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Geometric singular perturbation theory
for stochastic differential equations

Nils Berglund and Barbara Gentz

Abstract

We consider slow—fast systems of differential equations, in which both the slow and
fast variables are perturbed by additive noise. When the deterministic system admits
a uniformly asymptotically stable slow manifold, we show that the sample paths of the
stochastic system are concentrated in a neighbourhood of the slow manifold, which
we construct explicitly. Depending on the dynamics of the reduced system, the re-
sults cover time spans which can be exponentially long in the noise intensity squared
(that is, up to Kramers’ time). We give exponentially small upper and lower bounds
on the probability of exceptional paths. If the slow manifold contains bifurcation
points, we show similar concentration properties for the fast variables corresponding
to non-bifurcating modes. We also give conditions under which the system can be
approximated by a lower-dimensional one, in which the fast variables contain only
bifurcating modes.

Date. March 30, 2002.
2000 Mathematical Subject Classification. 37H20, 34E15 (primary), 60H10 (secondary)
Keywords and phrases. Singular perturbations, slow—fast systems, invariant manifolds, dynamic

bifurcations, stochastic differential equations, first-exit times, concentration of measure.

1 Introduction

Systems involving two well-separated timescales are often described by slow—fast differential
equations of the form

E:& = f(miyig)i
v=g9(z,y,¢),

(1.1)

where € is a small parameter. Since  can be much larger than g, z is called the fast variable
and y is called the slow variable. Such equations occur, for instance, in climatology, with
the slow variables describing the state of the oceans, and the fast variables the state of
the atmosphere. In physics, slow—fast equations model in particular systems containing
heavy particles (e.g. nuclei) and light particles (e.g. electrons). Another example, taken
from ecology, would be the dynamics of a predator—prey system in which the rates of
reproduction of predator and prey are very different.

The system (1.1) behaves singularly in the limit € — 0. In fact, the results depend
on the way this limit is performed. If we simply set € to zero in (1.1), we obtain the
algebraic—differential system

— f(miyi 0)7

0
y:g(m,y,O). (1‘2)



Assume there exists a differentiable manifold with equation ¢ = z*(y) on which f = 0.
Then z = z*(y) is called a slow manifold, and the dynamics on it is described by the
reduced equation

y=9(z"(v),9,0). (1.3)

Another way to analyze the limit € — 0 is to scale time by a factor 1/e, so that the
slow—fast system (1.1) becomes

' = f(z,y,¢),
, f(z,y,¢) (1.4)
y =¢eg(z,y,¢).
In the limit € — 0, we obtain the so-called associated system
m’ - m’ 70 ?
, f(z,y,0) (1.5)
y =0,

in which y plays the réle of a parameter. The slow manifold z = z*(y) consists of equilib-
rium points of (1.5), and (1.4) can be viewed as a perturbation of (1.5) with slowly drifting
parameter y.

Under certain conditions, both the reduced equation (1.3) and the associated sys-
tem (1.5) give good approximations of the initial slow-fast system (1.1), but on different
timescales. Assume for instance that for each y, z*(y) is an asymptotically stable equilib-
rium of the associated system (1.5). Then solutions of (1.1) starting in a neighbourhood
of the slow manifold will approach z*(y) in a time of order ¢|loge|. During this time in-
terval they are well approximated by solutions of (1.5). This first phase of the motion is
sometimes called the boundary-layer behaviour. For larger times, solutions of (1.1) remain
in an e-neighbourhood of the slow manifold, and are thus well approximated by solutions
of the reduced equation (1.3). This result was first proved by Gradstein [15] and Tihonov
[26].

Fenichel [11] has given results allowing for a geometrical description of these phenomena
in terms of invariant manifolds. He showed, in particular, the existence of an invariant
manifold

r=1Z(y,¢), with Z(y,e) = z*(y) + O(e), (1.6)

for sufficiently small €, whenever z*(y) is a family of hyperbolic equilibria of the associated
system (1.5). The dynamics on this invariant manifold is given by the equation

¥ =9g(2(y,€),9,¢€), (1.7)

which can be treated by methods of regular perturbation theory, and reduces to (1.3) in
the limit € — 0. In fact, Fenichel’s results are more general. For instance, if z*(y) is a
saddle, they also show the existence of invariant manifolds associated with the stable and
unstable manifolds of z*(y). See [17] for a review.

New, interesting phenomena arise when the dynamics of (1.7) causes y to approach a
bifurcation point of (1.5). For instance, the passage through a saddle-node bifurcation,
corresponding to a fold of the slow manifold, produces a jump to some other region in phase
space, which can cause relaxation oscillations and hysteresis phenomena (see in particular
[24] and [16], as well as [21] for an overview). Transcritical and pitchfork bifurcations
generically lead to a smoother transition to another equilibrium [20, 19], while the passage
through a Hopf bifurcation is accompanied by the delayed appearance of oscillations [22,



23|. There exist many more recent studies of what has become known as the field of
dynamic bifurcations, see for instance [4].

In many situations, low-dimensional ordinary differential equations of the form ¢ =
f(z) are not sufficient to describe the dynamics of the system under study. The effect of
unknown degrees of freedom is often modelled by noise, leading to a stochastic differential
equation (SDE) of the form

dCEt = f(CEt) dt + O'F(Cﬂt) th, (18)

where ¢ is a small parameter, and Wy denotes a standard, generally vector-valued Brownian
motion. On short timescales, the main effect of the noise term oF(z:)dW; is to cause
solutions to fluctuate around their deterministic counterpart, but the probability of large
deviations is very small (of the order e_“""’t/"Z). On longer timescales, however, the noise
term can induce transitions to other regions of phase space.

The best understood situation is the one where f admits an asymptotically stable equi-
librium point z*. The first-exit time 7(w) of the sample path z;(w) from a neighbourhood
of * is a random variable, the characterization of which is the object of the ezit problem. If
f derives from a potential U (i.e., f = —VU) of which z* is a local minimum, the asymp-
totic behaviour of the typical first-exit time for o < 1 has been long known by physicists:
2H/"2, where H is the height of the lowest potential barrier separating z*
from other potential wells. A theory of large deviations generalizing this result to quite
a large class of SDEs has been developed by Freidlin and Wentzell [14]. More detailed
information on the asymptotics of the expected first-exit time, and on the distribution of
7, has been obtained, see in particular [2, 12, 9].

The more difficult problem of the dynamics near a saddle point has been studied in [18]
and in [10]. The situation where f depends on a parameter and undergoes bifurcations
has not yet been studied in that much detail. An approach based on the notion of random
attractors [25, 1, 8] gives information on the limit £ — oo, when the system has reached a
stationary state. Note, however, that the time needed to reach this regime, in which (in
the gradient case) z; is most likely to be found near the deepest potential well, may be
very long if the wells are separated by barriers substantially higher than o2. The dynamics
on intermediate timescales, known as the metastable regime, is not yet well understood in
the presence of bifurcations.

In this work, we are interested in the effect of additive noise on slow—fast systems of
the form (1.1). Such systems have been studied before in [13], using techniques from large
deviation theory to describe the limit ¢ — 0. Here we use different methods to give a
more precise description of the regime of small, but finite noise intensity, our main goal
being to estimate quantitatively the noise-induced spreading of typical paths, as well as the
probability of exceptional paths. We will consider situations in which both the slow and
fast variables are affected by noise, with noise intensities taking into account the difference
between the timescales. In (1.8), the diffusive nature of the Brownian motion causes paths
to spread like ov/¢. In the case of the slow—fast system (1.1), we shall choose the following
scaling of the noise intensities:

it is of order e

1 o
dz, = - dt + —F dWw,
It gf(mtiytig) + \/E (CEt,yt,E') t) (19)

dy: = g(@¢, ye, €) dt + 0'G (@4, yr, €) AW

In this way, 02 and (¢')? both measure the ratio between the rate of diffusion squared and
the speed of drift, respectively, for the fast and slow variable. We consider general finite-



dimensional z € R™ and y € R™, while W; denotes a k-dimensional standard Brownian
motion. Accordingly, F and G are matrix-valued functions of respective dimensions n X &
and m x k. We consider €, o and ¢’ as small parameters, and think of o and ¢’ as functions
of . We limit the analysis to situations where ¢’ does not dominate o, i.e., we assume
o' = po where p may depend on € but is uniformly bounded above in €.

We first consider the case where the deterministic slowfast system (1.1) admits an
asymptotically stable slow manifold z*(y). Our first main result, Theorem 2.4, states that
the sample paths of (1.9) are concentrated in a “layer” surrounding the adiabatic manifold
Z(y,¢€), of the form

B(h) = {(z,y): ((z - Z(y,€)), X (y,€) (= — Z(y,¢))) < h*} (1.10)

up to time ¢, with a probability behaving roughly like (¢?/¢) e~h /207 g long as the paths
do not reach the vicinity of a bifurcation point. The matrix X (y,¢€), defining the elliptical
cross-section of the layer, is itself a solution of a slow—fast system, and depends only on
the values of F and 8,f on the slow manifold. In particular, X (y,0) is a solution of the
Liapunov equation

A ()X + X A*(y)" + F(z*(y),y,0)F(z*(y),y,0)" = 0, (1.11)

where A*(y) = 0. f(2*(y),y,0). For instance, if f derives from a potential U, —A* is the
Hessian matrix of U at its minimum, and B(h) is more elongated in those directions in
which the curvature of U is smallest.

Theorem 2.5 gives a more detailed description of the dynamics inside B(h), by show-
ing that paths (z¢, y:) are concentrated in a neighbourhood of the deterministic solution
(zget, ydet) at least up to times of order 1. The spreading in the y-direction grows at a rate
corresponding to the finite-time Lyapunov exponents of the deterministic solution.

Next we turn to situations where the deterministic solution approaches a bifurcation
point of the associated system. In this case, the adiabatic manifold Z(y, ) is not defined
in general. However, by splitting z into a stable direction z~ and a bifurcating direction
z, one can define a (centre) manifold £~ = Z7(z,y, €) which is locally invariant under the
deterministic flow. Theorem 2.7 shows that paths of the stochastic system are concentrated
in a neighbourhood of 27 (z,y,€). The size of this neighbourhood again depends on noise
and linearized drift term in the stable ™ -direction.

In order to make use of previous results on the passage through bifurcation points for
one-dimensional fast variables, such as [7, 5, 6], it is necessary to control the deviation
between solutions of the full system (1.9), and the reduced stochastic system obtained
by setting = equal to Z7(z,y,€). Theorem 2.8 provides such an estimate under certain
assumptions on the dynamics of the reduced system.

We present the detailed results in Section 2, Subsection 2.2 containing a summary of
results on deterministic slow—fast systems, while Subsection 2.3 is dedicated to the random
case with a stable slow manifold and Subsection 2.4 to the case of bifurcations. Sections 3
to 5 contain the proofs of these results.
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2 Results

2.1 Preliminaries

Let D be an open subset of R™ X R™ and gg a constant. We consider slow—fast stochastic
differential equations of the form

1 o
dz, = - dt + —F dWw,
It gf(mtiytig) + \/E (CEt,yt,E') t) (21)

dy: = g(z¢, ys,€) dt + 0'G(z¢, ys, €) AWy,

with drift coefficients f € C?(D x [0,&0),R™) and g € C%(D x [0,&0),R™), and diffusion
coefficients F' € C}(D x [0,&0),R™**¥) and G € C}(D x [0, &0), R™*F).

We require that f, g, and all their derivatives up to order 2 are uniformly bounded in
norm in D x [0, &o), and similarly for F', G and their derivatives. We also assume that f
and g satisfy the usual (local) Lipschitz and bounded-growth conditions which guarantee
existence and pathwise uniqueness of a strong solution {(z, y¢)}exe, of (2.1).

The stochastic process {Wt}t>0 is a standard k-dimensional Brownian motion on some
probability space (2, F,P). Initial conditions (zo,yo) are always assumed to be square-
integrable with respect to P and independent of {W;}:50. Our assumptions on f and g
guarantee the existence of a continuous version of {(z, yt)}tzo- Therefore we may assume
that the paths w — (z¢(w), y:(w)) are continuous for P-almost all w € Q.

