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Abstract

Assume that zero is a stable equilibrium of an ODE & = f(z, ) for pa-
rameter values A < )\g, and becomes unstable for A > X\g. If we suppose that
A(t) varies slowly with ¢, then, under some conditions, the trajectories of the
nonautonomous ODE & = f(z, A(t)) stay close to zero even long after A(t) has
crossed the value A\g. This phenomenon is called ‘delayed loss of stability’ and
is well-known for ODEs . In this paper, we describe an analogous phenomenon
for delay equations of the form #(t) = f(¢,z(t — 1)).

Further, we point out a difference between delay equations and ODEs: The
inhomogeneity A in the linear equation &(t) = cz(t — 1) + h(t) inevitably leads
to an excitation of the most unstable modes of oscillation of the homogeneous
equation, even if all segments h; are contained in a space of more rapidly
decaying solutions for the homogeneous equation.

1 Introduction

Dynamical systems as mathematical models of real life processes depend on several
parameters which are assumed to be fixed within some time period (see e.g. [6],
[16], [1]). The influence of a parameter A on the behavior of a dynamical system
is studied within the framework of bifurcation theory. Suppose now that a relevant
system parameter A changes very slowly in time, for example, because of an aging
process. In the model equation, one can then replace the parameter A by A(et), where
e > 0is a small. (The new equation is then nonautonomous.) The so-called dynamic
bifurcation theory is concerned with the investigation of the corresponding changes
of the system behavior [1]. A special phenomenon, known as delayed loss of stability,
can lead to dramatic consequences (e.g. thermal explosion [11]). For ordinary
differential equations (ODEs), this effect is well-known and has been studied from
different points of view [22], [5], [12], [9], [8], [19], [20], [2],[3], [4], [17], [18], [21].

Let us illustrate the phenomenon by considering the simple linear equation

(1.1) y(t) = k(et) y (1),
where € > 0 is small, such that the coefficient k(et) in equation (1.1) changes slowly
in time. Setting et =7, y(t) = y(7/e) = z(7), we get from (1.1)
d
(1.2) e ﬁ — k(7).

Concerning the function k, we suppose



(A) k:R — R is continuous, strictly increasing, and there exist numbers 7_ <
To < T4 such that

T4
(1.3) k(1) <0 for 7 <, k(1) >0 for 7> 7, / k(r)dr = 0.

The so-called associated system to (1.2) reads

dx
1.4 — =k(7)z(0),
(1.4) 7 = k(r)z(o)
where 7 in the right-hand side has to be considered as a parameter and o is the
independent variable. From hypothesis (A) it follows that the equilibrium z = 0 of
the associated equation (1.4) is stable for 7 < 75 and unstable for 7 > 7y, that is, it
changes its stability at 7 = 7.

The solution z(-,7_,z_) of equation (1.1) satisfying z(7_,7_,z_) = z_ is explicitly

given by
1 T
(T, 7_,x_) = x_exp {—/ k(s)ds} .
€ T—

We see that if k satisfies assumption (A), then z(7,7_,z_) is exponentially decaying
for 7. < 7 < 79, and stays near £ = 0 also for some time interval 7y < 7 < 7 with
7 < T4, during which z = 0 is an unstable equilibrium of (1.4).

The main goal of this paper is to describe a similar effect for differential-delay
equations, where we restrict ourselves to simplest cases. In Section 2 we study the
linear inhomogeneous equation

(1.5) (t) = a(t)z(t — 1) + h(t),

assuming that the function a takes values in [-37/4, —7 /4] and changes slowly. It
is well known that for constant a and A = 0, the zero solution of equation (1.5) is
stable for a € (—m/2,0), and unstable if a < —7/2. Contrary to the ODE case,
the exponential rate of growth or decay is not directly given by a, but has to be
estimated. We provide such estimates in Section 2, and we derive a variation-of-
constants formula for the case of nonconstant a and A # 0. In Section 3 we use this
formula to express solutions of

(t) = g(t, z(t — 1))
(with nonlinear g) on successive time intervals I; by solutions of the equation

dz

pri cixz(t —1),



with constants ¢; which are values of d»g(-,0) on I;. In Theorem 3.2, we obtain
estimates that express the phenomenon of delayed loss of stability for differential-
delay equations. In Section 4 we treat the equation

&(t) = (—m/4 — et) arctan(z(t — 1))

as an example. Here, we study the initial value problem with the initial segment
identically 1, and estimate the time until the solution is close enough to zero by a
method that is not based on linearization. Theorem 3.2 is then applicable to the
motion close to zero, and we obtain a lower bound for the time until the solution
reaches absolute value 1 again.

Complementary to the results on delayed loss of stability, which express similar
behavior of delay equations and ODEs, Section 5 exhibits a substantial difference
between both types of equations. Namely, the additive term h(t) in the equation
&(t) = c¢-z(t — 1) + h(t) inevitably has an influence on the development of all ‘com-
ponents’ of solutions (in terms of expansion into eigenfunctions of the homogeneous
equation). For a linear constant coefficient system of ODEs, the perturbation h can,
of course, be chosen such that it influences only specific components.

Acknowledgement. Thanks to Sergei Yanchuk for preparing the figure in Section
4.

Notation. For bounded functions ¢ on [—1,0], the sup-norm is denoted by |¢|.
Generally, we use the symbol || ||« for the sup-norm of bounded functions on some
domain.

Let C denote the space of continuous functions on [—1,0] with the max-norm. As-
sume that G : R x C — R is continuous, locally Lipschitz continuous with respect
to the second argument, and satisfies a linear growth condition

Gt o) < L)1+ e]) (t€R, ¢€C)

with L : R — R{ continuous. Then, for ¢ € C and 7 € R, there is a unique
continuous function %7 : [t — 1,00] — R such that

28T =, 2%P7(t) = G(t, 2T for t > 7.
(At t = 7, the derivative is to be read as right-side derivative.) The symbol z;, as
usual, denotes the segment of the function z at time ¢, that is, z,(0) = z(t+6), —1 <
6 <O0.

We shall need solutions of linear equations also for discontinuous initial values; let

J denote the space of functions ¢ : [—1,0] — R which are continuous on [—1,0),

but possibly have a jump discontinuity at 0 (i.e., . li(gI% Ogo(t) exists). We use the
—0,t<

sup-norm | | also on this space, and we introduce the weaker norm | |, on J defined
by

0

. = [$(0)] + / (s)| ds.
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2 Linear equations

First we consider linear equations of the type
(a) z(t) = a(t)z(t — 1).
Proposition 2.1 Let 7, T € R, 7 < T, and let a : [1,T] — R be continuous.

a) For+ € J and s € [1,T] there exists a unique solution z%¥° : [s —1,T] — R
of the initial value problem z(t) = a(t)z(t — 1), z, = 1.

b) The map
Fo(3,]],) % {(s,t) €[TR |s< t} S (9, 5,8) > z%95(¢) € R

18 continuous.

¢) IfacC" and T > 7 +3, then fort > 7+ 3, t <T the segment 2" is C2.

Proof: Ad a): This assertion follows from successive integration: On [7, T + 1], one
has %7 (t) = (0) + f: a(s)y(s — T — 1)ds, the segment =%} is contained in C,
and so on.

Ad b): It follows from [13], Theorem 2.2, p. 43 that the map
Fi:(C,|]) x {(tl,tz) €nT] |t < tQ} S (@, b1, 12) s z%91 (1) € R
is continuous. If ¢,s € [1,T] with ¢ > s + 1 then
a,,s _ ax®¥tstl
z (t) =zt (t)a

and we have xzfl’s € C. In order to prove the asserted continuity of F' at points
(¢, s,t) with ¢ > s + 1, it suffices to show that the map

F: (J3,]]4) X {s e[r,T]|s+1 ST} > (¢,8) = 2% € C
is continuous, since we have
F(1,s,t) = 2% (t) = Fy[Fa(¢, s),s + 1,t] if t > s+ 1.

