Weierstraß–Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Stochastic interacting particle systems

and nonlinear kinetic equations

Andreas Eibeck and Wolfgang Wagner^1

submitted: 27th March 2002

1 Weierstrass Institute for Applied Analysis and Stochastics Mohrenstrasse 39, D-10117 Berlin, Germany E-Mail: AndrEibeck@aol.com, wagner@wias-berlin.de

No. 732 Berlin 2002

1991 Mathematics Subject Classification. 65C35, 60K40.

Key words and phrases. Stochastic particle systems, regularity of jump processes, kinetic equations, existence of solutions, coagulation, fragmentation, source and efflux, dissipative collisions.

Edited by Weierstraß–Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail (Internet): preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We present the stochastic approach to nonlinear kinetic equations (without gradient terms) in a unifying general framework, which covers many interactions important in applications, like coagulation, fragmentation, inelastic collisions, as well as source and efflux terms. We provide conditions for the existence of corresponding stochastic particle systems in the sense of regularity (non-explosion) of a jump process with unbounded intensity. Using an appropriate space of measure-valued functions, we prove relative compactness of the sequence of processes and characterize the weak limits in terms of solutions to the nonlinear equation. As a particular application, we derive existence theorems for Smoluchowski’s coagulation equation with fragmentation, efflux and source terms, and for the Boltzmann equation with dissipative collisions.

Contents

1. Introduction 2

2. Main results 3

3. Applications 9 3.1. Source and efflux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 3.2. Coagulation and fragmentation . . . . . . . . . . . . . . . . . . . . . . . . 10 3.3. Dissipative collisions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

4. The minimal jump process 20

5. Proofs of the main results 26 5.1. Regularity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 5.2. Relative compactness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 5.3. Characterization of weak limits . . . . . . . . . . . . . . . . . . . . . . . . 32 5.4. Corollaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

Appendix 38

References 40

1. Introduction

Studies of the connection between stochastic interacting particle systems and nonlinear kinetic equations have a long history. The earliest references seem to be the papers by Leontovich [22] and Kac [20], where the Boltzmann equation (cf. [6], [7]) from rarefied gas dynamics was considered. In the simplest (spatially homogeneous) case this equation describes the time evolution of the velocity distribution of gas molecules that change their velocities during collisions. The stochastic approach to the Boltzmann equation has been further developed in [25], [32]. The practically relevant (unbounded) hard sphere collision kernel was treated in [31]. We refer to [35] for more comments and references concerning this field. Algorithms based on the corresponding stochastic interacting particle systems are presently the most widely used numerical tools in kinetic theory [5].

Stochastic particle systems related to Smoluchowski’s coagulation equation (cf. [34], [8]) were used in [24], [14], [23] in the context of various applications. In the spatially homogeneous case this equation describes the time evolution of the size distribution of particles moving in a physical medium and merging during collisions. The stochastic approach to Smoluchowski’s coagulation equation has been reviewed in [1]. We refer to [10], [12] for comments and references concerning applications of the particle systems in numerics. Note that the coagulation process can be considered as a chemical system with infinitely many species (characterized by size) and simple reactions (merging of two partners). The study of the relationship between stochastic and deterministic models for chemical systems with a finite number of species and reactions goes back to [21] (cf. [15] concerning numerical applications).

Developing the stochastic approach to the Boltzmann equation, systems with a general binary interaction between particles and a general (Markovian) single particle evolution (including spatial motion) were considered in [26], [17]. Results concerning the approximation of the solution to the corresponding nonlinear kinetic equation by the particle system were obtained in the case of bounded intensities and a constant (in time) number of particles. The weak law of large numbers for stochastic particle systems related to Smoluchowski’s coagulation equation with general kernels has attracted attention only recently (cf. [1, Problem 10(a)]). Meanwhile, rigorous results of this type are contained, e.g., in [18] (discrete coagulation-fragmentation equation with bounded kernels), [19] (discrete coagulation-fragmentation equation), [28] (continuous coagulation equation), [11] (continuous coagulation-fragmentation equation). Most of the practically relevant coagulation kernels are unbounded. Moreover, if the kernel grows sufficiently fast, solutions to the limiting equation show the so-called gelation effect (loss of mass in finite time). It has been observed that the stochastic approach provides new existence results for the deterministic limiting equation (cf. the discussion in [11]), besides the approximation results that were the original motivation.

The purpose of this paper is to present the stochastic approach to nonlinear kinetic equations (without gradient terms) in a unifying general framework, which covers the cases mentioned above and allows one to include other effects important in applications, like multiple fragmentation, structured clusters, inelastic collisions, internal degrees of freedom, sources and efflux, etc. (cf., e.g., [36, Sections 3.3, 3.7], [29]). To this end we use an arbitrary locally compact separable metric space as the type space of a single particle and consider rather general multiple interactions with unbounded rates. The state space of the particle system consists of appropriately normalized discrete measures on the type space. The limiting equation is considered in a weak form so that solutions are functions of time taking values in some space of measures on the type space.

The paper is organized as follows. The main results are given in Section 2. The first theorem provides conditions for the existence of the particle system in the sense of regularity (non-explosion) of a jump process. The second theorem studies the property of relative compactness of the sequence (with respect to the normalization parameter) of processes. The third theorem characterizes the weak limits of the sequence in terms of solutions to a deterministic nonlinear equation. An existence theorem for the limiting equation is given in form of a special corollary. In Section 3 the general results are applied to some specific models. First, the coagulation-fragmentation equation with source and efflux is considered. In this case new existence results are obtained. Second, a generalized Boltzmann equation with dissipative collisions is considered. Such equations have attracted considerable interest in recent years in connection with the study of granular materials (cf., e.g., [16], [4]). An existence result is obtained that covers the known results in the classical Boltzmann case. The rest of the paper is concerned with the proofs of the main results. In Section 4 we consider the so-called minimal jump process, with a compactly bounded kernel on some locally compact separable metric space, and prove a theorem concerning its regularity (non-explosion). In Section 5 we give proofs of our main theorems, using the results from the previous section and applying techniques from [13]. Some auxiliary results are collected in an appendix, in order to make the paper self-contained.

In conclusion we note that convergence of the particle system to the solution of the limiting deterministic equation (weak law of large numbers) is obtained under the assumption of uniqueness of that solution. So far no general uniqueness result have been obtained (cf. [28] concerning the coagulation case). However, the general framework proposed in this paper provides a basis for the derivation and justification of stochastic algorithms in many fields of application. The results cover both unbounded kernels (thus avoiding any truncation leading to unnecessary numerical errors) and a variable number of particles (possibly unbounded in time). As to concrete applications, we worked out only two specific models in order to keep the length of the paper reasonable. However, any combinations of these interaction models, and many others, can be considered.

2. Main results

Let E and E^′ be metric and separable spaces. Let M(E) , B(E) , C(E) , C_b(E) and C_c(E) denote the sets of functions on E that are measurable, bounded measurable, continuous, bounded continuous, and continuous with compact support, respectively. For E locally compact, let C_0(E) denote the set of continuous functions on E vanishing at infinity as the closure of C_c(E) with respect to the sup-norm ‖.‖ . Furthermore, the sets of Borel measures, bounded Borel measures and probability measures on the Borel-σ-algebra B(E) are denoted by M(E) , M_b(E) and P(E) , respectively. The Dirac measure on ξ ∈ E is denoted by δ_ξ . Vague and weak convergence of Borel measures are denoted by μ_n^v→ μ and μ_n^w→ μ, respectively, whereas the sign ⇒ is used for convergence in distribution.

Let C([0, ∞), E) be the space of continuous paths and D([0, ∞), E) the Skorohod space of cadlag paths. For φ ∈ M(E) and μ ∈ M(E) we use the notation ⟨φ, μ⟩ = ∫ φ dμ . Finally, let 1_A denote the indicator function of a set A . A kernel from E to E^′ (on E if E = E^′) is a function λ : E × B(E^′) → [0, ∞) such that λ(·, B) ∈ M(E) , ∀ B ∈ B(E^′) and λ(ξ, ·) ∈ M_b(E^′) , ∀ ξ ∈ E . A kernel λ is called compactly bounded if sup_{ξ∈C} λ(ξ, E^′) < ∞ , for any compact C ⊂ E .

We consider particles with types from a locally compact separable metric space Z and weights^1_N . Define the state space of the particle system as

E^N = { 1 N n∑ i=1 δ_{xi} : n ≥ 0 , x_i ∈ Z , i = 1, . . . , n } , N = 1, 2, . . . . (2.1)

Any event in the system consists in the interaction of at most R particles and produces as a result at most K particles. This includes, for example, the generation of new particles from a source, the extinction or transformation of single particles, and the collision of two particles. The admissible subsequent states of μ ∈ E^N are denoted by

J_0(μ, ξ) = μ + 1 N ξ , J_1(μ, i, ξ) = μ + 1 N [ξ − δ_{xi} ] , (2.2) J_r(μ, i_1, . . . , i_r, ξ) = μ + 1 N [ ξ − δ_{xi1} − . . . − δ_{xir} ] , r = 2, . . . , R , where i_1, . . . , i_r are pairwise distinct indices from {1, . . . , n} and ξ ∈ E_K , with

E_K = {_n ∑ i=1 δ_{xi} : 0 ≤ n ≤ K , x_i ∈ Z , i = 1, . . . , n } , (2.3)

for some given natural numbers R and K . Both spaces E^N and E_K are equipped with the weak topology.

The rates for the different events are determined by a measure q_0 and kernels q_1, . . . , q_R such that

q_0 ∈ M_b(E_K ) and (2.4) q_r : Z^r × B(E_K ) → [0, ∞) , r = 1, . . . , R , are compactly bounded.

Thus, transitions (jumps) in the system are governed by the kernel λ^N (μ, B) = N ∫ E_K 1_B(J_0(μ, ξ)) q_0(dξ) + n∑ i=1 ∫ E_K 1_B(J_1(μ, i, ξ)) q_1(x_i, dξ)+ (2.5) R∑ r=2 1 N^{r−1} ~∑ 1≤i_1,...,i_r ≤n ∫ E_K 1_B (J_r(μ, i_1, . . . , i_r, ξ)) q_r (x_{i1} , . . . , x_{ir} , dξ) , B ∈ B(E^N ) , where μ ∈ E^N and~ ∑ denotes summation over pairwise distinct indices.

We first provide conditions for the regularity (non-explosion) of the system.

Theorem 2.1 (Regularity) Consider a locally compact separable metric space Z and a function H ∈ C(Z) such that H > 0 and 1 H ∈ C_0(Z) . (2.6) Suppose ν^N_0 ∈ P(E^N ) satisfies ∫ E^N ⟨H, μ⟩ ν^N_0 (dμ) ≤ c_0 , (2.7) for some c_0 ≥ 0 . Suppose q_0, q_1, . . . , q_R satisfy (2.4) and are such that the kernel (2.5) satisfies ∫ E^N [⟨H, μ_1⟩ − ⟨H, μ⟩] λ^N (μ, dμ_1) ≤ c_1 [⟨H, μ⟩ + c^′_1] , ∀ μ ∈ E^N , (2.8) for some c_1 , c^′_1 ≥ 0 .

Then there exists a random process X^N with sample paths in D([0, ∞), E^N ) that is indistinguishable from the minimal jump process, corresponding to the kernel λ^N and the initial distribution ν^N_0 .

Next we study asymptotic properties of the sequence X^N . To this end, we construct an appropriate common state space. Consider two functions h, H ∈ C(Z) : 0 ≤ h(x) ≤ c H(x) , ∀ x ∈ Z , for some c > 0 , (2.9) the set M(Z, H) = { μ ∈ M(Z) : ⟨H, μ⟩ < ∞ } (2.10) and the metric d_h(μ, ν) = d_0(μ, ν) + min{1, |⟨h, μ⟩ − ⟨h, ν⟩|} , μ, ν ∈ M(Z, H) , (2.11) where d_0 is a metric generating the vague topology. Introduce the space M(Z, H, h) = ( M(Z, H), d_h ) . (2.12) Note that M(Z, 0) = M(Z) , M(Z, 1) = M_b(Z) and M(Z, H) ⊂ M_b(Z) if inf_{x∈Z} H(x) > 0 . (2.13) According to [2, Theorem 45.7], the metric d_1 generates the weak topology on M_b(Z) . Theorem 2.2 (Relative Compactness) Consider a locally compact separable metric space Z and functions H satisfying (2.6) and h ∈ C(Z) such that h ≥ 0 and^h_H ∈ C_0(Z) . (2.14) Suppose ν^N_0 ∈ P(E^N ) satisfy (2.7) uniformly in N . Suppose q_0, q_1, . . . , q_R are such that (2.8) is satisfied uniformly in N and q_0(E_K ) ≤ c_2 and q_r(x, E_K ) ≤ c_2 H(x_1) . . . H(x_r) , ∀ x = (x_1, . . . , x_r) ∈ Z^r , (2.15) for r = 1, . . . , R and some c_2 ≥ 0 .

Then the processes X^N form a relatively compact sequence of D([0, ∞), M(Z, H, h))- valued random variables.

Theorem 2.3 (Characterization of Weak Limits) Consider a locally compact separable metric space Z and functions H, h satisfying (2.6) and (2.14). Suppose ν^N_0 ∈ P(E^N ) satisfy (2.7) uniformly in N and are such that X^N (0) ⇒ μ_0 , for some μ_0 ∈ M(Z, H) . (2.16) Suppose q_0, q_1, . . . , q_R are such that (2.8) is satisfied uniformly in N , q_0(E_K ) ≤ c_2 and q_r(x, E_K ) ≤ c_2 h(x_1) . . . h(x_r) , ∀ x = (x_1, . . . , x_r) ∈ Z^r , (2.17) for r = 1, . . . , R and some c_2 ≥ 0 , and q_r(., E_K) ∈ C(Z^r) , ∫ E_K ⟨φ, ξ⟩ q_r (., dξ) ∈ C(Z^r) , r = 1, . . . , R , (2.18) for any φ ∈ C_c(Z) .

