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Abstract

The traveling-wave model is a popular tool for investigating longitudinal
dynamical effects in semiconductor lasers, e.g., sensitivity to delayed optical
feedback. This model consists of a hyperbolic linear system of partial differen-
tial equations (PDEs) with one spatial dimension which is nonlinearly coupled
with a slow subsystem of ordinary differential equations (ODEs). Firstly,
we prove the basic statements about the existence of solutions of the initial-
boundary-value problem and their smooth dependence on initial values and
parameters. Hence, the model constitutes a smooth infinite-dimensional dy-
namical system. Then, we exploit this fact and the particular slow-fast struc-
ture of the system to construct a low-dimensional attracting invariant manifold
for certain parameter constellations. The flow on this invariant manifold is de-
scribed by a system of ODEs which is accessible to classical bifurcation theory
and numerical tools like, e.g., AUTO.

1 Introduction

Due to their inherent speed, semiconductor lasers are of great interest for modern
optical data transmission and telecommunication technology. Typically, these ap-
plications utilize the laser in a non-stationary mode, e.g., to produce high-frequency
oscillations or pulse trains. Multi-section lasers allow to cultivate and control these
nonlinear effects by designing the longitudinal structure of the device; see, e.g., [19],
[29]. This paper focusses on the basic properties of the traveling-wave model with
gain dispersion describing longitudinal effects in semiconductor lasers as introduced
in [2], [5], [15], [25]-

Structure of the traveling-wave model This model describes the dynamics of
the laser by the interaction of two physical variables: the complex electro-magnetic
field F, roughly speaking the light amplitude, and the effective carrier density n
within the active zone of the device. The system has the structure

E= H(n)E W
i = e(1 = n — g(n)[B, B])

if we neglect noise and high-power effects. Here, F is complex and spatially resolved
in the longitudinal direction of the laser, and m describes the spatially section-
wise averaged carrier density. Hence, system (1) couples a linear system of partial



differential equations (PDEs) for E with a system of ordinary differential equations
(ODEs) for n. Furthermore, the variables E and n act on different time-scales
implying a slow-fast structure of (1). This fact is expressed by the presence of the
small parameter € which is the ratio between the averaged lifetime of a photon and
the averaged lifetime of a carrier. Finally, g is a hermitian form implying a symmetry
of (1) with respect to rotation of the complex variable E. Consequently, (1) admits
solutions of the type (E(t) = Eye™?, n(t) = const), i.e., rotating waves or stationary
lasing states.

A remark about the relation of the traveling-wave model to other models concerned
with semiconductor lasers: A very popular model for the simulation of delayed
optical feedback effects in lasers is the Lang-Kobayashi model; see [28| and references
therein. The Lang-Kobayashi system is a system of delay-differential equations
which has also the structure (1). It turns out that all results of this paper extend
to the Lang-Kobayashi system in an obvious manner (see §6).

Non-technical overview In §2 we introduce the system under consideration in
detail and specify all conditions on the parameters assumed implicitly in the follow-
ing sections.

In §3 we prove the basic statements about existence, boundedness and regularity of
solutions of the initial-boundary value problem corresponding to (1) on arbitrarily
large non-negative time intervals [0, T]. Furthermore, we prove that the solutions
depend smoothly (C*°) on initial values and all parameters. Hence, (1) constitutes
a smooth infinite-dimensional dynamical system. In this section, we consider also
inhomogeneous boundary conditions in (1) modeling optical injection into the laser.
We permit the inhomogeneity to be discontinuous in time to allow modeling of
rectangular-shape signals. This potential discontinuity prevents homogenization of
the boundary conditions [18]. However, the introduction of the inhomogeneity as
an infinite-dimensional variable (and part of E) transforms the system back into
structure (1). Then, all statements of this section are a direct consequence of the
theory of strongly continuous semigroups and an a-priori estimate exploiting the
small dissipation in (1).

In §4 we investigate the spectral properties of the operator H for fixed n extending
results of [21] and [20]. Although the cases of periodic boundary conditions and
Dirichlet type boundary conditions have to be treated separately, the fundamental
result is the same for both cases: The growth properties of the strongly continuous
semigroup generated by H are determined by the dominating eigenvalues of H which
are isolated and of finite algebraic multiplicity.

Section 5 is concerned with the construction of a finite-dimensional attracting invari-
ant manifold utilizing the slow-fast structure of (1) and the results of §3 and §4. The
result follows from the general theorems of [7], [8], [9] if we introduce appropriate
coordinates and cut-off modifications.

Finally, in §6 we explain how the system of ODEs obtained in §5 can be made



accessible to standard numerical bifurcation analysis tools like AUTO [11], and
conclude that the model reduction theorem of §5 is also valid for the Lang-Kobayashi
system.

The appendix explains the physical interpretation of the quantities appearing in the
traveling-wave model, and lists possible ranges of the parameters.

2 The traveling-wave model with nonlinear gain dis-
persion

A well known model describing the longitudinal effects in narrow laser diodes is the
traveling wave model, a hyperbolic system of PDEs coupled with a system of ODEs
[2], [15], [25].

This model has been extended by adding polarization equations to include nonlinear
gain dispersion effects [1], [2], [5], [23]. In this section we introduce the corresponding
system of differential equations and specify the fundamental assumptions on its
coeflicients.

Let 9(t,z) € C? describe the complex amplitude of the optical field split into a
forward and a backward traveling wave. Let p(t,z) € C? be the corresponding
nonlinear polarization (see appendix). Both quantities depend on time and the one-
dimensional spatial variable z € [0, L] (the longitudinal direction within the laser).
The vector n(t) € R™ represents the spatially averaged carrier densities within the
individual sections of the laser (see Fig. 1). The initial-boundary value problem
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Figure 1: Typical geometric configuration of the domain in a laser with 3 sections.

reads as follows:

8t'¢(ta z) = Uazfﬁ(t, Z) + ﬁ(n(t)’ ZW(
op(t,z) = (i%(n(t),z) — T'(n(t), 2)

t,z) —ik(2)ocp(t, 2) + p(n(t), 2)p(t, 2) (2)
) - p(t,2) + T(n(t), 2)(t, 2) (3)
)

o) = 1= " - E (G (0) - () [ 00,2000,
—gpk(nk(t)) Re ( . Y(t, 2)*p(t, z)dz) fork=1...m (4)
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accompanied by the inhomogeneous boundary conditions

Y1(¢,0) = rote(t, 0) + a(t), ¥a(t, L) = riyh(t, L) (5)
and the initial conditions
$(0,2) = 4°(2), p(0,2) = p°(2), n(0) = n’. (6)

The Hermitian transpose of a C2-vector v is denoted by 1* in (4). We will define the
appropriate function spaces and discuss the possible solution concepts in §3. The
quantities and coefficients appearing above have the following sense (see also Tab. 1
and Fig. 1):

L is the length of the laser. The laser is subdivided into m sections S of length
lr, with starting points z; for £ = 1...m. We scale the system such that [; = 1
and denote z,,1 = L. Thus, Sy = [2k, 2zk1+1]- All coefficients are supposed to be
spatially constant in each section, i.e. if z € Sk, k(2) = ki, ['(n,2) = Tr(ng),
B(n, z) = Br(nk), p(n, z) = pr(ng). The matrices o and o, are defined by

(-1 0 (01
7=\ o 1) 27 \1 o)
The model for §(n, z) = Br(ni) € C (2 € S) we use throughout the work reads

Bre(v) = dp + (1 + iag)Gr(v) — pr(v)

where d, € C, agr € R, and Redy < 0. A section Sy is either passive, then the
functions G}, and py, are identically zero, or Sy, is active. In this case, Gy, : (n,00) — R
is a smooth® strictly monotone increasing function satisfying Gy (1) = 0, G4 (1) > 0.
Its limits are lim,\ , G (V) = —00, lim,_,o G(v) = 0o where n < 0. Typical models
for G in active sections are

Gr(v) = Grlogv (n= 0)or

Gy(v)= gr-(v—1) (n= —00).
If Gy, # 0, the function p(n, z) = px(ny) is bounded for ny < 1. Moreover, we suppose
Py gy T - (0, 00) — R to be smooth and Lipschitz continuous, and I'y(v) > 1.