Assume § € [7,T — 1] and 9, ¥ € J. It follows from the differential equation that
(2.1.1)
0

2357 — 2| < [(0) - B(0)] + ||a||oo/ [$(r) = P(r) dr < (1 +|lalloo) [ — Dl
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Further, for 6 € [-1,0],

237 (0) — 22" (0)] =

$(0) + / a(r)p(r — 5 — 1) dr — (0) - / a(r)p(r — s — 1) dr|
<205 — | - |[alloolt] + / a(P)(r — 5 — 1) — $(r — s — 1)]| dr,

[max{s,§},min{§,s}+1+86]

where the integral is to be read as zero if max{s,§} > min{§,s} + 1+ 6. (Note
that in the opposite case the arguments of ¢ are contained in [—1,0].) Denote the

continuous extension of w“ 1,0) to [—1,0] (which in general differs from ) by .
We may replace 1 by zﬁ in the last integral, and uniform continuity of 1& implies that
there exists a function wy : [0,00) — [0, 00) with w,(0) = 0, which is continuous

at 0 and such that

Vit € [<1,0] 1 [ih(t1) — (ta)| < wy(fts — Ba).
We conclude that, if s, § € [7,T — 1], one has
(2.1.2) 537" — 20| < 205 — 5| - [lal ool $] + [lal|oowy (15 = s).

Combining (2.1.1) and (2.1.2), continuity of F» (with respect to | |« in the first
argument) follows.

It remains to prove continuity of F' at points (¢, s,t) with s <t < s+ 1. Assume
YpeJand s,t €[, T], s<t<s+1

First case: s <t < s+ 1. There exists §; > 0 such that |s — 3| + |t — | < §; implies
5 < min{t,} < max{t,{} < 5+ 1. For such 5 and Z, and 9 € J, we have with
f:=i—(5+1), 0:=t— (s+1) the estimate

[2P3(0) — 2™ (1) = [237(0) — 22" (0)
(2.1.3) < e — 2|+ |2 (0) — 2250 (0)]
<|Fa(9,8) = Fa(¥, 9)| + [[allool®|(|t = ] + |5 — 3]).
Continuity of F» now shows continuity of F' at (¢, s, t).

Second case: s = t. Then z*¥*(t) = ¢(0), and for ) € J, |[¢p — |, < 1 and
§,tc[r,T) with 5§ <{,|t—t] <1/2,|§—5| <1/2,0onehast<35+1and

[2205() — 2 (1)) < 2" (0) — 24 )] + [(0) — % (0)
< lolle [/ 1565 Dlar 15l

< [lalleo

+ [P — .

|@Z—w|*+/ wlr =5 1)ldr
< (lall + DIF = ¥l + llal|c 91— ¢ + 15 = 31
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This shows continuity of F' at (¢, s, t).

Third case: t = s+1. Consider §,¢ € [1,T], 5 < ¢, and P e J, with |5—s|+|i—t| <1
and |¢p — 9|, < 1. If £ < §+ 1 then we obtain (similar to (2.1.3))
(2.1.4)

2V (F) — 2 ()| = [Fa(8, 8)(E — (5 + 1)) — Fa(1, 5)(0)|
< |B(4,3) = Ba(v, 5)| + [Fa(9, 8)(E = (5+ 1)) — Fa(4, 5)(0)]
Fy(9,3) — Fa(v, 5)| + llalloo|l (|t — 2] + 5 — 3]).

Ift >3+ 1thenf— (§+1) <|f—t|+|5—s| <1, so the differential equation shows

|25 (8) — 23+ 1)] < [Fa(9,3)] - |lal oo ([ — ¢] + [5 — s1),
and
%P (54 1) — 2%V (8)] = |29V5(5 + 1) — 2% (s + 1)| < |Fa(e, 3) — Fa(t, 8)],
so we obtain

(2.1.5) [o*%3 () =2 (t)] < |Fa(, 3)|-|[al oo ([E—t|+ |5 —s[)+ | Fa(8, 3) = Fa(¥, 5)|.

Continuity of Fy at (1, s) and estimates (2.1.4) and (2.1.5) now show that F' is
continuous at (¢, s,t) also in the third case.

Ad c): Assume now a € C', and T > 7 + 3, and let ¢» € J. We know that the
restriction of z%%7™ to [t +1,T] is C'. Fort > 7+ 2, we have t — 1 > 7 + 1 and
@7 (t) = a(t)z®¥7(t — 1). Hence #%%7(t) exists and equals a(t)z®¥7(t — 1) +
a(t)a(t — 1)z*¥7(t — 2). (At t = 7 + 2, we mean the second derivative from the
right.) The last expression is continuous in ¢ on [7 + 2, T (only continuous from the
right at 7 + 2), so we obtain that the restriction of 2% to [t + 2,T] is C2. The
assertion follows. O

Our aim is to express solutions of equation (a) with slowly varying coefficient by
solutions of the constant coefficient equation

(c) t(t)=c-z(t—1) (c€eR).

It is known that the zero solution of equation (c) is stable for ¢ € (—m/2,0) and
becomes unstable for ¢ < —m/2. We first provide more detailed information on
equation (c) for values of ¢ around —7/2. For ¢ € R, let ¥, C C denote the set of
zeroes of the characteristic function A — A — ¢ - exp(—\) associated to equation (c).

Proposition 2.2 For c € (—oo, —e™!), the set ¥, has the form

Ec:{,\k(c)\keNo}u{m\keNo},

where Ag(c) = pr(c) + iwg(c), Ak(c) = pr(c) —iwr(c) (k€ Ny), and
wi(c) € (2km, (2k 4+ 1)m). The following properties hold:
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a) pr(c) > prr1(c) (k€ Ny), so that py(c) = max ReX,.

b) po(=7/2) = 0.

—2
c) For ¢ € [=3n/4,—7/4], pj(c) exists, and py(—7/2) = T Further,

4 + 2
wo(c) € (w/4,7), and

4(r+2) 4(m — 2)
T2 < po(e) < T T g2 and
4(m — 2
—|c+7r/2|(72), if c > —m/2,
< 3T
po(c) <
4(m+2) |
lc+m/2|———, ifc < —7m/2.
T

d) |po(c)| < (m+2)/m <2 for c € [-3n/4,—7/4].

Proof: The assertions on Y. and property a) follow from Theorem 5 in [23]. Writing
A = p+iw, the characteristic equation A = cexp(—A) is equivalent to the equations

p=ce Pcosw, w=—ce ’sinw.

Note that sinw = 0 would imply w = 0, but we know already that for ¢ < —e ™! there
exist no real roots of the characteristic equation. Hence, we can restrict ourselves
to the case sinw # 0, and we obtain from the above two equations

w = —cexp(wcotw)sinw. Setting

w
x(w) = o exp(—wcotw) for w € R\ {lm | k€ Z},

the last equation is equivalent to

(2.2.1) x(w) = —c.

The function x is discussed in [23]. One has

(2.2.2) X (w) = 221 — weotw)? + w?],
el asw — 0, and x(w) — oo

x and x' are positive on (0,7), with x(w) —
e!), the number wop(c) is the unique solution

as w — m, w < m. Forc € (—o0,—

of equation (2.2.1) in (0, 7), and py(c) = —wy(c) cotwy(c) = log &(W;(C), SO we
wolC

have

(2.2.3) po(c) = log(—c) + logsinwy(c) — log wy(c).

Obviously x(m/2) = w/2, so wo(—m/2) = w/2 and py(—7/2) = 0. Properties a) and
b) are proved.