We introduce the notation P#:(#0:%) for the law of the process {(z, Yt) }ext,, starting
in (2o, yo) at time ¢g, and use Eto:(z0:%0) o denote expectations with respect to Pto:(%o%0),
Note that the stochastic process {(z, y¢) }¢>t, is a time-homogeneous Markov process. Let
A C D be Borel-measurable. Assuming (zo,yo) € A, we denote by

TA= inf{t >0: (ze,y1) ¢ A} (2.2)

the first-exit time of (z,y:) from A. Note that 74 is a stopping time with respect to the
filtration of (€, F,P) generated by the Brownian motion {W;}:»o.
Throughout this work, we use the following notations:

e Let a, b be real numbers. We denote by [a], a Ab and a V b, respectively, the smallest
integer greater than or equal to a, the minimum of ¢ and b, and the maximum of a
and b.

e By g(u) = O(u) we indicate that there exist § > 0 and K > 0 such that g(u) < Ku
for all w € [0, 6], where § and K of course do not depend on ¢, ¢ or o’

e We use ||z|| to denote the Euclidean norm of z € R %, while ||A|| stands for the corre-
sponding operator norm of a matrix A € R%X%_ If A(t) is a matrix-valued function
defined for ¢ in an interval I, we denote by ||A||; the supremum of ||A(¢)]| over t € I,
and often we write || 4| if the interval is evident from the context.

e For a given set B, we denote by 1p the indicator function on B, defined by 1g(z) = 1,
if z € B, and 1g(z) = 0, otherwise.

e fR"XR™3 (z,y) — f(z,y) € R%is differentiable, we write 0, f(z,y) and 8, f(z, y)
to denote the Jacobian matrices of z — f(z,y) and y — f(z,y), respectively.



2.2 Deterministic stable case

We start by recalling a few properties of deterministic slow—fast systems of the form

65& — f(miyig)i

y:g(m,y,s). (2‘3)

Definition 2.1. Let Dy C R™ and assume that there exists a (continuous) function z* :
Do — R™ such that

o (z*(y),y) € D for all y € Dy,
b f(m*(y):y: 0) =0 for all y € Do.
Then the set {(z,y): ¢ = z*(y),y € Do} is called a slow manifold of the system (2.3).
Let A*(y) = 0:f(z*(y),v,0). The slow manifold is called

e hyperbolic if all eigenvalues of A*(y) have nonzero real parts for all y € Dy;

e uniformly hyperbolic if all eigenvalues of A*(y) have real parts uniformly bounded away
from zero (for y € Dy);

e asymptotically stable if all eigenvalues of A*(y) have negative real parts for ally € Do;

e uniformly asymptotically stable if all eigenvalues of A*(y) have negative real parts,
uniformly bounded away from zero for y € Dy.

Gradstein [15] and Tihonov [26] have shown that if z* represents a uniformly hyperbolic
slow manifold of (2.3), then the system (2.3) admits particular solutions which remain
in a neighbourhood of order € of the slow manifold. If, moreover, the slow manifold is
asymptotically stable, then the solutions starting in a neighbourhood of order 1 of the slow
manifold converge exponentially fast in ¢/e to an e-neighbourhood of the slow manifold.

Fenichel [11] has given extensions of this result based on a geometrical approach. If (2.3)
admits a hyperbolic slow manifold, then there exists, for sufficiently small ¢, an invariant
manifold

y=Z(y,e) = z*(y) + O(e), y € Do. (2.4)

Here invariant means that if yo € Do and zg = Z(yo,€), then z; = Z(y:,€) as long as ¢ is
such that ys € Do for all s < ¢t. We will call the set {(Z(y,€),y):y € Do} an adiabatic
manifold. It is easy to see from (2.3) that Z(y, ) must satisfy the PDE

e0yz(y,€)9(z(y,€),y,€) = f(z(y,¢€),9,€). (2.5)

The local existence of the adiabatic manifold follows directly from the centre manifold
theorem. Indeed, we can rewrite System (2.3) in the form

m’ = f(miyi 6)7
y' =eg(z,y,¢), (2.6)
e =0,

where prime denotes derivation with respect to the fast time ¢/e. Any point of the form
(z*(y),y,0) with y € Dg is an equilibrium point of (2.6). The linearization of (2.6) around
such a point admits 0 as eigenvalue of multiplicity m + 1, the n other eigenvalues being
those of A*(y), which are bounded away from the imaginary axis. The centre manifold
theorem implies the existence of a local invariant manifold z = Z(y, ). Fenichel’s result
shows that this manifold actually exists for all y € Dq.



Being a centre manifold, the adiabatic manifold is not necessarily unique (though in the
present case, Z(y, 0) = z*(y) is uniquely defined). Nevertheless, Z(y, €) has a unique Taylor
series in y and €, which can be obtained by solving (2.5) order by order. The dynamics on
the adiabatic manifold is described by the so-called reduced equation

¥ =9(2(y,€),9,€) = 9(z*(y),4,0) + O(e). (2.7)

If z*(y) is uniformly asymptotically stable, Z(y, €) is locally attractive and thus any solu-
tion of (2.3) starting sufficiently close to Z(y,€) converges exponentially fast to a solution
of (2.7).

2.3 Random stable case

We turn now to the random slow—fast system given by the stochastic differential equation

1 o
dz, = - dt + —F dWw,
It gf(mtiytig) + \/E (CEt,yt,E') t) (28)

dy: = g(2¢, ys, €) dt + 0'G (24, ys, €) AW,
where we will assume the following.

Assumption 2.2. For ¢ = ¢/ = 0, System (2.8) admits a uniformly hyperbolic, asymp-
totically stable slow manifold z = z*(y), y € Do.

By Fenichel’s theorem, there exists an adiabatic manifold z = Z(y,¢) with Z(y,0) =

z*(y), y € Do. We fix a particular solution (zd<t, yd®t) = (Z(yd®,€), yft) of the deter-

ministic system. (That is, y¢* satisfies the reduced equation (2.7).) We want to describe

the noise-induced deviations of the sample paths (z¢,y¢)¢»0 of (2.8) from the adiabatic
manifold.
It turns out to be convenient to use the transformation

Ty = 5E(ytd'st + 1, €) + &,

Y = Y5 + 7,

which yields a system of the form
dé, = Lf (&, mirt,e) dt + B0 m, t,€) AW,
t — e IR/ X2 \/E 6Tty 4y ty (210)
dnt - g(ft: Tits t: E) dt + UIG(Eta Tt t: E) th:

where the new drift and diffusion coefficients are given by

F&mt )= FEYE +me) + &40 + m,6)

— 8,z (Y5 + 1, €)g(Z(ys™* + m€) + £, ¥5 + m,¢),
F(¢,n,t,e) = F(&(y + n,e) + & 47" +7,¢)

— pVEBYT (Y™t + 1,6)G(&(ys™* + m,€) + & ¥t + m,€),
(& mt,e) = g(Z(y" + m,€) + &, y5 + m,€) — g(B(y5™, €), ", ),

g
G(&,m,t,€) = G(T(y8 + 1,€) + &,y + 7, €). (2.11)



Note that because of the property (2.5) of the adiabatic manifold, f(O, 0,t,e) = 0. We
introduce the notation

A(ySEt’E;) = aff(oi 0: t,E) (2.12)
= Ou f(2(yi™",€), i €) — eBy B (™", €) g (2 (yi™ €), 4", €)

for the linearization of f at the origin. Note that for ¢ = 0, we have A(yf*,0) =
0x f(Z(ydet, 0), ydet, 0) = A*(yg®), so that by Assumption 2.2, the eigenvalues of A(yget, )
have negative real parts for sufficiently small ¢.

One of the basic ideas of our approach is to compare the solutions of (2.10) with those
of the “linear approximation”

1 . o c
déf = EA(yfl ' e)€ dt + %Fo(yf1 !, e) W,

dyset = g(Z(yi, €), yit, €) dt,

(2.13)

-~

where Fo(yg®, ) = F(0,0,t,¢). Note that the definition of the adiabatic manifold implies
Fo(y,0) = F(z*(y),y,0). For fixed ¢, £ is a Gaussian random variable with covariance

matrix )

¢
Cov(f?) = %/ U(t,s)Fo(ySEt,E)Fo(ySEt,e)TU(t,s)Tds, (2.14)
0

where U(t, s) denotes the principal solution of the homogeneous system g€ = A(ydet e)€.
We now observe that c=2Cov(¢)) is the X-variable of a particular solution of the
slow—fast system

eX = A(y,e)X + X A(y,e)T + Fo(y,e)Fo(y,e)7T,

. (2.15)
y=9(2(y,€),y,¢)-
This system admits a slow manifold X = X™*(y), given by the Liapunov equation
A ()X (y) + X" () A*(y)" + Fo(y, 0)Fo(y, 0)" = 0, (2.16)
which is known [3] to admit the (unique) solution
X*(y) = /0 " 4" Fy(y, 0)Fo(y, 0)7 A" 0" ds. (2.17)

Moreover, the eigenvalues of the operator X — AX 4+ X AT are exactly a;+a;,1<1,7<n,
where a; are the eigenvalues of A. Thus the slow manifold X = X*(y) is uniformly
asymptotically stable (for small enough €), so that Fenichel’s theorem shows the existence
of an adiabatic manifold

X =X(y,e) = X"(y) + O(e). (2.18)
Note that X (yd®*, €) is uniquely determined by the “initial” value X (y$<t, £) via the relation

_ _ 1t _ . . _
X(,0) = U0 [ X080 + L [ U0 Fului ) Falyi, &)U () s U0,

(2.19)
where U(t) = U(t,0) and U(s)~T = [U(s)~}]T.



We now introduce the set

B(h) = {(:c,y): y € Dy, ((:c — Z(y,€)), X (y,6) Yz - :E(y,s))> < hz}, (2.20)

assuming that X (y,¢) is invertible for all y € Dg. The set B(h) is a “layer” around the
adiabatic manifold z = Z(y,€), with ellipsoidal cross-section determined by X (y,¢). For
fixed ¢, the solution £ of the linear approximation (2.13) is concentrated (in density) in
the cross-section of B(c) taken at y;. Our first main result (Theorem 2.4 below) gives
conditions under which the whole sample path (z,y:) of the original equation (2.8) is
likely to remain in such a set B(h). By

Tg(h) = inf{t > 0: (z+,y:) € B(h)} (2.21)
we denote the first-exit time of the sample path (z¢, y¢) from B(h).

Remark 2.3. Fix y for the moment. If X*(y)~! is bounded, then X (y,e)~! is bounded
for sufficiently small e. A sufficient condition for X*(y)~! to be bounded is that the
symmetric matrix Fo(y, 0)Fo(y, 0)T be positive definite. This condition is, however, by no
means necessary. In fact, X*(y) is singular if and only if there exists a vector z # 0 such
that

Fo(y,0)Te 4@ z =0 Vs3>0, (2.22)

which occurs if and only if
Fo(y,0)T(A* ()2 =0 VE=0,1,2,... (2.23)
i.e., when the kernel of Fo(y,0)T is invariant under A*(y).

Theorem 2.4. Assume that || X (y,¢)|| and | X (y,e)7 Y| are uniformly bounded in Dy.
Choose a deterministic initial condition yo € Do, zo = Z(Yo,€), and let

Tp, = inf{s > 0: y, ¢ Do}. (2.24)

Then there exist constants €q, Ao, ho > 0 (independent of the chosen initial condition yo)
such that for all e < €9, A < Ao, h < hg, and all 0 < v < 1/2, the following assertions
hold.

(a) The upper bound: For allt > 0,

h2
IEI>0,(z0,yO){’I—B(h) <tATP} < C:,m,'y,A(t:g)ﬁe_n-l-hZ/GZ: (2.25)
where
kT =v[1— O(h) — O(A) — O(e™ ™!/ /(1 - 27))] (2.26)
and ( )2
1+¢ n n m
Cmmn (66) = 5 [(L—2y) " 4 e/ e/ ). (2.27)

(b) The lower bound: There exists to > 0 of order 1 such for allt > 0,

PO {1y < £} > Cpnlt,e, hya) e W/ (2.28)
where )
K= [1+ O(h) + Oecomst(trto)/e)] (2.29)
and
Com(t €, Ry o) =1 — (en/4 44 em/4) o—r R/ (20%) (2.30)



(¢) General initial conditions: There exist &g > 0 and a time t; of order ellogh| such
that for all § < do, all initial conditions (zo,yo) which satisfy yo € Do as well as
(€0, X (yo)~t0) < 6%, and all t > ty,

_ h?
PO,(fo,O){ sup <€s;X(ys)_1€s> > h2} < C:,m,’y,A(t,e)—ze—n+h2/a-2, (2.31)
i1 gsgt/\TDO d

_|_
T"ymy’YyA

KkF = [1— O(h) - O(A) - O(Fe=omt AN/ j(1 o). (2.32)

where C (t,€) is the same prefactor as in (2.25), and

Unless explicitly stated, the error terms in the ezponents k™ and Kk~ are uniform in t.

Estimate (2.25) shows that for A > o, paths starting in B(h) are far more likely to
leave this set through the “border” {y € 8Dy, (¢, X (y,€)"1€) < h?} than through the
“sides” {y € int Dy, (€, X (y,€) ") = h?}, unless we wait for time spans exponentially long
in h?/c?. Below we discuss how to characterize Tp, more precisely, using information on
the reduced dynamics on the adiabatic manifold. If, for instance, all deterministic solutions
starting in Dy remain in this set, 7p, will typically be very large.