The coefficients ry and rz, in (5) are complex with modulus less than 1. The inho-
mogeneity «(t) is bounded but may be discontinuous in time. The variables and
coeflicients, their physical meanings, and their typical ranges are shown in Tab. 1.

Finally, we introduce the hermitian form

w09 Q) - forn () ()

!The notation smooth refers to C* throughout this paper.




and the notations

Il = ) ¥ (2)1(2)dz
) = -2 ra) (V). (2)] ©)
for v € [n, 00) and v, p € L2(]0, L]; C?). Using these notations, (4) reads

%nk = fx(nk, (¢¥,p)) for k =1...m. (9)

3 Existence and Uniqueness of Classical and Mild
Solutions

In this section, we treat the inhomogeneous initial-boundary value problem (2)-(5)
as an autonomous nonlinear evolution equation
d
—u
dt
where u(t) is an element of a Hilbert space V', A is a generator of a Cy semigroup

S(t), and g: U CV — V is smooth and locally Lipschitz continuous in an open set
U C V. The inhomogeneity in (5) is included in (10) as a component of w.

() = Au(t) + g(u(?), u(0) = uo (10)

3.1 Notation

The Hilbert space V is defined by
V :=12%([0,L};C*") x R™ x L}([0, 00); C) (11)

where L2 ([0, 00); C) is the space of weighted square integrable functions. The scalar
product of L2 ([0, 00); C) is defined by

(v,w), == Re /Ooo ¥(z) - w(z)(1 + 2%)"dz.

We choose n < —1/2 such that the space L°([0, 00); C) is continuously embedded
in 17 ([0, 00); C). The complex plane is treated as two-dimensional real plane in the
definition of the vector space V such that the standard I? scalar product (-,)y of
V' is differentiable. The corresponding components of v € V' are denoted by

v = (¢1a¢2ap1ap2ana a)'

The spatial variable in ¢ and p is denoted by z € [0, L] whereas the spatial variable
in a is denoted by z € [0,00). The Hilbert space H}l([O, 00); C) equipped with the
scalar product

(v, w)1,, = (v,w), + (0.v, O,w),
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is densely and continuously embedded in L2 ([0, c0); C). Moreover, its elements are
continuous [24]|. Consequently, the Hilbert spaces

W = H'([0,L];C*) x L?([0, L]; C*) x R™ x H] ([0, 00); C), and
WBC = {(1ﬁ,p,n,a) € W . ’lpl(O) = ?"U’lpz(O) + CL(O),’Iﬁz(L) = T'L’lﬁl(L)}

are densely and continuously embedded in V. The linear functionals 1 (0) —rgt(0)—
a(0) and ¢9(L)—rr1)1 (L) are continuous from W — R. We define the linear operator
A:Wge —V by

A (wl) ¢27p) n, CL) = (—8z¢1a 8z¢2a 07 0) aﬂ:a) .

The definition of A and Wpg¢ treat the inhomogeneity a in the boundary condition
(5) as the boundary value at 0 of the variable a. We define the open set U C V by

U:={(¢¥,p,n,a) eV :ng>nfork=1...m},
and the nonlinear function g : U — V by

B(n)y —ikoey + p(n)p
atw.pme) = | e | (12)
0

The corresponding coefficients of (2)—(4) define the smooth maps 8 : (n,00)™ —
L(L2([0, L];C?)) and p,,,T : R™ — L(L*([0, L]; C?)). The function g is contin-
uously differentiable to any order with respect to all arguments and its Frechet
derivative is bounded in any closed bounded ball B C U [12].

According to the theory of Cj semigroups, there are two solution concepts [17]:

Definition 1 Let T > 0. A solution u : [0,T] — V is a classical solution of (10) if
u(t) € WegeNU forallt € [0,T], u € C*[0,T];V), u(0) = ug, and equation (10) is
valid in V' for all t € (0,T).

The inhomogeneous initial-boundary value problem (2)-(6) and the autonomous evo-
lution system (10) are equivalent in the following sense: Suppose a € H!([0,T); C)
in (5). Let u = (¢, p,n,a) be a classical solution of (10). Then, u satisfies (2)-(3),
and (6) in L? and (4), (5) for each ¢t € [0,T] if and only if a°|p7) = . On the
other hand, assume that (1, p, n) satisfies (2)-(3), and (6) in L2 and (4), (5) for each
t € [0,T]. Then, we can choose a a’ € H;([0,00);C) such that a°| 7 = o and
obtain that u(t) = (¢¥(t), p(t), n(t),a’(t + -)) is a classical solution of (10) in [0, T].

Definition 2 Let T > 0, A be a generator of a Cy semigroup S(t) of bounded

operators in V. A solution u : [0,T] — V is a mild solution of (10) if u(t) € U for
allt € [0,T], and u(t) satisfies the variation of constants formula in V

u(t) = S(t)uo —I—/U S(t— s)g(u(s))ds. (13)



We prove in Lemma 3 that A generates a Cy semigroup in V. Mild solutions of
(10) are a reasonable generalization of the classical solution concept of (2)-(5) to
boundary conditions including discontinuous inputs o € L7 ([0, 00); C).

3.2 Global Existence and Uniqueness of Solutions for the
Truncated Problem

In order to prove uniqueness and global existence of solutions of (10), we apply the
theory of strongly continuous semigroups [17].

Lemma 3 A: Wpc CV — V generates a Cy semigroup S(t) of bounded operators
in V.

Proof: We specify the Cy semigroup S(t) explicitly. Denote the components of

S(E) (2, 49,0, n° a®) by (Y1(t, 2),va(t, 2),p(t, 2),n(t),a(t,z)) for z € [0,L], = €
[0,00), and let ¢ < L.

—t) for z>t
z) for z<t

for z< L —1t
for z>L—t

h(tz) = “
He rops(t — 2) + a’

(2
(t—
_ { ¥3(z +1)
(2L —t — 2)
0
0

)
)
)
)

e
—
&

8

= a(z +1).

For t > L we define inductively S(¢t)u = S(L)S(t — L)u. This procedure defines a
semigroup of bounded operators in V' since

a8, I + [t I + Nlalt, NI < 200+ 8)77 ([[7] + [[2]l + lla®ll)

for t < L. The strong continuity of S is a direct consequence of the continuity in
the mean in 2. It remains to be shown that S is generated by A.

Let u = (47, ¥9, p°, n°, a®) satisfy lim,_,o $(S(¢)u—u) € V, define 4 (2) := (1 (¢, 2)—
¥(2)), po = limy_o ¢¢, and let § > 0 be small. Firstly, we prove that u € Wac. ¢s
coincides with the difference quotient 1(¢{(z —t) — ¢{(2)) for t < § and z € [4, L].
Thus, 8,4 € 12([6, L]; C) exists. Furthermore oi(- +t) — @o in L2([0, L — §]; C).
Since ¢y(- +t) = $1(¥(2) — ¥)(z + t)), 0,9 exists also in L?([0, L — 6]; C). Conse-
quently ¢{ € H' ([0, L]; C). The same argument holds for 3 € H' ([0, L]; C) and for
a” € H ([0, 00); C).

In order to verify that u satisfies the boundary conditions we write

selt]: 17,0400
pi(2) = Sz et} (rofy T 08() +0:a'(Q)dC — [ Bu8(Q)d )+ (14)
5 (ro(0) + a°(0) — 94(0))



Consequently, the limit ¢, is in I2([0, L]; C) if and only if r¢%9(0)+a®(0)—7(0) = 0.
The same argument using 7 (¢ (t, z) — 93 (z)) implies r¥Y(L) — ¢9(L) = 0.