Ad c): Tt follows from the inverse function theorem and from (2.2.3) that wy and py
are differentiable functions on (—oo, —e!), in particular, on [—37/4, —7/4]. Using
(2.2.2) we obtain for ¢ € (—oo, —e 1)

1 wo(c)

) = (@)~ X@o@)I(1 — wole) cotne))? + wo(]
wp(c)
N c[(1 — wo(c) cot wy(c))? + wp(e)?]’

and from (2.2.3) we get

1 1 wo(c) cot wy(e) — 1
c

) = X wh(e)(cot wy(c) — =
py(c) = ot o(c)(cot wo(c) wo(C)) c[(1 — wo(e) cot wy(c))? + wy(c)?]

_! <1+ : wo(c) cotwy(c) — 1 > |

e \' " = w(e) cotwo(e)? + (el

—2 -1 —2
In particular, we see that py(—7/2) = — <1 + ) =1 77:2, which is the

1+72/4
first assertion of c). Note now that x(mw/4) = %;12 exp(—m/4) = wa/§ exp(—7/4) <
%141?/4 < 7/4, so wo(—m/4) > w/4. It follows that
(2.2.4) wo([—37/4, —n/4]) C (7/4, ).
1
Further, for allw > 0 and v € R, one has |L| < —. With (2.2.4) we conclude
w2+ w? T 2w
that
wo(c) cot wy(e) — 1 1

2

< < —.

|[(1 — wp(c) cot wy(c))? +w0(c)2]| T 2wp(e) T
With the above expression for pj)(c), we now obtain that pj(c) € 2[1 —2/m, 1+ 2/x]
for ¢ € [-3w/4,—m/4], so for these ¢ one has (1 + 2/7)(—4/m) < pp(c) < (1 —

2/m)(—4/3m), or
4(m +2) 4(m — 2)
o SRS T

The estimates on py(c) in part ¢) follow by integration.

Ad d): It follows from b) and c) that for ¢ € [—3m/4, —7/4] one has

0

It is known that for ¢ < —e ! and p > po(c), there exists K > 0 such that all
solutions z>#" of equation (c) satisfy an estimate of the form

|z 7(t)] < Kexp(p(t — 7))|g| for t > 7. (Compare, e.g., Cor. 6.1, p. 215 of [13],
and the definition of the constant K given in the proof of Lemma 6.2, p. 213 of
the same reference.) Analogous results hold for much more general linear equations.
We now derive a similar estimate with an explicit value for K, and with p = po(c),
for the special case of equation (c).



Proposition 2.3 Set K := [4+15-(37/4)+24(3w/4)%|e*, and let c € [—37 /4, —7 /4]
andt,s e R, t > s.

a) For € C*([-1,0],R), one has |z°¥*(t)| < (4]9] + 7|9'| + 13[¢"|)ero (=2,
b) For ¢ € J, one has |z°%°(t)| < |p|K exp[po(c)(t — s)].

Proof: Since equation (c¢) is autonomous, it suffices to prove the assertions for the
case s = 0. For £ > 0, we have for ¢ € C the series expansion

z#(t) = Y (pr,p) exp(ut),

PED

1 0

where pr, ¢ = m[()0(0) + u/ e " p(s)ds] (see [23], Theorem 6, or [14], Lemma
-1

6.8).

Claim: For ¢ € C?*([—1,0],R) and for all 4 € X, one has
(3 /4) %] + 4[¢'| + €*[¢"]
(1 + p)l

Proof. If p € X, then gy = ce™#, so e = ¢/u. Using partial integration twice, we
calculate

u [ ermpopas = emply+ [ oo

1 -1

lpr,y| <

0

— (0 + (-1 + [ e y(s)ds

1

= (0) + ehp(—1) + [‘fww'(sn“l " % / e oy (s) ds

1

C 1.c ’ / 1 0 —us, "
—$(0) + SH(-D) + [ SW (1) - W O] + / e o (s) ds

T T
It follows that

ELipy

pr, Y| <
|u|

us "
ol + (D [ e ds- ).

1l
Since ¢ € [—3n /4, w/4], we know from Proposition 2.2 that

2o = {oule) £ iwn(e) | k€ 1},

that wg(c) > 2km for k > 1, and that wy(c) > w/4. In particular, |c|/|p| <
(3w/4)/(w/4) = 3 for p € .. Further, it follows from Proposition 2.2,d) that
for s € [~1,0] we have |e™#*| < elro(9)l < €2, Thus we obtain

1

[37r/4
11+ ul

pr,y| < Y]+ |¢ |+ —|¢"H



The claim is proved. For ¢ € C?([—1,0],R), we have

> lerayl<2- >0 eyl
S Zc IS an
Imp >0

o0

20,1 1

2ol + 4+ €2|"”"|){7r/4(11+ TORDD (2k17r)2}

1 w2

1
@717 ¥ FF}

19217 0 817 0 15017

25|+ 4| + )

( ] + 4f| + €2 ) o
< afo] 4 71+ 13097
Now we obtain from the series expansion, and from |e#| < e”()* for u € ¥, that
W) < Y pr e < (4] + T+ 13[y7 e
pE X,
Assertion a) is proved.
Ad b): We know from Proposition 2.2,d) that |py(c)| < 2, and hence we have
(2.3.1) el < 2,
Let ¢ € J. For t € [0, 1], we have (using (2.2.1))
259 5 00)] < [l (L-+ elt) < fol(1 -+ el)een
< J(1 + [el)etemtOn.

Moreover, one has z*° € C, although #%° may have a jump discontinuity at 1.
Similarly, we have for ¢ € [1, 2]
(2.3.3) [ae#0(8)] < |l (1 + [e])Pe @ < Jo|(1+ [c])%eter ).
Set ¢ := z5*”; then ¢ € C?, since z*° € C*, and we have
(234) 91 < (+lelloh 1] < Jel- 057 < lel(L+ Dol 9] < gl
Using part a), and inequality (2.3.1) for the last step, we obtain for ¢ > 2
909 = 2420 = a0 - 2)

< (4[3] + 79| + 13[¢)"])ero N2

< [4(1+ [e)?le] + Tlel(1 + [el) o] + 13]e[pler 2

< [4 4 15]¢| + 24|c[Zeter ).
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We see from (2.3.2) and (2.3.3) that this estimate also holds for ¢ € [0,2]. The
assertion of b) now follows from |c¢| < 37 /4. O

Next, we want to express solutions of equation (a), where the coefficient function a is
slowly varying, by solutions of a constant coefficient equation. For this purpose, and
also for the treatment of nonlinear equations in Section 3, we need a variation-of-
constants formula. As a preparation, we study the nonhomogeneous linear equation

(a, h) (t) = a(t)z(t — 1) + h(t).

We assume that a and h are continuous on an interval [, T]. For ¢ € [, T] we define
a segment h(t) € J by setting

(1) (6) = { h(tg’ Z Z [0_1 N

Note that |B(t) — h(s)| = |h(t) — h(s)| for s,t € [r,T], so that the map h : [r,T] —
(J,]1]), t~ h(t)is continuous.

Recall the notation z*¥»* for the solution of y(t) = a(t)y(t — 1) starting with ¢ at
time s. We now see from continuity of h and from Proposition 2.1, b) that, for

t € [r,T)], the function [r,T] > s ~— z®*®)*(¢) is continuous. In particular, the
t

integral/ x“’ﬁ(s)’s(t)ds exists.

We can now prove a variation-of-constants formula which is suitable for our purposes.
It is expressed in terms of values of functions, not as an equality in the space C.
Formulas of the latter type are given for a general class of autonomous equations in
[7], e.g., formula (2.16), p. 63. However, it is not so obvious what these formulas
(respectively, their generalizations to the nonautonomous case) mean concretely in
our situation. Therefore, and to make the presentation self-contained, we decided
to include a proof.

