6) leads together with (3.5) to

B(ﬂ',(ﬁ):—iw/ﬁ'-(vang')—wzp/ﬂ'-g'—iw(ﬁxﬁ',(ﬁ)ﬁ

Q Q
_|_’3€7/(nx(an).(p—n.q(n.(p))—zw(nxv,go)r_
+ A
—  92iBeBb -
:—iw/(vaxz?—iwpﬂ’)-gﬁ'—w;i/(—ﬁxﬁxq—|—(ﬁ'-q)ﬁ)-<,5'
_I_
Q r+

for any @ € Hy(Q)%. From — X X q+ (- q) 7 = q the field 4(x) = e~ =) H(x) solves
therefore the variational equation
2i[Fe 00

B = -2 [a-F,  wem@®. (3.8)
T+

(@]



In the following we show that any solution of (3.8) with appropriate chosen p in B provides

a quasiperiodic solution of the diffraction problem (2.2), (2.6).

Theorem 3.1 If € satisfies (2.1), then the number p with Im p < 0 can be chosen such
that the form B(-,-) is strongly elliptic in H;(Q)?’, 1.e. for all ¥ € HI}(Q)3

Re (0 B(7,9)) 2 c||9]|3: () + 2(7, )

for some 8 € C, a constant ¢ > 0, and a compact form q(-,-).

Proof. Denote

which for ¥ = ¢ = ¥ takes the form

B, (5, 7) = / (e (Ve x9) - (Va X9 + p[Var - 577)

Q
1 —
+E.|_ (<T+ 17>1"+ — 2Re <31 alvl —|— 82 aZ’Ug, ’U3>F+)
1 — =
‘|‘€— (<Ta’l), ’l_)’>1_‘_ —|— 2Re <81,a1’l)1 —|— 82,a2v2, ’U3>F_) .

The vector TE% denotes of course the action of TE on the components of ¥ and we use
.. " - 1/2 —1/2 .

that the adjoint 87, = (8; + 1a;)* = —8j4, : Hp/ (G) — Hp / (G),j=1,2.

First we choose 6 with 0 < arg @ < m/2 such that Re (61 & - &) > c |[€]? in Q and

Re (—i06% /e1) > 0 with equality only if 8 = 0.

If Ime_ = 0, then arg ( — i85, /e+) € {—n/2,0}, and one can choose = €**/? with

¢ = max(m/2,ess sup (arg e £ - £)).

Ifarge. =m—7,7 € (0,7), then arg (—i6;,/e_) € (1/2—m,7 —7). Then with § = *#/2,
¢ = max(m — 7/2, ess sup (arg € £ - £)), obviously

jarg (068 < 9/2, arg om e (T T T—g),arg,ﬁf: c(-2.9).

Thus, with C' = ess inf (Re (§e~1€ - £)), |€| = 1, and p = 67C we obtain

Re (6 By (¥, 7)) > C/(|Va X 72 + |Vq - %)

0

;( T+’U ’l_)’> — 2Re <81,a1’l)1 + 82,a2v2, ’U3>F+)
0

5‘_( T 7, ’l_)’> —|—2Re <31a1’l)1—|—82a2’l)2,’l)3> ) .



Integration by parts and the periodicity of ¢ give

[(¥ax o 4 1Va- o) = [ 1vasr
0 0
+2Re ((31,a1111 + 02,a,v2, Us>r+ — (01,0, V1 + 02,0, V2, U3>F_);

hence we arrive at the inequality

0 0

+Re €L <TZU: 17>I~+ -2 (Re L C)Re <al,a1'U1 + 32,a2U2, 'U3> (3'9)
+ +
0 6

+Re g_ <Tava 17>I‘+ +2 (Re Z - C)Re <31,a1vl + a2,0121)2; 'U3>F_ .

r+

1

Using the Fourier series of ¥|p+ € Hp/z(Fi)e’ the boundary terms can be written as