Finally, we prove that for any u € Wyc we have lim o $(S(t)u — u) = Au. Using

the notation ¢, introduced above, we have fot l0:(2)[2dz —450 0 due to (14). Hence,
Vi 0 —6Z¢? on [0,L]. Again, we can use the same arguments to obtain the
limits 8,49 and 8,a°. d

The operators S(t) have a uniform upper bound
IS < Ce™ (15)

within finite intervals [0, T]. In order to apply the results of the Cj semigroup theory
[17], we truncate the nonlinearity g smoothly: For any bounded ball B C U which
is closed w.r.t. V', we choose gg : V' — V such that gp is smooth, globally Lipschitz
continuous, and gp(u) = g(u) for all w € B. This is possible because the Frechet
derivative of g is bounded in B and the scalar product in V is differentiable with
respect to its arguments. We call

S u(t) = Au(t) + gou(®)), u(0) = ug (16)

the truncated problem (10). The following Lemma 4 is a consequence of the results
in [17].

Lemma 4 (global existence for the truncated problem)
The truncated problem (16) has a unique global mild solution u(t) for any ug € V.
If uy € Wpe, u(t) is a classical solution of (16).

Corollary 5 (local existence) Let ug € U. There ezists a ti,. > 0 such that the
evolution problem (10) has a unique mild solution u(t) on the interval [0,tc]. If
uy € Wge NU, u(t) is a classical solution of (10) in [0, tic].

3.3 A-priori Estimate — Existence of Semiflow

In order to state the result of Lemma 4 for (10), we need the following a-priori
estimate for the solutions of the truncated problem (16).

Lemma 6 Let T > 0, ug € WecNU. If n > —o0, we suppose Iy, > n for all
k=1...m. There exists a closed bounded ball B such that B C U and the solution
u(t) of the B-truncated problem (16) starting at uq stays in B for allt € [0,T)].

Proof: Let ug = (1°,p° n°,a’) € Wc N U.

Preliminary consideration
Let n, € (n,n)) be such that Gi(n.) — pe(n.) < 0 for all k = 1...m where G}, Z 0.
Let ¢t; > 0 be such that the solution of the non-truncated problem (10) u(t) =
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(¥(t),p(t),n(t),a(t)) exists in [0, ¢1], and ng(t) > n, forallk =1...mand ¢ € [0, ;].
We define the function

(E) = IR0 P + 3 ma(t) ).

Because of the structure of the nonlinearity g (linear in (¢, p)), u(¢) is classical in
[0,t1]. Hence, h(t) is differentiable and the differential equations (2) and (4) imply

d = (I 0 -1
%h(t) <J- ; (T—knk +PRedk||¢||k> < J—7 "n.—vh(t),
where
Red
S mln{Tkl, Zk:kzl...m}>0
J = Zlkfk+sup{|r0z+a0(x)|2—|z|2:z€(C,:L'E[O,T]}<oo

k=1

m
o= E Lt

k=1

Consequently, h(t) < max{h(0),y'J — v 17 n,} for all t € [0,¢;]. Since h(0) =
21|9°% + > pe; len) — Ln,, we obtain the estimate

0<h(t)<M—¢-n, (17)

where
P m
M := max {71J, 5||¢°||2 + Zlkng} , and ¢:= min{y 7" L}
k=1

do not depend on n,. Since ng(t) > n, in [0,¢;] for all £ = 1...m, the estimate (17)
for h(t) and the differential equation (3) for p imply bounds for v, p and n in [0, ¢;]:
@I < S(ne)®:=2P7(M —§-n.)

<
lp@®1 < [P’ + S(n.) (18)
S

N [n4, s+ (20) 7' PS(n.)?]

Hence, fi(n., (¥(t),p(t))) is greater than

Lo— ™ P ax [(Gi(n.) = pr(n.))©% + | px(n)|(IP°]] + S(n.))0]  (19)

Tk lk OcR
forallk=1...m and ¢ € [0, ¢].

Construction of B
Since Gi(v) —y—n —00 and pg(v) bounded for v — n, or Gy = pr = 0, we can

9



find a n, such that the expression (19) is greater than 0 for all K = 1...m. Then,
we choose B such that (¢,p,n,a) € B if ¢, p and n satisfy (18) for this n, and
a=a’(t+-)forte|0,T].

Indirect proof of invariance of B

Assume that the solution v(t) = (¢(t), p(t),n(t),a(t)) of the B-truncated problem

leaves B. The preliminary consideration and the construction of B imply that there

exists a t; such that u(t) exists in [0, 1], and, for one k € {1...m}, ng(t;) = n, and

ng(t) > n, for all ¢ € [0,¢]. Consequently, ng(t1) = fr(ni(t1), (¥(t1),p(t1))) < 0.

However, this contradicts to the construction of n, such that (19) is greater than 0.
U

Moreover, a solution u(t) starting at uy € WecNU and staying in a bounded closed
ball B C U in [0,7T] is a classical solution in the whole interval [0, 7] because of the
structure of the nonlinearity g.

The bounds (18) do not depend on the complete Wgg-norm of uy but on its V-norm
and the L>°-norm of a0|[0,T]. Hence, we can state the global existence theorem also
for mild solutions:

Theorem 7 (global existence and uniqueness)

Let T > 0, up = (¢°,p°,n°,a") € U and ||a°|pr||c < 00. If n > —o00, let Iy, > n
for all k = 1...m. There ezists a unique mild solution u(t) of (10) in [0,T].
Furthermore, if up € Wgc NU, u(t) is a classical solution of (10).

The bounds (18) do not depend on T explicitly, either. Thus, the solutions are
globally bounded if a° is bounded:

Corollary 8 (global boundedness)
Let ug = (¢°,p°, n% a") € U and ||a°||c < 00. There ezists a constant C such that
[u@)lly < C.

The next corollary is an immediate consequence of the general theory of Cy semi-
groups [17]:

Corollary 9 (continuous dependence on initial values)

Let T > 0, u} = (7,p/,n7,a7) € U, || |o1)]|lc < 00 for j = 1,2. There exists
a constant C' depending on ||u}||v, ||[udllv, [|a'|o1llocs |@*|j017|oc, and T such that
lur () — u2(B)llv < C- [Jud — us|ly.

Therefore, the nonlinear equation defines a semiflow S(¢;ug) for ¢ > 0. S is even
continuously differentiable with respect to its second argument in the following sense:

Corollary 10 (continuous differentiability of the semiflow)
Let T > 0, u® = (¢°,p% n° a") € U, ||a®|jp1||oc < o0. Let

MC,E = {(’lp:panaa) € V : ||(1, [O,T]“oo S C: ||(¢ap7 n, a’)HV S 5} .

10



Then, Mc. is a closed subset of V', and
S(t;up + h) — S(t;ug) = Si(t,0)h + oc(||h||v)

for h € Mc, for arbitrary C and sufficiently small €. Sr(t,s) is the evolution
operator of the linear evolution equation in V

d

gt =A@+ ig(u(t))v(t), v(s) = vp.

ou

This follows from the Cy semigroup theory [17] since we can choose a common ball
B for all ug + h, h € Mc,.. This result extends to C* smoothness (k > 1) since the
nonlinearity g is C*° with respect to all arguments.

The continuous dependence of the solution on all parameters within a bounded pa-
rameter region is also a direct consequence of the Cj semigroup theory. In order to
obtain a uniform a-priori estimate, we impose additional restrictions on the param-
eters: 1 —|rg| >¢ >0, 7y, —n >c¢ >0, Redp, < —¢ <0 for k =1...m, and for
active sections (g # 0), gr > ¢ > 0, for a uniform constant c.

4 Asymptotic behavior of the linear part

4.1 Introduction of a small parameter

We restrict ourselves to the autonomous system (2)-(4) in the following. The bound-
ary conditions are

¥1(t,0) = 1o1p2(t,0), o(t, L) = rpipu(t, L) (20)
in the autonomous case.