Lemma 2.4 (Variation of constants) For ¢ € C, the solution z>"¥" of equa-
tion (a, h) with %™ = satisfies

t
xa,h,d},‘r(t) _ xaﬂ/l,r(t) _|_/ x”’h(s)’s(t)ds fort > T.

t
Proof: Set y(t) := / z¥")2 (1) ds for t > 7, and y(t) :== 0 for ¢t € [r — 1, 7).

11



(2.4.1) Claim: y|; ) is differentiable, and g(t) = a(t)y(t — 1) + h(t) for ¢ € [, T].
Proof: Let ¢t € [1,T") be given, and let § € (0,1) be such that ¢t +§ € [r,T]. Then

y(t +0) —y(t) — [a()y(t — 1) + h(t)]0
- / M 25 (¢ 4 6)ds — / t Mo (1) ds — [.. )6

t+6
= / 22 (¢ 4 §)ds+
t . ) )
+ / [z (¢ 4 §) — 2= (1)]ds — a(t)y(t — 1)6 — h(t)d
.
- / M2 (¢ 4+ 6) — h(t)]ds+
t
t ~ ~
+ / [22PE) (¢ 4 8) — x5 (1)]ds — a(t)y(t — 1)6.

We abbreviate the first term with 77, and the terms after the plus sign with 75. Since

§ < 1, we have for s € [t,t+6] that t+§ € [s, s+ 1] and hence z»**) (¢t +6) = h(s).
It follows that

(2.4.2) T < /t " k() — h(0)lds.

We now consider the term 75 for the case t — 1 > 7. For s € [r,t] one has

. t+6 N
%8 h (t + 5) as,h(s) (t) — / a(r)xa,s,h(s)(r . l)d’l",
t

SO
-1
Ty = / / gehis Yr —1)drds —6 - a(t) / @M (¢ — 1)ds

t—1+46 t t+4 .
/ / gash(s (r — 1)drds + / / a(r)x“’s’h(s)(r — 1)drds
t—1+6 Jt
~ Salt )/ 2 (1 1)ds.

In the second last term, we have s >t —1+4d,s0 7 —1<t+ 6 —1 <s, and hence
z»*h(s)(r — 1) = 0. Thus we obtain

t—1+6 t—1 A
Ty = / / Zosh(s (7‘ — 1)drds — daf(t) / x”’s’h(s)(t — 1)ds

/ / lalr )t 9 1) - a()a®# 5Ot - Vdr ds

t-145
/ / goh(s )(r —1)dr ds.
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In the second term above, § < 1 impliesthat r —1 <t4+d—-1<s+06<s+1,so
z®h($) = h(s). Tt follows that the second term can be estimated by 62||A||s - [|a/co,
where the norms denote the max-norm on |7, T|. Hence we have

(2.4.3) |T2|</ / 255 (1 1) — (8) 5P (1) |dr ds-+87] |1 o |[a]|oo-

Let now € > 0. Continuity of h and (2.4.2) imply that there exists §; € (0,1)
such that for 6 € (0,6;] one has |T1| < 0 - €/3. There exists d € (0,d:] with
62||h|so]|al|co < de/3 for & € (0,0s]. In view of continuity of the involved functions
(see Remark 2.1 b), there exists d3 € (0, 2] such that the left term in (2.4.3) can be
estimated by

/ / drds<5s/3 if 6 € [0, d3].

Together, we have shown that for s (0, 03] one has

incaset—1> 7.

We now treat the case § € [0,1) and t — 1 < 7. In this case, y(t — 1) =0, and for ¢
such that also t + 6 < 7+ 1, we have for s € [7,¢] that

2206 (¢ 4 §) — 2hC)(¢) = h(s) — h(s) = 0,

so T = 0. It is now clear that (2.4.4) also holds in this case for all sufficiently
small 6. We have now proved that y is differentiable from the right on [7,T),
with right derivative given by ¢ + a(t)y(t — 1) + h(t). It is clear that the latter
function is uniformly continuous on [7,T). It can be seen from estimate (2.4.4) that
differentiability of y to the right is uniform w.r. to ¢ € [7,T). The claim now follows
from the proposition given after this lemma.

We conclude the proof of the lemma: With y as above, the right hand side r(t) of
the asserted equality satisfies 7(¢) = z®¥"(¢) + y(t), so

#(t) = a(t)z®" " (t — 1) +a(t)y(t — 1) + h(t) = a(t)r(t — 1) + h(t) for t € |7, T).
Uniqueness of solutions and 7, = 9 now imply that
M7 (t) = r(t) for t € [T — 1, 7],
which is the assertion. O

The proposition below was a technical auxiliary in the proof of Lemma 2.4.

Proposition 2.5 Let z : [1,T] — R be continuous, and uniformly differentiable
from the right on [T, T) with uniformly continuous right derivative 2" : [1,T) — R.
Then z € C'([1,T], R).

13



Proof: Let e > 0and ¢ € [1,T]. There exists 6; > 0 such that for all § € (0, ;] and
all s € [1,T — 0] one has

z(s+6) — 2(s)

; . z/,-l-(s)

<

9
9

It follows that for all such § and for s € [T + 6, T] one has

—z(s—9¢
(2.5.1) 2(5) ;(s ) (s — o) < ef2.
Since 2" is uniformly continuous on [r, T), it has a uniformly continuous extension

to [r,T], which we also denote by z"". There exists 6, € (0,d;] such that for
d € (0,05] and s € [§,T] one has

(2.5.2) 127 (s — 8) — 2" (s)| < /2.
Combining (2.5.1) und (2.5.2) we get

z(s) — z(s — 6)
)

— 2" (s)| < e for s € [r+6,T],

which shows that z also has a left derivative on (7, T], which coincides with z"*.

O

3 Nonlinear nonautonomous equations

We consider equations of the type

(9) z(t) = g(t,z(t — 1)),

where we assume that g : R x R — R is continuous, and has two continuous
derivatives w.r. to the second argument. Further, we assume that for all ¢ one has
g(t,0) = 0, and that |92g| has a finite supremum which we denote by ||62g]|.

For a bounded function a on an interval [s, ], we use the notation

Va(s,t) := sup a(7) — inf a(7).

TG[S,t] TE[SJ}

Using Lemma 2.4, we can now obtain an estimate on solutions of nonautonomous
and nonlinear equations.

Lemma 3.1 Let p € C,T > 1,s € R, and let g : R X R — R be as above. Set
a(t) = 09(t,0) for t € R. Assume that ¢ € a([s,s + T]) N [-3nw/4, —7/4]. Set
V :=V,(s,s+T), and, with K from Proposition 2.3, set

Ky = max{K,1+31/4+V}, Ly = Kye’.

14



Let z : [s — 1,00) — R be the solution of equation (g) with z, = ¢, and assume
that T € [s,s + T| and £ > 0 are such that |z;| < £ for allt € [s,7]. Then, for all
t € [s, 7], one has

|z¢| < Lv|p|exp[(po(c) + LvV + Lv || 02g]|€/2) - (¢t — s)]-

Proof: For t € [s, s+ T], there exists ; € (0,1) such that

g(t,z(t —1)) =
= Oag(t,0)z(t — 1) + [05g(t, rsz(t — 1)) /2]x(t — 1)
= cx(t — 1) + (829(¢,0) — c)z(t — 1) + [02g(t, rex(t — 1)) /2]z(t — 1)
=cz(t — 1)+ (a(t) — c)z(t — 1) + [02g(t, rez(t — 1)) /2]z(t — 1)
(

Thus, with h(t) := (a(t) —c)x(t — 1) +[02g(t, rex(t — 1)) /2]x(t —1)? for t € [s,5+T],

one has for these ¢t
z(t) = cz(t — 1) + h(t).