Then the processes X^N form a relatively compact sequence of D([0, ∞), M(Z, H, h))- valued random variables and every weak limit X satisfies, almost surely, ⟨φ, X(t)⟩ = ⟨φ, μ_0⟩ + ∫_t 0 G(φ, X(s)) ds , ∀ t ≥ 0 , φ ∈ C_c(Z) , (2.19) where, for μ ∈ M(Z, H) , G(φ, μ) = ∫ E_K ⟨φ, ξ⟩ q_0(dξ) + (2.20) R∑ r=1 ∫ Z . . . ∫ Z ∫ E_K [⟨φ, ξ⟩ − φ(x_1) − . . . − φ(x_r)] q_r(x_1, . . . , x_r, dξ) μ(dx_1) . . . μ(dx_r) .

Corollary 2.4 (Continuity) Under the assumptions of Theorem 2.2, every weak limit X satisfies P ( X ∈ C([0, ∞), M(Z, H, h)) ) = 1 . (2.21) Corollary 2.5 (Moments) Under the assumptions of Theorem 2.2, every weak limit X satisfies E ⟨H, X(t)⟩ ≤ (c_0 + c^′_1) exp(c_1 t) , ∀ t ≥ 0 . (2.22) Corollary 2.6 (Existence) Consider a locally compact separable metric space Z and functions H, h satisfying (2.6) and (2.14). Let μ_0 ∈ M(Z, H) . Suppose q_0, q_1, . . . , q_R are such that (2.8) is satisfied uniformly in N , and assumptions (2.17), (2.18) are fulfilled.

Then there exists some μ ∈ C([0, ∞), M(Z, H, h)) solving the macroscopic equation ⟨φ, μ(t)⟩ = ⟨φ, μ_0⟩ + ∫_t 0 G(φ, μ(s)) ds , ∀ t ≥ 0 , φ ∈ C_c(Z) . (2.23)

Corollary 2.7 (Convergence) Let the assumptions of Theorem 2.3 be fulfilled. If there is a unique μ ∈ C([0, ∞), M(Z, H, h)) satisfying equation (2.23), then the stochastic processes X^N converge in distribution to μ .

Corollary 2.8 For nonnegative g ∈ C(Z) and γ > 0 consider the set M_γ (Z, g) = {μ ∈ M(Z) : ⟨g, μ⟩ ≤ γ} . (2.24) Suppose q_0, q_1, . . . , q_R are such that, for all N = 1, 2, . . . ,

λ^N (μ, E^N ∩ M_γ (Z, g)) = λ^N (μ, E^N ) , ∀ μ ∈ E^N ∩ M_γ (Z, g) . (2.25)

Then the Theorems 2.1, 2.2 and 2.3 hold, when the spaces E^N and M(Z, H, h) are replaced by E^N ∩ M_γ (Z, g) and (M(Z, H) ∩ M_γ (Z, g), d_h) , respectively.

Corollary 2.9 Consider a locally compact separable metric space Z and functions H, h satisfying (2.6) and (2.14). Let μ_0 ∈ M(Z, H) be such that ⟨g, μ_0⟩ < ∞ , for some nonnegative g ∈ C(Z) , and consider γ = ⟨g, μ_0⟩ + 1 . Suppose q_0, q_1, . . . , q_R are such that assumptions (2.17), (2.18) and (2.25) are fulfilled, and (2.8) is satisfied uniformly in N , with E^N replaced by E^N ∩ M_γ (Z, g) .

Then there exists some μ ∈ C([0, ∞), (M(Z, H) ∩ M_γ(Z, g), d_h)) solving the equation (2.23).

We finish this section by providing some basic properties of the objects under consideration, which will be used at several parts of the paper.

Remark 2.10 Let μ_k = N^{−1} ∑_{nk} i=1 δ_xk_i , k ≥ 1, and μ = N^{−1} ∑_n i=1 δ_{xi} . Then d_1(μ_k, μ) → 0 if and only if there are an l ≥ 1 and permutations π_k on {1, . . . , n}, k ≥ l, such that n_k = n , k ≥ l, and lim_{k→∞, k≥l} x^k_{πk (i)} = x_i , i = 1, . . . , n . Note that the kernel (2.5) satisfies ∫ E^N Ψ(ν) λ^N (μ, dν) = (2.26) N ∫ E_K Ψ(J_0(μ, ξ)) q_0(dξ) + n∑ i=1 ∫ E_K Ψ(J_1(μ, i, ξ)) q_1(x_i, dξ)

+ R∑ r=2 1 N^{r−1} ~∑ 1≤i_1,...,i_r ≤n ∫ E_K Ψ(J_r(μ, i_1, . . . , i_r, ξ)) q_r (x_{i1} , . . . , x_{ir} , dξ) ,

for μ ∈ E^N and appropriate test functions, e.g., Ψ ∈ C(E^N ) . In particular, one obtains λ^N (μ, E^N ) ≤ N [ q_0(E_K ) + R∑ r=1 ∫ Z . . . ∫ Z q_r(x_1, . . . , x_r, E_K ) μ(dx_1) . . . μ(dx_r) ] . (2.27)

Remark 2.11 If φ ∈ C(Z) , then the function Φ : E^N → R , Φ(μ) = ⟨φ, μ⟩ , (2.28) is continuous, according to Remark 2.10. Using (2.26) and (2.2), one obtains ∫ E^N [⟨φ, ν⟩ − ⟨φ, μ⟩]^k λ^N (μ, dν) = (2.29) N^{1−k} [∫ E_K ⟨φ, ξ⟩^k q_0(dξ) + 1 N n∑ i=1 ∫ E_K [⟨φ, ξ⟩ − φ(x_i)]^k q_1(x_i, dξ) + R∑ r=2 1 N^r ~∑ 1≤i_1,...,i_r ≤n ∫ E_K [⟨φ, ξ⟩ − φ(x_{i1} ) − . . . − φ(x_{ir} )]^k q_r(x_{i1} , . . . , x_{ir} , dξ) ] ,

for μ ∈ E^N , k = 1, 2 , and φ ∈ C(Z) . Introduce the notation

Q_0(φ) = ∫ E_K ⟨φ, ξ⟩ q_0(dξ) , (2.30) Q_r(φ, x) = ∫ E_K [⟨φ, ξ⟩ − φ(x_1) − . . . − φ(x_r)] q_r(x, dξ) , r = 1, . . . , R , for x = (x_1, . . . , x_r) ∈ Z^r and φ ∈ C(Z) . Using (2.29) with φ = H and k = 1 , condition (2.8) takes the form

Q_0(H) + ∫ Z Q_1(H, x) μ(dx) + R∑ r=2 1 N^r ~∑ 1≤i_1,...,i_r ≤n Q_r(H, x_{i1} , . . . , x_{ir} ) ≤ c_1 [⟨H, μ⟩ + c^′_1] . (2.31)

It follows from the definition (2.3) that |⟨φ, ξ⟩| ≤ ‖φ‖ K , ∀ ξ ∈ E_K , (2.32) and ∫ E_K |⟨φ, ξ⟩|^k q_0(dξ) ≤ K^k ‖φ‖^k q_0(E_K ) , (2.33) ∫ E_K |⟨φ, ξ⟩ − φ(x_1) − . . . − φ(x_r)|^kq_r(x, dξ) ≤ (K + r)^k ‖φ‖^k q_r(x, E_K ) , for k = 1, 2 , x = (x_1, . . . , x_r) ∈ Z^r , r = 1, . . . , R and φ ∈ C_b(Z) . Using (2.33) with k = 1 , one obtains (cf. (2.30)) |Q_0(φ)| ≤ K ‖φ‖ q_0(E_K ) , (2.34) |Q_r(φ, x)| ≤ (K + r) ‖φ‖ q_r(x, E_K ) , ∀ x ∈ Z^r , r = 1, . . . , R .

3. Applications

In this section we apply the general results, in particular Corollaries 2.6 and 2.9, to several special cases. We consider R = 2 . One has to check conditions (2.8), (2.17), (2.18) and (2.25) (in case of Corollary 2.9), for appropriate functions H, h satisfying (2.6) and (2.14).

According to (2.31), condition (2.8) is satisfied for all μ ∈ E^N , if Q_0(H) = ∫ E_K ⟨H, ξ⟩ q_0(dξ) ≤ c_1 , (3.1)

Q_1(H, x) = ∫ E_K [⟨H, ξ⟩ − H(x)] q_1(x, dξ) ≤ c_1 H(x) , ∀x ∈ Z , (3.2) and Q_2(H, x, y) = ∫ E_K [⟨H, ξ⟩ − H(x) − H(y)] q_2(x, y, dξ) ≤ 0 , ∀x, y ∈ Z . (3.3) Using (2.26) with Ψ = 1_EN_{∩Mγ (Z,g)} and (2.2), one observes that condition (2.25) is satisfied provided that q_0 = 0 , ⟨g, ξ⟩ ≤ g(x) , q_1(x, dξ) a.e. (3.4) and ⟨g, ξ⟩ ≤ g(x) + g(y) , q_2(x, y, dξ) a.e. , ∀x, y ∈ Z . In this case, condition (2.8) is satisfied for all μ ∈ E^N ∩ M_γ (Z, g) , if (3.2) holds and Q_2(H, x, y) ≤ c_1 [H(x) g(y) + g(x) H(y) + g(x) g(y)] , ∀x, y ∈ Z . (3.5) Indeed, (3.5) implies 1 N^2 ∑ 1≤i≠j≤n Q_2(H, x_i, x_j ) ≤ c_1(γ) [⟨H, μ⟩ + 1] , ∀ μ ∈ M_γ (Z, g) .

3.1. Source and efflux

Any source term q_0 ∈ M_b(E_K ) (cf. condition (2.17)) satisfying (3.1) is covered by the results. In particular, we consider q_0(B) = ∫ Z 1_B(δ_x) S(dx) , B ∈ B(E_K ) , where S ∈ M_b(Z) . Condition (3.1) takes the form ∫ Z H(x) S(dx) < ∞ . (3.6) Note that (cf. (2.30)) Q_0(φ) = ⟨φ, S⟩ . (3.7)

Next we consider the efflux term q_1(x, B) = 1_B(0) E(x) , x ∈ Z , B ∈ B(E_K ) , where 0 denotes the zero measure and E ∈ C(Z) is such that 0 ≤ E(x) ≤ c_2 h(x) , ∀ x ∈ Z . (3.8) Conditions (2.17), (2.18) are satisfied, and condition (3.2) is fulfilled with c_1 = 0 , since the left-hand side is non-positive. Note that (cf. (2.30)) Q_1(φ, x) = −φ(x) E(x) . (3.9)

3.2. Coagulation and fragmentation

Let Z = N or Z = (0, ∞) . Consider the coagulation term q_2(x, y, B) = 1_B (δ_{x+y} ) K(x, y) , x, y ∈ Z , B ∈ B(E_K ) , where K ∈ C(Z × Z) is non-negative, and note that (cf. (2.30)) Q_2(φ, x, y) = [φ(x + y) − φ(x) − φ(y)] K(x, y) . (3.10) Consider the fragmentation term

q_1(x, B) = ∫ Z 1_B (δ_{x−y} + δ_y ) F (x, dy) , x ∈ Z , B ∈ B(E_K ) , where F is a kernel on Z satisfying F (x, [x, ∞)) = 0 , ∀x ∈ Z , (3.11) and note that (cf. (2.30)) Q_1(φ, x) = ∫ Z [φ(x − y) + φ(y) − φ(x)] F (x, dy) . (3.12) With the terms (3.7), (3.9), (3.10) and (3.12), equation (2.23) takes the form ∫ Z φ(x) μ(t, dx) = ∫ Z φ(x) μ_0(dx) + ∫_t 0 [∫ Z φ(x) S(dx) − ∫ Z φ(x) E(x) μ(s, dx)+ ∫ Z ∫ Z [φ(x + y) − φ(x) − φ(y)] K(x, y) μ(s, dx) μ(s, dy) + (3.13) ∫ Z ∫ Z [φ(x − y) + φ(y) − φ(x)] F (x, dy) μ(s, dx) ] ds , ∀ t ≥ 0 , φ ∈ C_c(Z) . Theorem 3.1 Let Z = N or Z = (0, ∞) . Consider functions H satisfying (2.6) and H(x) x ≥ H(y) y , ∀ 0 < x ≤ y < ∞ , (3.14) and h satisfying (2.14). Let μ_0, S ∈ M(Z, H) and E ∈ C(Z) such that (3.8) holds. Consider a function K ∈ C(Z × Z) such that 0 ≤ K(x, y) ≤ c_2 h(x) h(y) , ∀ x, y ∈ Z , (3.15) and a kernel F satisfying (3.11), F (x_n, .)^w→ F (x, .) , if x_n → x ∈ Z , (3.16) ∫ Z [H(x − y) + H(y) − H(x)] F (x, dy) ≤ c_1 H(x) , ∀x ∈ Z , (3.17) and 0 ≤ F (x, Z) ≤ c_1 h(x) , ∀ x ∈ Z . (3.18) Then there exists some μ ∈ C([0, ∞), M(Z, H, h)) satisfying equation (3.13). Remark 3.2 In the case Z = (0, ∞) and F ≡ 0 , any continuous coagulation kernel satisfying (3.15) is covered, provided that H satisfies (3.14). Note there is no restriction on K at zero.