We reformulate (2)-(4) to exploit its particular structure. The space dependent
subsystem is linear in ¥ and p:

2 (‘ﬁ) _ H(n) (‘ﬁ) . (21)

The linear operator

acts from
Y = {(¢,p) € H'(]0, L]; C?) x ([0, L]; C?) : 1 satisfying (20)}

into X = L2([0, L]; C*). H(n) generates a Cy semigroup T, () acting in X. Its
coefficients k, and for each n € R™ 3(n), Q.(n), ['(n) and p(n) are linear operators

11



in ([0, L]; C*) defined by the corresponding coefficients in (2), (3). The maps
8,0, T,Q, : R™ — L(L%([0, L]; C?)) are smooth.
We observe that I} and 7, ! in (8) are approximately two orders of magnitude smaller

than 1 (see Tab. 1). Hence, we can introduce a small parameter € and set P = ¢ in
(4) such that (9) reads:

%”’“ = Ji (i, B) = e(Fr(ni) — gu(me) |2, B)) (23)

for E € X where the coefficients in Fy(n;,) = e 1 (f,—ns7; ') are of order 1. Although
¢ is not directly accessible, we treat it as a parameter and consider the limit € — 0
while keeping F} fixed. At € = 0, the carrier density n is constant. It enters the
linear subsystem (21) as a parameter. We will investigate the longtime behavior of
this linear equation throughout the rest of this section. For brevity, we drop the
argument n.

4.2 Spectral Properties of H(n)

In this section, we investigate the spectrum of the operator H(n) treating n as a
parameter.

Define the set of complex “resonance frequencies”
W={ceC:c=iQ; — I} for at least one k € {1...m}} C C

and x : C\ W — L(L*([0, L]; C*)) (see appendix for explanation and [5], [23] for
details) by

pl'
A—1Q, +T
For A € C\ W, the following relation follows from (22): A is in the resolvent set of
H if and only if the boundary value problem

x(A) = € L(IL*([0, L]; C?)) for each A € C\ W.

(60, + B —iko. + x(A) —A)p =0 with b. c. (20) (24)

has only the trivial solution ¢ = 0 in H' ([0, L]; C?). The transfer matrix correspond-
ing to (24) is

e~ Tz Ve + pr + eZW(fyk — Uk) KL (1 — 627’“2)
T, A) = —— . 25
k(z’ ) 2 < —lKg (1 - 627’“2) Yo — Uk + 627’“2(’)/1; + uk) ( )

for z € Sy where pr = A — xx(A) — Bx and v = /p2 + k2 [2], [20]. The right-
hand-side of (25) does not depend on the branch of the square root in -y, since the
expression is even with respect to 7. Denote the overall transfer matrix of (24) by
T(z1,22; A) for z1, z5 € [0, L]. The function

h(A) = (rn, —1)T(L,0; ) (7‘1°> = (r, —1)ETk(zk;,\) (7‘1°> (26)
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defined in C \ W is the characteristic function of H: Its roots are the eigenvalues
of H and R := {A € C\ W : h()\) # 0} is the resolvent set. Consequently, all
A € C\ W are either eigenvalues of H or in R, i. e., there is no essential (continuous
or residual) spectrum in C \ W. We note that max ReW < —1 for physically
sensible parameter constellations. Let ¢ € 12([0, L]; C?). We denote the solution ¢
of the inhomogeneous boundary value problem

(00, + B —iko. + x(A) = A)p +( =0 with b. c. (20) (27)

by R;(A)¢. An expression for R;(A)( is

Ry (2) = h(l)\)T(z 0: ) ( ) ro, — /T (L, 5 N)oc(s) ds—
° (28)

/ZT(Z, s;\)o((s)ds

Hence, R;()) : L2([0, L]; C?) — 1L2([0, L]; C?) is compact for A € R. The resolvent
of H, R(A\) := (\ld — H)™' : 1.2([0, L]; C*) — L2([0, L]; C*) for A € R is

¥\ ()(¢+ ,Q+F)
Rm( )‘ i [P TR (9 + 25 )| 2

which is a compact perturbation of the operator (v, p) — (0, (A — i, + T')~!p).

The following lemma provides an approximate upper bound for the real parts of the
eigenvalues.

Lemma 11 Let A € C\ W be in the point spectrum of H. Then, X is geometrically
simple, and its real part satisfies the estimate

k=1...m

r
ReA < A, := max {—%,Reﬁk —I—2pk}.

Proof: Let (1,p) be an eigenvector associated to A. Then, ¢ is a multiple of
T(z,0;A)(7), and p =T¢/(A—iQ, + ). Thus, X is geometrically simple. Partial
integration of the eigenvalue equation (24) and its complex conjugate equation yields:

2Re X <2 max (Re Br + Re xx(N)) - (30)

For Re A > —TI';/2, we get Re xx(A) < |xx(A)] < 2p. O

It turns out that we have to treat the cases ror, = 0 and r¢r; # 0 differently
for more detailed analysis of the spectrum of H and the growth properties of the
semigroup T'(t).

13



4.3 The differentiable case: ryr;, =0

According to the notations in [17], [10] we denote:

Definition 12 A Cy semigroup T'(t) is called eventually differentiable if there exists
a ty > 0 such that t — T(t)x is differentiable for all x € X and t > ty,. It is called
eventually compact if there ezists a ty > 0 such that T(t) is a compact operator for
allt > t().

Theorem 13 If rqr;, = 0 in (20), then the Cy semigroup T(t) generated by H is
eventually differentiable.

Proof: Let M, w be such that ||T'(¢)|| < Me** for all ¢ > 0. According to [17], it is
sufficient to find constants @ > 0, b > 0, and C > 0 such that

1. ROX¥:={A: bReA+log|ImA| > a}, and
2. |IR(V)|| < ClImA| for all A € 3, Re A < w.

Firstly, we prove property 1. We know that C, := {A : Re A > w} C R because of
|T(¢)|| < Me*“*. Consider the following two sets

S = {A:ImA>1}\C,
Sy = {A:ImX < -1} \ C,.
Within each of both sets, we can choose the branch of the square root for ;, satisfying

lim 7(A) = pe(A) = lim 7,(A) — A = 0. (31)

[A]—o00 [A| =00
Consider the function
h(A) = h())exp (— 'yk()\)lk>
k=

1 (32)

= (ro, =) ][ (Tults M)e ") <7‘10>

k=m

which is a multiple of the characteristic function h(A) of H. (31) implies that the
factor matrices T (A) = e %M Ty (Ix; A) of h have the form

- e 2k(X)
Tk()\):< ) 1>+Ak()\)

where all coefficients of A satisfy the inequality
|[Ap,ig(AN)] < cx|A|TTe7 2k fteA (33)

14



for some ¢, > 0 in S; and in S;. Hence, we can expand the matrix product in (32)
into a sum such that h(\) reads:

h(X) = rorp exp (i 'yk()\)lk> —1+7r(A).

k=1

The first summand is zero and the remainder r(\) is bounded by
[r(A)] < cfA| e i e (34)
for some ¢ > 0 in §; and S,. If we choose b > 2L, then
lim |A[“le2LRer — ¢

[A| =00
AEX

for any a > 0.

Thus, we can choose a sufficiently large such that ¥\ C, C §; US, and
c|A|[te 2R < 1/2 forall A€ B\ C,.

Hence, |r(\)| < 1/2, and |h()\)| > 1/2 for all A € &\ C,. Consequently, & C R.

Concerning property 2: The only term which is unbounded w.r.t. A for [A\| = oo in
the right-hand-side of (29) is R;(\). We substitute A()) = () exp (31, Lve(N))
in (28) and estimate

|Ti(2; A)| < ceeReX (35)

for all A € §; and S, due to (31). (35) and A(A) > 1/2 imply
[Ri (V)| < cem08 (36)
for all A € §; and S;. Hence, if we choose b > 3L in the definition of ¥, property 2

is also satisfied in X. O

The next theorem establishes precisely how the growth properties of the semigroup
T(t) are related to the spectrum of H.

Theorem 14 Let £ > maxReW, and denote C; := {A € C : ReX > &}, and
oy = spec H N Ce. Then, o, consists of at most finitely many eigenvalues of H.
All eigenvalues A € o, have only finite algebraic multiplicity. The space X can be
decomposed into two closed subspaces X1 @ X, invariant with respect to H and T(t)
such that

1. dim X; < oo, spec H|x, = o4 and X is spanned by the finitely many general-
ized eigenvectors of H associated to the eigenvalues of H in o, .

2. There exists a M > 0 such that ||T(t)|x,|| < Mes for allt > 0.

15



Proof: Let v € C\ C¢ be a smooth closed path around W. Since the spectrum of
H is discrete in C \ W, we can choose 7 such that v C R. Define the projectors

1

P:= — ¢ R(\)dX
21 ~

Q:= Ild— P.