Further, for ¢ € [s, 7] one has
[h(t)] < Vet — 1) + (1859l /2)z(t — 1)* < [V + [159]l€/2] - [2(t — 1)].
It follows from Lemma 2.4 and from Proposition 2.3,b) that, for ¢ € [s, 7],
jz(t)| =

= Jz0(t) + / M) (1) do|
SMMMMWW—M+K/wWWW—®M@MU

< & {lolexplm(@) o) + [V + [eEall/2) [ explpn(e)(e - olla(o — D] do .

Set W := [V + (||62¢g]|£/2)]. If now t € [s+ 1,7] (in case s +1 < 7) and 6 € [—1,0]
then

lz(t+0)] <

SK@MwmmmHﬂ—m+w/ mmmmmw—wmw—mw}
gKmmmmﬁmﬂwww—m+W/ wwww—ﬂmuﬁ

SKHMMMKMmWWW—m+W/wwww—ﬂmuﬁ.

Hence, for ¢ € [s + 1, 7], it follows trivially that with
Ky :=max{K,1+3r/4+ V} we have
(3.1.1)

o < K expon(e)) { ol explon(e)(e ~ ]+ W [ explon(e)(e = el do}.
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For ¢ € [s,s+1]N[s, 7], we obtain (using the differential equation, and the definition
of Ky) that

0
o < fel+ [ (1l + V)lelds = ol(1+ fe| + )
-1

< |pl(143n/4+ V) < Ky|p|.

The right hand side of (3.1.1) is, for ¢ € [s,s + 1], obviously bounded below by
Kv|p|. Hence, (3.1.1) holds also for ¢ € [s, s + 1].

Now, setting y(t) := exp[—po(c)t]|z:| for ¢ € [s, 7], we obtain from (3.1.1) and from
(2.3.1) that

(0 < K exp(lanc)) { ol expl-n(c)s] + 7 [ (o) io
< Kye? {|g0|exp[ ooe )s]+W/ da}

:LV{|g0|exp[ +W/ }

It follows from Gronwall’s Lemma that for ¢ € [s, 7| one has

y(t) < Lv|ep|exp[—po(c)s] exp[Ly W (¢ — s)].
Hence we conclude
|| < Ly || explpo(c)(t — s)] exp[Ly W (t — s)]
= Ly || exp(po(c) + LvV + Ly||03g||€/2) - (t — s)].
O

We are now prepared for the proof of a delayed loss of stability estimate for nonlinear
nonautonomous equations of type (g). Again, we restrict attention to the case where
029(-,0) takes values in [—37/4, —m/4]. Recall the definition of V,(s,t) for s < t.

Theorem 3.2 Lett_ € R, let g be as above, and assume that the function defined
by a(t) := 0ag(t,0) takes values in [—3w /4, —m/4]. Assume that there exists T > 1
and V > 0 such that one has for all s > t_

(3.2.1) Va(s,s +T) < V.

Let p € J, and let z : [t —1,00) — R be the solution of equation (g) with z;_ = .
Assume thatt, >t and £ > 0 are such that

Viet_,ty]: |z <E.
Define Ly as in Lemma 3.1, and set
C:=C(V,T,£) := LyV + Ly||83g|¢ /2 + log(Lv) /T
Finally, fort,s e R, t > s>1_, set

u(t, s) := exp[/ (po(a(r)) + C) dr.

16



a) Then one has for allt € [t_,t ]

2| <l Lyu(t, ).

4(mr — 2 4 2
b) With c_ := M, cy = L—;), the following estimates hold:
T

Ift,seft ,ti], s<t, and a(-) > —7/2 on [s,t| then

ult, ) < exp[/ (—c_|a(s) + /2| + C) ds].

Ift,seft ,ti], s<t, and a(-) < —7/2 on [s,t| then

u(t, s) < exp[/ (cila(s +m/2|+ C)ds].

Remarks. 1. The first estimate in b) implies (not necessarily monotonous) decay
of |z;|, as long as a(s) > —n/2 and c_|a(s) + 7/2| > C. One can expect the second
inequality to hold only if the term ||82g||€/2 is small enough, i.e., if the solution z
takes sufficiently small values. This is natural since the decay is an effect of the
linearization at zero. If one wants to obtain decay for ‘large’ initial values ¢, it is
necessary to combine the estimate of Theorem 3.2, a) with different methods, as we
do in the example in Section 4.

2. If one obtains |z;,| < |¢| for some ¢, € [t_,t,], then the second inequality in b)
can be used to give a lower estimate for the time until |z;| reaches |¢| again.

Proof: [Proof of Theorem 3.2.] Set C:=C(V,€) := LyV + Ly ||83g]|§/2. Fort >t
set n(t) := exp[f; (po(a(s)) + C) ds] = exp[ [, (po(a(s)) ds]exp[C(t —¢_)]. Consider
@ and z as in the theorem.
Claim: Ift € [t + (j — 1)T,t_ + jT] for some j € N, and t < t,, then

2] < el Lin(t).

Proof. (Induction on j.) The case j = 1: Assume t € [t_,t_ + T]. From the mean
value theorem, there exists 7 = 7(¢) € [t_, ] such that

/t po(a(s))ds = (t — t_)po(a(r)).

Applying Lemma 3.1 with s :=¢_,7:=T,c:= a(7), one obtains
|z:] < Ly el exp[(po(c) + Lv'V + Lv||8591€/2)(t —t )]
= Lulolexpl [ (tals)) + O ds
= || Lvn(?),

17



which is the assertion for j = 1.

Assume now that the assertion holds for some j € N, and that t € [t + jT,t_ +
(j+1T], ¢t <ty Set ¢ :=xz yjr. Then the induction hypotheses gives |¢| <
lo|Lim(t- + jT'). From the case j = 1, applied with ¢_ + j7 in place of ¢{_, one
obtains for the solution y : [t_ 4+ j7 — 1,00) — R of equation (g) with y; 17 =9

that
t

ul < l0lLvess| [ (mla(s)) + ) ds].
t+iT
Together with the estimate on ||, we conclude

t
i = |yl < | Lin(t- + §T)Ly exp] / (po(a(s)) + C) ds]
t_+jT
= || L} n(?).
The claim is proved.
Now let ¢t € [¢t_,t.], and set j := min {n EN|t_+nT > t}. Thent_+(j—1)T <
t <t_ 4 4T, and from the above claim we get |z;| < |@|L?,n(t). Note that

1 = expl U ITIBEV)) iy 108UV oy /t " Log(lv) 4y

T T T
Recalling the definition of 7, and noting that C' + log(Ly)/T = C, we obtain

22| < lo|Ly exp] / (pola(s)) + € +log(Lv)/T) ds] = || Lyu(t, i),

that is, assertion a). Assertion b) follows from the estimates on py from Proposition
2.2,c). O

4 An example

For € € (0,0.01], we set
g(t,z) .= (—m/4 — et) arctan(z),

and we consider the solution z : [—1,00) — R of equation (g) with the constant
function equal to 1 as initial segment. (The dependence of all objects on ¢ is not
denoted.) Note that a(t) := 0.g(¢,0) satisfies a(t) € [—3w/4,—m/4] as long as
t € [0,7/(2¢)]. Further, for these ¢ and for y € R, one has

05g(t,y)| < | —3n/4|sup|2z/(1 + 2*)?| < 2-37w/4 < 5.
z€R

(It is inessential that these properties do not hold for ¢ outside the interval [0, 7 /(2¢)],
in which we will be interested.)

18



Proposition 4.1 The solution = is slowly oscillating, that is: There exists a se-
quence (21, zg, ...) 1n R such that 0 < 2z; < 29 < ..., and such that the z; are precisely
the zeroes of x, and z; 1 — z; > 1 for all i € N. The extrema of z on (0,00) occur at
the times p; :== z; + 1 € (2, 2i11), so we have

n< = tl<zn<pu=zn+1<....

Further, one has z, < 2.