The upper bound (2.25) has been designed to yield the best possible exponent s,
while the prefactor C:,m,v,A is certainly not optimal. Note that an estimate with the
same exponent, but with a smaller prefactor holds for the probability that the endpoint
(z¢,y:) does not lie in B(h), cf. Corollary 3.10. The parameters A and 7 can be chosen
arbitrarily within their intervals of definition. Taking A small and v close to 1/2 improves
the exponent while increasing the prefactor. A convenient choice is to take A and 1/2 — v
of order h or €. The kind of time-dependence of C is probably not optimal, but the fact
that C increases with time is to be expected, since it reflects the fact that the probability of
observing paths making excursions away from the adiabatic manifold increases with time.
As for the dependence of the prefactor on the dimensions n and m, it is due to the fact
that the tails of standard Gaussian random variables show their typical decay only outside
a ball of radius scaling with the square-root of the dimension.

The upper bound (2.25) and lower bound (2.28) together show that the exponential
rate of decay of the probability to leave the set B(h) before time ¢ behaves like h?/(202)
in the limit of o, € and A going to zero, as one would expect from other approaches,
based for instance on the theory of large deviations. The bounds hold, however, in a full
neighbourhood of 0 = e = h = 0.

Finally, Estimate (2.31) allows to extend these results to all initial conditions in a
neighbourhood of order 1 of the adiabatic manifold. The only difference is that we have
to wait for a time of order e|log | before the path is likely to have reached the set B(h).
After this time, typical paths behave as if they had started on the adiabatic manifold.

We remark in passing that the assumption that | X (y,e)}|| is uniformly bounded in
Dy excludes purely multiplicative noise.

The behaviour of typical paths depends essentially on the dynamics of the reduced
deterministic system (2.7). In fact, in the proof of Theorem 2.4, we use the fact that y;
does not differ too much from y&¢* on timescales of order 1 (see Lemma 3.4). There are
thus two main possibilities to be considered:

e cither the reduced flow is such that y§** reaches the boundary of Dy in a time of order 1

(for instance, ydet may approach a bifurcation set of the slow manifold); then y; is likely

to leave Dy as well;
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e or the reduced flow is such that yd* remains in Dy for all times ¢ > 0; in that case,

paths can only leave B(h) due to the influence of noise, which we expect to be unlikely
on subexponential timescales.

We will discuss the first situation in more detail in Subsection 2.4. In both situations,
it is desirable to have a more precise description of the deviation 7; of the slow variable y;
from its deterministic counterpart yget,
time Tp, .

The following coupled system gives a better approximation of the dynamics of (2.10)
than the system (2.13):

in order to achieve a better control of the first-exit

0 _ l det det
dEt T ( ) )Et dt—l—\/— ( ) )thi (2‘33)

dnp = [B(yi™, e)nf + C(yi", e)&] dt + o'Go(y™", €) AW,

where Go(ydet,e) = G(0,0,,€) = G(Z(yd<, €), y2*', ¢) and the Jacobian matrices B and C
are given by

B(yd®t, ) = 8,5(0,0,t,¢)

:C( dEt: )3 :E( : )—I'ayg(i( dEt: ) ySEt: ): (2'34)
C(ytd'St €) = 0¢G(0,0,t,¢)
= Oo9(2(yi* €), i €). (2.35)

The coupled system (2.33) can be written in compact form as
d¢f = A(ys™, €)¢7 dt + o Fo(yf™, €) dWs, (2.36)

where (¢°)T = ((¢°)7, (n°)T) and

A(ygﬂa ) 0 ) ( 1 F, (yz;let, ))
AW 1e) = L R = (VD . (237
(v ) (C(yfm;e) B(yget, €) (y ) 0GolyS det &) ( )

The solution of the linear SDE (2.36) is given by

¢ :Z/{(t)Co—l—a/o U(t, s) Fo(y2et, e) dW,, (2.38)

where U(¢, s) denotes the principal solution of the homogeneous system ¢ = A(ygdet, e)¢. Tt
can be written in the form

Ult,s) 0
Ut,s) = (S(t,s) V(t,s)) : (2.39)

where U(¢, s) and V (¢, s) denote, respectively, the fundamental solutions of g€ = A(ygdet e)¢
and 7 = B(yg*t, €)n, while

S(t,s) = /t V(t, u)C(y3, )U(u, s) du. (2.40)
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The Gaussian process ( has a covariance matrix of the form

Cov(¢?) = o / (t, ) Foly2et, ) Fo(ylet,)TU(t, )T ds
0

o (Z( ) (2.41)

The matrices X (t) € R™™ Y (t) € R™*™ and Z(t) € R™ ™ are a particular solution of
the following slow-fast system, which generalizes (2.15):

eX = Ay, e)X + X Ay, e)T + Fo(y,e) Fo(y,¢)7,
eZ = A(y,€)Z +eZB(y,e)" +eXC(y,e)" + VepFo(y,€)Go(y )", (2.42)
Y = B(y,e)Y + YB(y,e)" + C(y,6)Z+ Z"C(y,€)" + p*Go(y,€)Go(y,¢)",
y=g9(z(y,€),y,¢).
This system admits a slow manifold given by
X = X*(y),
Z = 7*(y,e) = —VepA(y,e) " Fo(y,€)Go(y, €)™ + Oe), (2.43)

where X*(y) is given by (2.17). It is straightforward to check that this manifold is uniformly
asymptotically stable for sufficiently small g, so that Fenichel’s theorem yields the existence
of an adiabatic manifold X = X(y,e), Z = Z(y,¢€), at a distance of order ¢ from the
slow manifold. This manifold attracts nearby solutions of (2.42) exponentially fast, and
thus asymptotically, the expectations of £2(¢2)T and £€2(2)T will be close, respectively, to
02X (ydet, e) and o2 Z(yget, €).

In general, the matrix Y (¢) cannot be expected to approach some asymptotic value
depending only on £t and €. In fact, if B has eigenvalues with positive real parts, ||Y (¢)]|
can grow exponentially fast. In order to measure this growth, we introduce the functions

xM(t) = sup /s( sup ||V(s,v)||) du, (2.44)

0<s<tJO “ugugs

x®(t) = sup /s( sup ||V(s,v)||2) du. (2.45)

0<s<tJO “ugugs
The solution of (2.42) with initial condition Y (0) = Y satisfies
Y(t;Yo) = V() YoV ()T (2.46)

t
+p2/ V(t,5)Go(yi, €)Go(y;",€)TV (t,5)" ds + O((e + pv/E)x1?) (1))
0
We thus define an “asymptotic” covariance matrix Z(t) = Z(¢; Yo, €) by

Z(t: Y0, e) = ()f(y?“,e) Z(ys<t e )))

(2.47)
Z(yite)T Y Yo

and use Z(¢)~! to characterize the ellipsoidal region in which ¢(t) is concentrated.

12



Theorem 2.5. Assume that || X (y3et €)|| and || X (y3%,€)7Y)|| are uniformly bounded for
0 < s < t and that Yy has been chosen in such a way that ||Y (s)7}|| = O(1/(p? +¢€)) for
0 < s < t. Fiz an initial condition (zo,yo) with yo € Do and zo = Z(yo,€), and let t be
such that y3° € Dy for all s < t. Define

R(t) = | Zllog |1+ (1+ 1Y 15XV + X2 (@) (2.48)

There ezists a constant hg > 0, independent of yo and t, such that for all h < hoR(t)™!,

POy(O,O){ sup <Cuaz(u)_1c'u> 2 h2} < Cn—l—m,’y,A (t,E) e—nhZ/O'Z, (249)
0gs<tATD,
with
¢ 1 (n+m)/2
— | (n+m)/4
r=7(1- 0 +A+hE()). (2.51)

Let us first consider timescales of order 1. Then the functions || Z||jo 4, xM(t) and ) (¢)
are at most of order 1, and ||Y (¢)~!|| remains of the same order as ||Y; !||. The probabil-
ity (2.49) becomes small as soon as h > 0. Because of the restriction A < hoR(t)™!, the
result is useful provided ||[Y~!||j04) < ¢72. In order to obtain the optimal concentration
result, we have to choose Yy according to two opposed criteria. On the one hand, we would
like to choose Yy as small as possible, so that the set (¢4, Z(4)7'¢u) < A% is small. On the
other hand, ||¥; || must not exceed certain bounds for Theorem 2.5 to be valid. Thus we

require that
Yo > [02V (p* +¢€)] 1. (2.52)

Because of the Gaussian decay of the probability (2.49) in o/h, we can interpret the theorem
by saying that the typical spreading of paths in the y-direction is of order o(p 4 /€) if
o < p+ /€ and of order o2 if 0 > p + /€.

The term p is clearly due to the intensity ¢’ = po of the noise acting on the slow
variable. It prevails if p > o V 4/e. The term 4/g is due to the linear part of the coupling
between slow and fast variables, while the behaviour in 2 observed when o > P+ +/€ can
be traced back to the nonlinear coupling between slow and fast variables.

For longer timescales, the condition h < hoR(t)™! obliges us to take a larger Yy, while
Y (t) typically grows with time. If the matrix B always has eigenvalues with positive real
parts (or, more precisely, if the largest Lyapunov exponent is positive), this growth is
exponential in time, so that the spreading of paths along the adiabatic manifold will reach
order 1 in a time of order log|o V (p? + ¢€)|.

Remark 2.6. Consider the reduced stochastic system
0_ ,/=(,0 0 I (=(,0 0
dyt - g(m(yt ’ E): Ye» E) dt +o G(m(yt ’ E): Ye» E) th (2'53)

obtained by setting z equal to Z(y,€) in (2.8). One may wonder whether y} gives a better
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approximation of y, than yg°t. In fact, one can show that

POON  sup s~ yi > ha | <e14t) e exp{ -

0gs<tATD,
K1 h% (1 - O(hl
(0")2x()

Kkah?(1 — 1 Y
+ c(l + é) em/4 exp{_ h[((il)zg(—(l_ha—l;;]bx)(;() (t)(t))) }

P sup g, 58] > b} <o t) enftenn{ -

Ogsgt/\TB(h)

(2.54)

holds for all A, hy up to order X(l)(t)_l and some positive constants c, K1, k2. (The proofs
can be adapted from the proof of Lemma 3.4). This shows that the typical spreading of y
around y£ is of order O'IX(z)(t)l/z = pax(z)(t)l/z, while the typical deviation of paths y?
of the reduced system from paths y; of the original system is of order a\/EX(z)(t)l/z. Thus
for p > 4/€, the reduced stochastic system gives a better approximation of the dynamics

than the deterministic one.

If B has no eigenvalue with positive real part, the spreading of paths will grow more
slowly. As an important particular case, let us consider the situation where yg®t is an
asymptotically stable periodic orbit with period T, entirely contained in Dy (and not too
close to its boundary). Then all coefficients in (2.33) depend periodically on time, and, in

particular, Floquet’s theorem allows us to write
V(t) = P(t) e, (2.55)

where P(t) is a T-periodic matrix. The asymptotic stability of the orbit means that all
eigenvalues but one of the monodromy matrix A have strictly negative real parts, the last
eigenvalue, which corresponds to translations along the orbit, being 0. In that case, X(l)(t)
and X(z)(t) grow only linearly with time, so that the spreading of paths in the y-direction
remains small on timescales of order 1/(o V (p? + ¢)).

In fact, we even expect this spreading to occur mainly along the periodic orbit, while
the paths remain confined to a neighbourhood of the orbit on subexponential timescales.
To see that this is true, we can use a new set of variables in the neighbourhood of the
orbit. In order not to introduce too many new notations, we will replace y by (y, z), where
y € R™ ! describes the degrees of freedom transversal to the orbit, and z € R parametrizes
the motion along the orbit. In fact, we can use an equal-time parametrization of the orbit,
so that 2 = 1 on the orbit, i.e., we have 28 = ¢ (mod T). The SDE takes the form

1 g
dmt = gf(mta Yi, Zt,g) de + %F(mt’ Yt, Zt’g) th’

dy: = g(z¢, Ye, 21, €) dt + 0'G (¢, Ye, 21, €) AWy, (2.56)

dz; = [1 + h(ze, ye, 2, 5)] d¢ + UIH(mt; Ye, 21, €) WA,

where A = O(||y:||? + ||z: — z§°||?) and ,g(z$t, 0, 2§, €) has eigenvalues with negative
real parts, uniformly bounded away from zero. As linear approximation of the dynamics
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of (Et: nt) - (mt - m?Eta Yt — y?Et) — (mt - m?Eta yt) we take

1 o c
d¢; = EA(Z? fe)ép dt + ﬁFO(Z? ' e) AW,

dnP = [B(z*, e)nd + C (1, ¢)€0] dt + o' Go(2, &) AW, (2.57)

dz? = dt + o'Ho (28, ) dW,

which depends periodically on time. One can again compute the covariance matrix of the
Gaussian process (€7, 77, 29) as a function of the principal solutions U and V associated
with A and B. In particular, the covariance matrix Y (¢) of n? still obeys the ODE

Y = B(y,e)Y + YB(y, &) + C(y,e)Z + ZTC(y,e)T + p*Go(y,€)Go(y, €)7. (2.58)

This is now a linear, inhomogeneous ODE with time-periodic coefficients. It is well known
that such a system admits a unique periodic solution Y;**", which is of order p2 + ¢ since Z
is of order py/e +¢ and p2GoGY is of order p?. We can thus define an asymptotic covariance
matrix Z(t) of (£2,7?), which depends periodically on time. If ¢; = (&, 7:), Theorem 2.5
shows that on timescales of order 1 (at least), the paths (; are concentrated in a set of the
form ((;, Z(¢)71¢:) < h2, while z; remains h-close to z§et.

