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Abstract

The paper contains the analysis of the propagation of acoustic waves in
two—component poroelastic media. It is shown that the existence of P2-mode
as a wave in the range of low frequencies depends on the way in which the
wave is excited. This property as well as properties of other bulk modes are
discussed on practical examples of soil mechanics.

1 Introduction

In this work we present three problems of weak discontinuity waves in porous mate-
rials: acoustic waves in saturated media modelled by a two—component continuum,
surface waves in such media and their asymptotic properties, and acoustic waves in
unsaturated porous media modelled by a three-component continuum. The present
Part I of the Note is devoted to some aspects of the analysis of dispersion relations
for linear poroelastic materials related to the problem of excitation of harmonic
acoustic waves in fully saturated systems.

Propagation of acoustic waves in geophysical porous materials plays a particularly
important role in testing porous and granular materials because laboratory mea-
surements on such materials usually differ considerably from in situ measurements
required in practical applications. Most of theoretical results were obtained within
the so—called Biot’s model (e.g. [1]). They have contributed immensely to the under-
standing of the subject but simultaneously there are many very controversial issues
related to the application of this model. We mention some of them further in this
note. During the last decade the acoustics of porous materials was also developed
within a different continuous model derived on the basis of a modern continuum
thermodynamics. This model in its linear version is on the one hand side simpler
than the Biot’s model, in contrast to the Biot’s model it does not violate the second
law of thermodynamics and the principle of material frame indifference, and on the
other hand it describes changes of porosity as an additional microscopical variable.
In spite of these differences the number of acoustic modes of propagation and their
fundamental properties are the same in both models (e.g. [2]).

Part T of the Note contains a review of fundamental properties of P1-, S—, and P2-
waves in porous materials. However we emphasize an aspect of such waves which
seems to be overlooked in the literature. Namely we demonstrate the dependence of
acoustic properties of porous media on the way in which the dynamic disturbance
is excited. This way is immaterial for the high frequency asymptotics determining



the speeds of signals in the medium. However it becomes essential in the limit of
low frequencies and these are of primary practical importance in soil mechanics and
other geophysical applications. We show that the P2—wave does not propagate in
the case of impact excitations. This means that some surface modes of propagation®
cannot appear in the range of low frequencies as well.

2 Field equations for poroelastic media
We consider a two—component poroelastic medium described by the following fields

partial mass density of the fluid p” (x,t),

velocity of the fluid v (x,t),

velocity of the skeleton v (x,t),

symmetric tensor of small deformations of the skeleton e’ (x,t),

porosity n.

For these fields the following field equations hold in the linear model of poroelastic

materials
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In these equations pf', p5,ny denote constant reference values of partial mass densi-
ties, and porosity, respectively, and &, A%, u°, 3, m, T are constant material parame-
ters. The first one describes the macroscopic compressibility of the fluid component,
the next two are macroscopic elastic constants of the skeleton, § is the coupling
constant, 7 is the coefficient of bulk permeability, and 7 is the relazation time. For
the purpose of this work we assume 3 = 0. Then the problem of evolution of poros-
ity described by equation (5) can be solved separately from the rest of the problem
and does not influence the acoustic waves in the medium. Let us mention that the
general case has been considered in earlier papers on the subject (e.g. [3],[4]) and it
has been shown that coupling effects through 3 can be neglected in linear models.

see [11] for the high frequency asymptotics



3 Bulk waves

We investigate the propagation of the front carrying weak discontinuities. It is
assumed that the front o; is given by the relation

f(x,t)=0, x€0:.CB;, teT, (6)

where the function f is assumed to be at least continuously differentiable with
respect to both variables. B;, 7 denote the current configuration of the medium,
and the time interval, respectively. The surface defined by (6) moves with the normal
speed c and possesses a unit normal vector n given by the relations

o % ho grad f
|grad f|’ |grad f|

(7)

Weak discontinuities of fields introduced in the previous section are defined by the
following conditions on the surface o; oriented by the field n (x,t),x € oy,t € T,

=0 =0 [W=0 (-0 @

[.]] == oflim(...) — oy lim (...). (9)

where

Then according to the Hadamard lemma the following kinematic compatibility con-
ditions hold

ngadpp]] = —%RFn, ngades]] :%(As®n+n®As)®n, (10)
ngadvFH = —%AF@)n, ngade” = —%As®n,

where
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are the so—called amplitudes of discontinuity.

Substitution in field equations evaluated on both sides of the front o; yields the
conditions

oF
RF =TV AF . n, (12)
C
and
)\S S S
<021— TE pen-1)as = o (13)
Po Po

(021—f<m®n)AF = 0.