Proof: Assume that z has no zero on some interval of the form [¢y, 00). Then the
negative feedback property g(¢,y)y < 0 (¢ > 0,y € R\ {0}) implies that z(¢t) —
0 (t — 00), so there exists t; > ¢, with |z(-)] < 0.1 on [t;,00). Now setting
a(t) := fol D29(t, sz(t — 1)) ds, the function z satisfies (t) = a(t)z(t — 1) for t > ¢,
and for these ¢ one has
a(t) < —(r/4) ‘;ln<i(§11 arctan’(y) = —(w/4) - 100/101 < —exp(—1).

We can now apply Theorem 8 in [10] (with n := 1,r := 1,n(¢t,—1) := 0,n(t,0) :=
a(t) for 0 € (—1,0], and with g(¢,0) := —n(t, 0)); in particular, the last inequality
shows that Condition (A4) of that theorem is satisfied. It follows that z has infinitely
many zeroes on [t1,00), in contradiction to our assumption.

We know now that z must have infinitely many zeroes. It follows from the fact
that the segment xy has no zero, and from the fact that the zero-counting Liapunov
functional used in [15] does not increase in time, that z is slowly oscillating (see [15],
Theorem 2.1). The assertion about extrema is now clear, in view of the differential
equation.

We now prove z; < 2: On [0, 1], we have
©(t) = (—m/4 — et) arctan(1) < (—x/4)(r/4) = —n*/186,

and hence z(1) < 1 — 72/16. On the other hand, for ¢ € [0, 1], one obtains (using
e < 0.01) that &(t) > (—n/4 —€)(n/4) > —10/16 = —5/8, so z(t) > 1 — (5/8)t for
these t. It follows from |arctan(y)| > |(7w/4)y| if |y| < 1 that for ¢ € [1, 2] one has

(t) < —(m/4)(w/4)[1 = (5/8)(t — 1)].
Hence, integrating, we obtain
z(2) < 1—(n*/16) — (x*/16)[1 — (5/8)(1/2)] = 1 — (*/16) — (x*/16) - (11/16)
=1—(277%/256) < 1 —27-9.5/256 = 1 — 256.5/256 < 0,
and consequently z has a first zero z; in [1,2]. O

Set m; := |z(ps)| for i € N; then m; = maxcp,, 5,1 |©(¢)|. We first focus attention
on the time interval (0,7/(16¢)]. Let J € N be such that the extrema of z in this
interval occur at the times puq, ..., usy. The following estimate exploits the fact that
for ¢ in [0, 7/(16¢)] one has |g(t,y)| < qly| (y € R) with some ¢ € (0,1).
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Proposition 4.2 Fort € [0, z;41] one has |z(t)] < 1.
Further, with q := 5w /16, one has

mi1 <gqm; ifie{l,...,J -1}

Proof: Note that | arctan(y)| < |y| for y € R. As long as t < w/(16¢), we thus have

l9(t,y)| < (w/4+ 7 /16)|y| = 57 /16|y| = qly|.

Since |z(-)] < 1 on [0, 21|, we have m; < q < 1. Further, ifi € {1,...,J — 1}, we
obtain (using z;;; — z; > 1) that

Ziy1+1 Zi+1
mii1 = | / g(s,z(s—1))ds| < / qlz(s)|ds < qgm;.
Zi+1 ziy1—1

Together with |z(-)| < 1 on [0, u1] and the fact that |z(-)| decreases on [us, z;711], it
follows that |z(-)| < 1 on [0, z741]. O

Next, we give a decay estimate for the case that u; — u;_1 is ‘large’.

Proposition 4.3 Assumei € {2,...,J+1} and p; 1+1 < z;. Then for all j € N,
with p;_1 + 7 < z; one has

lz(pi 1+ 7)< ¢ Pmyg.

Proof: ~ The estimate is trivial for j = 0. Since |z(-)| decreases on [u; 1,2;] and
m;_1 < 1, we have |z(-)| < 1 on [ 1,2, and |z(p; 1 + 1)] < m;_ ;. Hence the
assertion holds for j = 1. Now if j € N and [p; 1+ j, i1 + 75 + 1] C [ 1, 2i], we
obtain (using |arctan(y)| > (7/4)|y| if |y| < 1, and the monotonicity of |z(-)| on
(i1 +J — 1, g1 + 7)) that

pi—1+j+1

le(pi1+7+1)| = |z(ui1+7) + / g(s,z(s—1))ds|
Hi—1+]

< |z(pi-1 +5)| - min lg(s +1,z(s)|
s€(pi—1+7—1,41+7]

|2(pi1 + J)| = (m/4)] arctan(z(pi1 + 7))
|2 (piz1 +5)| = (7°/16)|@(pi-1 + 7))
= [(16 — 7*)/16]|z(ui—1 + 5)| < qlz(pir + ).

For j € N with u; 1 + j < 2;, it follows inductively that

<
<

lz(piz1 +7)| < qj71|$(/$i—1 +1)] < ¢ tmiy.
U]

Proposition 4.2 above relates the value m; to the index ¢, but not to the time pu; at
which it occurs. This is achieved in the next result.
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Proposition 4.4 With the negative number A := log(q)/4, one has
m; < q texp(Apy) (G=1,...,J).

Proof: Let i€ {2,....,J}. If z; — p; 1 < 2 then p; —p; 1 <3 <4, and

(4.4.1) m;/m;_1 < q=exp(4X) < exp(A(u; — pi1))-

Consider now the case z; — p;_1 > 2. Then, setting

1= max{j EN|p1+j+1< Zi},
we obtain from Proposition 4.3 that
lz(pio1 + 1) < ¢ 'myg

Note that [z;—1, 2;] C [s_1+71, 2], and hence |z(t)| < |z(u;_1+71)| fort € [z,—1, z].
We infer from the differential equation that

mi < qlz(pir + 1) < q@ " 'mig = ¢ 'my .
Now, from the definition of ji,
Wi — i1 =2z +1—pi 1 <piqa+5+3—pi1=75+3 <45,

and thus .
m;i/mi—1 < ¢ = exp(A - 4j1) < exp(A(pi — pi-1)),
and we see that (4.4.1) also holds in the second case.
We conclude that for j € {1,...,J} one has
J

mj =my | [(mi/mi1) < my [ ] exp(Mui — pi1)

=2 =2
= my exp[A(p; — p1)] = ma exp(—Aur) exp(Au;),

where the product is to be read as 1 if j = 1. Since m; < 1 (Proposition 4.2) and
p1 =z +1 < 3 < 4 (Proposition 4.1), it follows that m; < exp(—4\) exp(Ay;) =
g exp(Au;). O

We can now obtain an exponential decay estimate for z (which is not based on
linearization at zero) for the time interval [0, 7/(16¢)].

Corollary 4.5 Fort € [0,7/(16¢)], one has |z;] < 2¢73 exp(\t).

Proof: 1. For t € [0, p1], one has |z;| < 1, and p; < 3 < 4 implies
2 % exp(\t) > 2¢ 3 exp(4)) = 2¢7% > 1,
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so the assertion is true for these ¢.

2. Let t € [u1,7/(16¢)]. There exists i € {2,...,J + 1} with ¢ € [u;—1, pil.
Case 1: t < p;_1 + 2. We have |z(s)| < m;_; for s € [z;_1, 2], and

|&(s)| < [(=m/4 = 7/16)|miy = qriy <miy

for s € [z;,t], if t > 2. In this case, t — z; < p;_1 + 2 — 2z; < 2, s0 |z(s)| < 2m;_; for
s € [z;,t]. With Proposition 4.4, it follows that
|| < 2m; 1 < 2¢ T exp(Apio1) = 2 exp(A(pi1 — t)) exp(At)
< 2¢ ' exp(—2A) exp(\t) < 2¢7 % exp(At).