Corollary 3.3 Let Z = (0, ∞) , H(x) = x^{−α} + x , α ∈ (0, 1) , and h(x) = x^{−α+ε} + x^{1−ε} , ε ∈ (0, α] . Let μ_0, S ∈ M(Z, H) and E ∈ C(Z) such that (3.8) holds. Consider a function K ∈ C(Z × Z) satisfying (3.15). Assume F has the form F (x, dy) = 1_{(0,x)}(y) f(x, y) dy , (3.19) where f is continuous with respect to the first argument and satisfies 0 ≤ f(x, y) ≤ R(x) y^{−β} x^{1−β} , β ∈ [0, 1 − α) , R(x) = c (1 + x^{1−ε}) .

Then there exists some μ ∈ C([0, ∞), M(Z, H, h)) satisfying equation (3.13). To our knowledge, the most general existence result in the continuous case, including source and efflux terms, is contained in [9, Theorem 2.2]. There it is assumed that both K and f have compact support, and that both the source term and the initial distribution have a finite moment of some order r ≥ 1 . Thus, Corollary 3.3 provides a new existence result for unbounded K and f .

Corollary 3.4 Let Z = N and H(x) = x , h(x) = o(x) . Consider μ_0, S ∈ M(Z, H) and E such that (3.8) holds. Suppose K satisfies (3.15) and F satisfies (3.11), (3.18). Then there exists some μ ∈ C([0, ∞), M(Z, H, h)) satisfying equation (3.13).

To our knowledge, the most general existence result in the discrete case, including source and efflux terms, is contained in [30]. The corresponding assumptions there are K(x, y) = o(x) o(y) , E(x) = O(x) , ∑_∞ x=1 x S(x) < ∞ and boundedness of F (x, Z) in x . Thus, Corollary 3.4 provides a new existence result for an unbounded total fragmentation rate. Theorem 3.5 Let Z = N or Z = (0, ∞) . Consider functions H, h satisfying (2.6), (2.14). Let μ_0 ∈ M(Z, H) such that ∫ Z x μ_0(dx) < ∞ , (3.20) S = 0 and E ∈ C(Z) such that (3.8) holds. Consider a function K ∈ C(Z ×Z) satisfying (3.15) and

[H(x + y) − H(x) − H(y)] K(x, y) ≤ c_1 [H(x) y + x H(y) + x y] , (3.21) and a kernel F satisfying (3.11), (3.16), (3.17) and (3.18). Then there exists some μ ∈ C([0, ∞), M(Z, H, h)) satisfying equation (3.13). Corollary 3.6 Let Z = (0, ∞) , H(x) = x^{−α} + x^2 , α ∈ (0, 1) , and h(x) = x^{−α+ε} + x^{2−ε} , ε ∈ (0, α] . Let μ_0 ∈ M(Z, H) , S = 0 and E ∈ C(Z) such that (3.8) holds. Consider a function K ∈ C(Z × Z) satisfying K(x, y) ≤ c_1(1 + x + y) . (3.22) Suppose F has the form (3.19), where f is continuous with respect to the first argument and satisfies 0 ≤ f(x, y) ≤ R(x) y^{−β} x^{1−β} , β ∈ [0, 1 − α) , R(x) = c (1 + x^{2−ε}) .

Then there exists some μ ∈ C([0, ∞), M(Z, H, h)) satisfying equation (3.13). Corollary 3.7 Consider Z = N , and the functions H(x) = x^r , h(x) = x^{r−ε} with some r = 2, 3, . . . and ε ∈ (0, 1] . Let μ_0 ∈ M(Z, H) , S = 0 and E such that (3.8) holds. Suppose K satisfies K(x, y) ≤ c_1(x + y) , (3.23) and F satisfies (3.11), (3.18). Then there exists some μ ∈ C([0, ∞), M(Z, H, h)) satisfying equation (3.13).

Remark 3.8 Consider Z = (0, ∞) . Suppose F has the form (3.19) and μ(t, dx) = c(t, x) dx , S(dx) = S(x) dx . Then, using the identity ∫_∞ 0 ∫_∞ 0 ψ(x, y) dy dx = ∫_∞ 0 ∫_x 0 ψ(x − y, y) dy dx , equation (3.13) takes the form ∫_∞ 0 φ(x) c(t, x) dx = ∫_∞ 0 φ(x) c_0(x) dx + ∫_∞ 0 dx φ(x) ∫_t 0 ds [ S(x) − E(x) c(s, x) + 2 ∫_∞ 0 f(x + y, y) c(s, x + y) dy − ∫_x 0 f(x, y) c(s, x) dy + ∫_x 0 K(x − y, y) c(s, x − y) c(s, y) dy − ∫_∞ 0 [K(x, y) + K(y, x)] c(s, x) c(s, y) dy ] . Removing the test functions, one obtains ∂ ∂t c(t, x) = S(x) − E(x) c(t, x) + (3.24) 2 ∫_∞ 0 f(x + y, y) c(t, x + y) dy − c(t, x) F (x, Z) + ∫_x 0 K(x − y, y) c(t, x − y) c(t, y) dy − ∫_∞ 0 [K(x, y) + K(y, x)] c(t, x) c(t, y) dy . In the discrete case Z = N , analogous transformations of equation (3.13) lead to the form (3.24), with integrals replaced by sums. In this case both forms are equivalent, without any additional assumptions.

Lemma 3.9 If (3.16) then condition (2.18) is satisfied. If F has the form (3.19), for some non-negative function f , which is continuous with respect to the first argument, then condition (3.16) is fulfilled.

Proof. Condition (2.18) reduces to F (., Z) ∈ C(Z) , ∫ Z [φ(. − y) + φ(y)] F (., dy) ∈ C(Z) . (3.25) Note that | | | | ∫ Z [φ(x − y) + φ(y)] F (x, dy) − ∫ Z [φ(x_n − y) + φ(y)] F (x_n, dy) | | | | ≤ | | | | ∫ Z [φ(x − y) + φ(y)] F (x, dy) − ∫ Z [φ(x − y) + φ(y)] F (x_n, dy) | | | | + | | | ∫ Z [φ(x − y) + φ(y)] F (x_n, dy) − ∫ Z [φ(x_n − y) + φ(y)] F (x_n, dy) | | | ≤ | | | ∫ Z [φ(x − y) + φ(y)] F (x, dy) − ∫ Z [φ(x − y) + φ(y)] F (x_n, dy) | | | +F (x_n, Z) sup_{y∈Z} |φ(x − y) − φ(x_n − y)| and lim_{n→∞} sup_{y∈Z} |φ(x − y) − φ(x_n − y)| = 0 , ∀ φ ∈ C_c(Z) , if x_n → x . Thus, (3.25) follows from (3.16).

If F has the form (3.19), then condition (3.16) takes the form ∫ Z 1_{(0,x)}(y) φ(y)f(x, y) dy ∈ C(Z) , ∀ φ ∈ C_b(Z) . (3.26) Note that

1_{(0,xn)}(y) φ(y)f(x_n, y) ≤ 1_{(0,x̄)}(y) ‖φ‖ sup_n R(x_n) x^{1−β}n y^{−β} , x̄ = sup_n x_n , and lim_{n→∞} 1_{(0,xn)}(y) φ(y)f(x_n, y) = 1_{(0,x)}(y) φ(y)f(x, y) , ∀ y ≠ x , if lim_{n→∞} x_n = x . Thus, (3.26) follows from the dominated convergence theorem, since f(x, y) is continuous in x . ■ Lemma 3.10 If (3.14) then H(x) + H(y) ≥ H(x + y) . If H(x) x ≤ H(y) y , ∀ 0 < x ≤ y < ∞ , then H(x) + H(y) ≤ H(x + y) . Proof. Since

H(x) + H(y) = H(x) x x + H(y) y y , H(x + y) = H(x + y) x + y x + H(x + y) x + y y , the assertions follow. ■ Lemma 3.11 Let Z = (0, ∞) , H_1(x) = x^{−α} , α ∈ (0, 1) , and

f_1(x, y) = y^{−β} x^{1−β} , β ∈ [0, 1 − α) . (3.27) Then ∫_x 0 [H_1(x − y) + H_1(y) − H_1(x)] f_1(x, y) dy ≤ c(α, β) H_1(x) , ∀ x > 0 . (3.28)

Proof. Using ∫_x 0 (x − y)^{−α} y^{−β} dy = ∫_{x/2} 0 (x − y)^{−α} y^{−β} dy + ∫_x x/2 (x − y)^{−α} y^{−β} dy ≤ ∫_{x/2} 0 (x/2)^{−α} y^{−β} dy + ∫_x x/2 (x − y)^{−α} (x/2)^{−β} dy = (x/2)^{−α} (x/2)^{1−β} 1 1 − β + (x/2)^{−β} (x/2)^{1−α} 1 1 − α = (x/2)^{1−α−β} [ 1 1 − β + 1 1 − α ] and (3.27), one obtains ∫_x 0 [H_1(x − y) + H_1(y) − H_1(x)] f_1(x, y) dy = 1 x^{1−β} ∫_x 0 [ (x − y)^{−α} + y^{−α} − x^{−α} ] y^{−β} dy ≤ x^{−α} { 1 2^{1−α−β} [ 1 1 − β + 1 1 − α ] + 1 1 − α − β − 1 1 − β }

so that (3.28) follows. ■

Lemma 3.12 Let Z = (0, ∞) ,

H(x) = x^{−α} + x^γ , α ∈ (0, 1) , γ ≥ 1 , and h(x) = x^{−α+ε} + x^{γ−ε} , ε ∈ (0, α] . Assume F has the form (3.19), where f satisfies 0 ≤ f(x, y) ≤ R(x) y^{−β} x^{1−β} , β ∈ [0, 1 − α) , R(x) = c (1 + x^{γ−ε}) . (3.29)

Then conditions (3.17) and (3.18) are fulfilled.

Proof. Using Lemma 3.10, (3.29), and Lemma 3.11, one obtains ∫ Z [H(x − y) + H(y) − H(x)] F (x, dy) ≤ ∫_x 0 [H_1(x − y) + H_1(y) − H_1(x)] f(x, y) dy ≤ R(x) ∫_x 0 [H_1(x − y) + H_1(y) − H_1(x)] f_1(x, y) dy ≤ c(α, β) R(x) H_1(x) ,

and condition (3.17) follows. Moreover, (3.29) implies F (x, Z) ≤ R(x) x^{1−β} ∫_x 0 y^{−β} dy = R(x) 1 − β ≤ c_1 h(x)

so that condition (3.18) is satisfied. ■

Proof of Theorem 3.1. The statement is a consequence of Corollary 2.6. Indeed, condition (2.17) follows from (3.8), (3.15) and (3.18), and condition (2.18) is satisfied due to the continuity assumptions and Lemma 3.9. Furthermore, condition (3.1) follows from S ∈ M(Z, H) (cf. (3.6)), condition (3.2) follows from (3.17), and condition (3.3) is fulfilled, according to Lemma 3.10 and (3.14). ■

Proof of Corollary 3.3. The statement is a consequence of Theorem 3.1. Note that (2.6), (2.14) and condition (3.14) are satisfied. Moreover, condition (3.16) is fulfilled, according to Lemma 3.9, and conditions (3.17), (3.18) follow from Lemma 3.12, with γ = 1 . ■

Proof of Corollary 3.4. The statement follows immediately from Theorem 3.1. ■

Proof of Theorem 3.5. The statement is a consequence of Corollary 2.9, with g(x) = x . Note that condition (3.4) is satisfied. Moreover, condition (2.17) follows from (3.8), (3.15) and (3.18), and condition (2.18) is satisfied due to the continuity assumptions and Lemma 3.9. Furthermore, condition (3.2) follows from (3.17), and condition (3.5) is fulfilled, according to (3.21). ■

Proof of Corollary 3.6. The statement is a consequence of Theorem 3.5. Note that (2.6), (2.14) and (3.20) are satisfied, and (3.15) follows from (3.22). Using Lemma 3.10 and (3.22), one obtains [H(x + y) − H(x) − H(y)] K(x, y) ≤ [ (x + y)^2 − x^2 − y^2 ] K(x, y) = 2 x y K(x, y) ≤ 2 c_1 [x y + x^2 y + x y^2] ≤ 2 c_1 [x y + H(x) y + x H(y)]

so that (3.21) is fulfilled. Moreover, condition (3.16) is fulfilled, according to Lemma 3.9, and conditions (3.17), (3.18) are consequences of Lemma 3.12, with γ = 2 . ■

Proof of Corollary 3.7. The statement is a consequence of Theorem 3.5. Note that (2.6), (2.14) and (3.20) are satisfied, and (3.15) follows from (3.23). Since x^k y^l = x (x/y)^{k−1} y^{l+k−1} ≤ x y^{l+k−1} , if x ≤ y , one obtains x^k y^l ≤ x y^{k+l−1} + y x^{k+l−1} , ∀ x, y ≥ 0 , k, l ≥ 1 . (3.30) Using (3.23) and (3.30), one obtains

[(x + y)^r − x^r − y^r] K(x, y) = r−1∑ l=1 C^r_l x^l y^{r−l} K(x, y)

≤ c_1 [_{r−1} ∑ l=1 C^r_l x^{l+1} y^{r−l} + r−1∑ l=1 C^r_l x^l y^{r−l+1} ] ≤ 2 c_1 (_{r−1} ∑ l=1 C^r_l ) [x y^r + y x^r] ,

and condition (3.21) follows. Finally, condition (3.17) is a consequence of Lemma 3.10. ■ 3.3. Dissipative collisions