These projectors decompose X into two closed subspaces Xp = Im P, and Xy =
Im @ which are invariant with respect to H. The resolvent of H|x,, QR(A), is

compact since
0
© ((,\ — i, + r)1p> =0

and R;(\) is compact. Since T'(¢) is eventually differentiable, there exists a ¢, such
that 7'(¢) is continuous with respect to ¢ in the uniform operator topology for all ¢ >
to, i.e., [|[T(t+h)—T(t)|]| —no 0 forallt > &, [17]. Thus, T'(t)|x,, is continuous with
respect to ¢ in the uniform operator topology for all £ > ¢,. Consequently, T'(t)|x, is
eventually compact, i.e., compact for ¢ > ¢, [17]. This permits us to split the closed
subspace X further: At most finitely many eigenvalues of H|x,, the generator
of T'(t)|x,, are situated in C¢, and they have at most finite algebraic multiplicity
[10]. We denote the corresponding finite-dimensional eigenspace by Xi, and its
invariant closed complement by X, . Then, the spaces X; and Xy = Xp @ X5 ¢
satisfy the assertions of the theorem: Hx, is a bounded operator, and its spectrum
outside the discrete set W is discrete. Hence, the growth of T'(¢)|x, is restricted by
|T(t)|xp|| < Meft for some M > 1 as the path v is contained in C\ C¢. Likewise,
the growth of the eventually compact semigroup 7'(t)|x, , is bounded by the spectral
bound of H|x, , which is less than & [|T(t)|x,, || < Me* for some M > 1 [10].

Ul

4.4 The hyperbolic case: ror; # 0

In order to prove a theorem similar to Theorem 14 for the case rory # 0, we treat
the operator H as a perturbation of the operator

(00, + 0 0
HO_( 0 mr—r>

defined in Y C X (see also [12], [20], [21]). The spectrum of H, consists of W and
the sequence of simple eigenvalues

IR 1
)\? =7 LX; Brlr + 3 log(rory,) + jmi| for j € Z.
The eigenvector of H, associated to )\? is
T

bg — (6(7,\3z+f02 ﬁ(z)dz)ro’ e(,\;?sz; ﬁ(z)dz), 0, 0)
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The sequence {b : j € Z} establishes a basis of L?([0, L}; C*) x {0}, i.e., there exists
an automorphism of X mapping an orthonormal basis of 1.2([0, L]; C?) x {0} onto
{85 :j ez}

Firstly, we prove an estimate for the location of the eigenvalues of H:

Lemma 15 Let ror; # 0. Then, there ezists a vertical strip S :== {A € C: Re ]\ €
[A1, Ay] such that spec H C S. There exist constants R > 0 and C > 0 such that the
following holds:

1. If X is an eigenvalue of H and |\| > R, then X is algebraically simple and there
erists a j € Z such that |A — A}| < C/|j| < m/(2L).

2. If |)\?| > R, then there is exactly one eigenvalue of H in the ball B; of radius
m/(2L) around J.

Proof: We choose the branch of the square root such that ~y;(A) — px(A) — 0 and
Y% (A) =X — 0 for |A\| — oo in the negative half-plane of C. Hence, e2*"**) —p \,
0. Consequently, the matrices

RN T (1 A) —ReAss—oo <[1) 8) -

Accordingly, the multiple of the characteristic function of H converges for Re A —
—00:

exp (Z lk'yk()\)> h(A) —=Reas oo ToTL # 0,
k=1

and this limit is uniform for Im A. Consequently, there exists a A; < 0 such that
h()\) # 0 if ReA < A;. The upper limit for the strip S has been constructed in
Lemma 11.

Consider the function

ho(A) = oy, exp (Z Bl — AL) — exp (— Zﬁklk + AL) )
k=1

k=1

The characteristic function h converges to hg within the vertical strip S for | Im A| —
00:

|h(A) — ho(A)] < C/|Tm )| for A € S and some C' > 0. (37)

The function hy has the period 27 with respect to Im A, and its roots are )\? (j € Z).
Outside of the neighborhood of the roots A}, |he| is uniformly bounded from below
within S: |hg| > ¢ > 0. Furthermore,

ho(A)) = (—=1)*'2Ly/rory # 0.

Hence, all )\? are uniformly simple roots of hy. Since h and hy are analytic in S\ W,
the convergence (37) implies the assertions 1 and 2 of the lemma. O
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Corollary 16 There exists a ball B, and constants jo > 0 and C > 0 such that
there is a one-to-one correspondence between eigenvalues of H in C\ B and the
elements of {)\] : |j| > jo}. If we denote the eigenvalue corresponding to AJ by A;,
then the eigenvector b; associated to \; satisfies

C
b — B0 < —
Io; -8 < =

if bj is scaled appropriately.

Proof: If we choose B around 0 of radius R according to Lemma 15, then we can
associate the eigenvalue of H located in the ball Byer)(A]) to AJ.

The eigenvector b of H associated to A can be scaled such that it has the form

o T(z,0;\) (’"f)

) (38)
I'(2) . 0
/\fiﬂr(z)Jrl"(z)T(z’ 0; ) < 1 >

Within the strip S, the expressions e**7%®) are uniformly bounded, and we can
choose a branch of the square root such that y5(A) — A =mmase 0, and yx(A) —
pre(A) —mase 0. Hence, the off-diagonal terms of each matrix T} are of order
O(]Im A|7), and the diagonal terms have the form e*(%—z 1 O(| Im A|1). O

We can now state a theorem similar to Theorem 14:

Theorem 17 Let rory, # 0, and £ > max{maxRe W, Re\)}. Then, the space X
can be decomposed into two closed subspaces X1 Xy which are invariant with respect
to H and have the following properties:

1. dim X; < oo, and X; is spanned by at most finitely many generalized eigen-
vectors of H.

2. There exists a M > 0 such that ||T(t)|x,|| < Mes for allt > 0.

Proof: We define the family of operators ¥ — X

- 00, + 0 —io.0k Op
o= or i, —T)°

The operator H corresponds to § = 1 and H, to § = 0. The strip S, the ball B and
the constants j, and C' from Lemma 15 and Corollary 16 can be chosen uniformly
for the family of operators Hy.

Since {b) : j € Z} is a basis of I?([0, L]; C*) x {0} [12], [21], there exists a constant
c such that for any sequence (z;) € £? the inequality ¢, |z;[* < || D27 ;b3
holds.

JEL
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We choose the constant j, sufficiently large such that Lemma 15 and Corollary 16
hold, Re \; < € for all |j| > jo, and such that

> b =B < e (39)
171> 30
Next, we define the rectifiable path +; as the border of the rectangle [A;44(Im A} +
m/(2L)), Ai+i(Im A2 —n/(2L)), Ay+i(Im X2 ; —7/(2L)), Ay+i(Im A +7/(2L))].
Thus, v, is located in the resolvent set of Hy for all § € [0, 1]. The spectral projec-

tions
Py = i (Ald — Htg)*1 d\ Qo :=1d — Py
21 -
split X into the closed subspaces Xpy = Im Py and X ¢ = Im Qy which are invariant
with respect to Hy.

Next, we will construct amap B : X — X which is injective, a compact perturbation
of Id in X and maps X¢, into X¢,; by mapping b} — b; for |j| > jo:

The projections Py and @y depend continuously on 6. Define a sufficiently fine
mesh {6; : | = 0...N} such that ||Py, — Py,_,|| < 1foralll = 1...N. Then
P+ Q1 and P_; + @Q; are automorphisms of X. Moreover, they are compact
perturbations of Id since the resolvent (Ad — Hy)™! is a compact perturbation of
the operator (,p) — (0,(A —iQ +T)"'p). Let J := [[1_y(Ps + Qq._,), and
J = H£1(Q01+P0171)- J and J are automorphisms of X, and compact perturbations
of Id. J maps injectively Xpy into Xp;, and J maps injectively Xp; into Xpy. Thus,
J is an isomorphism from Xp, onto Xp;. We define B in the following way: Let
T =i z;by + zp where zp € Xpg. Then, Bz := D li>qo Libi + Jzp. B is
injective due to (39) and since J is injective, and B is a compact perturbation of Id
[13].