Case 2: t > ;1 +2. Then z; = pu; —1 >t —1 > p; 1 + 1. Setting j; :=
max {j eN ‘ pi—1 + 7 < min{¢, zz}}, we obtain from Proposition 4.3 that

lz(pi 1+ 1) < ¢ tmy g

Subcase 2a: t < z;. Then j; > 2, and ¢t — (u; 1 + j1) < 1, and it follows from
Proposition 4.3 and Proposition 4.4 that

o] <|2pi_y1ii] = |2(pics + 51 — 1)] < ¢ 72

< ¢ g exp(Apic1) = ¢ " exp[4A(ji — 2)] exp(Api—1)
< gt exp[A(j1 — 2)]exp(Mi 1) = ¢ texp(At) exp[A(j1 — 2+ pi 1 — t)]
< g exp(—3A) exp(At) < g% exp(Mt).

m;—1

Subcase 2b: t > z;. Then t € [z, ;] = [2;, 2z; + 1]. From Subcase 2a, applied to z;,
we obtain |z,,| < g72exp()z;). For s € [z, t], one has £(s) < |[(—7/4 —7/16)||z.,| <
qq 2 exp(Az;). Tt follows that

2] < g % exp(Az;) = g 2exp(At) exp(A(z; — 1))
< g~ exp(—A) exp(M) < g exp(A).

From Part 1 and the different cases of Part 2, the asserted estimate is obtained.
O

Combining the above estimate with the ones which were obtained from linearization
at zero in Theorem 3.2, we can now provide a lower estimate on the time that passes
until |z(¢t)| > 1 again.

With ¢_ and c¢; from Theorem 3.2, we set ¢; := Ar/16 — c,72/16 — 5¢_n%/512 and
¢ :=cym/4+ c_m/32. Note that ¢; <0 < c,.

Corollary 4.6 There exists g € (0,0.01] such that for € € (0,e0] the function
t — |z;| decreases to values below € on the interval [0,m/4¢€], and then reaches the
value /e again not before the time |c1/2cse|. (In particular, the value 1 is not
reached before this time.)
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Proof: With K from Proposition 2.3, we set L := Ke®. There exists €y € (0,0.01]
such that for e € (0,¢¢] the following estimates hold.

(4.6.1) 2 % exp(Ar/16¢) < €

(4.6.2) 5LveE < c_m/32

(4.6.3) L2q 3 exp[(Am/16 — c_7?/512)/e)] < e
(4.6.4) |log(q*v/e/2L)| < |e1|/2e.

Let now ¢ € (0,e0]. We set T :=T(g) := 1/4/e. We then have for all s € R
Va(s,s +T)=eT =+ < 1.

It follows that with V' := /e and with Ky, Ly as in Lemma 3.1, one has Ky = K
and Ly = Ke? = L. Further, we have log(Lv)/T = /e log(L).

We set € := 1/¢; then the constant C' = C(V, T, £) from Theorem 3.2 satisfies
C < Ly/z + 5Ly/e/2 + log(L)v/e < 5L+/z.
From Corollary 4.5 and from (4.6.1), we obtain that

|Tr /166 < 2q *exp(Ar/16¢) < e < £.

Now we set ¢ := w/16¢, and t, := min{inf{t >t ‘ |zy| > f},w/%}, and we
apply Theorem 3.2. It follows that with u(¢,¢ ) defined as in that theorem, one has

Vtet ,t.]: |z] < L2q ° exp(Ar/16¢)ult,t ).

Next, we estimate u(t, s) for ¢, s in different time intervals. Note that for ¢t € R, one
has |a(t) + 7/2| = | — /4 + 7 /2 — et| = |7 /4 — et|. Thus, for t € [r/16¢,3m/16¢],
we have |a(t) + /2| > w/16. It follows from Theorem 3.2, b) and from (4.6.2) that,
for these t,

t

u(t, m/16e) < exp[/ (—c_m/16 + C) ds]

m/16¢
(4.6.5) < exp| / ;6 (—c_/16 + 5Ly/E) ds]
< exp[//16 (—c_m/32) ds] = exp[(—c_7/32)(t — 7/16¢)].

In particular, the function ¢ — u(t,¢ ) decays on [r/16¢, 37 /16¢].
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With ¢y := 7 /4e, we have a(ty) = —7/2. For t € [37/16¢, ty], one has
po(a(t)) + C < C < 5L/,
and for these ¢ one has from the definition of u(-,-) and from (4.6.2) that

u(t, 3w /16¢) < exp[5L/e(t — 3m/16¢)] < exp[bL+/em/16¢]

(4.6.6) < exp[c_']r2/512€].

Combining (4.6.5) and (4.6.6), we see that

|z, | < L2q° exp[Am/16€]u(ty, 3m/16¢)u(3m/16¢, 7 /16¢)
< L2q ?exp[Ar/16e + ¢ 72 /512¢ — c_(m/32)(m/8¢)]
= L2q ®exp[(An/16 — c_7?/512)/¢].

Now (4.6.3) shows that |z, | < e < &, in particular, ¢, > ¢.

Finally, for ¢ € [ty,t.] we have |a(t) + m/2| < w/4. Using Part b) of Theorem 3.2,
together with the inequalities C' < 5L4/e and (4.6.2), one sees that

(4.6.7)  wu(t, to) <expl(cim/4+ C)(t —ty)] < expl[(cim/4+ c m/32)(t — w/4e)].

Combining the estimates (4.6.5), (4.6.6) and (4.6.7), we conclude that for ¢ € [to, ¢, ]
one has

|$t| <

L2q 2 exp[(Am/16 — c_7?/512) /e — (cym/4 + c_m/32)(m/4e) + (com/4 + c_7/32)t]
= L2g % exp[(An/16 — c,7?/16 — 5c_m?/512) /e + (cym/4 + c_m/32)t]

= L2q ®explci /e + cot].

First case: ¢, < m/2e. Then

L2q % explci /e + cot ] > € = \/e, so t; > [log(¢°/z/2L) — c1/€]/co.

Using (4.6.4), we infer t; > —c;/2coe. Thus, |z;| reaches the value £ = /¢ again
not earlier than this time.

Second case: t, = 7m/2e. Then the function ¢ — |z;| is bounded by /¢ on the
interval [to, 7/2¢]. From the expressions for ¢; and ¢y, it is not difficult to see that
le1/2¢o| < /2. Hence, the assertion also holds in the second case. O

Remark. The estimate in Corollary 4.6 is, of course, quantitatively correct only in
the sense that it predicts a ‘growth’ time of order 1/e. Further, the upper bound
0.01 for €, which we used above, is only of technical nature. As an illustration, we
show a numerically obtained plot of the solution z for € = 0.03 on the time interval
[0,60] in Figure 4.1. (The equation was solved using Simpson’s rule.)
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Figure 1: Numerical solution of #(t) = (—m/4 — et) arctan(z(t — 1)) with constant
initial segment equal to 1 and € = 0.03.

5 Additive nonautonomous perturbations

The results of Sections 3 and 4 are not unexpected, in view of their analogy to the
case of ODEs.

In the last section, we want to demonstrate an effect in nonautonomous delay equa-
tions which is specific for delay equations and does not occur in ODEs. Briefly, the
effect is as follows: If a (linear) autonomous delay equation has a leading pair of
eigenvalues on the imaginary axis, then every nonzero inhomogeneous term ...+ h(t)
on the right side of the equation inevitably has at least a transient influence on these
oscillation modes. Contrary to the ODE case, it is not possible to choose A such
that it interacts only with the remaining, exponentially decaying modes. This ob-
servation is a rather easy consequence of the variation-of-constants formula (Lemma
2.4), but has to our knowledge not been emphasized in the literature so far. We
turn to the detailed description now, starting with a simple observation. For ¢ € C,
set

D, = {«p € C°([-1,0],C) | 4 is C, ¢/(0) = c¢(—1)}.