Here we consider the case Z = R^d , d ≥ 1 . Denote v^′(v, w, e, θ) = v + w 2 + ε(v, w, θ) ‖v − w‖ e 2 (3.31) and w^′(v, w, e, θ) = v + w 2 − ε(v, w, θ) ‖v − w‖ e 2 , (3.32) where v, w ∈ R^d , e ∈ S^{d−1} (unit sphere), θ ∈ Θ , for some measurable space Θ , and ε is some measurable function. Note that ‖v^′‖^2 + ‖w^′‖^2 = ‖v‖^2 + ‖w‖^2 − 1 − ε(v, w, θ)^2 2 ‖v − w‖^2 , (3.33) i.e. energy is dissipated if ε^2 < 1 , conserved if ε^2 = 1 , and created if ε^2 > 1 . Transformation (3.31), (3.32) generalizes the one-dimensional model proposed in [33], with ε(v, w, θ) = 1 1 + θ ‖v − w‖^a , θ ∈ [0, ∞) , a > 0 . In the special case ε ≡ 1 , we use the notation v^∗(v, w, e) = v + w 2 + ‖v − w‖ e 2 , w^∗(v, w, e) = v + w 2 − ‖v − w‖ e 2 . (3.34) Theorem 3.13 Consider the functions H(v) = ‖v‖^2 + 1 , v ∈ R^d , (3.35) and h satisfying (2.14). Let β_1 , β_2 : R^d × R^d × B(S^{d−1}) → [0, ∞) be compactly bounded kernels satisfying β_1(v, w, S^{d−1}) ≤ c h(v) H(w) , ∀ v, w ∈ R^d , (3.36) β_2(v, w, S^{d−1}) ≤ c h(v) h(w) , ∀ v, w ∈ R^d , (3.37) β_1(v_n, w, .)^w→ β(v, w, .) , ∀ w ∈ R^d , (3.38) and β_2(v_n, w_n, .)^w→ β(v, w, .) , (3.39) when v_n → v and w_n → w in R^d . Consider μ_0 ∈ M(R^d, H) , π ∈ P(Θ) , and M ∈ P(R^d) such that ∫ R^d ‖w‖^4 M(dw) < ∞ . (3.40) Suppose ∫ Θ ε(v, w, θ)^2 π(dθ) ≤ 1 , ∀ v, w ∈ R^d , (3.41) and ε(., ., θ) ∈ C(R^d × R^d) , ∀ θ ∈ Θ . (3.42) Then there exists some μ ∈ C([0, ∞), M(R^d, H, h)) satisfying the equation ⟨φ, μ(t)⟩ = ⟨φ, μ_0⟩ + ∫_t 0 [∫ R^d ∫ R^d ∫ S^{d−1} [ φ(v^∗(v, w, e)) − φ(v) ] β_1(v, w, de) M(dw) μ(s, dv) + ∫ R^d ∫ R^d ∫ Θ ∫ S^{d−1} [ φ(v^′(v, w, e, θ)) + φ(w^′(v, w, e, θ)) − φ(v) − φ(w) ] × β_2(v, w, de) π(dθ) μ(s, dv) μ(s, dw) ] ds , t ≥ 0 , (3.43)

for any φ ∈ C_c(R^d) .

Remark 3.14 The probability measure π ∈ P(Θ) introduces some randomness into the collision events. The probability measure M ∈ P(R^d) represents the influence of some background gas. Condition (3.40) is fulfilled, for example, when M is a Maxwellian.

Remark 3.15 Consider the special case ε ≡ 1 , β_1(v, w, de) = ‖v − w‖ de , β_2(v, w, de) = 1 2 ‖v − w‖ de , and suppose μ(t, dv) = f(t, v) dv , M(dv) = M(v) dv . Then equation (3.43) takes the form ∫ R^d φ(v) f(t, v) dv = ∫ R^d φ(v) f_0(v) dv+ ∫ R^d dv φ(v) ∫_t 0 ds [∫ R^d ∫ S^{d−1} ‖v − w‖ [ M(w^∗) f(s, v^∗) − M(w) f(s, v) ] de dw + ∫ R^d ∫ S^{d−1} ‖v − w‖ [ f(s, w^∗) f(s, v^∗) − f(s, w) f(s, v) ] de dw ] . Removing the test functions, one obtains ∂ ∂t f(t, v) = ∫ R^d ∫ S^{d−1} ‖v − w‖ [ M(w^∗) f(t, v^∗) − M(w) f(t, v) ] de dw + ∫ R^d ∫ S^{d−1} ‖v − w‖ [ f(t, w^∗) f(t, v^∗) − f(t, w) f(t, v) ] de dw . Proof of Theorem 3.13. Introducing the background collision term

q_1(v, B) = ∫ R^d ∫ S^{d−1} 1_B(δ_v∗_{(v,w,e)}) β_1(v, w, de) M(dw) , v ∈ R^d , B ∈ B(E_K) , one obtains (cf. (2.30))

Q_1(φ, v) = ∫ R^d ∫ S^{d−1} [ φ(v^∗(v, w, e)) − φ(v) ] β_1(v, w, de) M(dw) . (3.44) With (3.35), condition (3.2) takes the form ∫ R^d ∫ S^{d−1} [ ‖v^∗(v, w, e)‖^2 − ‖v‖^2 ] β_1(v, w, de) M(dw) ≤ c_1 [ ‖v‖^2 + 1 ] . (3.45)

Note that (3.33) (with ε = 1) implies ‖v^∗(v, w, e)‖^2 − ‖v‖^2 ≤ ‖w‖^2 , so that assumptions (3.36) and (3.40) are sufficient for condition (3.45).

Introducing the binary collision term q_2(v, w, B) = ∫ Θ ∫ S^{d−1} 1_B(δ_v′_{(v,w,e,θ)} + δ_w′_{(v,w,e,θ)}) β_2(v, w, de) π(dθ) , where v, w ∈ R^d and B ∈ B(E_K ) , one obtains (cf. (2.30))

Q_2(φ, v, w) = (3.46) ∫ Θ ∫ S^{d−1} [ φ(v^′(v, w, e, θ)) + φ(w^′(v, w, e, θ)) − φ(v) − φ(w) ] β_2(v, w, de) π(dθ) . In view of (3.35) and (3.33), condition (3.3) takes the form ‖v − w‖^2 2 [∫ Θ ε(v, w, θ)^2 π(dθ) − 1 ] β_2(v, w, S^{d−1}) ≤ 0 , and follows from (3.41).

Condition (2.17) takes the form (3.37) and ∫ R^d β_1(v, w, S^{d−1}) M(dw) ≤ c h(v) , ∀ v ∈ R^d , and follows from (3.36) and (3.40).

Condition (2.18) reduces to β_2(., ., S^{d−1}) ∈ C(R^d, R^d) , ∫ Θ ∫ S^{d−1} [ φ(v^′(., ., e, θ)) + φ(w^′(., ., e, θ)) ] β_2(., ., de) π(dθ) ∈ C(R^d, R^d) , (3.47) ∫ R^d β_1(., w, S^{d−1}) M(dw) and ∫ R^d ∫ S^{d−1} φ(v^∗(., w, e)) β_1(., w, de) M(dw) ∈ C(R^d) .(3.48) Note that (cf. (3.31)) ‖v^′(v, w, e, θ) − v^′(v_n, w_n, e, θ)‖ ≤ ‖v − v_n‖ + ‖w − w_n‖ 2 + |ε(v, w, θ) − ε(v_n, w_n, θ)| ‖v − w‖ 2 + ε(v_n, w_n, θ) 2 | | |‖v − w‖ − ‖vn − wn‖ | | | implies sup e∈S^{d−1} ‖v^′(v, w, e, θ) − v^′(v_n, w_n, e, θ)‖ → 0 if (v_n, w_n) → (v, w) , according to assumption (3.42). Since φ ∈ C_c(R^d) , it follows that sup e∈S^{d−1} | |φ(v^′(v, w, e, θ)) − φ(v^′(vn, wn, e, θ)) | | → 0 if (vn, wn) → (v, w) . (3.49) One obtains | | | | ∫ S^{d−1} φ(v^′(v, w, e, θ)) β_2(v, w, de) − ∫ S^{d−1} φ(v^′(v_n, w_n, e, θ)) β_2(v_n, w_n, de) | | | | ≤ | | | | ∫ S^{d−1} φ(v^′(v, w, e, θ)) β_2(v, w, de) − ∫ S^{d−1} φ(v^′(v, w, e, θ)) β_2(v_n, w_n, de) | | | | + sup_{e∈Sd−1} | | |φ(v^′(v, w, e, θ)) − φ(v^′(vn, wn, e, θ)) | | | β2(vn, wn, S^{d−1}) (3.50) and the continuity of ∫ Θ ∫ S^{d−1} φ(v^′(., ., e, θ)) β_2(., ., de) π(dθ) follows from (3.50), (3.49), assumption (3.39), and the dominated convergence theorem. The other terms in (3.47), (3.48) are treated in an analogous way, using also assumption (3.38). Finally, the assertion is a consequence of Corollary 2.6, since, with the terms (3.44), (3.46), equation (2.23) takes the form (3.43). ■

4. The minimal jump process

Let λ be a compactly bounded kernel on a locally compact separable metric space E . The minimal jump process X^Δ , corresponding to λ and some initial distribution ν_0 ∈ P(E) , is constructed on the one-point compactification E^Δ in the following way (cf. [13, p.263], [27, p.69]). Let Y_0, Y_1, . . . be a Markov chain in E with initial distribution ν_0 and transition function p : E × B(E) → [0, 1] defined by p(ξ, B) = {_{λ(ξ,B)} λ(ξ,E) : λ(ξ, E) > 0 , 1_B (ξ) : λ(ξ, E) = 0 .

Let T_0, T_1, . . . be independent and exponentially distributed random variables with mean 1 that are also independent of (Y_k ) , all defined on some probability space (Ω, F, P ) . Introduce the jump and explosion times

τ_0 = 0 , τ_l = l−1∑ k=0 T_k λ(Y_k , E) , l = 1, 2, . . . , τ_∞ = ∞∑ k=0 T_k λ(Y_k , E) , (4.1)

where T_k/0 := ∞ , and define

X^Δ(t) = { Y_l : τ_l ≤ t < τ_{l+1} Δ : t ≥ τ_∞ , t ≥ 0 . (4.2)

Note that X^Δ is an E^Δ-valued stochastic process, since

B(E^Δ) = B(E) ∪ { B ∪ {Δ} : B ∈ B(E) }

and { X^Δ(t) ∈ B } = ∞⋃ l=0 {τ_l ≤ t < τ_{l+1}} ∩ {Y_l ∈ B} ∈ F and { X^Δ(t) ∈ B ∪ {Δ} } = { X^Δ(t) ∈ B } ∪ {t ≥ τ_∞} ∈ F , for all B ∈ B(E) .

Theorem 4.1 Let λ be a compactly bounded kernel on a locally compact separable metric space E , and ν_0 ∈ P(E) . Suppose there exists a nonnegative continuous function η such that 1 η + 1

∈ C_0(E) , (4.3) ∫ E η(ξ) ν_0(dξ) ≤ c_0 (4.4) and ∫ E [η(ξ_1) − η(ξ)] λ(ξ, dξ_1) ≤ c_1 [η(ξ) + c^′_1] , ∀ ξ ∈ E , (4.5) for some c_0, c_1, c^′_1 ≥ 0 .

Then there exists a D([0, ∞), E)-valued random variable X such that P (X(t) = X^Δ(t) , ∀ t ≥ 0) = 1 (4.6) and E η(X(t)) ≤ (c_0 + c^′_1) exp(c_1 t) , ∀ t ≥ 0 . (4.7) Corollary 4.2 Let X be given by Theorem 4.1. Then σ_{Cm} = inf {t ≥ 0 : X(t) /∈ C_m} , (4.8) with C_m = {ξ ∈ E : η(ξ) ≤ m} , (4.9) and M(Ψ, t) = Ψ(X(t)) − Ψ(X(0)) − ∫_t 0 AΨ(X(s)) ds , (4.10) with AΨ(ξ) = ∫ E [Ψ(ξ_1) − Ψ(ξ)] λ(ξ, dξ_1) , ξ ∈ E , (4.11) satisfy P (σ_{Cm} ≤ t) ≤ m^{−1} (c_0 + c^′_1) exp(c_1t) (4.12) and E sup_{s≤t} |M(Ψ, s ∧ σ_{Cm} )| ≤ 2 ( t sup_{ξ∈Cm} ∫ E [Ψ(ξ_1) − Ψ(ξ)]^2 λ(ξ, dξ_1) )_{1/2} , (4.13) for all m ≥ 1 , t ≥ 0 , and Ψ ∈ C_b(E) .