Consequently, B is also surjective. Hence, it maps X¢ o onto X¢ 1, i. e. the set
{b; : 1j| > jo} establishes a L? basis of X 1. This implies that there exists a M > 0
such that [|T'()|x,, || < M since Re A; < & for all |j] > jo.

Let 5 be a smooth closed path in R encircling W, and situated in the half-plane
{A:Re A < &} and in the interior of ;. Define the spectral projection

P = i R(\) d,

271 J,,
and its image by Xyy. H|x,, is a bounded operator which has a discrete spectrum
outside of W. Hence, there exists a M > 0 such that || T'(¢)|x,, || < Me®*. Moreover,
the projections P; and P, commute, and the image of P, — P, is finite-dimensional

since the spectrum of H is discrete between the paths v; and .

Consequently, we can define X; = Im(P; — P,), and X, = X1 @ Xy to meet the
assertions of the theorem. O

The Theorems 14 and 17 assert basically the same growth properties for the semi-
group T'(t) despite the different constructions. We collect both results in the follow-
ing corollary.
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Corollary 18 Denote

£ = max{Re \), max Re W} if ror, # 0,
71 maxReW if rorp = 0.

Let &€ > &,. Then, there are at most finitely many eigenvalues of H of finite algebraic
maultiplicity in the right half-plane C¢ := {A € C : Re XA > &}. Moreover, X can be
decomposed into two T'(t)-invariant subspaces

X=X,0X_

where X | is at most finite-dimensional and spanned by the generalized eigenvectors
associated to the eigenvalues of H in C¢. There exists a constant M such that the
restriction of T(t) to X_ is bounded according to

IT()]x_ || < Me (40)

in any norm which is equivalent to the X -norm.

Remark: The eigenvalues of H can be computed numerically by solving the complex
equation h(A) = 0. The eigenvalues of Hy in C\ W form the sequence A for £ = 0,
p =0, r37% # 0 (see Theorem 17). The roots of the characteristic function h
can be obtained by continuing along the parameter path 0k, 0p, r) + 0(rq — r3),
Y +0(r, — ) for 6 € [0, 1].

5 Existence and properties of the finite-dimensional
center manifold

The results of §4 permit the application of theorems about the persistence and
properties of normally hyperbolic invariant manifolds in Banach spaces [7], [8], [9]
to the semiflow S(¢,-) generated by system (21), (23) in the following situation:

Assumption 19 Assume there ezist a £ € (&,0) according to Corollary 18 and a
simple connected compact set I C R™ with the following property:

The spectrum of H(n) can be split for all n € KC in the following manner:

spec H(n) = o.(n)Uos(n) where
Reo.(n) > 0
Reos(n) < £<0.

Due to Corollary 18, the number of elements of o.(n) is finite and, hence, constant
in IC if the eigenvalues are counted according to their algebraic multiplicity. We
denote this number by ¢q. Moreover, for each v € [£,0), there exists a bounded
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simple connected open set U, D K such that the splitting of spec H(n) can be can
be extended to U,:

spec H(n) = o.(n) U o,(n) where
Reo.(n) > 7,
Reo,(n) < ¢ for all n € U,,.

There exist spectral projections of H(n), P.(n) and P,(n) € L(X), corresponding
to this splitting. They are well defined and unique for all n € Us and depend
smoothly on n. We define the corresponding closed invariant subspaces of X by
X.(n) = Im P.(n) = ker P;(n) and X,(n) = Im P,(n) = ker P.(n). The complex
dimension of X.(n) is ¢. Let B(n) : C? — X be a basis of X.(n) which depends
smoothly on n. B(-) is well defined in U;. Using these notations, we can state the
following theorem:

Theorem 20 (Model reduction)

Let k > 2 be an integer number and Fn,.. > 0. Then, there exist a €y > 0 and
an open neighborhood U C U of K such that the following statements hold. Define
b:= max,cay ||B(n) 'P.(n)||, and the sets

B = {(E;n)eC! xR":||E| <bEmax +1,n e U} CC! xR™, and
N = {(E;n) e X XR": ||E|| < Emax,n € T} C X x R"

where Y is an arbitrary closed subset of U. For all ¢ € (0,¢,), there exists a C*
manifold C satisfying:

i. (Invariance) C is S(t,-)-invariant relative to N if € € (0,¢€p).
ii. (Representation) C can be represented as the graph of a map which maps
(E.,n,e) € Bx(0,e0) = ([B(n) +ev(E,,n,e)]E;,n) € X x R™

where v : Bx (0,e0) — L(C?; X) is C*~2 with respect to all arguments. Denote
the E-component of C by

Ex(E.n,e) =[B(n) +ev(E.n,¢e)|E. € X.

iii. (Exponential attraction) Let (E,n) be such that S(t; (E,n)) € N for allt > 0.
Then, there ezist (E.,n.) € B, M >0 and t. > 0 such that

1S(t +t; (E,n)) — S(t; (Ex(E.,ne,€),me))|| < Mest for allt > 0.  (41)

iv. (Flow) The values v(E.,n,e)E, are in' Y and their P.(n)-component is 0 for
all (E.,n,e) € B x (0,g9). The flow on C NN is differentiable with respect
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to t and governed by the following system of ordinary differential equations
(ODEs):
d 2
d—Ec = [Hc(n) +ea1(E.,n,e) + eas(E,, n,e)v(E.,n, a)] E.
t (42)

—n = eF(E.n,¢)

where

System (42) is symmetric with respect to rotation E, — E.e* and v satisfies
the relation v(e*¥ E,,n,e) = v(E,,n,¢) for all ¢ € [0,27).

Remark: The theorem is a direct consequence of the general results of [7], [8], [9]. In
this case, the invariant manifold is even finite-dimensional and exponentially stable.
The proof is mostly concerned with the proper definition of the coordinates and
describes in detail the appropriate cut-off modification of the system outside of the
region of interest to make the unperturbed invariant manifold compact. A similar
result about model reduction for systems of ODEs with the structure (1) has been
presented already by [27].

Proof:

Ezistence, representation, and smoothness

Firstly, we introduce a splitting of £ € X which is valid for n € Ug. Let n € Ug. For
any E € X, we define E. = B(n)™'P.(n)E € C? and F, = P,(n)E € X,(n). Then,
E = B(n)E. + E,, and a decomposition of (21) by B(n)™'P,(n) and P,(n) implies
that E. € C?, E, € X,(n) C X, and n € R™ satisfy the system

d
%Ec - Hc(n)Ec + all(Eca Es; ’I’L)EC + alZ(Ec; Es; n)Es (43)
d
%Es - Hs(n)Es + a21 (Ec; Es; ’I’L)EC + GQZ(EC; Es; n)Es (44)
d
pri fr(E., Es,n) fork=1...m (45)

where H.,a1; : C2 — C?, a0 : X = C?, a9 : C?7 — X, ayp : X — X, and
H,:Y — X are linear operators defined by

H,(n) = B'HP,B H,(n) = HP, — %P,
all(Eca Esa n) - _Bilpcaan alZ(Eca Esa n) = Bilanpcfps
a?l(Ec; Es; ’I’L) = _Psaan a22(Ec; Es; ’I’L) = _PcanPcfPs

fi(E., Es,n) =€ (Fr(ng) — gi(ne)[B(n)E. + E,, B(n)E. + Ej))
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for k = 1...m. We introduced the term —2¢P.E, which is 0 artificially in (44).
System (43)—(45) couples a system of ODEs in C?, an evolution equation in X, and
a system of ODEs in R™. The right-hand-side of (43)—(45) is only properly defined
as long as n stays in Uk.

In the next step, we modify system (43)—(45) such that it is globally defined and
generates a semiflow. Beforehand, we introduce some notation.

Let d : R — [0, 1] be a smooth monotone function such that

d(x):{o <0

1 =z>1.

Let v € (¢/k,0), and U be an open neighborhood of K such that clU C U,. Then,
the borders of U and U, have a positive distance, and there exists a smooth and
globally Lipschitz continuous map N : R™ — R™ such that

f U
N(n) = n orn €
eU, forng¢U.