Remark 5.1 Ifc € C and z : [-1,0] — C satlisfies ¥Vt > 0: z; € D, then z is
C' and (t) = cx(t — 1) fort > 0.

Proof:  All segments z; (¢ > 0) are C', which implies that z is C*. For ¢ > 0, it
follows from z; € D, that () = (2;)'(0) = cxt(—1) = cz(t — 1). O
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Consider now the harmonic oscillator equation

z(t) = v(t), o(t) = - z(f)
Setting y(t) := —2v(t), one obtains
. T ) T
z(t) = —5y(t), y@t) = Sz(t),
2 2
or, setting w := x + iy, v := im/2, the more convenient complex form
(5.1) w(t) = vw(t).

We now turn to the case of delay equations of the form

(5.2) i(t) = —%:L'(t — 1) + h(t),

with continuous h : R — R. For h = 0, equation (5.2) reduces to
(5.3) () = —gx(t —1).

We explain why the last equation may be regarded as an analog of the harmonic
oscillator, together with a sequence of exponentially decaying oscillators (and no
coupling between any two of them):

Equation (5.3) has a leading pair of characteristic values A\ = i7/2, Ay = —i7/2,
with corresponding solutions ¢ —+ e*#7/2, The remaining characteristic values (ele-

ments of ¥_r /s, in the notation of Section 2) A1 = p1 L iwy, Ay = po & iws, ... satisfy
Prr1 < pr <0 for k e N.

Now we add to the unperturbed harmonic oscillator (5.1) a second complex equation
2(t) = v12(t) with Re(v1) < 0, and then to the obtained system a perturbation h(t)
which lies entirely in the z—space. Thus we obtain the system

w(t) = vuw(t),

z(t) = v12(t) + h(t),

and it is clear that the perturbation has no effect on the evolution of the w-
component.

(5.4)

Our aim is now to point out that this is not so for equation (5.3), even if one chooses
h(t) = e*! where ) is one of the characteristic values with negative real part. More
precisely, we can state the following.

Theorem 5.2 a) Let A C {)\, Ao, A1, M1, ...} be a finite subset, and set

— LN 01
U=) C-e \[—1,0]CC ([-1,0],C).
AEA
Ifz: [-1,0] — C satisfiesVt > 0: z; € U thenz is C* and z(t) = —
fort > 0. Thus, x can satisfy equation (5.2) only with h = 0.

z(t—1)

s
2
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b) Let h € C*([0,00),R) be such that h' is bounded, that |h(s)| — 0 (s — 00),
and that the integrals [~ |h(s)|ds and [;°|h'(s)|ds converge. The solution
of equation (5.2) with initial segment xy = 0 has an asymptotic oscillation
amplitude given by

2 < .
Wy = 7/ e h(s)ds
1+im/2 J,

c¢) In particular, if e, € C, and Re(u) < 0, and h(t) = ee**, one has

(1 +in/2)(p — in/2)

If p = Mg for some k € {1,2,...}, then this is true even though all segments
hy (t > 0) belong to the space with exponentially decaying solutions for the
unperturbed equation (5.3).

W, =2 #0

Proof: Ad a): Note that with D_,/> defined as before Remark 5.1, we have U C
D_, /s, since each X € A satisfies A = —(7/2)e*. It follows from Remark 5.1 that
r is C! and that z(t) = —(n/2)z(t — 1) for t > 0.

Ad b): From Lemma 2.4 we obtain that, for ¢ > 1, the solution of equation (5.2)
with o = 0 is given by

(5.2.1)

t—1 N t .
- / o) (1) ds + / 22 (1) ds.
0 t—1

Call the first and second term in the last sum A(t) and B(t), respectively. Let
o = X_r2 = {0, Ao, A1, A1, ...} denote the set of characteristic values of equation
(5.4), and for ¢ € R let ¢* denote the constant function on [—1,0] with value c.

In the term A(t) of (5.2.1) (with ¢ > 1), the integrand is for all s < ¢ — 1 equal to

the convergent series
S~ pry [A(s)7]e -

veo

(compare the beginning of the proof of Proposition 2.3), and

pr, [1(5)"] = h(s)< Jlr 1+ u/_l e ¥ ds] = h(s)< f:y.

For s € [0,¢t—1], we get from Re(r) < 0 (v € o) and from the characteristic equation
that [e¢ )| < |e’| = | =2, and hence

™

h(s)eu(tfs
2lv(1+v)|

)
1 < il
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1
Now Zm converges, since |A\g| = |pr + twk| > |wi| > 2k7 (kK € N), see

Proposition 2.2. Thus we have uniform convergence on [0,¢ — 1] of the series in the
following integral, and we obtain

/ Zl—i—y "

veo

= Z e”(t_s)h(s) ds.
e 1+v /g

We denote the last integral by I,(t).
Claim: For v € o with Re(v) <0 (i.e.,, v € {)\1,)\_1, A2, Az, ...}) one has for t > 2

O] < (A = D] + e + W]l ge + [ 1) ds)
t/2

vl

Proof.

1 1 t—1
| / s)ds| = e {[——e™"*h(s)]5" + —/ e "*h'(s) ds}|
v v/
1

<
vl

[|<5’”||h(t—1)|+|t‘3”t||h(0)|+|/0 e *Ih/(s) ds]].

The last integral can be estimated by

| |hl| | ke | v(t—s) d o B ds < ||W t vt/2 = B d
0 et ¥ ds + [P (s)lds < [II]loogy "7 + [ |R'(s)[ds.
0 t/2 t/2

Using that v = p + iwy for some k£ € N, and that pr < p; < 0, one obtains the
claim.

Abbreviating the square bracket in the above claim by C(t), we have |I,(t)| <
ﬁC(t), and the properties of h imply that C'(¢) — 0 (¢ — o0). Now

Ay = Y 1J1ryly(t)+ > 1iVIV(t),

v€o,Re(v)<0 v€o,Re(v)=0

iC®),

and the absolute value of the left sum can be estimated by ZVEJ Re(v)<0 |1+y‘ o]

which converges to zero as ¢t — oco. Recall that {V €0 | Re(v) = } = {0, Ao}
Thus, setting

Ap(t) == L ey /0 e 2%h(s) ds] et 4 L W /0 e~ osh(s) ds] erot,

we have

A(t) — Ag(t) — 0 (t — o0).

28



In the term B(t) of (5.2.1), the integrand equals h(s), so we have

The integrability condition on A implies
B(t) — 0 (t — o0).
Together, the asymptotic amplitude of oscillation is determined by the term Ag(t).

Since Ay = 47 /2 and since the oscillation amplitude of a function of the form ae®*+
ae~! (w € R) is equal to 2|a|, we conclude that

fg —zs7r/2h d
1 +im/2

We =

as asserted.

Ad c): For h as in c), one has

& (H—)\O)S . —E& . —&
€e ds = = ; )
/0 p—Ao  p—im/2

£
2 .
‘(1 +im/2)(n — Z'7T/2)‘
Comment. In view of Remark 5.1, one might (in analogy to ODEs) try to find
solutions X : R — C°([—1, 0], C) of equations of the form

so Wy The remaining statements are clear. O

(5.5) X(t)=(-n/2)X(t—-1)+H({) (t€R),

which are defined on all of R and have values in some closed subspace S of the
space C°([—1,0],C) (e.g., in one of the eigenspaces associated with a characteristic
value and its conjugate, or a finite sum of such spaces). The function H in equation
(5.5) would then be continuous from R to S. Such equations and solutions exist:
For example, take as X : R — S any C! curve in S, and read equation (5.5) as
a definition of H : R — S. Such a function H does then typically not consist of
segments of one function h: R — R, i.e.,

Ah:R—R: H(t) =h (t € R).

In other words, the inhomogeneity in equation (5.5) is not of the type that would
typically be encountered in applications.
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