6 S 6
Re o (TZw, 7). F2(Re o C)Re (01,0, V1 + 02,0,V2, V3) .4
* - (3.10)

= Y CEim(ED) - Gm(dD)

meZ2
with the matrices

05 o
o 0Pm 0 +i(Re — — C)(atm)1
€+ €+

i0 8L
€+

—R

Ci = 0 —Re

+i(Re é — C)(am)2

o o 0 6%
Fi(Re — — C)(om)1 Fi(Re — — C)(ctm)2 _Re /Pm
€+ €+ €+

(ctm); denoting the components of a, € R2. The eigenvalues of C¥, are
60 B 0 B 6
e WPm  _Re9Pm  re f _ C)aml, (3.11)
E4 E4 E4

hence, because of Re (—i08%,/e+) > 0 and C < Re (8/e4),

—R

(- Re? (e ¥ - C)latm| ) [Bm ()2 < C,Fm () - T ()
E4 E4
i0BE

€4

(3.12)

0 —
<(-Re —|—(Rea—0)|am|)|ﬁm(ib)|2.

The constant of the lower bound can be nonpositive only for a finite number of indices

m ¢ Z?. This follows immediately from

; + +
e 20bm _ (Re o C)lam| = Clam| +Im 0Pm _ Re i|o¢m|
E4 E4 €4 €+

6 6
= Clam| + Re —(Im BE — |am|) + Im — Re 2,
E+ €+

—R
(3.13)

8



and Re B, — 0, Im B, — |am| — 0 as |m| — oo in view of the definition (2.7). Moreover,
(3.13) and (3.10) imply that for fixed w and e there exist a constant ¢; > 0 and finite-
dimensional operators K* such that for all ¥ € I-I;/z(I‘ﬂE)3

6 S 6
Re — (TZ7, ).y F2(Re o C)Re (01,0, V1 + 02,0,V2, V3) .4

€4
> 12 ey — (K5,
Thus
Re (0B(7,7)) > C/ Vadl]? + Cl(HUHi{;/?(ﬁ) + HUH?{%”(F‘))
—((.;(+17,17>r+ — (K70, 0)p- — Re 0w p[|5]|72(q) -
From

IVabllZa) + 1¥l720) > (@ + 1) (IVlIZ2 () + 1¥]1Z2(0))

easily follows that

. ) . 1/2
(HVQUH%Z(Q) + ||U||j’{}1}/2(1“+) + ||U||12r{1/2(1"—))

r4

is an equivalent norm on H;(Q)?’, hence the proof is complete. |

Corollary 3.1 The form B generates a bounded linear operator H(Q)* — (Hp(Q2)%)

which is Fredholm with index zero.

Remark 3.1 Obviously Theorem 3.1 is valid for any p € C with Re(6p) > C. But for the
following we require that Im p < 0. Then one can prove, following Costabel and Dauge [5],

that the divergence of solutions of (3.8) vanishes for all frequencies.
Theorem 3.2 If @ solves (3.8), then Vg - 4 = 0.

Proof. Introduce the subspace fIg(Q) C H2(RQ) of functions 1, which satisfy on I'* the
boundary conditions Opy|p+ = —(TE)*(¥|r+), where (TE)* : H;/z(I‘i) — Hp_l/z(I‘i) is
the adjoint to TE. If §= V), ¥ € ﬁg(ﬂ), then

<ﬁ X (Ri X ﬁ): ‘z)r;{: - <R§ ' 17"1 7 ¢'>I‘i = <01,a1 Uy + a2,01271'2 + T&tu& (T&t)*’ll}>ri
—|—<T;:’U,1 :I: 01,a1 us, 01,a11/z)ri —|— <T&E’UI2 :I: 82,a2u3, 82,a2¢>pi
= _<’ﬁ" : {[:7 (aial —I_ 822,a2 —I_ ((T(;l—)*)z)qp)rﬂ: = HE+ w2<’ﬁ: ) {[:7 Ill})r:l: :

Here we use the relation

(O, + By + (T2 == Y (Jm + (BR)?) metmimAm)

meZ?