On longer timescales, the distribution of paths will be smeared out along the periodic
orbit. However, the same line of reasoning as in Section 3.2, based on a comparison with
different deterministic solutions on successive time intervals of order 1, can be used to
show that ¢; remains concentrated in the set {¢;, Z(t)~!¢;) < h? up to exponentially long
timescales.

2.4 Bifurcations

In the previous section, we have assumed that the slow manifold z = z*(y) is uniformly
asymptotically stable for y € Dy. We consider now the situation arising when the reduced
deterministic flow causes y2®t to leave Do, and to approach a bifurcation point of the slow
manifold.

We call (&, 9) a bifurcation point of the deterministic system

65& — f(miyig)i

y:g(m,y,s), (2‘59)

if f(£,9,0) = 0 and 0, f(&,9,0) has g eigenvalues on the imaginary axis, ¢ € {1,...,n}.
We consider here the situation where ¢ < n and the other n — ¢ eigenvalues have strictly
negative real parts.

The most generic cases are the saddle-node bifurcation (where ¢ = 1), corresponding
to a fold in the slow manifold, and the Hopf bifurcation (where ¢ = 2), in which the slow
manifold changes stability, while absorbing or expelling a family of periodic orbits. In these
two cases, the set of bifurcation values g typically forms a codimension-1 submanifold of
R™.

The dynamics of the deterministic slow-fast system (2.59) in a neighbourhood of the
bifurcation point (£,§) can again be analyzed by a centre-manifold reduction. Introduce
coordinates (z7,z) in R™, with 2= € R® ? and z € R9, in which the matrix 8, f(Z, 7, 0)
becomes block-diagonal, with a block A~ € R (»~9*("=9) having eigenvalues in the left
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half-plane, and a block A% € R 9%? having eigenvalues on the imaginary axis. On the fast
timescale t/e, (2.59) can be rewritten as

(m_)l = f_(:c_,z,y,e),
2= f(z”,2,y,¢),
y' =eg(z”,2,9,¢€),
g =0,

(2.60)

which admits (27, 2,7,0) as an equilibrium point. The linearization at this point has
g + m + 1 eigenvalues on the imaginary axis (counting multiplicity), which correspond to
the directions z,y and €. In other words, z has become a slow variable near the bifurcation
point.

The centre manifold theorem implies the existence, for sufficiently small € and (z, y) in
a neighbourhood N of (%, 9), of a locally attracting invariant manifold z= = z7(z, y, €),
with 27(2,9,0) = &. Z~ plays the same role the adiabatic manifold played in the stable
case, and the dynamics on 7 is governed by the reduced equation

E’Z. — fo(i_(zi yig)iziyig)i

R (2.61)
y=9(2 (2,y,¢),2,y,8).
The function 7 (z,y, €) solves the PDE
f_ (:E_(Zi yag)a Z,y,E) = aZ:E_(Z: y,E)fO(CE_(Z, yag)a z,y,s)
+ 0,27 (2,y,6)9(z" (2, 9,€), 2,9, €). (2.62)

Let us now turn to random perturbations of the slow—fast system (1.1). In the variables
(z7,2,¥), (2.1) can be written as

_ 1. g _._, _
dCEt = Ef (mt 7Zt7yt7€) dt—l— \/EF (mt 7zt’yt’€) th’
1
dz; = gfo(mt_:zt:ytag) dt + %Fo(mt_:ztiyt’g) dws, (2'63)

e

dyt — g(mt_: 2ty Yt, E) d¢ + UIG(mt_: 2ty Yt, E) th

The noise-induced deviation of z; from the adiabatic manifold is described by the variable
& ==z, — T (z,Yy,¢€), which obeys an SDE of the form

1. g 5
dgt_ = gf_(gt_:zt:ytig) dt + %F_(Et_:zt:ytag) th’ (2'64)

with, in particular,

f_(E_,Z, y7€) = f_(:E_(Z7 y7€) —|—€_7Z7 y7€)
- aziE_(Z: y,E)fO(CE_(Z, y,E) —I_ E_izi y,E)
— €0,z (2,y,€)9(2 " (2,y,6) + £, 2,y,¢€). (2.65)
Note that (2.62) implies that f- (0,z,y,e) = 0. We further define the matrix
A™ (Z7 y,E) - aff_ (07 Z, y,E) - azf_(i_(za yag)a Z, y,E)
- aZCE_(Z,y,E)amfo(CE_(Z,y,&'),Z,y,EJ)
— €0,% (2,9,6)0:9(% (2,9,€), 2,9, ). (2.66)
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Since A~ (2,9,0) = A, the eigenvalues of A~ (z,y,€) have uniformly negative real parts,
provided we take the neighbourhood A and & small enough.
Consider now the “linear approximation”

1 — € € g - € €
déf = -4 (2, yit )7 dt + %Fo (7, g, €) W,

1 __
dzglet — EfO(m (zdet, ydEt,g), Z;let, yglet,g) dt, (2_67)

dyglet — g(CE_(ZdEt, ydEt,g), Z;let, yglet,g) dt

of (2.63)-(2.64), where F,; (z,y,e) = F~ (2" (2,y,€), 2, y,€). Its solution & has a Gaussian
distribution with covariance matrix

2 t
Cov(§) = a—/ U™ (t,8)Fy (2,5, €) Fy (20,45, €)TU (£, 5) ds, (2.68)
0

s 1Js s 1Js
13

where U™ is the fundamental solution of efo = A~€°. Note that 072 Cov(£D) is the X -
variable of a particular solution of the slow—fast system

eX™ = A (z,y,6) X~ + X A (2, y,s)T + Fy (2,y,6)Fy (2, y,s)T,
EZ. = fo(i_(z7 y7 6)7 Z7 y7€)7 (2'69)
v=9(z (2,9,€),2,9,€),

which admits an invariant manifold X~ = X (2, y,¢) for (z,y) € N. We thus expect the
paths to be concentrated in a set

B7 (k)= {(z7,2,9): (2,y) € N,(z™ — 2 (2,9,€),X (2,9,€) (2~ — 2 (2,y,¢))) < h*}.
(2.70)
The following theorem shows that this is indeed the case, as long as (z;, y¢) remains in N.

Theorem 2.7. Assume that || X ~(z,y,€)|| and || X ~(z,y,€)~1)|| are uniformly bounded in
N. Choose a deterministic initial condition (z0,y0) € N, z5 = T~ (20, Y0, €), and let

T =inf{s > 0: (2z5,ys) € N'}. (2.71)

Then there ezist constants hg > 0, Ag > 0 and v € (0, 1] such that for all h < hg, all
AL Agandall0<y<1/2,

— h2
PO 080 1 < t ATy} < Cn,m,qu(t,e);e_"hZ/"Z, (2.72)
provided ellog(h(1 — 2))| < 1. Here
5 =7 [1 - O(A) — O(R(1— 27)[log(h(1 — 27))[/3)], (2.73)
t t
— - z _ —(n—q) (n—q)/4 | ;m/4 | ,a/4
Cnmgv,a(t,€) = const Ae (1 + 6) {(1 2v) +e +e™*te } . (2.74)

The exponent v is related to the maximal rate of divergence of solutions of the reduced
system (2.61), see Subsection 5.1.

This result shows that on timescales of order 1 (and larger if, e.g., A is positively
invariant), paths are likely to remain in a small neighbourhood of the adiabatic manifold
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z = Z~(z,y,€). The dynamics will thus be essentially governed by the behaviour of the
“slow” variables z and y.

In fact, it seems plausible that the dynamics of (2.63) will be well approximated by the
dynamics of the reduced stochastic system

1 L o __
dZ,? = gfo(m (Z?;ygag):zg;y?:g) dt—l— _Fo(m (Z?:y?;g);zg;y?;e) th;

Ve (2.75)

dyf = 9(z7 (27, vt €), 20, y¢, €) dt + 0'G (27 (27, uP, €), 22, y¢» €) AW,

obtained by setting z~ equal to Z7(z,y,€) in (2.63). This turns out to be true under
certain hypotheses on the solutions of (2.75). Let us fix an initial condition (23,yJ) € N,
and call ¢§ = (27, y7) the corresponding process. We define the (random) matrices

d.f° 0,f°
B, e) = (eafg E%f )‘ , (2.76)
z 1Y z:i—(zg ,yg ,E),ZZZg ,y=y?
Oz f°
ca= (%) @)
2 z=2— (20 40 ,€),2=20 ,y=9?

Observe that C((2,§),0) = 0 because of our choice of coordinates, so that ||C(¢2, )] will
be small in a neighbourhood of the origin. We denote, for each realization (°(w), by V,

the principal solution of
1
du(w) = ZB(¢ (@), €)G(w) dt. (2.78)
(Note that we may assume that almost all realizations (°(w) are continuous.) We need
to assume the existence of deterministic functions ¥(t, s), d¢(¢,s), and a stopping time

T < Tg-(n) such that
HVw(t, s)H < 9(¢, 8), HVw(t, s)C(CS(w),s)H < et s) (2.79)

hold for all s <t < 7(w) and (almost) all paths (CQ(w))uzo of (2.75). Then we define

u

. 1 [ .
XO) = sup = [ 9(s, ) du,
0gs<t € Jo
i L[ ;
X(C)(t) = sup —/ (sup 190(3,11)’) du (2.80)
0<s<t € Jo Mugvugs

for 1 = 1,2, and the following result holds.

Theorem 2.8. Assume that there exist constants A, Vg > 0 (of order 1) such that 9(s, u) <
P and V¢ (s,u) < Yo whenever 0 < s — u < Ae. Then there exist constants hg, ko > 0

such that for all h < ho[xV(t) v Xg)(t)]_l and all initial conditions (zg ,2,y9) € B~ (h),

]P,O,(:EO_,Zg,yg){ sup H(Zs;ys) - (Z.(;)’y-?)H 2 h}

O sKIAT
h? 1
< Crglt,€) eXp{—K,o— }, (2.81)
q 7 x&)(6) + B2 (1)
where ;
Cmg(t,€) = const(l + E) elmta)/4, (2.82)
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This result shows that typical solutions of the reduced system (2.75) approximate so-
lutions of the initial system (2.63) to order ax(g)(t)l/z, as long as x(1)(t) <« 1/0. Checking
the validity of Condition (2.79) for a reasonable stopping time 7 is, of course, not straight-
forward, but it depends only on the dynamics of the reduced system, which is usually easier
to analyze.

Example 2.9. Assume the reduced equation has the form

Lo 0\3 g

—\yrz; — (2 dt + — dWy,

E[y” ()] Ve (2.83)
1

0 _
dz, =

i.e., there is a pitchfork bifurcation at the origin. We choose an initial condition (2o, yo)
with yo < 0 at time ¢o = yo, to that y; = ¢t. In [7] we proved that if o < /€, the paths
{2s}s31, are concentrated in strip of width of order o/(|y|*/? v e!/%) up to time (/€.

Using for 7 the first-exit time from a set of this form, one finds that X(c?)(\/g) is of
order /e + 02/e. Thus the typical spreading of z, around reduced solutions 22 is of order
oe/* 4 0% /\/e, which is smaller than the spreading of 20 around a deterministic solution.
Hence the reduced system provides a good approximation to the full system up to time
VE.

For larger times, however, X(g)(\/g) grows like et’/¢ until the paths leave a neighbour-
hood of the unstable equilibrium z = 0, which typically occurs at a time of order 4/¢|log o|.
Thus the spreading is too fast for the reduced system to provide a good approximation to
the dynamics. This shows that Theorem 2.8 is not quite sufficient to reduce the problem
to a one-dimensional one, and a more detailed description has to be used for the region of
instability.