Remark 4.3 By construction (4.1), (4.2), X^Δ is right-constant, but left limits may not exist at τ_∞ . In particular, one obtains

X^Δ(t) ∈ E , ∀ t ≥ 0 ⇔ τ_∞ = ∞ ⇔ X^Δ ∈ D([0, ∞), E) . Remark 4.4 For every A ∈ B(E) , the random variable σ^Δ_A = inf { t ≥ 0 : X^Δ(t) /∈ A } (4.14) is an {F^{X Δ}_t }-stopping time. Indeed, since the paths are right-constant, one obtains X^Δ(t) ∈ A , ∀t < σ^Δ_A , X^Δ(σ^Δ_A ) /∈ A , (4.15) and { σ^Δ_A ≤ t } = ⋃ s∈Q∩[0,t] { X^Δ(s) /∈ A } ∪ { X^Δ(t) /∈ A } ∈ F^{X Δ}_t , t ≥ 0 , where Q denotes the set of rational numbers. Lemma 4.5 If sup_{ξ∈A} λ(ξ, E) < ∞ (4.16) then there exists a process X_A with sample paths in D([0, ∞), E) such that P (X_A(t) = X^Δ(t ∧ σ^Δ_A ) , ∀ t ≥ 0) = 1 . (4.17) Moreover, for Ψ ∈ C_b(E) and t ≥ 0 , it satisfies E Ψ(X_A (t)) = E Ψ(X_A (0)) + E ∫_t 0 A_AΨ(X_A(s)) ds (4.18) and E sup_{s≤t} |M_A(Ψ, s)| ≤ 2 ( t sup_{ξ∈A} ∫ E [Ψ(ξ_1) − Ψ(ξ)]^2 λ(ξ, dξ_1) )_{1/2} , (4.19) where A_AΨ(ξ) = ∫ E [Ψ(ξ_1) − Ψ(ξ)] λ_A(ξ, dξ_1) , ξ ∈ E , (4.20) with λ_A(ξ, B) = 1_A(ξ) λ(ξ, B) , ξ ∈ E , B ∈ B(E) , (4.21) and M_A(Ψ, t) = Ψ(X_A(t)) − Ψ(X_A(0)) − ∫_t 0 A_AΨ(X_A(s)) ds . (4.22)

Proof. We first check that

P (Ω^′) = 1 , where Ω^′ = {X^Δ(t ∧ σ^Δ_A ) ∈ E , ∀ t ≥ 0} . (4.23)

If there is a k ≥ 0 such that T_k(ω) > 0 and Y_k (ω) /∈ A , then σ^Δ_A (ω) ≤ τ_k (ω) , i.e. there are at most k jumps for this trajectory, and ω ∈ Ω^′ . Thus, for ω /∈ Ω^′ one obtains Y_k(ω) ∈ A whenever T_k(ω) > 0 , and therefore ∞ > τ_∞(ω) = ∞∑ k=0 T_k(ω) λ(Y_k (ω), E) ≥ 1 sup_{ξ∈A} λ(ξ, E) ∞∑ k=0 T_k(ω) , which implies (cf. Remark 4.3)

P (Ω \ Ω^′) ≤ P (τ_∞ < ∞) ≤ P {_∞ ∑ k=0 T_k < ∞ } = 0 .

Therefore, (4.23) is fulfilled, and the process X_A is obtained by redefining X^Δ(t ∧ σ^Δ_A ) on the set Ω \ Ω^′ by elements of D([0, ∞), E) .

It follows from the explicit construction procedure that the process X_A is equivalent to the minimal jump process corresponding to ν_0 and the kernel (4.21), and therefore is a Markov process with the bounded generator (4.20) (cf., e.g., [13, p.163]). Thus, for Ψ ∈ C_b(E) , the processes (4.22) and

M_A(Ψ, t)^2 − ∫_t 0 [ A_AΨ^2 − 2 Ψ A_A Ψ ] (X_A(s)) ds are {F^{XA}_t }-martingales (cf., e.g., [13, p.93 and Proposition 4.1.7]) In particular, one obtains (4.18) and

E M_A (Ψ, t)^2 = E ∫_t 0 [ A_AΨ^2 − 2 Ψ A_AΨ ] (X_A(s)) ds . (4.24)

Using the identity

[A_AΨ^2 − 2ΨA_AΨ](ξ) = ∫ E [Ψ(ξ_1) − Ψ(ξ)]^2λ_A(ξ, dξ_1) , ξ ∈ E , (4.25)

and Doob’s inequality (cf. [13, Corollary 2.2.17])

E sup_{s≤t} |M_A(Ψ, s)|^2 ≤ 4 E M_A (Ψ, t)^2 , (4.26)

one obtains (4.19) from (4.26), (4.24), (4.25) and (4.21). ■

Lemma 4.6 Let the assumptions of Theorem 4.1 be fulfilled. Then (cf. (4.14), (4.9))

P (σ^Δ_{Cm} ≤ t) ≤ m^{−1} (c_0 + c^′_1) exp(c_1t) , ∀ t ≥ 0 . (4.27)

Proof. Note that C_m ⊂ O_m := {ξ ∈ E : η(ξ) < m + 1} ⊂ C_{m+1} . According to Lemma A.2, we choose e_k ∈ C_c(E) , k ≥ 1 , such that

e_k(ξ) = 1, ξ ∈ C_k , e_k(ξ) = 0, ξ ∈ C^c_{k+1} and 0 ≤ e_k(ξ) ≤ 1, ξ ∈ E . Note that e_k(ξ) = 1 , k ≥ m , ξ ∈ C_m . Thus, the functions Ψ_k = e_k [η + c^′_1] ∈ C_c(E) satisfy (cf. (4.21)) ∫ E [Ψ_k (ξ_1) − Ψ_k (ξ)] λ_{Cm} (ξ, dξ_1) ≤ ∫ E [η(ξ_1) − η(ξ)] λ_{Cm} (ξ, dξ_1) , ∀ k ≥ m . (4.28) It follows from assumption (4.3) and Lemma A.1 that the sets (4.9) are compact. Thus, since λ is compactly bounded, assumption (4.16) is fulfilled so that Lemma 4.5 is applicable. Using (4.18), (4.28) and assumptions (4.4), (4.5), one obtains E Ψ_k (X_{Cm} (t)) = E Ψ_k (X(0)) + E ∫_t 0 ∫ E [Ψ_k (ξ_1) − Ψ_k(X_{Cm} (s))] λ_{Cm} (X_{Cm} (s), dξ_1) ds

≤ E Ψ_k (X(0)) + E ∫_t 0 ∫ E [η(ξ_1) − η(X_{Cm} (s))] λ_{Cm} (X_{Cm} (s), dξ_1) ds

≤ E Ψ_k (X(0)) + c_1 E ∫_t 0 1_{Cm} (X_{Cm} (s)) [η(X_{Cm} (s)) + c^′_1] ds

≤ c_0 + c^′_1 + c_1 ∫_t 0 E [η(X_{Cm} (s)) + c^′_1] ds , ∀ t ≥ 0 , k ≥ m , where X_{Cm} is a D([0, ∞), E)-valued random variable such that P (X_{Cm} (t) = X^Δ(t ∧ σ^Δ_{Cm} ) , ∀ t ≥ 0) = 1 . (4.29) The monotone convergence theorem (with k → ∞) implies E η(X_{Cm} (t)) + c^′_1 ≤ c_0 + c^′_1 + c_1 ∫_t 0 E [η(X_{Cm} (s)) + c^′_1] ds . (4.30) Using (4.29), (4.15) and assumption (4.5), one obtains E η(X_{Cm} (t)) = E η(X_{Cm} (t)) 1_{{σ}Δ_{Cm >t}} + E η(X_{Cm} (t)) 1_{{σ}Δ_{Cm ≤t}} ≤ m + sup_{ξ∈Cm} ∫ E η(ξ_1) λ(ξ, dξ_1 ) ≤ m + sup_{ξ∈Cm} ( c_1 [η(ξ) + c^′_1] + η(ξ) λ(ξ, E) )

≤ m + ( c_1 [m + c^′_1] + m sup_{ξ∈Cm} λ(ξ, E) ) . An application of Gronwall’s inequality to (4.30) yields E η(X_{Cm} (t)) ≤ (c_0 + c^′_1) exp(c_1 t) , ∀ t ≥ 0 . (4.31) Using (4.15) and (4.29), one obtains

P (σ^Δ_{Cm} ≤ t) = P (X_{Cm} (t) /∈ C_m) = P (η(X_{Cm} (t)) > m) ≤ m^{−1} E η(X_{Cm} (t)) , for all m ≥ 1 and t ≥ 0 , so that (4.27) follows from (4.31). ■

Proof of Theorem 4.1. Since σ^Δ_{Cm} ≤ σ^Δ_{Cm+1} , for all m ≥ 1 , Lemma 4.6 implies P ( lim_{m→∞} σ^Δ_{Cm} ≤ t ) = 0 , ∀ t ≥ 0 . so that P ( lim_{m→∞} σ^Δ_{Cm} = ∞ ) = 1 . (4.32) Since 0 ≤ σ^Δ_{Cm} ≤ τ_∞ = σ^Δ_E , (4.32) implies P (τ_∞ = ∞) = 1 . Thus, according to Remark 4.3, a process X with sample paths in D([0, ∞), E) , satisfying (4.6), is obtained by appropriately redefining X^Δ on the set {τ_∞ < ∞} , e.g., by constant paths. This process is a D([0, ∞), E)-valued random variable according to [13, p.128], since E is separable.

Using (4.32) and continuity of η , one obtains P ( lim_{m→∞} η(X(t ∧ σ_{Cm} )) = η(X(t)) ) = 1 .

Thus, Fatou’s lemma and (4.31) imply (4.7). ■ Proof of Corollary 4.2. Note that (cf. (4.8), (4.14)) P (σ_{Cm} = σ^Δ_{Cm} ) = 1 , (4.33) according to (4.6). Thus, (4.12) is a consequence of Lemma 4.6.

Moreover, (4.6) and (4.33) imply P (X^Δ(t ∧ σ^Δ_{Cm} ) = X(t ∧ σ_{Cm} ) , ∀ t ≥ 0) = 1 and (cf. (4.17)) P (X_{Cm} (t) = X(t ∧ σ_{Cm} ) , ∀ t ≥ 0) = 1 . (4.34) Note that (cf. (4.10))

M(Ψ, t ∧ σ_{Cm} ) = Ψ(X(t ∧ σ_{Cm} )) − Ψ(X(0)) − ∫_{t∧σCm} 0 AΨ(X(s)) ds (4.35) and (cf. (4.22), (4.20), (4.21), (4.11))

M_{Cm} (Ψ, t) = Ψ(X_{Cm} (t)) − Ψ(X_{Cm} (0)) − ∫_t 0 1_{Cm} (X_{Cm} (s)) AΨ(X_{Cm} (s)) ds . (4.36) Since X_{Cm} (s) /∈ C_m a.e., for s ≥ σ_{Cm} , one obtains, using (4.34), (4.35) and (4.36), P (M(Ψ, t ∧ σ_{Cm} ) = M_{Cm} (Ψ, t) , ∀ t ≥ 0) = 1 , so that (4.13) follows from (4.19), with A = C_m . ■

5. Proofs of the main results

5.1. Regularity

Lemma 5.1 Let Z be a locally compact separable metric space. Then the space (E^N , d_1) (cf. (2.1), (2.11)) is separable and locally compact. If, in addition, assumption (2.4) holds, then the kernel λ^N (cf. (2.5)) on (E^N , d_1) is compactly bounded.

Proof. Let Z^′ be a countable dense set in Z . Then the set { 1 N n∑ i=1 δ_{xi} : n ≥ 0 , x_i ∈ Z^′ , i = 1, . . . , n }

is countable and dense in (E^N , d_1) , according to Remark 2.10. Choose compact and open sets Γ_m, Ω_m , m ≥ 1 , according to Lemma A.3. Then the sets

G_m = { 1 N n∑ i=1 δ_{xi} : 0 ≤ n ≤ m , x_i ∈ Γ_m , i = 1, . . . , n } (5.1) and O_m = { 1 N n∑ i=1 δ_{xi} : 0 ≤ n ≤ m , x_i ∈ Ω_m , i = 1, . . . , n }

are, respectively, compact and open (this is easily established using Remark 2.10). They satisfy

G_m ⊂ O_m ⊂ G_{m+1} and E^N = ⋃ m G_m . (5.2)

In particular, every μ ∈ E^N has a compact neighbourhood, which proves local compactness of the space E^N . Any compact set C ⊂ E^N is covered by a finite number of sets O_m , according to (5.2). Thus, it is contained in some G_m , and (2.27) implies

sup_{μ∈C} λ^N (μ, E^N ) ≤ N [ q_0(E_K ) + R∑ r=1 sup_{x∈Γrm} q_r(x, E_K) ( m N )_r ] . (5.3)

The right-hand side of (5.3) is finite by assumption (2.4), so that the kernel is compactly bounded. ■

Remark 5.2 For any μ =^1_N ∑_n i=1 δ_{xi} ∈ E^N one obtains n N = μ(E^N ) ≤ ⟨H, μ⟩ inf H and H(x_i) ≤ N ⟨H, μ⟩ , ∀ i = 1, . . . , n . (5.4) Lemma 5.3 If assumption (2.6) holds, then the function Φ defined in (2.28), with φ = H , satisfies 1 Φ + 1

∈ C_0(E^N ) . (5.5)

Proof. It follows from assumption (2.6) that the set Γ = {x ∈ Z : H(x) ≤ m N} is compact, according to Lemma A.1, and that inf_{x∈Z} H(x) > 0 . As a consequence of Remark 5.2, the set { μ ∈ E^N : Φ(μ) ≤ m } , m > 0 , (5.6)

is contained in the set { 1 N n∑ i=1 δ_{xi} : 0 ≤ n ≤ m N inf H , x_i ∈ Γ } , which is compact (cf. (5.1)). Since the function Φ is continuous, according to assumption (2.6) and Remark 2.11, the set (5.6) is closed, and therefore compact. Finally, property (5.5) follows from Lemma A.1 and the first part of Lemma 5.1. ■

Proof of Theorem 2.1. According to assumption (2.4) and Lemma 5.1, the kernel λ^N is compactly bounded on the separable and locally compact space (E^N , d_1) . Condition (4.3), with η = Φ , follows from assumption (2.6) and Lemma 5.3. Assumptions (2.7), (2.8) take the form (4.4), (4.5). Thus, Theorem 2.1 follows from Theorem 4.1. ■

We finish this section by providing further consequences of the assumptions of Theorem 2.1, which will be used later.