Let T be an arbitrary closed subset of U, ¢ > 0 and

Nmax = gé?}}f In|
R = /64 (bEmay +1)2 + 102,
s(z,E.,n) = |EJ2+|n|*+2> - R®> forz € R E, €Cl,necR",
A(E.,,n) = d (|Ec|2 +|n|* — (bEpax + 1)* — nfnax) .

The functions s and A are smooth with respect to their arguments.

Consider the following modification of system (43)—(45):

d

%Ec = HC(N(’I’I,))EC + &HEC + EI,]_QES (46)
— A(Ec, n) [HC(N(’I’I,))EC + EI,HEC + &12Es + O'S(IE, Ec, ’I’I,)Ec]

d

SEy = H(N()E, + aaF, + ik, (47)

%nk (B, Ban) — ABan) [ Fo(Ba, By n) + 05(z, Bo, ) (48)

for k = 1...m, augmented by a differential equation for the dummy real variable z:

d
£$ = Q(:L', Ec) - 0'8(.’17, E., ’I’L).’E (49)

23



where

i11(Ee, Beyn) = —B(N(n)) ™ Po(N(n))8, B(N (1)) 8, N () f (Ee, Ea, )
i12(Ee, Byyn) = B(N(n)) "0, Po(N (1)), N (n) f (Ee, By, n) Po(N(n))
do1(Ee, Bs,n) = —Py(N(n))8, B(N(n))9, N (n) f (Ev, E;,n)

G23(Ee, By ) = —Po(N(1))8, Po(N(n))8, N (n) f (Ee, Es,n) Py(N(n))
folBe, Byyn) = fi(Ee, E;, N(n)) for k=1...m,

1
[~ L (|E)* + In|?)] d(|z] — 1) for |z] > 1

2z dt
0 for |z| < 1.

g(x7 EC) = {

The right-hand-side of system (46)—(49) is smooth and globally defined. It generates
a semiflow Sy(¢; (E., Es,n,z)) on C? x X x R™ x R The modification has no effect
if (E.,n) € B. The equation for & implies

. —20s1? for |z| > 2
s =
—20s[(1 —d(|z] = D))(|E:|* + [n]?) + 2?] for |z| < 2

in the vicinity of My := {(E,, E,,n, ) : s(z, E;,n) = 0}. Thus M, is an invariant
manifold of Sy which has an exponential attraction rate greater than 2¢. Moreover,
system (46)—(49) implies:

d
7

Hence, the manifold M; := {(E., Es,n,z) : P.(N(n))E, = 0} is invariant with
respect to (46)—(49). For bounded E, and E;, the rate of attraction towards M is
close to 2[&|.

PAN(n))E,) = (0uP.0N | — % 1) (P(N(n)) ).

There is a one-to-one correspondence between the semiflows S(¢;+) and Sy(t, ) in
the following sense: The map acting from

{(E., Es,n,z) € MgN My : (E,,n) € B} - X x U defined by
(E., Es,n,z) — (B(n)E.+ Es,n)

is injective and maps S, onto S. The inverse

(E,n) — (B(n)_lpc(n)E,Ps(n)E,n, V/R? — |B(n)"1P,(n)E|? — |n|2>

is properly defined in N.
At e =0, f and all a;; vanish. Hence,

C:={(E,E;,nz)ecCx X xR":E,=0,5(z, E,,n) =0}

is a smooth compact invariant manifold of (46)-(49). E, decays with a rate greater
than |£]. Hence, if 20 > ||, the attraction rate transversal to C is greater than
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|€|. The generalized Lyapunov numbers for the component of the linearization of S
tangent to C are greater or equal than v > £/k. The perturbation to nonzero ¢ is
C* small, and all derivatives of the perturbation with respect to (E., Fs,n, ), and €
up to order k are bounded uniformly for small € in the vicinity of C. Consequently,
the general theorems of [7], [8], [9] imply:

There exists an &, such that for all € € [0,¢0) there exists a compact invariant ok
manifold Cy for Sy(¢,-). Cp is a C' small perturbation of C. Hence, its F,-component
can be represented as a C* graph

E, = 770(Ec,na$,5)-

The contraction rates towards M, and M; are greater than |{| close to C. Conse-
quently, Co C My N M;. The evolution of E., E, and n does not depend on z if
(E.,n) € B. Hence, 1n9(FE.,n,z,e) does not depend on z if (E.,n) € B.

The existence of Cy and the one-to-one correspondence between S and S imply that
the manifold
C :={(B(n)E.+ny(E.,n,e),n): (E.,n) € B}

is an invariant C* manifold of S relative to A/. The flow on C is governed by

d
%EC = [H.(n) + a11(E.,no(Ee,n,€),n,€)| E.
+ QZI(EC;T]O(Ec;nﬂ 6)7”7 5)770(Ec’na5) (50)
d
- Nk = fk(Em nO(Ecy n, 5)7 n)

dt
The rotational symmetry of the semiflow S implies
(e ¥ Ee,m, €) = ny(E,, n,€) (51)

for all (E.,n,e) € B x [0,¢) and ¢ € [0, 27).

FEzxpansion of the graph n
The graph 7y satisfies

no(E.,n,0)=0  forall (E, n) € B. (52)

Furthermore, the manifold £ := {(E,n) € X x U : E = 0} is invariant with respect
to S for positive e. On &, E = 0, and ny = eFy(ng) for k = 1...m. Consequently,
ENN CC,ie.,

n(0,m,e) =0  forn €U, e € [0,¢e). (53)

Finally, we observe that the right-hand-side of (46)—(49) depends smoothly on E,
and . Exploiting the identities (52) and (53), we may expand

1
no(Ee,n,e) = /alno(sEc,n,s)dsEc
° 1,1
= 5/ / 0103m0(sE., n,re) dr dsE.. (54)
o Jo
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Denoting the double integral term in (54) by v, we obtain
no(Ee,n,e) = ev(E.,n,e)E.. (55)

We obtain the assertion iv of the theorem by inserting (55) into system (50) for the
flow on C. The invariance of v with respect to rotation of E, is a direct consequence
of (51).

FExponential attraction of C

The theorems of [7], [8], [9] imply that the set of all points z which stay in a
small tubular neighborhood of a compact normally hyperbolic invariant manifold
M for all t > 0 form a center-stable manifold which is foliated by stable fibers of
attraction rate according to the generalized Lyapunov numbers in the stable part
of the linearization of the semiflow along M. In order to map N into a small
neighborhood of C, we have to go again through the first part of the proof using a
different scaling of the coordinate F,: Redefine E; = /ePs(n)E € X,(n). Then,
E = B(n)E, + E,/+/e, and a decomposition of (21) by B(n)"'P.(n) and P,(n)
implies that E., E, and n satisfy system (43)—(45) where the coefficients a;;, and
the functions f (k = 1,...m) are slightly modified:

all(Eca Esa ’I’L) = _Bilpcaan alZ(Eca Esa ’I’L) - Bilanpcfps/é/E
&21(Ec, Esa ’I’L) = _%Psaan a22(Eca Esa ’I’L) - _Pcanpcfps

fi(Ee, Es,n) = Ve (VeFi(ny,) — gi(ni)[veB(n)E. + Ey, v/eB(n)E, + E,])

The modifications applied to system (43)—(45) to extend its domain of definition
and make it generate a semiflow can be applied to the rescaled system as well. The
rescaling changes only the coefficients a;;, and the functions i (k =1,...m) of
system (46)—(49):

a11(E., Ey,n) = =B(N(n)) " P.(N(n))8, B(N (n))3.N (n) f (Ee, E,, )
d12(Ee, By,n) = B(N(n)) '8, Po(N(n))0,N (n) f(Ec, By, n) P,(N(n))/V/e
az1 (B, Es,n) = —v/ePy(N(n )) B(N(n))3.N(n) f(E., Eq,n)

G2 (Ee, Es,n) = —Pe(N(n))0, Po(N(n))0, N (n) f (EcaEsan) 5(N(n))
fi(Ee, Egyn) = fio(E., Ey,N(n)) for k=1.