3 Proofs — Exit from B(h)

In this section, we consider the SDE

1 o
dz, = - dt + —F dWw,
It gf(mtiytig) + \/E (CEt,yt,E') t) (31)

dy: = g(z¢, yt,€) dt + 0'G(zy, yt,€) AW,

under Assumption 2.2, that is, when starting near a uniformly asymptotically stable man-

ifold. We denote by (zget, ytd“) with zdet = z(ydet, £), the deterministic solution starting

in ySEt =yo € Dy.

The transformation

Z(y2t 4 my,€) + &,

" det_l_,r’

o (3.2)

yields a system of the form (2.10), which can be written, using Taylor expansions, as
1
€

dé = [ (s det €)é: + b(&, me, t;é')] dt + %[ o(ys det €)+ Fi(&, e, t;g)] dWy, (3.3)

d7lt [C dEt )Et + B( et )7lt + C(Eta ey ¢ 6)] di +o [GO( dEt ) + Gl(gti Mt ¢ 6)] th
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There are constants M, M; such that the remainder terms satisfy the bounds

16(&, m,t, )]l < M(IEI* + i€ IHmlI),

le(é,m, €)1l < M1+ ), "
I1F(E,m,t,e)l < Ma €] + ),
IGs(€,m,t, I < M (1l + )

for all (¢,7) in a compact set and all ¢ such that yd®t € Dy.

3.1 Timescales of order 1

We first examine the behaviour of &, on an interval [s,t] with A = (¢ — s)/e = 0.(1). For
this purpose, we fix an initial condition yg € Dg and assume that t is chosen in such a way
that ySEt € Dy for all u < ¢t.

To ease notations, we will not indicate the e-dependence of X (y). We assume that
I X ()|l € K+ and || X (y)7Y| < K- for all y € Dy, and define the functions

1 [t -
¥() = 1 [ 00" X6 U ) | du
1 t

®(t) = E/ Tr[U(t, w) T X (y2)1U(t, u)] du, (3.5)
1 p
> [Iw )

0
where U(t,u) again denotes the principal solution of g€ = A(ydet,)¢. Note that the
stability of the adiabatic manifold implies that ||U(¢, )|| is bounded by a constant times
exp{—Ko(t —u)/e}, Ko > 0, for all t and u < ¢. Hence ¥(t) and ©(t) are of order 1, while
®(t) is of order n. In particular, ®(¢) < n¥(¢) holds for all times ¢.

We first concentrate on upper estimates on the probabilities and will deal with the
lower bound in Corollary 3.5. Let us remark that on timescales of order 1, we may safely

assume that the deviation 7, of y, from its deterministic counterpart remains small. We
fix a deterministic Ay > 0 and define

Ty =inf{s > 0: ||n,]| > A1 }. (3.6)

Lemma 3.4 below provides an estimate on the tails of the distribution of 7. The following
proposition estimates the probability that z; leaves a “layer” similar to B(k) during the
time interval [s, t] despite of 7, remaining small. Note that in the proposition the “thickness

of the layer” is measured at y3° instead of y,,.

Proposition 3.1. For all a € [0,1), ally € (0,1/2) and all u > 0,

sip  Pole0] s (6, X)) > )
€ (€0,X (yo) &)< a®h? sKugtATy

1 h? \
h? 2(1 — MpA)
®(t)/4%(¢) _n K 0
e P { o2 8M2(VE, + hy/h)2(2) } (37)

holds for all h < 1/u, with a constant My depending only on the linearization A of f, K.,
K_, M and || Fol|co-
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Proor: The solution of (3.3) can be written as
&u=Uu)é+ — / (u,v)Fy yf,m, e) dW, (3.8)
1 u
— | U Fi(&,n,v,6)dW, + — [ U(u,v)b(&, Mo, v, €) dv.
2 [ U P e W+ - [ U b v )
Writing &, = U(u, s)T, and defining
= inf{u > 0: (6, X (W) 6u) 2 A7}, (3.9)

the probability on the left-hand side of (3.7) can be rewritten as

P = PO,(&,,O){ sup |Q(uw) Yy 2 h}, (3.10)

sQuLEIATE ATy
where Q(u) = Qs(u) is the symmetric matrix defined by
Q(w)? =U(y, s)T X (y3") U (u, s). (3.11)

To eliminate the u-dependence of @ in (3.10), we estimate P by

P < IP’07(5070){ sup Q) Ty = H}, (3.12)
sQuLEIATE ATy
where .
H= h( sup HQ(u)Q(t)_lH) . (3.13)
sgugt

In order to estimate the supremum in (3.13), we use the fact that @Q(v)~? satisfies the
differential equation

d —_ 1 € € € € d €
ZQ(0)? = “U(s,0) [~ AW X (5 ~ TN AENT +e2 X U(s, )7
1
ZEU(S:U)FO(yS ) )F (ySEt: )TU(S:U)T: (3'14)
and thus

Q(u)zQ(t)_2 =1+ Q(u)zé /t U(s,v)Fo(y dEt, €)Fy (yf,IEt, )TU(s,v)Tdv =14+ 0(4).

(3.15)
(Recall that ¢ — u < t — s < €A in this subsection, which implies ||U(s,v)|| = 14 O(A)
and [|Q(u)?|| < K_(1 + O(A)).) Therefore, H = h(1 — O(A)).
We now split T,, into three parts, writing T, = T2 + Y1 + T2, where

To = U(s)éo+ —= / (5,v) Fo(y*, ) AW,
T:lll = %/ U(S;'U)Fl(fv:nvavig) dW"“ (3'16)
0
1 u
T, = g/ U(s, v)b(€v, 7w, v,€) dv,
0
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and estimate P by the sum of the corresponding probabilities

PO = P07(£070){ sup ||Q(t)T2|| 2 Ho},

sgugt

P = ]P’O’(fo’o){ sup  ||Q(&)TY > Hl}, (3.17)
sQuLEATE ATy

P, = ]P’O’(fo’o){ sup  ||Q(&)Y2|| > Hg},
sQuLEATE ATy

where Hg, Hy, Hs satisfy Ho+ Hy+ Hy = H. Note that P, can be estimated trivially using
the fact that

sup  ||QO)TE|| < VEK_M(K h? + /K hh)(1+ O(A)O(t) = H,y.  (3.18)

sQuLEATE ATy
Now, we choose

H2 = 2ﬁ27
H, = phH, (3.19)
Hy=H - H, - H,

for 0 < p < 1/h, and estimate the remaining probabilities Py and P; by Lemmas 3.2
and 3.3 below which completes the proof. O

Lemma 3.2. Under the hypotheses of Proposition 3.1, we have for every vy € (0,1/2),

H? — o?h?

1
— P9 (&,0 0

sgugt
holding uniformly for all & such that (€0, X (yo)~1€o) < a2h2.

Proor: For every ¥ > 0, (exp{F/|Q(¢)TS||*})uzs is a positive submartingale and, there-
fore, Doob’s submartingale inequality yields

Py = Po,(so,o){ sup eTIQOTIP 5 eﬁH&} < e THS O (60.0) [T TRITY (3.21)
sgugt

Now, the random variable Q(#)Y? is Gaussian, with expectation E = Q(t)U(s)& and
covariance matrix

2 ¢
== Q0 (/ U(s, 0)Fo(yy ™, €) Fo(y™,€) U (s, v)Td“)Q(t)T. (3.22)
0
Thus, using completion of squares to compute the Gaussian integral, we find
efy(E,(]l—zny)—lE)

(det[1 — 29%))2/2

E0(60.0) [ TR — (3.23)

By (2.19), we can write

2 = Q1)U (s, ) [X (1) - U)X We)U(1)T)U(s,)7Q(t)T = o°[1 - RRT], (3.24)
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where R = Q(t)U(s)X (y3°%)!/2, and we have used the fact that U(s, t) X (ye*)U (s, )T =
Q(t)72. This shows in particular that

det[1 — 29%] > (1 — 290%)™. (3.25)
Moreover, since |RRT|| = ||RTR|| € (0, 1), we also have
(B, (1- %) E) = (X (45%)""/%0, BT (1 - 278) ' RX (y5°") "/*¢0)
< o?h?||RT (1 - 25021 — RRT)) 'R||
< 22 ([1 — 270%)||RTR|| ™' + 2902) 7" < o?h? (3.26)

for all & satisfying (&0, X (yo) "*€0) < a?h?. Now, (3.20) follows from (3.23) by choosing
¥=17/0> O
Lemma 3.3. Under the hypotheses of Proposition 3.1,

(H? - *ME(VE h + h)?8(t)’ }
802MP (VK h+ ha)2HIU(t)

P=poe0{ s QUTH > H <o { -

sQuLEIATE ATy
(3.27)
holds uniformly for all &y such that (€0, X (o)~ &0) < 2.
PrOOF: Let 7 denote the stopping time
T =1¢ ATy Ainf{u > 0: ||Q(¢)TL|| > H1}, (3.28)
and define, for a given 7y, the stochastic process
=, = enlRETu? (3.29)

Zu)u being a positive submartingale, another application of Doob’s submartingale in-
g g g
equality yields
2
P e mHETES(G0 =, 1 (3.30)

Ito’s formula (together with the fact that (dW,)T RT RdW,, = Tr(RTR) du for any matrix
R ¢ R™ k) shows that =, obeys the SDE

2

—_ o [
d=, = 271, %:“(TDTQ ()2U (s, w) F1 (€uy Ny 4y €) AWy 11 ?:u Tr [Rle +2v1 RgRg] du,
(3.31)
where
Ry = Q(t)U(Sau)Fl(Eu:nu:u:E): (3 32)

Ry = (Y3)"Q(8)°U (s, w) Fi(£u, Tuy u, €).
The first term in the trace can be estimated as

Te[Rf Ry] = Tr[RaRY] < M7 (lféull + limal)” Te[Q() U (s, w)U (5, )7 Q(2)]

M12(||§u|| + ||"7u||)2 TT[U(t: u)TX(ytdEt)_lU(t: 'U')]’ (3.33)

NN
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while the second term satisfies the bound

H Fy(&u, M, u, s)TU(s u)TQ TlH
M2 (|| + llmal)*|U (s, )T Q() | Q) LLII2
ME(|[€a + 1mall) *[|U (¢, w)T X (52=) 72U (£, ) [[1|Q(E) o2 (3.34)

Tr[R] R,)

Using the fact that ||€,]] < VK +h, [|7]] € k1 and ||Q(¢)TL|| < Hy hold forall 0 < u < tAT,

we obtain

E*(00 (=0, )
2 u
< 1+71%M12(\/K+h—|—h1)2/ EOE0) (5, )
0
x | Te[U(t, o) X (55 U (L, v)] + 2 HE|U(E o) X (4 0 (¢, )| do, (3.35)

and Gronwall’s inequality yields

B0 {5, } < exp{mo?ME(VE b+ hi)*[8(2) + 27 HPO(8)] }. (3.36)

Now, (3.30) implies

Py < exp{ —y1 (H2 -0 ME(\/K hthe)?8(8) + 27302 M3 (/K ht ha )P HEU (2) }, (3.37)
and (3.27) follows by optimizing over ~;. O

Proposition 3.1 allows to control the first-exit time of (z¢,y:) from B(h), provided
Ns = Y5 — Y3 remains small. In order to complete the proof of Theorem 2.4 we need to
control the tails of the distribution of 7,,. The following lemma provides a rough a prior:
estimate which is sufficient for the time being. We will provide more precise estimates in
the next section.

det

Recall the notations V' (u,v) for the principal solution of = B(y5®*, €)n, and

x () = sup /s( sup ||V(s,v)||) du, (3.38)

0<sg<tJO rugvgs

x®(t) = sup /s( sup ||V(s,v)||2) du. (3.39)

0<sg<tJO rugvgs
from Subsection 2.3.