9



and the definition (2.7). Since Vg4 X Vo9 = 0 and p is constant after applying Green’s

[(@Vat+a-07) = [@ 03+ [@-07 (3.14)

Q r+ r-

formula

we get therefore

B(@,Va¥) = [(Va @) (7Ba T w?) ¥

Q
with Agq = Vg - Vo . Because of (q, k) = 0 the right-hand side
—2ife b —2ife PP . . .
“2pe™ / qVay = ~2ibe 7 /(_7'0‘1‘11 —iaaqy +ifq3)Y =

HE+ HE+
T+ T+

Thus, if @ solves (3.8), then
/(Va @) (pAa +wp)d =0
Q
for all ¥ € fIg(Q) Now the assertion is a consequence of the following Lemma. 1

Lemma 3.2 The boundary value problem
w i +\* +
(Aa—|-7)'¢}:f, Oy = —(T;)* on I+, (3.15)

has for any f € L?(Q) and w > 0 a unique solution 3 € Hg(Q)

Proof. (3.15) admits the weak formulation: for all ¢ € H_(Q)

o(b,0) = [(VarbTap - —w) (L2760 + (T2 0,0, = - [ 1.
1] 1]

Analogously to the proof of Theorem 3.1 one concludes from

I
Re(a(w,4)+ - [ 1uP) / VabP+ Y 15 BB + Y I b [ b))
p Q meZ? meZ?
that a(-, -) generates a Fredholm operator of index zero from Hy () into its dual (H}(2))".
Additionally, since Im p < 0 we obtain

Im a(, %) = Im —/|¢|2+ 3" Re B [dm®)2+ Y Re Br, [$m(—0)?

meZ2 meZ2
> cw?||9]Z2q)

hence the kernel of this operator is trivial for all w > 0. Consequently, (3.15) is solvable
for all f € L?(Q) and due to the elliptic regularity of the Laplacian in convex domains the
solution ¢ € H}(f2) belongs to fIg(Q) 1

10



Theorem 3.3 Let @ be a solution of the equation (3.8). Then H(x) = @(x)e!®®) and
E(x) = iw e (V x (@(x)e{®®))) solve the Mazwell system (2.2) for |zs| < b. Outside
Q the electromagnetic field is given by (2.6) with the Rayleigh coefficients

HE = e b | det A /(ﬂ,’(m, b) — q e Bb)e2milmAm) ggp

G
H, = e®Pmb|det A| /ﬁ(m, —b)e (@ AM) 4y

G
E:l: _ (ama j:lg’f:l;l,) X H’rﬂr:l.
m — .
we L

Proof. Setting ¥ = —(twe) !V X ¥ from Theorem 3.2

B(d,§) = —iw/(va X ¥ — iwpd) - @ =0
Q
for any ¢ € H}(Q)* with @r+ = 0. Thus (H, E) satisfies Maxwell’s equations in Q in
weak sense and moreover Vo X e 1(Vq X @) € L%(Q)3. Then Green’ formula (3.6) leads

to

— ¥ 1 — — — — — — = —
B(#,@) = (% (RE X ) = 7 X (Voo X 0), B, — (RE -7 B, )
1
+— (A% (Rg X @) ~ X (Vo X ©), @), — (R - T,7-§),_)

for all ¢ € HJ(Q2)?, which implies together with (V4 - @)|p+ = 0 and Lemma 3.1 that the
boundary conditions (3.3) are satisfied. 1