Certainly this is the eigenvalue problem which yields three nontrivial solutions:

AS +2u8
cpr . = J, AS-n#O, AS::AS—(AS-n)nzo, AF =0,
ps

cpe 1 =+/k, AF.-n#£0, AS=0, Alj::AF—(AF-n)n:o, (14)

S
Cs - :\//;_s’ Ai;éO, A% .n=0, Af=0.
0

The first two solutions describe longitudinal P1-, and P2-modes of propagation
while the third one is the transversal S—mode in the skeleton. There exists no
transversal mode in the fluid: A} = 0.

The P2-mode is often called Biot’s wave. Its theoretical existence is quite natural
in the frame of any two—component continuous model even if both components are
fluids (a miscible mixture). However there are problems with practical observations
of its propagation if one of the components is solid. It has been observed for the first
time in an artificial porous material made of sintered glass beads by T. J. Plona [5],
and in an artificial rock of cemented sand grains by T. Klimentos and C. McCann
[6] but in situ measurements are extremally difficult to be performed. The main
reason for those difficulties is a very strong attenuation of P2—-waves. We discuss
this point in some details in this work.

Let us mention in passing that the partial stresses T°, T¥ in the skeleton and in
the fluid, respectively which lead to the above used field equations are not coupled
if the constant (3 is equal to zero. Such a coupling is required in the Biot’s model
commonly used in the wave analysis for porous saturated materials. In the notation
of this work such a coupling has the form

F

F _
TS = A5 (tre®)1+2uSeS - Qppinol, (15)
0

TF = — (K‘, (pF — pOF) — Qtres) 1,
where @ is the Biot’s coupling constant. Such a model is thermodynamically ad-

missible solely in the case of an additional contribution of the gradient of porosity
to the momentum balance equations (2), (3)(see: [7])

p=m (vF — vs) — Qgrad n. (16)

In such a case it can be easily shown that the coefficient ) which would give rise
to the off-diagonal terms in the eigenvalue problem (13) has an order of magnitude
of the pore pressure, i.e. 10° Pa in soils and rocks. This must be compared with
elastic constants A%, u®, kp!” which are at least of the order 10® Pa. Hence, similarly
to the assumption that 8 = 0, we can leave out this correction in the wave analysis.

The above results do not reveal the attenuation of waves because the behaviour
of amplitudes cannot be determined from the properties of field equations on the
wave front alone. In order to see such effects we have to construct solutions of fields
equations. We proceed to do so for monochromatic waves in infinite domains.
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4 Monochromatic waves

We seek solutions of the set of equations (1)—(4) in the form of bulk monochromatic
waves defined by the following ansatz for harmonic waves

pF' _ pOF — RF'ei(kn-x—wt), eS — ESei(kn-x—wt), (17)
v_F — VFei(kn-xfwt) VS — VSei(kn-xfwt)

) Y

where RF,E®, VF VS are constant, possibly complex, amplitudes of the distur-
bance, n denotes the unit vector in the direction of propagation, k£ is the wave
number, and w the frequency of the wave. Both k£ and w may be complex.

Straightforward calculations lead to the following compatibility relations with field
equations

kot k
RF="PyF n ES=-" (VS@n+ne V), (18)
w 2w
)\S S S
(&1—#1&1 on—C 14T v —iZvE = o, (19)
Po Po Po Po

—igvs + <w21—nk2n® n—l—igl) VP = o.

Po Po

Equations (19) form, of course, the eigenvalue problem with the six—dimensional
T

eigenvector (VS , VI ) , and w? — eigenvalues if k is given. We consider further also

a modification of this problem with a given w.

We can easily separate the components in the direction of the vector n, and in the
direction perpendicular to this vector. We consider these problems in the subsequent
two sections.

5 Longitudinal modes of propagation

Scalar multiplication of equations (19) by the vector n yields

w? — XS 4+ 2u5 pSk? + imwpl —iTwps VS.n
2 VF.on |~ 0. (20)

—imwpl w? — kk* + inwpl
This two—dimensional eigenvalue problem yields immediately the following disper-
sion relation

mlw?

(w2 —cpik® + iwwpg) (w2 — ook + iﬂprF) +—<—% =0. (21)
Po Po

We consider two cases.



1. The frequency w is real and given. This corresponds to the problem of a
harmonic excitation with a given frequency ("boundary value problem”).

2. The wave number k is real and given. This corresponds to an external impact
("initial value problem”).

In the first case the equation (21) can be easily solved for k and we obtain

kzzlli (w2+i¥>+2i<w2+i¥)i@], (22)

2
2 |cpy

2
1 Tw 1 Tw 4 mw?
D:= la— (wzﬂ'—s) -3 (wzﬂ'—pﬂ ~ 32 S F
Cp1 Po Cp2 Po Cp1Cp2 PH Po

In the next two Figures we illustrate this result for the following numerical data

cpi = 25007, cpy = 10007, (23)
S S
kg kg

Py = 25003, p5:250ﬁ.