Lemma 3.4. There ezists a constant ¢, > 0 such that for all choices of t > 0 and hy > 0
satisfying y3t € Dy for all s < t and hy < cnx(l)(t)_l,

sup PO sup > e}
&o: (£o,f(yo)_1£o)<h2 Ogugt/\TB(h)

<2 [ALJ o/t exp{—no 022(5)1 ;6)( - ))(1) [1 ~ M xW(t) by (1 + K+:—;)] } (3.40)

where ko, MY are constants depending only on ||1?’||oo, ||§||w, M, ||C||eo and U.
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ProoF: We first consider a time interval [s, t] with ¢ —s = Ae. Let u € [s, t] and recall the
defining SDE (3.3) for 7,. Its solution can be split into four parts, 7, = 72 + 1L + 72 + 72,
where

nfz—a'/ V(1 0)8(Ev, 0, v,€) AW,

7= /Suv (€0 0y ,€) AW,
/e )

(3.41)
2 = vy vy U, d’U,
2 /Ov<,><sn ‘)
- é/o S(’U,, ’U)b(f’vanv:'u:g) d’U,
with u
S(u,v) = / V (u, w)C (42, €)U (w, v) duw. (3.42)

Let 7 = () A 7. It follows immediately from the definitions of 754y, 7, and the

bounds (3.4) that

Iminell < <1+0A DXOOE A+ RD), 3.43)
e || < M'X () (K 4+ + /K hha) '

for all u € [s,t]. Here M' depends only on M, U and ||C||s. Furthermore, using similar
ideas as in the proof of Lemma 3.3, it is straightforward to establish for all Hg, H; > 0

that
2 j—
P9 sup |nd]> Hol < e ep{ - TEL_OD A,
CEERT
)

H(1—
PO,(fo,O){ sup ||7711L|| > Hl} < em/4 exp{ ( O(Ae }
sugtaT 802ecs|| F|[2.x3)(1)

(3.44)

where cg is a constant depending only on S. Then the local analogue of estimate (3.40)
(without the t-dependent prefactor) is obtained by taking, for instance, Ho = H; = %hl —
2(M + M")xM(6)(K1h? + hY).

It remains to extend (3.40) to a general time interval [0,¢] for ¢ of order 1. For this
purpose, we choose a partition 0 = ug < u; < --- < ug = t of [0,¢], satisfying up = kAe
for 0 < k < K = [t/(Ag)]. Applying the local version of (3.40) to each interval [ug, ug1]
and using the monotonicity of X(z)(u), the claimed estimate follows from

x

POEO!  sup >} < PO sup >} (345)

OSugEATE(R) 0 Uk SUSUR 41 ATB(R)

£
Il

O

Proposition 3.1 and Lemma 3.4 together are sufficient to prove Theorem 2.4 on a
timescale of order 1. We continue to assume that yg € Doy but we will no longer assume
that yde* € Dy automatically holds for all u < ¢. Instead, we will employ Lemma 3.4 to
compare y, € Dy and y2°, taking advantage of the fact that on timescales of order 1, 7,
is likely to remain small. Note that if the uniform-hyperbolicity Assumption 2.2 holds for
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Dy, then there exists a § > 0 of order 1 such that the §-neighbourhood D () also satisfies

this assumption. We introduce the first-exit time %‘st of the deterministic process ydet
from D (3) as
T%Et inf{u > 0: y2** ¢ DI ()} (3.46)

and remark in passing that ) A 7 < dEt holds whenever h; < 4.

Corollary 3.5. Fiz a timet > 0 and h > 0 in such a way that b < clx(l)(t/\ngt)_1 for a
sufficiently small constant c¢; > 0 and x2)(t A ngt) < (p?2 +¢€)7L. Then for any o € [0,1),
any v € (0,1/2) and any sufficiently small A,

Crm(t €) e OR/T < PO [y < 1) < OF, (t,€) e (IR (3.47)

holds uniformly for all & satisfying (€0, X (yo) "1&o) < o®h2. Here

K*(@) = 7[L - o — O(8) - O((L+ X (t AT, (3.48)
K (0) = 5 [1+ O(h) + O(e /%)), (3.49)
t 1 n m —K,+ 2 0'2
C%““*WEHH:MW+@“we®e(W/, (3.50
Co.(te) = \/§§A1 (&4 paemlt) e aos[1-0(e7K0/5) O (1D (sArc )]
n,m\"1 To .
(3.51)

Proor: We first establish the upper bound. Fix an initial condition (&, 0) satisfying
(€0, X (yo)"1&0) < a?h?, and observe that
PO gy < t} PO rpy <t Ay} + POON ) <t A} (3.52)
0,(£0,0) {T <t/\T%Et/\T}—|—PO (€2,0) {T <tA dEt/\TB(h)}.
To estimate the first term on the right-hand side, we again introduce a partition 0 = ug <

u; < -+ < ug = t of the time interval [0,¢], defined by ux = kAe for 0 < k < K =
[t/(Ag)]. Thus we obtain

0,(£0,0) {T ) <A T%Et A T,,} < ZPO’(go’O){uk_l < TB(R) < uk A TDO A T,,} (3.53)
k=1

Before we estimate the summands on the right-hand side of (3.53), note that by the
boundedness assumption on || X (y)|| and || X ~(y)]|, we have X () = X (y2) "1+ O(h1)
foru < T%Et/\T,,. Thus the bound obtained in Proposition 3.1 can also be applied to estimate
first-exit times from B(h) itself:

P2 (é.0) {uk 1 £ TB(R) < ’U,k/\T%Et/\Tn}
< PO 0 ){ sup <§u, (v dEt) 1fu> > h*(1 - O(hl))}- (3.54)

up_1 Qulug AT%%"/\T

The second term on the right-hand side of (3.52) can be estimated by Lemma 3.4 with
B2 = 8MF[\/K + o/ (h(L — O(h)|"R(t AT/ L~ O(a) ~ MoA]  (3.55)
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and hy = h/ /Ko which are chosen in such a way that the Gaussian part of & gives the
major contribution to the probability. Thus we obtain that the probability in (3.52) is
bounded by

2

[ALE-‘ [m eXp{_'Y% [1-a?-0(A) - (’)(h)]} PRI e

201 _ (1) )h) — €
R (1 - O (t A k) — O(A ))H, (3.56)

2 m/4 _
+2e eXp{ o2(p? + €)X 2 )(t/\,rgzt)
where we have used the fact that ®(¢) < n¥(t), while ¥(¢) and O(t) are at most of order 1.
This completes the proof of the upper bound in (3.47).

The lower bound is a consequence of the fact that the Gaussian part of & gives the
major contribution to the probability in (3.47). To check this, we split the probability as
follows:

PO iy <t} = PO rp s <t > 8,7 >t}
+ P9(£0,0) {T t7'5<t}—|-1f”0 (€0.0) {TB <t7-,,<t} (3.57)

where
= inf{u > 0: (&, X (y5)71&,) > R* (1 + O(h1))}, (3.58)

and the O(hy)-term stems from estimating X (y,) ! by X (y**)~! as in (3.54). Also note
that 75() < 7¢. The first term on the right-hand side of (3.57) can be estimated as in
the proof of Proposition 3.1. (Note that a lower bound is obtained trivially by considering
the endpoint instead of the whole path.) Instead of applying Lemma 3.2, the Gaussian
contribution can be estimated below by a straightforward calculation. The non-Gaussian
parts are estimated above as before and are of smaller order. Finally, we need an upper
bound for the probability that 7, <t < 75() which can be obtained from Lemma 3.4. [

3.2 Longer timescales

Corollary 3.5 describes the dynamics on a timescale of order 1, or even on a slightly
longer timescale if X(l)(t), x2 )( t) do not grow too fast. It may happen however, that yget
remains in Dy for all positive times (e. g. when Dy is positively invariant under the reduced
deterministic flow). In such a case, one would expect the vast majority of paths to remain
concentrated in B(h) for a rather long period of time.

The approach used in Subsection 3.1 fails to control the dynamics on timescales on
which x(®) (t) > 1, because it uses in an essential way the fact that n, = y; — ydet remains
small. Our strategy in order to describe the paths on longer timescales is to compare
them to different deterministic solutions on time intervals [0, T], [T,2T], ..., where T' is a
possibly large constant such that Corollary 3.5 holds on time intervals of length T, provided
y; remains in Dy. Essential ingredients for this approach are the Markov property and the
following technical lemma, which is based on integration by parts.

Lemma 3.6. Fiz constants s; < sz in [0,00], and assume we are given two continuously
differentiable functions

e ©:[0,00) = [0,00), which is monotonously increasing and satisfies ¢(s3) = 1,
® o :[0,00) = R which satisfies po(s) < 0 for all s < s1.
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Let X > 0 be a random variable such that P{X < s} > @o(s) for all s > 0. Then we have,
for allt >0,

E{100(X)0(X)} < $OPIX <ty = [ @(s)pals)ds, (3.59)

where ¢(s) = ¢(s) A 1.

We omit the proof of this result, which is rather standard. See, for instance, [7,
Lemma A.1| for a very similar result.

When applying the preceding lemma, we will also need an estimate on the probability
that (7, X (yr) ~1€7) exceeds h2. Corollary 3.5 provides, of course, such an estimate, but
since it applies to the whole path, it does not give optimal bounds for the endpoint. An
improved bound is given by the following lemma. Recall the definition of the first-exit time
of y¢ from Dy from (2.24).

D,

Lemma 3.7. If T and h satisfy h < cix)(T A ngt)_l and x)(T A ngt) < (p?+¢e)7 Y,
we have, for every vy € (0,1/2),

sup e (er, X(yr) ex) > W70, > T} < Gy (Ty0) €717,
o (fo,X(yo)_lfo)Q%2
(3.60)
where
=7[1 - O(8) - O(h) — O(e7KT/e /(1 - 27))], (3.61)
~ 1 + 2/.2
- - + —2xt (0)R? /o
CrmalTse) = (1 —2y)n/2 + A0 my(Ti€) e : (3.62)
PrROOF: We decompose & as & = €2 + &} 4 €2, where
£ = U6+ [ Ul wRE,e) e,
! = — t F uy ffu d u
Et \/E/o U(,’U,) 1(577’7“'76) W:
1 t
&=L [ Ut b me) b (3.63
0

and introduce the notations 7¢ and 7, for the stopping times which are defined like 7¢
and 7, in (3.9) and (3.6), but with A and hy replaced by 2h and 2h,, respectively. The
probability in (3.60) is bounded by

o0 (7, X(y§) " er) > h2(1— O(h)), 7 > T+ POE@O 7, <TL (3.64)

Let H? = h?(1—0O(hy)). Asin the proof of Proposition 3.1, the first term on the right-hand
side can be further decomposed as

PO (er, X (u) er) > H, 7 > T}
< PO | T(ydet) 20| > Hy ) + POOO 5, > 17 < T
+ P (&:0) { yg<h) 1/2§1H Hy,7py>T,7¢>T

—|—IP’0 (£0,0) { det 1/252 H Hy, 7 > T, 7t > T} (3.65)
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where we choose Hy, Hy twice as large as in the proof of Proposition 3.1, while Hy =
H - H, — H,.

The first term on the right-hand side can be estimated as in Lemma 3.2, with the
difference that, the expectation of £2 being exponentially small in T'/e, it leads only to a
correction of order e=2K0T/¢ /(1 — 2v) in the exponent. The second and the third term can
be estimated by Corollary 3.5 and Lemma 3.3, the only difference lying in a larger absolute
value of the exponent, because we enlarged h and hy. The last term vanishes by our choice
of Hy. Finally, the second term on the right-hand side of (3.64) can be estimated by
splitting according to the value of 75(25) and applying Lemma 3.4 and Corollary 3.5. [

We are now prepared to establish an improved estimate on the distribution of 7g(p).
As we will restart the process y3°t whenever ¢ is a multiple of T, we need the assumptions
made in the previous section to hold uniformly in the initial condition yg € Dg. Therefore
we will introduce replacements for some of the notations introduced before. Note that
xM () = X@(,i)(t) and x)(t) = Xz(;i)(t) depend on y, via the principal solution V. Also

T%Et — T%Et (yO) naturaﬂy depends on Yo. We define

() = sup X\ (€A TR (v0)), (3.66)
Yo E€Do

XA = sup x{2 (t ATHE (o). (3.67)
Yo E€Do

In the same spirit, the x)(T)-dependent O(-)-terms in the definitions of k¥ (a), &’ and
the prefactors like C,f, . _ (T, €) are modified.

We fix a time T of order 1 satisfying X(?)(T) < (p? +¢€)~!. T is chosen in such a way
that whenever h < ¢;X("(T)~!, Corollary 3.5 (and Lemma 3.7) apply. Note that larger T
would be possible unless p is of order 1, but for larger T’ the constraint on - becomes more

restrictive which is not desirable. Having chosen T', we define the probabilities
Py(h) = PO 15 < KT A7p, }, (3.68)
Qr(h) = P*CN(gur, X (var) éer) > h?, 70, > KT} (3.69)

Corollary 3.5 provides a bound for P;(h), and Lemma 3.7 provides a bound for Q1 (k).
Subsequent bounds are computed by induction, and the following proposition describes
one induction step.