Remark 5.4 The process X^N provided by Theorem 4.1 is a D([0, ∞), E^N )-valued random variable. Note that E^N ⊂ M(Z, H) and the embedding (E^N , d_1) → M(Z, H, h) is continuous (cf. Remark 2.10). Thus, in view of Lemma A.4, the process X^N can be considered as a D([0, ∞), M(Z, H, h))-valued random variable.

Using (4.7), one obtains

E ⟨H, X^N (t)⟩ ≤ (c_0 + c^′_1) exp(c_1 t) , ∀ t ≥ 0 . (5.7)

Moreover, Corollary 4.2 implies P ( σ^N_m > T ) ≥ 1 − m^{−1}(c_0 + c^′_1) exp(c_1 T ) , ∀ T ≥ 0 , m ≥ 1 , (5.8) and E sup_{t≤T} | M^N (Ψ, t ∧ σ^N_m ) | ≤ 2 ( T sup_{μ∈CN} m ∫ E^N [Ψ(ν) − Ψ(μ)]^2 λ^N (μ, dν) )_{1/2} , (5.9)

for all m ≥ 1 , T ≥ 0 , and Ψ ∈ C_b(E^N ) , where

σ^N_m = inf { t ≥ 0 : X^N (t) /∈ C^N_m } , (5.10)

C^N_m := { μ ∈ E^N : ⟨H, μ⟩ ≤ m } , m > 0 , (5.11)

M^N (Ψ, t) = Ψ(X^N (t)) − Ψ(X^N (0)) − ∫_t 0 A^N Ψ(X^N (s)) ds , t ≥ 0 , (5.12) and A^N Ψ(μ) = ∫ E^N [Ψ(ν) − Ψ(μ)] λ^N (μ, dν) , μ ∈ E^N . (5.13)

Lemma 5.5 Suppose the assumptions of Theorem 2.1 are satisfied. Let φ ∈ C_b(Z) and Φ be defined in (2.28). Then

E sup_{t≤T} | |M^N (Φ, t ∧ σ^N_m ) | | ≤ 2 ( T sup_{μ∈CN} m ∫ E^N [⟨φ, ν⟩ − ⟨φ, μ⟩]^2 λ^N (μ, dν) )_{1/2} , (5.14)

for any T ≥ 0 and m ≥ 1 .

Proof. The function (2.28) is continuous but, in general, unbounded. However, the stopped process reaches only a set, on which the function is bounded. Indeed, introduce the sets Ĉ^N_m of all ν ∈ E^N such that ν = J_0(μ, ξ) or ν = J_r(μ, i_1, . . . , i_r, ξ) , for some μ ∈ C^N_m , pairwise distinct indices i_1, . . . , i_r from {1, . . . , n} , r = 1, . . . , R and ξ ∈ E_K . Using |Φ(μ)| ≤ ‖φ‖ μ(E^N ) ≤ ‖φ‖ ⟨H, μ⟩ inf H , ∀ μ ∈ E^N , and (2.32), one obtains (cf. (2.2)) |Φ(ν)| ≤ ‖φ‖ ( m inf H + K N ) , ∀ ν ∈ C^N_m ∪ Ĉ^N_m . (5.15)

Note that P ( X^N (t ∧ σ^N_m ) ∈ C^N_m ∪ Ĉ^N_m , ∀ t ≥ 0 ) = 1 .

Consequently, (5.15) implies P ( Φ(X^N (t ∧ σ^N_m )) = Φ_m(X^N (t ∧ σ^N_m )) , ∀ t ≥ 0 ) = 1 , (5.16)

where

Φ_m(μ) := Φ(μ) ∧ ‖φ‖ ( m inf H + K N ) , μ ∈ E^N , is a bounded function. Moreover, (2.26) and (5.15) imply, for μ ∈ C^N_m , ∫ E^N [Φ(ν) − Φ(μ)]^k λ^N (μ, dν) = ∫ E^N [Φ_m(ν) − Φ_m(μ)]^k λ^N (μ, dν) , k = 1, 2 . (5.17)

It follows from (5.16) and (5.17), with k = 1 , that P ( M^N (Φ, t ∧ σ^N_m ) = M^N (Φ_m, t ∧ σ^N_m ) , ∀ t ≥ 0 ) = 1 . (5.18)

Finally, (5.14) follows from (5.9), (5.18) and (5.17), with k = 2 . ■

5.2. Relative compactness

Lemma 5.6 Suppose assumption (2.15) is satisfied. Then (cf. (5.11)) sup_{μ∈CN} m | | | | ∫ E^N [⟨φ, ν⟩ − ⟨φ, μ⟩]^k λ^N (μ, dν) | | | | ≤ c^2 N^{1−k} (K + R)^k ‖φ‖^k R∑ r=0 m^r , for any φ ∈ C_b(Z) , k = 1, 2 , and m ≥ 1 .

Proof. Using (2.29), (2.33) and assumption (2.15), one obtains | | | | ∫ E^N [⟨φ, ν⟩ − ⟨φ, μ⟩]^k λ^N (μ, dν) | | | | ≤ N^{1−k} (K + R)^k ‖φ‖^k [ q_0(E_K ) + R∑ r=1 ∫ Z . . . ∫ Z q_r(x_1, . . . , x_r, E_K ) μ(dx_1) . . . μ(dx_r ) ]

≤ c_2 N^{1−k} (K + R)^k ‖φ‖^k [ 1 + ⟨H, μ⟩ + . . . + ⟨H, μ⟩^R ] , and the assertion follow from the definition (5.11). ■

Corollary 5.7 Suppose the assumptions (2.6), (2.7), (2.8) and (2.15) are satisfied. Let φ ∈ C_b(Z) and Φ be defined in (2.28). Then (cf. (5.10))

E sup_{t≤T} | |M^N (Φ, t ∧ σ^N_m ) | | ≤ 2 ‖φ‖ (K + R) ( c_2 T N R∑ r=0 m^r )_{1/2} , (5.19)

for any T ≥ 0 and m ≥ 1 .

Proof. Property (5.19) follows from Lemma 5.5 and Lemma 5.6, with k = 2 . ■

Lemma 5.8 Suppose the assumptions (2.6), (2.15) are satisfied, and the assumptions (2.7), (2.8) hold uniformly in N . Consider

φ ∈ C(Z) such that φ H ∈ C_0(Z) . (5.20)

Then, for any T > 0 and ε > 0 ,

∃ Δt, N_0 > 0 : sup_{N ≥N0} P ( sup |s−t|≤Δt, t≤T | |⟨φ, X^N (s)⟩ − ⟨φ, X^N (t)⟩ | | ≥ ε ) ≤ ε . (5.21)

Proof. Consider T > 0 and ε > 0 fixed. According to Lemma A.1, the set Γ = { x ∈ Z : |φ(x)| H(x) ≥ ε 8 m } (5.22)

is compact, for any m ≥ 1 . Choosing ψ according to Lemma A.2, we find φ̃ = φ ψ ∈ C_c(Z) such that φ̃(x) = φ(x) , x ∈ Γ and |φ̃(x)| ≤ |φ(x)| , x ∈ Z . (5.23)

Consider (cf. (5.10), (5.11))

0 ≤ s ≤ t < σ^N_m (5.24)

so that X^N (s) ∈ C^N_m and ⟨H, X^N (s)⟩ ≤ m . Using (5.23) and (5.22), we obtain | |⟨φ, X^N (s)⟩ − ⟨φ, X^N (t)⟩ | | ≤ | |⟨φ − φ̃, X^N (s)⟩ | | + | |⟨φ − φ̃, X^N (t)⟩ | | + | |⟨φ̃, X^N (s)⟩ − ⟨φ̃, X^N (t)⟩ | | ≤ ∫ Γ^c 2 |φ(z)| H(z) H(z) X^N (s, dz) + ∫ Γ^c 2 |φ(z)| H(z) H(z) X^N (t, dz) + | ⟨φ̃, X^N (s)⟩ − ⟨φ̃, X^N (t)⟩ |

≤ ε 2 + | |⟨φ̃, X^N (s)⟩ − ⟨φ̃, X^N (t)⟩ | | . (5.25)

Furthermore, setting Φ̃(μ) = ⟨φ̃, μ⟩ , we obtain (cf. (5.24), (5.12), (5.13)) | |⟨φ̃, X^N (s)⟩ − ⟨φ̃, X^N (t)⟩ | | ≤ | | |M^N (Φ̃, s) − M^N (Φ̃, t) | | | + ∫_t s | | |A^N Φ̃(X^N (r)) | | | dr ≤ | | |M^N (Φ̃, s) − M^N (Φ̃, t) | | | + c (t − s) , (5.26)

where c = c(m, φ, K, R) , according to Lemma 5.6, with k = 1 . Choose m according to

(5.8) such that

inf_N P ( σ^N_m > T + 1 ) ≥ 1 − ε 2 , (5.27)

and let 0 < Δt <^ε_{4 c} ∧ 1 . Using (5.25), (5.26) (which hold under condition (5.24)), (5.27),

and Tschebyscheff’s inequality, we obtain P ( sup |s−t|≤Δt, t≤T | |⟨φ, X^N (s)⟩ − ⟨φ, X^N (t)⟩ | | ≥ ε )

≤ P ( sup |s−t|≤Δt, t≤T | |⟨φ, X^N (s)⟩ − ⟨φ, X^N (t)⟩ | | ≥ ε , σ^N_m > T + 1 ) + ε 2 ≤ P ( 3 ε 4 + sup |s−t|≤Δt, t≤T | | |M^N (Φ̃, s) − M^N (Φ̃, t) | | | ≥ ε , σ^N_m > T + 1 ) + ε 2 ≤ P ( sup t≤T +1 | | |M^N (Φ̃, t) | | | ≥ ε 8 , σ^N_m > T + 1 ) + ε 2 ≤ 8 ε E sup_{t≤T +1} | | |M^N (Φ̃, t ∧ σ^N_m ) | | | + ε 2 . By Corollary 5.7, the mean value of the right-hand side becomes smaller than ε^2/16 for

sufficiently large N and thus (5.21) is satisfied. ■

Lemma 5.9 Let Z be a locally compact separable metric space. Consider

H ∈ C(Z) such that H > 0 , (5.28)

and h satisfying (2.14). Then the sets C_ε = {μ ∈ M(Z) : ⟨H, μ⟩ ≤ ε} , ε > 0 , (5.29) are compact subsets of the space M(Z, H, h) .

Proof. By [3, Corollary 31.3], the set C̃ = {ν ∈ M(Z) : ν(Z) ≤ ε} is vaguely compact. Consider the mapping (cf. (2.11))

T : (C̃, d_0) → (C_ε, d_h) , T (ν)(B) = ∫ B 1 H dν , B ∈ B(Z) , which is invertible and continuous. Indeed, according to assumption (2.14) and [3, Theorem 30.6], one obtains ⟨h, T (ν_k)⟩ = ⟨ h H , ν_k⟩ → ⟨ h H , ν⟩ = ⟨h, T (ν)⟩ , if ν_k , ν ∈ C̃ are such that d_0(ν_k, ν) → 0 . Hence C_ε = T (C̃) is compact w.r.t. the topology generated by d_h . ■

Remark 5.10 Since Z is locally compact and separable, there is a countable subset {ψ_k}^∞_{k=1} of C_c(Z) which is dense in C_c(Z) w.r.t. uniform convergence (cf. [3, Lemma 31.4]). According to Lemma A.3 and Lemma A.2, choose compact and open sets satisfying (A.1), and localizing functions e_m ∈ C_c(Z) , m ≥ 1 , such that

e_m(z) = 1, z ∈ Γ_m , e_m(z) = 0, z /∈ Ω_m and 0 ≤ e_m(z) ≤ 1, z ∈ Z . (5.30)

Reorder the elements of the countable set {ψ_k : k ≥ 1} ∪ {ψ_k · e_m : k, m ≥ 1} ∪ {e_m : m ≥ 1} (5.31) and denote them by {φ_k}^∞_{k=1}. According to [3, Proof of Theorem 31.5], we introduce the metric

d_0(μ, ν) = ∞∑ k=1 1 2^k min{1, |⟨φ_k , μ⟩ − ⟨φ_k, ν⟩|} , μ, ν ∈ M(Z) , (5.32) generating the vague topology.

Proof of Theorem 2.2. Note that assumption (2.15) implies (2.4) so that Theorem 2.1 is applicable. To prove relative compactness of the sequence (X^N ) we apply [13, Theorem 3.7.6] with E = M(Z, H, h) (cf. Remark 5.4).

The first condition to be checked is the compact containment condition

∀ T, ε > 0 ∃ compact C ⊂ E : inf_N P ( X^N (t) ∈ C, 0 ≤ t ≤ T ) ≥ 1 − ε . (5.33)

Choose m according to (5.8) such that inf_N P ( σ^N_m > T ) ≥ 1 − ε . Note that the set C_m (cf. (5.29)) is compact, according to Lemma 5.9. One obtains (cf. (5.11), (5.10))

inf_N P ( X^N (t) ∈ C_m, 0 ≤ t ≤ T ) = inf_N P ( σ^N_m > T ) ≥ 1 − ε , i.e. (5.33) is satisfied.