In Figure 1 we plot the phase velocity c,, = wRekof both longitudinal modes, and
in the Figure 2 the attenuation v = Imk.
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Figure 1: Phase speed of P1- (left), and P2-waves (right) as functions of
frequency w.

The curves correspond to the permeability m (from top to bottom):
105,5 % 105,107, 5 x 107, 108 [-22].



Inspection of the Figure 1 shows that both modes of propagation exist for any
frequency of the excitation. The phase speed of Pl-waves grows a little from its
initial value to the asymptotic speed cp; for w — co. On the other hand the phase
speed of P2—waves is equal to zero for w = 0 and grows asymptotically to the limit
cps for w — o0o0. For both modes the growth becomes slower for larger permeability
coefficients 7.

aiwnatca o P l-mssa | Lim]
wdrraaban o F1awems [V

¥ s ¥
Py [ V8] gy [ L]

Figure 2: Attenuation of P1- (left), and P2-waves (right) as functions of
frequency w.

The same values of permeability w as in Fig.1 growing from the bottom to the top.

It is clear from Figure 2 that the attenuation of P2—waves is much stronger than this
of P1-waves. This observation justifies the remark made in the Introduction that
the strong attenuation of P2—waves causes difficulties in their in situ measurements.

The above described properties of monochromatic waves have been discussed in
details in earlier works on this model of poroelastic materials (e.g. [8], [9], [4], 3]

[10]).

We proceed to present properties of the second case — external impact (initial value
problem). In this case the wave number £ is given and real, and the frequency w is
complex. It follows as the solution of the dispertion relation (21). This solution can-

not be obtained analytically and we present here a few typical numerical examples.
We use the data (23).

In contrast to the above discussed boundary value problem P2—waves may not exist
in the case of the initial value problem. For any chosen real wave number k solutions
of the dispersion relation (21) consists of four complex w symmetric with respect to
zero. Consequently there are two essential real parts of w which determine P1-, and
P2-mode. In Figure 3 we show the real part of w corresponding to the P2—-mode for



different values of the permeability coefficient 7. It is seen that that for sufficiently
low wave numbers k (i.e. long waves) the real part of w is constant and equal to
zero. Consequently in these ranges the P2-modes contain only damping and they
cannot propagate as waves. The extent of the plateau of the constant real part
of frequency changes approximately in the linear way with 7 and, for instance, for
m = 109[-2L] (the right figure) it reaches the value k ~ 2050[1], which corresponds
to the wave length 0.05¢m. Obviously from the physical point of view P2—wave
does not exist any more because the wave length would have to be smaller than the
characteristic dimension of the microstructure. However the minimum length of the
wave for smaller permeabilities lie in the physically reasonable range. For instance
for m = 1074 ] it is app. 5cm (see the left figure).
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Figure 3: Real part of the frequency as a function of the wave number for
P2-waves.

The left hand side is the magnification of the figure on the right hand side for the
following values of permeability w: 10°,5 % 10°,107,5 x 107,10° [ 4] growing from
the left to the right. On the right figure the curves for m = 5 % 10% and 10° [%] are
shown in addition.

The problem of existence of propagation does not concern the P1-mode. These
waves behave in a way similar to these of the boundary value problem. In Figure 4
we show their phase speeds for the data (23). The speed grows a little and reaches
the limit value ¢p; for k — oo.
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Figure 4: Phase velocity of P1-waves for permeability m (from the left to the
right): 10%,5 % 10%,107,5 % 107,108 [ L]
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As indicated above the P2—waves do not propagate below a critical value of k£ which
changes with m. We show this behaviour in Figure 5. In the range of large values of
k the P2-modes propagate and reach the limit value cpy for k& — oc.
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Figure 5: Phase velocity of P2-waves for permeability m (from the left to the
right): 108,5 % 10%,107,5 % 107,108 [ 2L ]
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Imaginary parts of the frequency w determine the damping of waves. This attenu-
ation in time behave differently from the attenuation in space discussed in the first
case. In the case of P1-waves (Figure 6) it grows with the growth of the wave num-
ber k (i.e. with the decay of the wave length). However in the range of long waves
the damping in media with a larger permeability 7 is smaller than this for media
with a smaller permeability. Most likely it is related to the fact that the energy of

9



the wave created by the impact remains longer in the vicinity of the impact if the
value of 7 is larger which, as seen in Figure 4 yields a lower speed of propagation.