Remark 3.2 For isotropic gratings (e is a scalar function) the sesquilinear form B differs
from the form introduced in 7] only in the choice of the coefficient p, which is chosen as the
function p = 1/e(x). In this paper the biperiodic diffraction problem is considered under
the assumption that inside Q the dielectric coefficient satisfies Ree > é > 0, Ime > 0,
and that 8% # 0 for all m € Z2. However, the well-posedness of the problem is stated by

using the relation

1 1
“(Vax d?+ Vo 9°) = [ = [Vadl”
& &

Q

2 2
-I-g—Re (01,0, V1 + 02,0502, Us>r+ — e_Re (01,0, V1 + 02,0, V2, U3>F_ )
_I_ —

which is true only for constant €. It can be easily seen that the proofs given here can also
be applied to the case of variable p = 1/¢ in the form B. They lead to the same results for
the corresponding variational equation with the only exception, that possibly Vg - 4 # 0

for real € and a discrete sequence w; —+ co.

11



4 Existence and uniqueness results
Lemma 4.1 If B(2, @) = 0 for all g € H}(Q)3, then |Gm (£6)| = 0 if Re BE, > 0.

Proof. Suppose that 4 # 0 solves the homogeneous equation. The domain integrals of
Im B(#, %) are nonpositive, we show that this is also true for the boundary terms. This is

obvious for e4 > 0:

1 o 1 o
Im — ((Tiu, )y F 2Re (01,0, U1 + 02,0, U2, ’U,3>Fi) = Z Re B |im (40))?,

&+ meZ?
hence Im B(#, @) = 0 if and only if Re B, |@m (£)|2 = 0 for all m € Z2.

Let Im e_ > 0. Then the operator T, is invertible and in view of R, - #|p- = 0 the

components of 4 satisfy
Uz = —(T‘;)_l(al,al Uy + 32,a2u2) onI".
Therefore we derive the representation

g_ (<T;’IZ, ’lj)r_ —|— 2Re <81,a1 Ul —|— 32,a2u2, ’U,3>F_)
1
= —<T‘;’U,1 + (Tt;)_l(alz,alul + al,ozl a2,01271'2); 'U'1>1.,_

1
+ T+ (To) 7 (Ora a0 tn + 8 0, 12),02). - = D (DU, Um)

meZ2
with the 2 x 2 matrices
. B + (aT)% (am)lfam)2 ~
D % fm fm and U — (ulm(—b)) |
€~ | (am)i(am): e (am)3 Uym (—D)
B ™ Bm

The eigenvalues of the matrix Im D,

— 2
E_

€~ & fm Bm
are negative for all m ¢ Z2 1
Corollary 4.1 If ¥ is a solution of the homogeneous equation, then |Vqo X % = 0 on
suppIm €.

Theorem 4.1 Let ®q € (0,7/2). There ezists a frequency wo > 0 such that the variational
problem (3.8) admits a unique solution u € H]!}(Q)3 for all incidence angles ®1, Py with

$, < Py and any frequency 0 < w < wg.
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Proof. Consider the constants of the lower bound in (3.12) for $; < $, and small w.
Note that ‘|am| — 27r|Am|‘ < w,/pE; sin ®g and let w?ples| < |ay,|? for all m € Z%\{0}.

Then from

2 1/2 2

. ( w,u,ei) )‘ W e L
—1 -l = |l 1- — <

‘ IBm | m|‘ | m|‘ |o |2 |a |

one easily concludes that there exists wg > 0 for which

6 8 0
Y7 0m Prm — (Re — = O)|am| = C|am|—|—Re—( ’L,Bi lam|) > c1|m|
€4 €4

—Re

with a constant ¢; not depending on ®; < ®; and w < wg. Let B(%,#) = 0. Then (3.9),
(3.10) lead to

Re (8 B(%, @) C/|Vau|2—w ,L/|u|2+c1 > [ ()

m#0

b)|? —|—C+u0(b) (b)—l—COuo( b) - uo( b) .