Proposition 3.8. Let & < k7 (0) A&'. Assume that for some k € N,

Py(h) < Dpe ®P°/7° (3.70)
Qi(h) < Dpe /7" (3.71)
Then the same bounds hold for k replaced by k + 1, provided
Dis1 > Dy + Cjf o (T, €) Dy—— el1=RIW*/? (3.72)
Diy1 2 Dy + Cpm (T ). (3.73)

Remark 3.9. Note that v —& = O(h)+O(A)+O((1+x1) (T))h)+ O (e~2KoT/e /(1 -27)).
In the case k1 (0) = k' = v, we may either choose & < k1 (0) Ax’, or we may replace (3.72)

by
_|_

. ct (T,
Dty 2 Dp+ Cf L, (T e)Dy [1 + log (%(E) eth/GZ)] : (3.74)
k
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Below we will optimize with respect to k.

PrOOF OF PROPOSITION 3.8. We start by establishing (3.73). The Markov property al-
lows for the decomposition

Qr+1(h)

< PO g < kT, 7p, > KT}

+ EO’(O’O){1{Ts(h)>kT}PkT’(£”’o){<5(k+1)T,X(y(k+1)T)_15(k+1)T> > 1o > (R + 1)T}}
< Qu(h) + an,m,’y(T;E) e (3.75)

where the initial condition (€7, 0) indicates that at time kT, we also restart the process
of the deterministic slow variables y&¢* in the point ygr € Do. In the second line, we used
Lemma 3.7. This shows (3.73).

As for (3.72), we again start from a decomposition, similar to (3.75):

Pis1(h) = POOMN gy < kT A7p, }
n Eo,(o,o){1{TB(h)>kT}PkT,(£kT,0){TB(h) < (k+1)T A7p, }} (3.76)

Corollary 3.5 allows us to estimate

Prta1(h)
Pe(h) + EO,(O,O){1{(£kTyx(ykT)_lfkT)<h2 [ (<€kT’ (yer)” 1£kT>) A 1] ‘ Dy 2 kT}
x PO rp > kT, (3.77)
with o , ,
@(s) = Cf 1 (T, €) V=R /% g =r(h2=s)[o™ (3.78)

(3.71) shows that

POOO (er, X (yer) *rr) < s | Ty 2 KT} > 0k(s), (3.79)
where
or(s) =(1 — Dye ®/") /POy > kT}. (3.80)
The functions ¢ and ¢y, fulfil the assumptions of Lemma 3.6 with
e12/7 = =Comy(Tr€)™ e /o? and e*1/7" = Dy (3.81)

For h% < sy, (3.70) becomes trivial, while for A% > s;, Lemma 3.6 shows
Pei1(h) < Pe(h) — p(h* A so)[1 - Po(0.0) {{&kr, X (yrr) "&r) < h®, 7Dy > kT }]

89 AR2 ~ . 5
ros)+ [ PeDee I ds
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< Po(h) + CF (T, &) Dp—L— (1-RIN*/o? o=7h? /o™ (3.82)

n,m,y v — k&

Now, (3.72) is immediate. O
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Repeated application of the previous result finally leads to the following estimate, which
is equivalent to the upper bound in Theorem 2.4. Note that the lower bound in Theorem 2.4
is a direct consequence of the lower bound in Corollary 3.5, so that the corollary below
completes the proof of the theorem.

Corollary 3.10. Assume that yo € Do, To = Z(yo,€). Then, for everyt > 0, we have
PO,(EO,UO){TB(I_L) < tA TDO}

- 1 t 2 ’Y - 2 P
on o) | @R-mR /e ‘
< Chmq(The) [1 + Crm (T, €) (2 + T) 20— I%)] e (3.83)

In addition, the distribution of the endpoint & satisfies

PO (6, X (y) 7€) 2 B, 70, 2t} < Crmpn(T€) [ﬂ e (3:84)

Proor: We already know the bounds (3.70) and (3.71) to hold for k = 1, with D; =
Ct o (T,e) and Dy = Cpm (T, €). Now the inductive relations (3.72) and (3.73) are seen

n7m7’y

to be satisfied by

Dy, = kCrm (T €),

k-1
D= Gty (T,6) |14 Comn (T, e)’yj NCELESS j] , (3.85)

K

=1

The conclusion follows by taking k = [t/T] and bounding the sum by £ (¢/T)(t/T + 1) <
(/T +1/2)2 O

To complete the proof of Theorem 2.4, we first optimize our choice of &, taking into
account the constraint & < k1(0) A ’. By doing so, we find that

LA o—(2R—7)h? [o? < % e—"‘th/UZ, (3.86)
2(y — k) o?
where we have set
k= 7[1 - O(R) — O(A) — Oe=mH= /(1 - 27)]. (3.87)

Simplifying the prefactor in (3.83) finally yields

(1+1¢)?
Ae

2
POov) {rgy < tATp, } < {(1 —2y) " e em/ﬂ % e/ (3.88)

3.3 Approaching the adiabatic manifold

The following result gives a rather rough description of the behaviour of paths starting
at a (sufficiently small) distance of order 1 from the adiabatic manifold. It is, however,
sufficient to show that with large probability, these paths will reach the set B(h), for some
h > o, in a time of order €|log A|.
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Proposition 3.11. Lett satisfy the hypotheses of Corollary 3.5. Then there exist constants
ho, b0, co and Kq such that, for h < ho, 6 < éo, v € (0,1/2) and A sufficiently small,

sup IP’O’(&’O){ sup <ES’X(yS)_1ES> >1} (3.89)

€o ¢ (€0,X (w0)—1&0)<82 0gs<tATD, (h—l— cod e—Kos/e)z z

t 1 27,2 2.2
| = ||—— n/4 9 m/4\ ,—kh?/c —kh? [0
[AJ [(1—27)”/2 Flerrzen)e ) !

where kK = y[1 — O(h) — O(A) — O()].

PRrOOF: We start again by considering an interval [s, t] with t—s = Ae. Let y(‘jl‘St =1yo € Dy.
Then

P= PO,(&,,O){ sup <€u; X(yu)_1€u>2 > 1}

sQuLIATD ATy (h + 005 e—Kou/e)

<P°’(’=’°’°){ sup <£u,X(ySet)‘1£u>>H2}, (3.90)

sSugiNT

where 7 is a stopping time defined by
T =Tpy ATy Anf{u > 0: (€, X (y2H) 716, > (b + cob e Kouley2 (g _ O(A))},  (3.91)

and H? is a shorthand for H? = H? = (h 4 cod e~ Kot/)2(1 — O(A)).
The probability on the right-hand side of (3.90) can be bounded, as in Proposition 3.1,
by the sum Py + P, + P,, defined in (3.17), provided Ho + H; + Hy = H. Since ||U(s)||

decreases like e Kos/e — ¢Kol ¢=Kot/e e have
1 HZ — const §2 e2Ko2 e~ 2Kot/e
Po < W exp|—v% 0_2 :| (392)

Following the proof of Lemma 3.3, and taking into account the new definition of 7, we
further obtain that
H? 1

P < e™? —=L . 3.93
15¢ exp{ 02 MZconst [(h+ h1)2T(t) + c26%(t/€) e_zKOt/E]} ( )

As for P,, it can be estimated trivially, provided

M
Hjy > const X {(h2 + hh1)O(t) 4 2% Fol e_KOt/E} . (3.94)
0

Choosing H; in such a way that the exponent in (3.93) equals H%/0?, we obtain

1 2 2 H
- n/4 .—H?/(20%) A
P< ((1—27)”/2+e © )exp{ 702

i [1-O(A) - O(h+ b1 + cob)] }, (3.95)

where we choose hy proportional to h + cob eXo2 e=Kot/e The remainder of the proof is

similar to the proofs of Lemma 3.4 and Corollary 3.5. O

The preceding lemma shows that after a time ¢; of order ¢|log k|, the paths are likely
to have reached B(h). As in Lemma 3.7, an improved bound for the distribution of the
endpoint &, can be obtained. Repeating the arguments leading to Theorem 2.4, namely
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using Lemma 3.6 on integration by parts and mimicking the proof of Corollary 3.10, one
can show that after time ¢;, the probability of leaving B(h) behaves as if the process had
started on the adiabatic manifold, i.e.,

2
PO,(fo,O){ sup <€saf(ys)_1€s> > h2} < C:m’yA(t,e)h—ze—n‘l'hZ/a-Z, (3.96)
Y5 o

141 gsgt/\TDO

uniformly for all & such that (£, X (yo) "1&o) < 6%. Here C:,m,v,A (t,€) is the same prefactor
as in Theorem 2.4, cf. (2.27), and

kT =y[1 - O(h) = O(A) = O(§emom=t Ao /(1 — 2y))]. (3.97)

This completes our discussion of general initial conditions.

4 Proofs — Dynamics of (;

In this section, we consider again the SDE

1 o
dz, = - dt + —F dWw,
It gf(mtiytig) + \/E (CEt,yt,E') t) (41)

dy: = g(z¢, yt,€) dt + 0'G(zy, yt,€) AW,
under Assumption 2.2, that is, when starting near a uniformly asymptotically stable man-
ifold. We denote by (2, yfet), with zd*t = z(yd*t, &), the deterministic solution starting

in ygdt = yo € Dy. The system can be rewritten in the form (3.3), or, in compact notation,
as

dCt — [A(y?ﬁ; g)Ct + B(Ct: t: E)] dt +o [To(thIEt; E) + -7:1 (Ct: t: E)] th: (42)

where (T = (¢7,77), A and F, have been defined in (2.37), and the components of
BT = (717, cT) and FT = (e 1/2FT, pGT) satisty the bounds (3.4).
The solution of (4.2) with initial condition (I = (¢Z,0) can be written in the form

G =UD G + o /0 U(E, ) Fo(y2, ) dW,

—I—/O U(t, s)B((s, s,e)ds + a/o U(t, s)F1(Cs, 5,€) dWs. (4.3)

The components of the principal solution U(t, s) satisfy the bounds

|U (¢, s)|| < const e Kolt=e)/e,
IS, 8)|| < const||Clleo— (1 — e Kolt=9)/¢) sup ||V (¢, u)]|. (4.4)
Ky s<ugt
We want to estimate the first-exit time
e = inf{u > 0: ((u, Z(w) ') 2 A%}, (4.5)

with Z(u) defined in (2.47). The inverse of Z(u) is given by
. (X - Zv-127)0 X1y - ZTX1Z)
Z7 = T o :
~Y 120X - Z2y1Z7)7! Y -Z2TX"12)7!

33



Since we assume || X ||oo and || X ~1||o to be bounded, || Z||eo = O(v/Ep—+e€) and [[Y |09 =

O(1/(p? +¢€)), we have
_ O(1) O(1)
. : (4.7)
(0(1) O(1/(p* + 6)))

As in Section 3, we start by examining the dynamics of (, on an interval [s,¢] with A =

(t—s)/e =0.(1).
The following functions will play a similar réle as the functions ® and ¥, introduced
n (3.5), played in Section 3:

B(t) = /0 Te [T (v)TU(t, v)TZ ()7 U, v) T (v)] do,

B) :/0 17 ()72t 0)TZ () U (t, v) T (0) | do, (4.8)
where o . )
1 v
J() = ————F7F1(Cuyv,€) = .
= iz ) (0<p>) 9

for v < 7¢. Using the representations (2.39) of 4 and (4.6) of Z=! and expanding the
matrix product, one obtains the relations

-~

B(t) < ®(t) + p? /t Te[V (¢, 0)TY (£) 71V (¢, 0)] dv + O((n +m) (1 + xI(t) + xP(2))),
T(t) < U(t) + p° /tHV(t, )TY ()7 (¢, 0)||dv + O(1 + X () + xB(8)), (4.10)

valid for all ¢ < 7¢. Now we are ready to establish the following analog of Proposition 3.1.

Proposition 4.1. Fiz an initial condition (zo,yo) with yo € Do and zo = Z(yo,€), and
let t be such that y3¢* € Dg for all u < t. Then, for all a € [0,1], all v € (0,1/2) and all
p >0,

sup P s (6, Z0)716) > )
€o=(£0,0) : (€0,X (y0) 'é0)<a®h? sSUKEATD,

1 h2 _ )

D (1 = 29)(ntm)/2 eXp{_'Yﬁ {1 — o’ — O(A + e+ ph+ bl Z|pqY 1||[10/j]X(1)(t))} }

1 BO/40) oy {_h_2 #(1 —_(’)(AA)) }
0% 16 ME|| 2 |jo,%(2)

(4.11)

holds for all h < 1/ u.

Proor: Writing ¢, = U(u, s)T,, we have

IP’O";O{ sup (CU,Z(u)_1Cu>>h2}:]P’O’C°{ sup ||Q(u)’ru||>h} (4.12)

sQugtATp, sQuLEATDy AT

where Q(u) is the symmetric matrix defined by

Q(u)? =U(u,s)TZ(w) U (u, s). (4.13)
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As in the proof of Proposition 3.1, we want to eliminate the u-dependence of Q in (4.12).
It turns out that the relation [|Q(w)Q(t)7Y| = 1 + O(A) still holds in the present situ-
ation, although the proof is less straightforward than before. We establish this result in
Lemma 4.2 below.