The second condition to be checked is

∀ T, ε > 0 ∃ δ > 0 : sup_N P ( w(X^N , δ, T ) ≥ ε ) ≤ ε (5.34) where the modulus of continuity w(μ, δ, T ) = inf_{{ti}} max_i sup_{s,t∈[ti−1,ti)} d_h(μ(s), μ(t)) (5.35) is defined for δ, T > 0 and μ ∈ D([0, ∞), E) . Here {t_i} ranges over all partitions of the form 0 = t_0 < t_1 < · · · < t_{n−1} < T ≤ t_n with min_{1≤i≤n} (t_i − t_{i−1}) > δ and n ≥ 1 . Recall the definition (2.11) of the metric d_h and Remark 5.10. Let T, ε > 0 and choose L ≥ 0 such that ∑_∞ k=L+1 1 2^k ≤ ε 2 . With the notation φ_0 = h (cf. (5.32)), we obtain P ( sup |s−t|≤Δt, t≤T d_h(X^N (s), X^N (t)) ≥ ε )

≤ P ( sup |s−t|≤Δt, t≤T L∑ k=0 | |⟨φ_k , X^N (s)⟩ − ⟨φ_k , X^N (t)⟩ | | ≥ ε 2 )

≤ L∑ k=0 P ( sup |s−t|≤Δt, t≤T | |⟨φ_k , X^N (s)⟩ − ⟨φ_k , X^N (t)⟩ | | ≥ ε 2(L + 1) ) . (5.36)

Taking into account that (5.20) is fulfilled for φ = h , according to assumption (2.14), we apply Lemma 5.8 to the right-hand side of (5.36). Thus, there are Δt, N_0 > 0 such that

sup_{N ≥N0} P ( sup |s−t|≤Δt, t≤T d_h(X^N (s), X^N (t)) ≥ ε ) ≤ ε . (5.37)

Since (cf. (5.35)) w(μ, δ, T ) ≤ sup_{|s−t|≤Δt,s≤T} d_h(μ(s), μ(t)) , δ < Δt , we obtain from (5.37) that

sup_{N ≥N0} P ( w(X^N , δ, T ) ≥ ε ) ≤ ε , δ < Δt . (5.38) For any N there exists δ_N > 0 such that P ( w(X^N , δ_N , T ) ≥ ε ) ≤ ε , according to [13, Lemma 3.6.2(a)]. Thus, for 0 < δ < min{Δt, δ_1, · · · , δ_{N0−1}} , (5.38) implies

sup_N P ( w(X^N , δ, T ) ≥ ε ) ≤ ε , i.e. condition (5.34) is satisfied. ■

5.3. Characterization of weak limits

Lemma 5.11 Consider μ , μ_n ∈ M(Z, H) such that

lim_{n→∞} d_h(μ_n, μ) = 0 . (5.39)

Let μ^{(k)}_n , μ^{(k)} , h^{(k)} , k = 1, 2, . . . , denote the k-fold products of μ_n , μ , h , respectively. Then lim_{n→∞} ⟨ψ, μ^{(k)}_n ⟩ = ⟨ψ, μ^{(k)}⟩ , (5.40) for any ψ ∈ C(Z^k) such that |ψ(x)| ≤ c h^{(k)}(x) , ∀ x ∈ Z^k , for some c > 0 . (5.41) Proof. Define the measures ν_n , ν ∈ M_b(Z) by

ν_n(B) = ∫ B h^{(k)}(x) μ^{(k)}_n (dx) , ν(B) = ∫ B h^{(k)}(x) μ^{(k)}(dx) , B ∈ B(Z^k) .

Since φ h^{(k)} ∈ C_c(Z^k) for every φ ∈ C_c(Z^k) and since μ^{(k)}n converges vaguely to μ^{(k)} , one obtains ⟨φ, ν_n⟩ = ⟨φ h^{(k)}, μ^{(k)}_n ⟩ → ⟨φ h^{(k)}, μ^{(k)}⟩ = ⟨φ, ν⟩ , i.e. ν_n converges vaguely to ν . Using (5.39) one obtains ν_n(Z^k ) = ⟨h^{(k)}, μ^{(k)}_n ⟩ = [⟨h, μ_n⟩]^k → ⟨h^{(k)}, μ^{(k)}⟩ = ν(Z^k ) , so that ν_n converges weakly to ν . Note that Z^k is a locally compact separable metric space, and therefore complete according to [2, Th. 44.1]. Using Lemma A.6 we find, for any ε > 0 , a compact Γ ⊂ Z^k satisfying ν_n(Γ^c) ≤ ε 3 c , n ≥ 1 and ν(Γ^c) ≤ ε 3 c . Choose f ∈ C_c(Z^k) according to Lemma A.2 and consider ψ ∈ C(Z^k) satisfying (5.41). Then, for sufficiently large n , one obtains | ⟨ψ, μ^{(k)}_n ⟩ − ⟨ψ, μ^{(k)}⟩ | ≤ | ⟨ψ(1 − f), μ^{(k)}_n ⟩ − ⟨ψ(1 − f), μ^{(k)}⟩ | + | ⟨ψf, μ^{(k)}_n ⟩ − ⟨ψf, μ^{(k)}⟩ | ≤ c ∫ Γ^c

h^{(k)}(x) μ^{(k)}_n (dx) + c ∫ Γ^c

h^{(k)}(x) μ^{(k)}(dx) + | |⟨ψf, μ^{(k)}_n ⟩ − ⟨ψf, μ^{(k)}⟩ | | ≤ ε , which proves (5.40). ■ Lemma 5.12 Suppose assumptions (2.17) and (2.18) are satisfied. Then the mapping M_φ : D([0, ∞), M(Z, H, h)) → D([0, ∞), R) defined by (cf. (2.20)) M_φ(μ)(t) = ⟨φ, μ(t)⟩ − ⟨φ, μ(0)⟩ − ∫_t 0 G(φ, μ(s)) ds , t ≥ 0 , (5.42) is continuous, for any φ ∈ C_c(Z) .

Proof. According to Lemma A.5, the mapping F_1 : D([0, ∞), M(Z, H, h)) → D([0, ∞), R) , F_1(μ)(t) = ⟨φ, μ(0)⟩ is continuous. In view of Lemma A.4, and since (cf. [13, p.153, (11.10)]) the mapping F_2 : D([0, ∞), R) → D([0, ∞), R) , F_2(ξ)(t) = ∫_t 0 ξ(s) ds is continuous, it remains to show that the mappings f_1(ν) = ⟨φ, ν⟩ and f_2(ν) = G(φ, ν) from M(Z, H, h) into R are continuous. For f_1 , this is obvious, since convergence in M(Z, H, h) implies vague convergence. Using (2.34), continuity of f_2 follows from assumptions (2.17), (2.18) and Lemma 5.11. ■ Lemma 5.13 Suppose assumption (2.17) is satisfied. Let ψ_n, ψ ∈ C_c(Z) be such that lim_{n→∞} ‖ψ − ψ_n‖ = 0 and {x ∈ Z : |ψ_n(x)| > 0} ⊂ Γ , n ≥ 1 , (5.43) for some compact Γ ⊂ Z . Then (cf. (5.42)) lim_{n→∞} M_{ψn} (μ)(t) = M_ψ(μ)(t) , ∀ t ≥ 0 , for any μ ∈ D([0, ∞), M(Z, H, h)) . Proof. Note that sup_n ‖ψ_n‖ < ∞ and ⟨ψ_n, ξ⟩ → ⟨ψ, ξ⟩ , ∀ ξ ∈ E_K . (5.44) The dominated convergence theorem implies, using (2.32) and (5.44), Q_0(ψ_n) → Q_0(ψ) , Q_r(ψ_n, x) → Q_r(ψ, x) , ∀ x ∈ Z^r , r = 1, . . . , R , and, using (2.34) and assumption (2.17), lim_{n→∞} G(ψ_n, μ) = G(ψ, μ) , ∀ μ ∈ M(Z, H) . (5.45) Using (5.43), one obtains lim_{n→∞} ⟨ψ_n, μ⟩ = ⟨ψ, μ⟩ , ∀ μ ∈ M(Z, H) . (5.46) Moreover, it follows from (2.34) and assumption (2.17) that (cf. (2.20))

sup_n sup_{s≤t} |G(ψ_n, μ(s))| ≤ c_2 (K + R) sup_n ‖ψ_n‖ sup_{s≤t} [ 1 + R∑ r=1 ⟨h, μ(s)⟩^r ] < ∞ , (5.47)

for any μ ∈ D([0, ∞), M(Z, H, h)) . Using (5.45), (5.46) and (5.47), a further application of the dominated convergence theorem completes the proof. ■

Lemma 5.14 Suppose the assumptions (2.14) and (2.17) are satisfied. Let φ ∈ C_b(Z) and Φ be defined in (2.28). Then (cf. (5.13), (2.20)) lim_{N →∞} sup_{μ∈CN} m | |A^N Φ(μ) − G(φ, μ) | | = 0 , ∀ m ≥ 1 . (5.48)

Proof. Using (5.13), (2.29), (2.30), (2.20), one obtains A^N Φ(μ) = G(φ, μ) − R∑ r=2 1 N^r ^∑ 1≤i_1 ,...,i_r ≤n Q_r(φ, x_{i1} , . . . , x_{ir} ) , (5.49)

where μ ∈ E^N and^ ∑ denotes summation over those indices, at least two of which are equal. According to (2.34) and assumption (2.17), (5.49) implies | |A^N Φ(μ) − G(φ, μ) | | ≤ R∑ r=2 c_2 (K + r) ‖φ‖ N^r ^∑ 1≤i_1,...,i_r ≤n h(x_{i1} ) . . . h(x_{ir} )

≤ R∑ r=2 c_2 (K + r) ‖φ‖ r (r − 1) 2N ⟨h^2, μ⟩ ⟨h, μ⟩^{r−2} and sup_{μ∈CN} m | A^N Φ(μ) − G(φ, μ) | ≤ 1 N sup_{μ∈CN} m ⟨h^2, μ⟩ c_2 ‖φ‖ 2 R∑ r=2 (K + r) r (r − 1) (c m)^{r−2} . (5.50)

According to assumption (2.14) and Lemma A.1, the set

Γ(ε) = { x ∈ Z : h(x) H(x) ≥ ε }

is compact, for any ε > 0 . Using (5.4), one obtains ⟨h^2, μ⟩ = ∫ Γ(ε)

h^2(x) μ(dx) + ∫ Γ(ε)^c

h^2(x) μ(dx) ≤ m sup_{x∈Γ(ε)} h^2(x) H(x) + ε^2 1 N n∑ i=1 H^2(x_i) ≤ m sup_{x∈Γ(ε)} h^2(x) H(x) + ε^2 m^2 N , (5.51)

for any μ ∈ C^N_m . Finally, (5.50) and (5.51) imply (5.48). ■

Proof of Theorem 2.3. Using (5.42) and (5.12), one obtains

M_φ(X^N )(t) = M^N (Φ, t) + ∫_t 0 [ A^N Φ(X^N (s)) − G(φ, X^N (s)) ] ds . (5.52)

For ε > 0 and t ≥ 0 , choose m ≥ 1 according to (5.8) such that

inf_N P ( σ^N_m > t ) ≥ 1 − ε 2 . (5.53)

By (5.53), (5.52), Lemma 5.14, and Tschebyscheff’s inequality, one obtains P ( sup_{s≤t} | |M_φ(X^N )(s) | | ≥ ε ) ≤ P ( sup_{s≤t} | |M_φ(X^N )(s) | | ≥ ε , σ^N_m > t ) + ε 2 ≤ P ( ε 2 + sup_{s≤t} | |M^N (Φ, s) | | ≥ ε , σ^N_m > t ) + ε 2 (5.54) ≤ P ( sup_{s≤t} | |M^N (Φ, s ∧ σ^N_m ) | | ≥ ε 2 ) + ε 2 ≤ 2 ε E sup_{s≤t} | |M^N (Φ, s ∧ σ^N_m ) | | + ε 2 , for sufficiently large N . By Corollary 5.7, the right-hand side of (5.54) becomes smaller than ε for sufficiently large N, i.e.

lim sup_N P ( sup_{s≤t} | |M_φ(X^N )(s) | | ≥ ε ) ≤ ε , ∀ ε > 0 , t > 0 . This implies sup_{s≤t} | |M_φ(X^N )(s) | | ⇒ 0 , ∀ t > 0 , and, recalling the definition of the Skorohod metric d ([13, p.117]),

d(M_φ(X^N ), 0) ⇒ 0 . (5.55)

Suppose X^{Nl} ⇒ X for some subsequence N_l . According to Lemma 5.12, the mapping M_φ is continuous so that M_φ(X^{Nl} ) ⇒ M_φ(X) and d(M_φ(X^{Nl} ), 0) ⇒ d(M_φ(X), 0) . Thus, (5.55) implies

M_φ(X) = 0 , a.e. , for any fixed φ .

Using Remark 5.10, Lemma 5.13 and right-continuity of the trajectories, one obtains

M_φ(X) = 0 , ∀ φ ∈ C_c(Z) , a.e. . (5.56)

Moreover, it follows from Lemma A.5 that X^{Nl} (0) ⇒ X(0) so that assumption (2.16) implies

X(0) = μ_0 , a.e. . (5.57)

According to (5.56), (5.57), X satisfies (2.19) almost everywhere. Note that, by Theorem 2.2, the sequence of D([0, ∞), M(Z, H, h))-valued random variables X^N is relatively compact. ■

5.4. Corollaries

Proof of Corollary 2.4. Note that sup_{t≤T} d_h(X^N (t), X^N (t−)) ≤ sup_{|s−t|≤Δt, t≤T} d_h(X^N (s), X^N (t)) , ∀ Δt > 0 .