(4.1)
+c1

m£0
In view of Lemma 4.1 we have |#y(b)| = 0 and from (3.12)
|Cy iio(—b) - fio(—b)| < 2w |fio(~b) 2.
Therefore (4.1) provides the inequality
IV 22y + 1 7220y + z;; [ |Gm () < (w3 q) + @ |13z (qy)
m#0

valid for all ®; < ®g9 and w < wy. Since the square root of the expression on the left is an

equivalent norm on H}(Q)? it follows that @ = 0. |

We now study the diffraction problem in the case of arbitrary frequencies w > 0. Introduce
the set of exceptional values (the Rayleigh frequencies), where at least one of the numbers

B vanishes:
R(e) = {(w, ®1,®,) : Im € Z? such that |an,|* = wz,u,ei} .

The Rayleigh frequencies are associated with the appearance of new propagating modes
when w increases, and important physical phenomena arise in the vicinity of those frequen-
cies. Here we generalize a result obtained in [9] for the classical TE and TM diffraction

problems by periodic gratings.

Theorem 4.2

(i) For all but a sequence of countable frequencies w;, w; — oo, the biperiodic diffraction
problem (3.8) has a unique solution @ € HJ ().

(i2) If (3.8) is uniquely solvable for given (w,®1,®2) ¢ R(€), then the solution U depends

analytically on the frequency and the incident angles in a neighborhood of this point.

13



Proof. We split the sesquilinear form B into a coercive and a compact part. The proof

of Theorem 3.1 shows that 85 is not coercive because of nonpositive eigenvalues of the

matrices Ci£,. But from (3.11) the eigenvalues of

160 B,
€4

c= ¢ (Re —|—Re£|am|)1

are positive for all m € Z? except the case || = 0. So we set am = +/|am|? + d for

some fixed d > 0, introduce the pseudodifferential operator

Aqv(e) = Z A D €2THEA™)

meZ>
and consider the perturbed form
Ba(i, @) = Bi(5,9) + (A = T L8, + —((Aa =T L.9),

Analogously to the proof of Theorem 3.1 we obtain with the parameters 8 and C

Re (6 By (7, 7)) >C/|v 72+ JT (@) + (V)

and the boundary terms

Ji({;') = Re —(Aq¥ 17)Fi F2(Re a — C)Re (01,0,v1 + 02,0502, 3)
0
> Y (Re = (em — lam)) + Clavm| ) fm(£5)
meZ?

which implies
Re (0 By(¥, 7)) > C||Va + 2 + ||91)2
e (0 Bz(v, 7)) [l ||L2 a (|7]] HY? (D) 19| Y0y

The representation

B, 9) = Ba(i, @) ' [ §-F+ (T4 - AD 9y, +—(Ta — AD TP,
Q
shows, that for all valid ®1, ®, the form B generates linear bounded mappings from H]!}(Q)3
into (H;(Q)?’)' which are compact perturbations of an invertible operator function, depend-
ing on w > 0. Moreover, this function and the perturbations depend analytically on w if
(w, ®1,®2) ¢ R(e). Therefore one can repeat the arguments of the proof of Theorem 3.3
in [9], which are based on Gohberg’s Theorem for analytic operator functions. It implies
that the number of linearly independent solutions of (3.8) is constant for all w € RT\R(¢)
with the possible exception of certain isolated points in that domain. It was shown in [9]

that the exceptional points do not have finite accumulation points. |
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Remark 4.1 Note that the diffraction problem (3.8) is solvable for all w > 0 and incidence
angles ®;,®,. From Lemma 4.1 any solution ¢ of the adjoint homogeneous equation
B(@,7) =0, @ € HY(Q)?, satisfies |99(b)| = 0, thus is orthogonal to the right hand side of
equation (3.8).

The variational formulation allows also to treat unique solvability of the biperiodic diffrac-

tion problem for small perturbations gj of the dielectric tensor &.

Theorem 4.3 If (3.8) has for given parameters w, ®1,®2 a unique solution ¥ and the

perturbations ey, of the dielectric tensor satisfy uniformly the conditions (2.1) and
[(en — €)Vllz2@) >0 ash—0, Vve L3(Q)3, (4.2)

then for all sufficiently small h the problems with the perturbed dielectric tensors are also

uniquely solvable. Their solutions converge to @ in the norm of H'(Q).