Splitting T, into the sum Y, = TS + T 4+ T2, where the T? are defined in a way
analogous to (3.16), we can estimate the probability in (4.12) by the sum Py + P; + P,

where

Po:Pf”ﬁo{ sup ||Q<t>T2||>Ho},

sQugtATp,

P, = ]P’O"JO{ sup  ||Q()TL|| > Hl}, (4.14)

sQuLEATDy AT

P=poel sp [OWTI> M),
sQuLEATDy AT

and Ho+ Hy + Hy = h(1 — O(A)). Following the proof of Lemma 3.2, it is straightforward

to show that

1 Y 2 272
Po < Ty exp{—az (HE - o*h?)(1- O(e)) }, (4.15)
the sole difference being the factor O(g) in the exponent which stems from the fact that
(o, Z2(0)71¢0) = (&0, X (0)~%5) (14 O(g)). Furthermore, similar arguments as in the proof
of Lemma 3.3 lead to the bound

(H - 202M12h2||3_||[o,t]‘$(t))2}

B geXp{_ 1602 M2h2H2|| Z |10 o @ (t
oy | ||[0,t] (t)

(4.16)

Finally, the estimate

UANT, UANT,
10O TP < [ [ B vy e)TUt, o) B (0) U w)B Gy, | dvd
0 0

< const W\ 21 g (1 + ¥~ 10,0 (w)) (4.17)

shows that P, = 0 for Hy > (9(h2||Z_||[0,t]||Y_1||[10/f]x(1)(t)). Hence (4.11) follows by taking

Hy = ph?(1 - O(A)). O
In the proof of Proposition 4.1, we have used the following estimate.

Lemma 4.2. For A = (t — s)/e sufficiently small,

sup [|Q(u)Q(t) 7| = 1+ O(A). (4.18)

sgugt

ProoF: Using the fact that Q(v)~?2 satisfies the ODE
d
1 Q)77 =U(s, ) Fo(yy™ ) Fo(uy ™, €) U(s, v)", (4.19)

we obtain the relation

t

Q(u)zQ(t)_2 =1+ Q(u)z/ Z/{(S,U)To(ySEt,E)To(ySEt,E)TZ/{(S,’U)Td’l}. (4.20)

u
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The definition of Fy and the bound (4.4) on ||S]| allow us to write

o(1/e) 0(A+p/ﬁ))‘ .

S. v o Set,g o Set,gT S,’UT:
U(s,v)Foly,™, €) Fo(y, )" U(s, v) (O(A—I—p/\/g) O(A% 1 )

Using the estimate (4.7) for Z~! and the fact that we integrate over an interval of length
Ag, it follows that

Q(u)*Q(t)* ~ 1= (4.22)

A(om O(Ae—l—,o\/g))
OQ1) O(e+pvE) )

which implies (4.18).

O

Now, Theorem 2.5 follows from Proposition 4.1, by taking a regular partition of |
with spacing Ae and p = 4M1||Z_||[10/f]\:[/(t)1/2. We use in particular the fact that W(t
O(L+xM(8) +x3)(2)).

0,2]
)

5 Proofs — Bifurcations

We consider in this section the behaviour of the SDE (2.1) near a bifurcation point. The
system can be written in the form

1. o

dft_ = gf_(gt_iztiytig) de + %F_(Et_7zt’yt’€) th’

Ao = = (67, 20y ynr€) dt + = FO(€7, 20, o €) AW, (5:1)
c t 1%t y \/E t 140 ’ ’

dyt — g(gt_:zt: Y, E) d¢ + o"é(ft_, 2ty Yt, E) th:

compare (2.63) and (2.64). We consider the dynamics as long as (z,y:) evolves in a
neighbourhood N of the bifurcation point, which is sufficiently small for the adiabatic
manifold to be uniformly asymptotically stable, that is, all the eigenvalues of 0zf_ (0,2,y,€)
have negative real parts, uniformly bounded away from zero.

5.1 Exit from B~ (h)

Let h,, h, 2 0. In addition to the stopping time

Ty =inf{s > 0: ||ns|| > Ay}, (5.2)
cf. (3.6), we introduce the corresponding stopping time for z, — 293¢t namely,
7, =inf{s > 0: ||zs — 28| > h, }. (5.3)

The following result is obtained using almost the same line of thought as in Section 3.1.

Proposition 5.1. Lett be of order 1 at most. Then, for all initial conditions &5 such that
(€5, X~ (yo, 20) L€y ) < a?h? with an o € (0,1], all vy € (0,1/2), and all sufficiently small
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A >0,

PO sl up (6, X (7)) > A7)

O SSENTA ATHAT,
< L ;exp —’yﬁ{l—az—O(A—l—(l—l—,u)h—l—h —I—h)}
T A | (1 - 2y)(n-a)/2 o? noE
t _ h? 2(1-0(4))
| o(m—q)/4 _= s
* M ° ‘”‘p{ 72 O((1 + (y + 1) [)?) } (54)

ProOOF: The proof is similar to the proof of Corollary 3.5, the main difference being the
need for the additional stopping time 7,. Note that this results in error terms depending
on h, + h, instead of h, only. O

Next, we need to control the stopping times 7, and 7,. Lemma 3.4 holds with minor
changes, incorporating the z;-dependent terms. We find that

Lemma 5.2. Let & satisfy (€5, X (Yo, 20) 1&; ) < h2. Then

POl ol > b

Ogugt/\TB_(h)/\Tz
¢ h2(1 — O(Ag)) h? A2
< v | .m/4 B n _ (1) 4 .
<2| ] emlre o (07 + )1 - o(xO@m(1+ gt )
The next result allows to control the stopping time 7,. We define

X0 = sup [ sup [0°(s,)]) du, (5.6)

0gsgt uLvLs
s
x(e) = sup [ ( sup [0%(s, )|) du, (5.7
0<sg<tJo Mugvgs

where U? is the principal solution of e¢ = AD(zget, ydet g)¢.

Lemma 5.3. Let & satisfy (€5, X ~(yo,20) 1€, ) < h%. Then

PO,(fo_,Zo,yo){ sup |lzs — ZSEtH > h,z}

Ogsgt/\TB_(h)/\ﬂ,

t eh?(1 — O(Ae)) I
v | ea/4 _ z _ (1) i |
<2[ 6-‘ exp{ Ko 5 g [1 O(Xz (t)hz(l—l_hﬁ—l—hg))]}'

o2x2)(#)

(5.8)

PRrooOF: The proof is almost identical with the proof of Lemma 3.4 and Lemma 5.2, with
o' replaced by o/4/e and V replaced by U°. O

Proor oF THEOREM 2.7. We can repeat the proof of Corollary 3.10 in Section 3.2, com-
paring the process to different deterministic solutions on successive time intervals of length
T. The only difference lies in new values for the exponents k¥ (0) (resulting from Proposi-
tion 5.1) and ’. In fact, choosing h, proportional to h, h, proportional to (ng)(T)/e)l/zh
and, finally, u? proportional to 1+ (hy, + h.)/h, shows that

PO,(&Q_,ZOKUO) {0< S<qu <€s_ , X_(ys; Zs)—lé-s—> 2 h2} < Cn,m,q,'y(T; 5) e—,{" (a)hZ/a'Z, (59)
SsST ATy
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valid for all £, satisfying (€5, X ~(yo,20) 1€, ) < @?h? and all T of order 1 at most. Here

C (Te)= || |1 o)/t ygemia gt (5.10)
n,m,g,y\< Ae (1 _ 27)(71_(1)/2 ) .

kT (@) = y[1 = a® = O(A) — O(h) — O(R(XPNT) v XP(T)V?//6)].  (5.11)

Similar arguments as in the proof of Lemma 3.7 yield a bound of the form
Pol& ) [(e7, X (yp, 27) g )y > T} < Ce™W17, (5.12)
where
K = 7 [1-0(8) — O(h) - O(h(XD(T) v xD(T)) 2/ &) - O(e o7/ (1 - 24))]. (5.13)

In order for the estimates (5.9) and (5.12) to be useful, we need to take T of order €.
However, this leads to an error term of order 1 in the exponent «’, which is due to the fact
that £ has too little time to relax to the adiabatic manifold. In order to find the best
compromise, we take T' = f¢ and optimize over §. Assume we are in the worst case, when

|U°|| grows exponentially like eX+*/¢. Then ng)(T) is of the order €8 e2X+8. The choice

e™? = [h(1 — 2y)] /KT (5.14)

1/2

yields an almost optimal error term of order A*(1 — 2v)'¥|log(h(1 — 2v))|*/2, with v =

2Ko/(2Ko+ K4). The smaller K, i.e., the slower ng)(t) grows, the closer v is to one. [

5.2 The reduced system
Given the SDE (5.1), we call

1. o =
dz) = = 200,29, 40,€) dt + —=F°(0, 22,47, €) dWy,
D= ORI 0, 00,) W 5.15)

dy? = g(o, Z?, y?, E) dt + O'Ié(o: Zf?: yi?: 6) th

the reduced system of (5.1). It is obtained by setting &, = 0. Let ¢ = (2,4?) and
¢ = (2t — 20,y — ¥9). Subtracting (5.15) from (5.1) and making a Taylor expansion of the
drift coefficient, we find that (&, (;) obeys the SDE

A7 = 21 +HE G )]t TR G o) aW
. . (5.16)
dCt - g [C(Cy?a E)Et_ + B(CE: g)Ct + C(Et_a Ct: Cf?: 6)] dt + %g(ft_i Ct: Cf?: E) th:

where ||b]] and ||¢|| are both of order [|£7||* + [|{||* and IG|| is of order ||€7| + ||¢]|, while
|| F'|| is bounded. The matrices A=, B and C are those defined in (2.66), (2.76) and (2.77).

For a given continuous sample path {Cto(w)}t;Q of (5.16), we denote by U, and V,, the
principal solutions of e~ = A~ ({{(w),€)¢é™ and e( = B({ (w),€)(. If we further define

Su(t,s) = é/ Vo (t, ) C((w), €)U,(u, s) du, (5.17)
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we can write the solution of (5.16) as
Ct(w)zf/ Vult, (€S (@), Go(w), COlw), &) AW, (w)
oA / Sult, ) F(E; (@), G(), CO(w), &) AW, (w)
/v (t, 5)c(€; (@), G(), CO(w), ) ds
/ Sult, $)b(£7 (@), Co(w), CO(w), &) ds. (5.18)

Concerning the first two summands in (5.18), note that the identities

Vo (t,s) = Vo (t,0)V,(s,0)7"

~ ~ (5.19)
Su(t,8) = Su(t,0)U,(s,0)™1 + V,(¢,0)S.(s,0) 7t

allow to rewrite the stochastic integrals in such a way that the integrands are adapted with
respect to the filtration generated by {W,}.>o0.
We now assume the existence of a stopping time 7 < 75— (p) and deterministic functions

9(¢, s), Y¢(t, s) such that

HV (&, 9)]| < B2, s
(5.20)
|V (t,s) &)|| < Belt
uniformly in g, whenever s < t £ T(w), and define
. 1 ¢ .
x®(t) = sup —/ 9(s, u)* du, 1=1,2, (5.21)
0gsgt €
i L[ ,
X(C)(t) = sup —/ ( sup d¢(s,v) ) du, 1=1,2. (5.22)
0gsgt € uLvLs

The following proposition establishes a local version of Theorem 2.8.

Proposition 5.4. Let A be sufficiently small, fiz times s < t such that t — s = Ag, and
assume that there exists a constant 99 > 0 such that ¥(u,s) < Fo and d¢c(u,s) < Vo,
whenever u € [s,t]. Then there exist constants ko, hg > 0 such that for all h < hg [X(l)(t) V

eI

h? 1
]P’O’O{ sup  ||Cull 2 h} < 2elmta)/4 eXp{—K,o—z @ } (5.23)
SATLUSIAT o Xc¢ (t) + hzx(z)(t)

ProOF: The proof follows along the lines of the proof of Lemma 3.4, the main difference
lying in the fact that the stochastic integrals in (5.18) involve the principal solutions U,,,
V,, depending on the realization of the process. However, the existence of the deterministic
bound (5.20) allows for a similar conclusion. In particular, the first and second term
in (5.18) create respective contributions of the form

H2
(m+q)/4 _ 0
e(m+a)/4 eXp{—lez} (5.25)
1602 M2x ) (2)
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to the probability (5.23). The third and fourth term only cause corrections of order hx (1) (t)

and hxg)(t) in the exponent. O

Now Theorem 2.8 follows from Proposition 5.4 by using a partition of the interval [0, ¢]
into smaller intervals of length Ae.
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