This rescaled version of system (46)—(49) generates a semiflow Sy/(t;-) which is
equivalent to Sy for e # 0 At ¢ = 0, a;; and f still vanish such that 51/4 has also
the exponentially attractive invariant manifold C for ¢ = 0. The perturbation to
nonzero ¢ is C' small, too. (However, it is of lower order of e.) Hence, we may
adjust gy such that the manifold C persists under perturbation to e € (0, &) for S,
and 51/4 Denote the perturbed invariant manifold for 51/4 by 01/4 The graph 7, /4

representing the E, component of C1/4 as a function of (E,,n) in B satisfies
771/4(Eca n, 5) = %UO(ECJ n, 5) fore € (Oa 50) (56)
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because the persisting invariant manifold is unique in a neighborhood of C, and
So and Sy/4 are equivalent. The manifold C satisfies: (E,n) € C if and only if
(Ee,n) € Band E = B(n)E. + mya(Ec, n,€)/v/e.

Let (E,n) be such that S(t; (E,n)) € N for all £ > 0. Then, the corresponding
trajectory of Sy4 is

(Ec(t) = B(n(t) ™" P(n(t)) E(t), E,(t) = VePi(n(t)) E(t), n(t),
z(t) = VR — | B(n(t)) " Pe(n(t)) E(t)]? - In(t)|2) :

It satisfies |E.(t)| < bEmax, n(t) € T, and || Es(t)|| < /e max,ey || Ps(n)|| Fuax for all
t > 0. Consequently, (FE,(0), E5(0),n(0),z(0)) is in a small tubular neighborhood of
Cy/4 for all t > 0. Hence, it is in the center-stable manifold of Cy 4 if € is sufficiently
small. The existence of stable fibers for the center-stable manifold of él /4 and the
contraction rate greater than |£| transversal to C, /4 imply that there exist a constant
M > 0 and a trajectory (E(t), EX(t),n*(t),z*(t)) € C1/4 such that

I(Ee(t), Ba(t), n(t), 2(t)) — (B2 (1), By (1), (£), 2" (1))]] < Me.

Denote the distance between Y and the border of U by § (§ > 0). Let ¢t. > 0 be
such that Meft < min{4, 1} for all ¢ > t.. Then, ||E!(t)|| < bEmax + 1 and n*(t) € U
for all t > t.. Consequently (E}(t),n*(t)) € B, and E}(t) = mi4(E£:(t),n*(t),e) for
all ¢ > t.. Hence, we may choose E. = E*(t.) and n. = n*(t.) to meet assertion iii
of the theorem. O

6 Conclusions and generalizations

Mode approximation The graph of the center manifold enters the description
(42) of the flow on C only in the form O(e®)v. All other terms appearing in (42) can
be expressed analytically as functions of the eigenvalues of H(n). Systems of the
form (42) but replacing v by 0 are called Mode approzimation models. These models
are implicit systems of ordinary differential equations because the eigenvalues of H
are given only implicitly as roots of the characteristic function h of H. The con-
sideration of mode approximations has proven to be extremely useful for numerical
and analytical investigations of longitudinal effects in multi-section semiconductor
lasers because the dimension of system (42) is typically low (g is often either 1 or
2); see, e.g., [2], [3], [4], [6], [22], [26], [29], [31]-

The Lang-Kobayashi system There is an obvious generalization of Theorem
20 to another class of laser models. A very popular model for the investigation
of delayed optical feedback effects in semiconductor lasers is the Lang-Kobayashi
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system [14]; see, e.g., [28] and references therein. It reads

%E(t) = (1 +i)nE(t) + ne*B(t — 1)

%n(t) = ¢ (F(n) —g(n)|E(t))

if its scaling is appropriate to the situation of a short external cavity [30]. System
(57) generates a semiflow on the Banach space C([—1,0];C) x R and has also the
structure (1). The parameters have the same sense as in (2)—(4) (we have dropped
the indices since there is only one section). The parameter ¢ is small if the external
cavity is short. The operator H is a delay operator in (57). According to [10], Corol-
lary 18 is also valid for the delay operator H (&, is —oo in Corollary 18). Moreover,
the cut-off modification performed in the proof of Theorem 20 manipulates only
the finite-dimensional components E. and n. Hence, the proof does not rely on the
ability to cut-off a smooth map smoothly in the infinite-dimensional space X which
is the Hilbert space L?([0, L]; C*) in §5 but a Banach space for system (57). The
only property of the operator H(n) used in the proof is the existence of a spectral
splitting according to Assumption 19 accompanied by the results of Corollary 18,
and the smooth dependence of the dominating subspace X, on n. Consequently, if
Assumption 19 is satisfied, Theorem 20 applies to (57) as well. The set K supposed
to exist in Assumption 19 is a point ng in R (typically referred to as threshold carrier
density) in the case of a scalar n.

(57)

There are other models in the spirit of (57) for different experimental situations,
e.g., for lasers subject to dispersive feedback or for two lasers interacting with each
other. All have the structure of (1) where H is a delay operator smoothly depending
on n, and ¢ is small if the external cavity is short. Hence, Theorem 20 allows to
reduce these models locally to low-dimensional systems of ODEs.

A Physical background of the traveling-wave equa-
tions and discussion of typical parameter ranges

System (2)—(4) is well-known as traveling wave-model describing longitudinal dy-
namical effects in semiconductor lasers (see [5], [15], [25] for further references).
Results of numerical simulations have been presented in [2], [4], [5], [6], [19]

The quantities 1) and p describe the complex optical field F in a spatially modulated
waveguide:

E(T_", t) = E(:E, y) . (¢1 (t, Z)eiwot*%z + ¢2(t, Z)ei“’OH%z),

The complex amplitudes 9, 2(t, z) are the longitudinally slowly varying envelopes
of E. The transversal space directions are x and y, the longitudinal direction is z,
and 7 = (z,y, z). For periodically modulated waveguides, A is longitudinal modu-
lation wavelength. The central frequency is wq/(27), and E(z,y) is the dominant
transversal mode of the waveguide.
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| typical range |

explanation

P(t, z) C? optical field,
forward and backward traveling wave
i-p(t,z) C? nonlinear polarization
n(t) (n, 00) spatially averaged carrier density in section S;
Im 3} R frequency detuning
Re3Y <0, (-10,0) decay rate due to internal losses
ag (0,10) negative of line-width enhancement factor
g1 ~1 differential gain in S
K (—10,10) real coupling coefficients for the optical field v
Pk [0,1) maximum of the gain curve
Ty 0(10?) half width of half maximum of the gain curve
Qo 0(10) resonance frequency
I 0(1072) current injection
Tk 0(10%) spontaneous lifetime for the carriers
P (0, 00) scale of (¢, p) (can be chosen arbitrarily)
ro, ' | C, |rol,|rn] <1 | facet reflectivities

Table 1: Ranges and explanations of the variables and coefficients appearing in (2)-(12).
See also [5], [23] to inspect their relations to the originally used physical quantities and
scales.

The equation £ = H(n)E (see §1) for an uncoupled waveguide (k = 0), a mono-
chromatic light-wave in forward direction e*!);(z) and a constant carrier density n
imply a spatial shape of the power |¢;|? according to

0:|11(2)* = (2Re B(2) + 2 Re x(iw, 2))[¢1(2) "

(58)

where

p(2)L'(2)

iw— i (2) + T(2) (59)

x(iw, z) =

2 Re x(iw, 2)) is a Lorentzian intended to fit the gain curve of the waveguide material.
Hence, E=HE produces gain dispersion, i. e., the spatial growth rate of the wave
e™t1h(2) depends on its frequency w. The variable p(t, z) reports the internal state
of the gain filter. See [5], [23] for more details. The Lorentzian gain filter is also
used by [1], [15], and [16]. Since the coefficients p, I', and Q are supposed to be
spatially section-wise constant, x(A, z) = xx(A) for z in section Sy, for k =1...m.

The equation (4) is a rate equation for the spatially section-wise averaged carrier
density. It accounts for the current Iy, the spontaneous recombination —ny /7y, and
the stimulated recombination. See table 1 for typical ranges of the quantities.
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