Proof. We use arguments from the theory of projection methods similar to [10]. Consider

the sesquilinear form of the perturbed problem

Ba@§) = [} (Vax @) (Tax @)+p [(Va 1) (Vo @) ot [ 07
Q Q Q
FIH(E,9) + I (@,9),

(4.3)

where Jf (i, @) denote the boundary terms corresponding to the perturbed dielectric co-
efficients €® of the upper and lower medium and p is the same as in B(:,-). Since e — e
it is easy to check that |[(TZ)n — T§||H;(G) — 0, where the pseudodifferential operators
(TE)p, are defined analogously to (3.2) with e1 replaced by the numbers e in (2.7).

The forms Bh(-, -) generate a sequence of bounded operators, denoted again by B and
acting from H(€)? into (H}(Q2)%)". From (4.2) the sequence B converge strongly to the
operator B generated by the original form (3.7). Suppose that there exists a sequence
Un € H}(Q)3, ||@n]] = 1, such that B4, — 0. A subsequence, again denoted by {@x},

converges weakly to some ¥ € H;(Q)?’, hence B, weakly to B and therefore 7 = 0.

On the other hand, the proof of Theorem 4.2 indicates the representation B = BS‘ + 7",

where
Re H(Bgﬂ'h,ﬂfh) >c ||17,'h||H}1)(Q) (4.4)

with a constant ¢ depending only on ess sup ep, &€, and compact T? converging in operator
norm to the operator defined by (7%, @) = B(4, @) — Ba(i, §). Hence Thi, — 0 which
together with (4.4) gives the contradiction to the assumption ||@x|| = 1. Thus for A < kg

we have

sup |BME, @)| > ||| || @l e
geH,(Q)®
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forall 4 € H;(Q)?’ with a constant ¢ not depending on A. Denoting by ¥ and j the unique

solutions of the unperturbed and the perturbed problem, respectively, we obtain therefore

|i— @l <c sup |BM@—n,@)|=c sup |BYE,@) - B ).
1@l g2 =1 18l g1 =1

which together with the equation

BA(@,9) - B(@,9) = [(c5' — e )(Vax 0) (Vax 9)

Q
+£T<((T2)h - TZ) U, (10>1'*+ + Tgh-l— (<n X (RZ X ’U,), (13)1'*+ - <RZ UM (10>1'*+)
+ +
o ((Ta)h ~ T L@, + - ((x (Ba x 0), @), — (Rg-4.7-9), )
proves the convergence of 4 to 4. |

We conclude with a uniqueness result for structures containing absorbing materials. In
order to apply unique continuation we assume that € can be divided into subdomains
2, with piecewise analytic boundaries 0€2; such that the dielectric tensor is analytic on
2. Note that at interfaces A between adjacent subdomains the tangential components of

solutions to (3.8) are continuous
[Axdya=0 and [Axe Y(Vaxd)s=0. (4.5)

Here [n X @]a denotes the jump across the interface equal to 7 X (g1 — @2 ), where @; are the

restrictions of ¢ to the domains separated by A and 7 is the unit normal to the interface.

Theorem 4.4 Suppose that the imaginary part of the dielectric tensor is positive in some
subdomain Q1 C Q, Im e(x) > 0, x € Qy. Then the variational problem (3.8) is uniquely
solvable for all w > 0.

Proof. Let « be a solution of the homogeneous equation. From Corollary 4.1 we obtain
Vx H=e@2)V, x%=0in Q. Maxwell’s equations yield therefore H=E = 0 in Q,
hence 7 X E =7 x H =0 on 8. Now (4.5) implies H = E = 0 in adjacent subdomains
by using a result of Abboud and Nedelec [2]|, which states that H and E vanish identically

on 2; if 7 x E and # X H vanish on an analytic part of its boundary. |
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