EERREREEE
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Figure 6: Attenuation of P1-waves for permeability w: 10° (the smallest
attenuation), 5 * 108,107, 5 x 107, 10® (the largest attenuation) [+L].

m3s

The behaviour of P2-modes is entirely different due to the existence of plateau. The
ranges of these plateaus are visible also in Figure 7 which illustrates the attenuation
of P2-modes. For any value of permeability 7 the range of small values of £ contains
solely the damping — the frequency w is imaginary. For larger values of k we see the
attenuation of P2—waves. As in the case of the boundary value problem it is much
stronger than in the case of P1-waves.
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Figure 7: Attenuation of P2—waves for permeability w: 10° (the smallest
attenuation), 5 * 108,107, 5 107, 10% (the largest attenuation) L]

The above described properties of initial value problems have an important influence
on the construction of asymptotic solutions in the range of low frequencies. For
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instance, they lead to an entirely different structure of surface waves than this for
high frequencies [11]. We shall discuss this problem in the Part IT of this Note.

6 Transversal modes of propagation

Let us introduce the following quantities
Vi=vF— (V) VP, Vi =VS— (V5.n) VS (24)

Then from (19) for arbitrary components of the above vectors VI := VI .t V5 :=
V¥ . t, with t being any unit vector perpendicular to n we obtain

w? — puSpSk? +inwpy  —iTwpl Ve 0 95
imwoF 2 ;i F =U. (25)
00 w’ +1mwpg

This is again the eigenvalue problem which yields the dispertion relation
w® + i (lp(‘)g + lpOF) w? — Ek*w — ickk*mpf = 0. (26)
We illustrate the solutions of this relation in Figures 8 and 9 for the data

cs = 15007, (27)
)

kg kg

S F_

P, = ZSOOW’ Py = 250W'

We obtain for the phase speed the behaviour quite similar to this of P1-waves. After
the initial growth the phase speed goes to the limit value cg for £ — oo.
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Figure 8: Phase speed of S—waves for the permeability 7 :
10%,5 % 10%,107,5 x 107,108 [-£L].
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The left diagrams correspond to the initial value problem while the right diagrams
to the impact.

The upper curve corresponds to the lowest permeability.

The behaviour of the attenuation is also similar to this of P1-waves. The rate of
attenuation is similar as well as the comparison of the values of Imw for both waves
cleary shows.

attenuation of & [1im]

At om ol 5 [14])

21 ) Ha
mln DT | 1|

Wequency [1]
Figure 9: Attenuation of S—waves for the permeabilities T:
105,5 % 105,107, 5 % 107, 108 [-AL].

The left diagrams correspond to the initial value problem while the right diagrams
to the impact.

The upper curve corresponds to the lowest permeability.

7 Final remarks

Results presented in this work show that the simplest possible model of saturated
poroelastic materials yields qualitatively the same properties of wave motion as
more sofisticated Biot’s model. However in contrast to the latter the model used in
this paper does not contradict any principal rules of the modern continuum ther-
modynamics. In addition the notions such as tortuosity, anisotropic permeability,
etc. which may be essential in some practical applications are not needed in the
construction of all important bulk modes of propagation in spite of claims in the
literature on the Biot’s model.

As the analysis of monochromatic waves shows the asymptotic behaviour for high
frequencies checks with the expectation following from the analysis of singularities
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of fields independently of the fact if one controls the propagation by harmonic ex-
citations on the boundary (a given real frequency w) or if one controls an initial
condition in which a wave of a particular length (a given real wave number k) is
excited.

However the situation changes if we consider a low frequency limit. This limit is
smooth independently of the external control for the classical two modes of propaga-
tion — P1-waves and S—waves. Both these waves have finite phase speeds for w — 0
and these are a bit smaller than the speeds of propagation of the corresponding
fronts. This is not the case for the P2-mode. This mode behave like a wave for
harmonic excitations on the boundary. The phase speed of this wave goes to zero
as w — 0. In the vicinity of the zero frequency it has approximately a parabolic
character. The behaviour changes entirely in the case of initial conditions. In the
vicinity of the zero point of the wave number & (infinitely long waves) the P2—mode
has the zero phase velocity and it is solely damped. After a plateau of the zero
velocity whose length depends on the value of the permeability coefficient 7 this
mode behaves again as a wave and in the limit of high frequencies (short waves) this
behaviour is the same as this of the P2—waves excited by harmonic vibrations.

Such a behaviour has a very important practical bearing. First of all the lack of
positive results for the P2—waves in in situ measurements may be related not only
to the high attenuation of P2-waves but also to the nonexistence of these waves for
low frequency initial excitations. It is also very important in the analysis of surface
waves in the range of low frequencies commonly used in geophysical applications.
We will return to this question in the Part II of this Note.

Let us mention finally that the attenuation properties of all modes are caused by
the relative motion of components reflected by the permeability coefficient 7. As
the examples presented in the paper clearly show these properties check well with
the expectations.
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