Thus, (5.37) implies sup_{N ≥N0} P ( sup_{t≤T} d_h(X^N (t), X^N (t−)) ≥ ε ) ≤ ε , so that sup_{t≤T} d_h(X^N (t), X^N (t−)) ⇒ 0 , T > 0 , as N → ∞ . An application of [13, Theorem 3.10.2(a)] gives (2.21), for every weak limit X of the sequence (X^N ) . ■ Proof of Corollary 2.5. Suppose X^{Nl} ⇒ X for some subsequence N_l . Then Corollary 2.4 and [13, Prop. 3.5.2] imply X^{Nl} (t) ⇒ X(t) , ∀ t ≥ 0 . (5.58) For any ψ ∈ C_c(Z) , the mapping Ψ(μ) = ⟨ψ, μ⟩ from M(Z, H, h) into R is continuous, and Ψ(X^{Nl} (t)) ⇒ Ψ(X(t)) , ∀ t ≥ 0 , (5.59) as a consequence of (5.58).

Consider a sequence of localizing functions e_k ∈ C_c(Z) satisfying (5.30). Then (5.59), with ψ = He_k , implies ⟨He_k , X^{Nl} (t)⟩ ⇒ ⟨He_k, X(t)⟩ , ∀ t ≥ 0 , k = 1, 2, . . . . (5.60) Since, according to (5.7), E ⟨He_k , X^N (t)⟩ ≤ E ⟨H, X^N (t)⟩ ≤ (c_0 + c^′_1) exp(c_1 t) , ∀ N , Fatou’s lemma and (5.60) imply

E ⟨He_k , X(t)⟩ ≤ (c_0 + c^′_1) exp(c_1 t) , ∀ t ≥ 0 , k = 1, 2, . . . .

Thus, (2.22) follows from the monotone convergence theorem. ■ Proof of Corollary 2.6. Consider μ_0 ∈ M(Z, H) and note that μ_0(Z) < ∞ , according to assumption (2.6) and (2.13). Let y_1, y_2, . . . be i.i.d. random variables with distribution^1_{μ0 (Z)} μ_0(dx) , and lim_{N →∞} n_N N = μ_0(Z) . (5.61) Then Y^N = 1 N n_N∑

i=1 δ_{yi} ∈ E^N (5.62) and, by (5.61) and the law of large numbers, ⟨φ, Y^N ⟩ = n_N N 1 n_N n_N∑

i=1 φ(y_i) → μ_0(Z) ∫ Z φ(x) 1 μ_0(Z) μ_0(dx) = ⟨φ, μ_0⟩ a.e. , (5.63)

for all nonnegative φ ∈ M(Z) such that ⟨φ, μ_0⟩ < ∞ . Thus, lim_{N →∞} d_h(Y^N , μ_0) = 0 a.e., and Y^N ⇒ μ_0 . Moreover, ∫ E^N ⟨H, μ⟩ ν^N_0 (dμ) = E ⟨H, Y^N ⟩ = n_N N ∫ Z H(x) 1 μ_0(Z) μ_0(dx) , (5.64)

where ν^N_0 ∈ P(E^N ) denotes the distribution of Y^N . Thus, ν^N_0 satisfies assumptions (2.7) and (2.16). By Theorem 2.3 and Corollary 2.4 there is at least one μ ∈ C([0, ∞), M(Z, H, h)) satisfying equation (2.23). ■

Proof of Corollary 2.7. By Theorem 2.3 any weak limit is concentrated on the set of solutions, which now consists only of one element. Thus, all weak limits are the same, and the assertion follows. ■

Proof of Corollary 2.8. Assumption (2.25) assures that the processes remain in the restricted space, once they have started there. According to Remark 2.10, the mapping ⟨g, μ⟩ is continuous so that the subset E^N ∩M_γ (Z, g) is closed in E^N . According to Lemma A.7, the subset M(Z, H) ∩ M_γ (Z, g) is closed in M(Z, H, h) . Thus, all statements about compact sets remain true for the restricted spaces. ■

Proof of Corollary 2.9. Define (cf. (5.62))

Ỹ^N (ω) = { Y^N (ω) , if ⟨g, Y^N ⟩ ≤ ⟨g, μ_0⟩ + 1 , 0 , otherwise ,

and let ν̃^N_0 denote the distribution of Ỹ^N . By definition, one obtains ⟨g, Ỹ^N ⟩ ≤ ⟨g, μ_0⟩+1 and E⟨H, Ỹ^N ⟩ ≤ E⟨H, Y^N ⟩ . This implies ν̃^N_0 ∈ P(E^N ∩ M_γ (Z, g)) , with γ = ⟨g, μ_0⟩ + 1 , and (2.7), according to (5.64). Moreover, it follows from (5.63) that ⟨g, Y^N ⟩ → ⟨g, μ_0⟩ a.e. , so that (5.63) holds for Ỹ^N . Consequently, Ỹ^N ⇒ μ_0 , i.e. (2.16) is fulfilled, and the assertion follows from Corollaries 2.8 and 2.4. ■

Appendix

Lemma A.1 (cf. [3, Theorem 27.6]) Let E be a locally compact space. Then Ψ ∈ C_0(E) iff Ψ ∈ C(E) and {ξ ∈ E : |Ψ(ξ)| ≥ ε} is compact for every ε > 0 .

Lemma A.2 (cf. [3, Corollary 27.3]) Let E be a locally compact space and C and O be compact and open subsets such that C ⊂ O. Then there is a Ψ ∈ C_c(E) such that Ψ(ξ) = 1, ξ ∈ C , Ψ(ξ) = 0, ξ /∈ O and 0 ≤ Ψ(ξ) ≤ 1, ξ ∈ E .

Lemma A.3 Let Z be a locally compact separable metric space. Then there are compact and open subsets Γ_m and Ω_m such that Z = ∞⋃ m=1 Γ_m and Γ_m ⊂ Ω_m ⊂ Γ_{m+1} , m ≥ 1 . (A.1)

Proof. Since Z is σ-compact, the statement is given by [3, Lemma 29.8]. ■ Lemma A.4 (cf. [13, p.151]) Let E, E_1 be metric spaces. If f : E → E_1 is continuous, then the mapping F : D([0, ∞), E) → D([0, ∞), E_1) , F (ξ)(t) = f(ξ(t)) , t ≥ 0 , is continuous.

Lemma A.5 Let E be a metric space. If lim_{n→∞} μ_n = μ in D([0, ∞), E) then lim_{n→∞} μ_n(0) = μ(0) in E .

Proof. The assertion follows from [13, Ch. 3, Prop. 5.2], since 0 is a continuity point for any μ ∈ D([0, ∞), E) . ■ Lemma A.6 Let E be a complete separable metric space, and μ , μ_n ∈ M_b(E) such that μ_n^w→ μ . Then, for each ε > 0 , there exists a compact K_ε such that μ_n(E \ K_ε) ≤ ε , ∀ n , μ(E \ K_ε) ≤ ε . Proof. Introduce the measures ν_n(B) =

{_1 μ_n(E) μn(B) , if μn(E) > 0 , 0 , otherwise , ν(B) = {_1 μ(E) μ(B) , if μ(E) > 0 , 0 , otherwise .

Note that, if μ(E) = 0 then μ_n(E) ≤ ε , for all n except a finite number. For those one finds the corresponding compact. If μ(E) > 0 then ν_n → ν weakly, and the statement follows from Prohorov’s theorem and the boundedness of μ_n(E) . ■ Lemma A.7 Let Z be a locally compact space, and μ , μ_n ∈ M(Z) such that μ_n^v→ μ . Then ⟨H, μ⟩ ≤ lim inf_{n→∞} ⟨H, μ_n ⟩ , for any nonnegative H ∈ C(Z) .

Proof. Note that ν_n^v→ ν , where

ν_n(B) = ∫ B H(x) μ_n(dx) , ν(B) = ∫ B H(x) μ(dx) , B ∈ B(Z) . Thus, the assertion follows from [3, Lemma 30.3]. ■

References

[1] D. J. Aldous. Deterministic and stochastic models for coalescence (aggregation and coagulation): a review of the mean-field theory for probabilists. Bernoulli, 5(1):3–48, 1999.

[2] H. Bauer. Wahrscheinlichkeitstheorie und Grundzüge der Maßtheorie. Walter de Gruyter, Berlin-New York, 1978.

[3] H. Bauer. Maß- und Integrationstheorie. Walter de Gruyter & Co., Berlin, 1990.

[4] D. Benedetto, E. Caglioti, and M. Pulvirenti. Collective behavior of one-dimensional granular media. In Modeling in applied sciences, pages 81–110. Birkhäuser Boston, Boston, MA, 2000.

[5] G. A. Bird. Molecular Gas Dynamics and the Direct Simulation of Gas Flows. Clarendon Press, Oxford, 1994.

[6] L. Boltzmann. Weitere Studien über das Wärmegleichgewicht unter Gasmolekülen.

Sitzungsber. Akad. Wiss. Wien, 66:275–370, 1872.

[7] C. Cercignani. The Boltzmann Equation and its Applications. Springer, New York, 1988.

[8] R. L. Drake. A general mathematical survey of the coagulation equation. In G. Hidy and J. Brock, editors, Topics in Current Aerosol Research (Part 2), pages 201–376. Pergamon Press, Oxford, 1972.

[9] P. B. Dubovskii. Mathematical theory of coagulation, volume 23 of Lecture Notes Series. Seoul National University Research Institute of Mathematics Global Analysis Research Center, Seoul, 1994.

[10] A. Eibeck and W. Wagner. An efficient stochastic algorithm for studying coagulation dynamics and gelation phenomena. SIAM J. Sci. Comput., 22(3):802–821, 2000.

[11] A. Eibeck and W. Wagner. Approximative solution of the coagulation-fragmentation equation by stochastic particle systems. Stochastic Anal. Appl., 18(6):921–948, 2000.

[12] A. Eibeck and W. Wagner. Stochastic particle approximations for Smoluchowski’s coagulation equation. Ann. Appl. Probab., 11(4):1137–1165, 2001.

[13] S. N. Ethier and T. G. Kurtz. Markov Processes, Characterization and Convergence.

Wiley, New York, 1986.

[14] D. T. Gillespie. The stochastic coalescence model for cloud droplet growth. J.

Atmospheric Sci., 29:1496–1510, 1972.

[15] D. T. Gillespie. A general method for numerically simulating the stochastic time evolution of coupled chemical reactions. J. Comput. Phys., 22(4):403–434, 1976.

[16] I. Goldhirsch. Rapid granular flows: kinetics and hydrodynamics. In Modeling in applied sciences, pages 21–79. Birkhäuser Boston, Boston, MA, 2000.

[17] C. Graham and S. Méléard. Stochastic particle approximations for generalized Boltzmann models and convergence estimates. Ann. Probab., 25(1):115–132, 1997.

[18] F. Guiaş. A Monte Carlo approach to the Smoluchowski equations. Monte Carlo Methods Appl., 3(4):313–326, 1997.

[19] I. Jeon. Existence of gelling solutions for coagulation-fragmentation equations.

Comm. Math. Phys., 194(3):541–567, 1998.

[20] M. Kac. Foundations of kinetic theory. In Third Berkeley Symposium on Mathematical Statistics and Probability Theory, volume 3, pages 171–197, 1956.

[21] T. G. Kurtz. The relationship between stochastic and deterministic models for chemical reactions. J. Chem. Phys., 57(7):2976–2978, 1972.

[22] M. A. Leontovich. Basic equations of the kinetic gas theory from the point of view of the theory of random processes. Zhurnal Teoret. Ehksper. Fiziki, 5(3-4):211–231, 1935. In Russian.

[23] A. A. Lushnikov. Certain new aspects of the coagulation theory. Izv. Akad. Nauk SSSR Ser. Fiz. Atmosfer. i Okeana, 14(10):738–743, 1978.

[24] A. H. Marcus. Stochastic coalescence. Technometrics, 10(1):133–148, 1968.

[25] H. P. McKean. Speed of approach to equilibrium for Kac’s caricature of a Maxwellian gas. Arch. Rational Mech. Anal., 21:343–367, 1966.

[26] V. V. Nekrutkin and N. I. Tur. On the justification of a scheme of direct modelling of flows of rarefied gases. Zh. Vychisl. Mat. i Mat. Fiz., 29(9):1380–1392, 1989. In Russian.

[27] J. R. Norris. Markov chains. Cambridge University Press, Cambridge, 1998. Reprint of 1997 original.

[28] J. R. Norris. Smoluchowski’s coagulation equation: uniqueness, nonuniqueness and a hydrodynamic limit for the stochastic coalescent. Ann. Appl. Probab., 9(1):78–109, 1999.

[29] J. R. Norris. Cluster coagulation. Comm. Math. Phys., 209(2):407–435, 2000.

[30] J. L. Spouge. An existence theorem for the discrete coagulation-fragmentation equations. II. Inclusion of source and efflux terms. Math. Proc. Cambridge Philos. Soc., 98(1):183–185, 1985.

[31] A. S. Sznitman. Équations de type de Boltzmann, spatialement homogènes. Z.

Wahrsch. Verw. Gebiete, 66(4):559–592, 1984.

[32] H. Tanaka. Probabilistic treatment of the Boltzmann equation of Maxwellian molecules. Z. Wahrsch. Verw. Gebiete, 46(1):67–105, 1978.

[33] G. Toscani. One-dimensional kinetic models of granular flows. M2AN Math. Model.

Numer. Anal., 34(6):1277–1291, 2000.

[34] M. von Smoluchowski. Drei Vorträge über Diffusion, Brownsche Molekularbewegung und Koagulation von Kolloidteilchen. Phys. Z., 17:557–571, 585–599, 1916.

[35] W. Wagner. A functional law of large numbers for Boltzmann type stochastic particle systems. Stochastic Anal. Appl., 14(5):591–636, 1996.

[36] M. M. R. Williams and S. K. Loyalka. Aerosol Science. Theory and Practice. Pergamon, New York, 1991.