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Abstract

A net current flow through an open 1-dimensional Schrédinger-Poisson system is
modeled by replacing self-adjoint boundary conditions by dissipative ones. To give
a rigorous definition of carrier and current densities the well-known dilation theory
of dissipative operators is used where the self-adjoint dilation is regarded as the
Hamiltonian of a larger closed system which contains the open one. The carrier
density turns out to be performed by the generalized eigenstates of the dilation
while the current density is related to the characteristic function of the dissipative
operator. A rigorous setup of a dissipative Schrédinger-Poisson system is outlined.
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1 Introduction

Schrodinger-Poisson systems are of great interest in semiconductor physics. In the
following we are interested in a Schrodinger-Poisson system on the interval Q = [a, b
on the real axis R. Systems of this type were considered in [9]. By ¢ we denote the
electrostatic potential on Q which is determined by Poisson’s equation

_%E(w)%wzq(c(mHu*—u_): z €4, (1.1)

where ut and u~ are the densities of holes and electrons, g is the magnitude of the
elementary charge, C(+) is the so-called doping profile of the semiconductor devices
and € = ¢(z) > 0 denotes the dielectric permittivity which satisfies the condition

e() + 6(1—) € L*([a, b]). (1.2)

The Poisson equation (1.1) is completed by the boundary conditions

pla) = @, and @(b) = @ (1.3)

The second important ingredient of the Schrédinger-Poisson system are Schrédinger-
type operators H which are defined on the Hilbert space $ = L?([a,b]) and look
like

= 2dzm(z)dz v (14)
where the real potential V is slightly different for holes and electrons, see Section
5, and m equals either to the z-dependent effective mass of the holes or of the
electrons. Since the formalism of quantum mechanics is well developed only for self-
adjoint operators usually self-adjoint boundary conditions, for instance Neuman or
Dirichlet boundary conditions at a and b, are chosen. Operators of this type have a
discrete spectrum. Let us denote by {&}2, and {¢;}2, the sequence of eigenvalues
and eigenfunctions counting multiplicities.

The carrier densities used in the Poisson equation are now performed by expres-
sions of the form

ug(z) = Y alta(@)]’, @ € [a,b), (1.5)
=1
where g := {p;}2, is a sequence of occupation numbers such that
N = Z o1, (1.6)
=1

is the total number of carriers of the system. Usually, the sequence g is given by

[ f(gl); [ = 1,2, e (17)
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where f > 0 is a equilibrium distribution functions which may be different for holes
and electrons. Let us introduce the operator

0= f(H). (1.8)

The operator p is self-adjoint and non-negative. If the equilibrium distribution
function f tends to zero sufficiently fast as  — +o0, then p is nuclear. From p one
computes the total number N of carriers by N = tr(p) = tr(f(H)). Usually, non-
negative self-adjoint nuclear operators are called density matrices. Since p commutes
with H the density matrix p remains unchanged in time. In this case p is called a
steady state. If the density matrix is known, then one restores the carrier density
as follows: the number of carriers N,(w) in the set w C [a, b] is computed by

Ny(w) = tr(oxw), (1.9)

where x,(-) is the indicator function of the subset w. It turns out that (1.9) defines an
absolutely continuous measure (with respect to the Lebesgue measure). One verifies
that its Radon-Nikodym derivative u, coincides with the carrier density defined by
(1.5), i.e. us = u,.

The system described by H is closed. Hence there is no interaction with the
environment, in particular, no carrier exchange. Consequently, the current density

Js(z) defined by

jo(z) = eui(z), = €a,b], (1.10)

is identical zero, where in accordance with [15] the current density 7(z) of the
eigenstate i is given by

1

m(z)

si(z) := Sm ( 1/}2(3:)%) , z€ab],l1=12,.... (1.11)

However, from the point of view of semiconductor physics this consequence is totally
unacceptable since a net current flow through the boundary is natural. Thus one
has to devise boundary conditions which allow those flows.

A simple proposal was made in [9] which adds up to replace the self-adjoint
boundary conditions by non-selfadjoint ones, i.e. to consider H on the domain

@9 (@) € WH¥([a, b)),
dom(H) = ¢ g € W"*([a,b]) : 579'(@) = —Kag(a), (1.12)
L—g'(b) = kpg(b)

m(5)9
where k4, kp € C. If at least one of the imaginary parts is different from zero, then

N

the operator H is non-selfadjoint. However, this non-selfadjointness implies several
complications. In particular, the notion of carrier densities becomes unclear.

This situation can be handled if we restrict ourselves to dissipative operators. Let
us recall that an operator is called dissipative if the imaginary part of its associated
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quadratic form is non-positive. In the present case the operator H is dissipative if
Ko,k € Cp := {z € C: Sm(z) > 0}, see [11]. Moreover, under this assumption
the operator H becomes maximal dissipative, i.e. it admits no proper dissipative
extension, see [11]. The main technical tool to overcome the difficulties is the dilation
theory for maximal dissipative operator. In [12] the minimal self-adjoint dilation K
of H was explicitly constructed and analysed in detail. From the physical point of
view the minimal self-adjoint dilation plays the role of the Hamiltonian of a larger
closed system which contains the original system described by H. Using this fact
one defines steady states, carrier densities and current densities. It turns out that
the current density is independent of z € [a, b] and, in general, different from zero.
So we have a constant current through [a,b] which is quite satisfactory from the
physical point of view.

It turns out that this formal approach to the net current flow problem fits into
models discussed in the literature. Indeed, a well adopted model in semiconductor
physics is the so-called Kirkner-Lent model [14| which was mathematically analysed
in [4], [5] and [6]. In this model one replaces the maximal dissipative operator H by
a family of maximal dissipative operators {H(2)},cz defined on $ = L?*([a, b]) and
given by

i = frewvion YL
(H(z)g)(z) := —%g(m)—l—V(m)g(m), g € dom(H(2)),

m(z) = 1/2, with
ki1(2) :=1/z and ko(2):=iy/2—-V_, 2¢€C,, (1.14)

where the cut of the square root is along [0,00) and Sm(y/z) > 0 for z € C,. Let
us consider the self-adjoint Schrédinger operator K,

dom(K) := W??(R),
B (1.15)
(Kf)(z) = —4z/f(2)+ Vki(z)f(z), f € dom(K),
on the Hilbert space & = L?(R) whose potential Vg, € C(R) looks like
Vo« zeR_
Vikr = Vv : T € [0, 1] (1.16)
0 : z€(l,400)
where V_ > 0,
V(0)=V_ and V(1)=0. (1.17)

Operators of this type were investigate in [7]. It turns out that

PHK —2)" 9 =(H(z)—2)", z€Cy. (1.18)
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which means that the operator K can be regarded as a self-adjoint dilation of the
family {H(2)},ce- Moreover, it holds

\V (K-2)'9=18 (1.19)

zeCQ\R

which means that K is a minimal self-adjoint dilation and, hence, that K is unique
up to a certain isomorphism. Thus, if we want to compute quantities which are
related to the subspace $), for instance, carrier densities on the interval [0, 1], we can
do this using either the self-adjoint operator K or the family { H(A)}rer of maximal
dissipative operators. Moreover, if we are only interested in quantities with respect
to a small energy interval around the energy Ao € R (in the limit only quantities
for the energy Xg), then it is enough to consider the maximal dissipative operator
H(Xo) which leads to a model described at the beginning.

The paper is organized as follows. In Section 2 we rigorously define Schrédinger-
type operators and briefly recall their properties, cf. [11]. Moreover, we introduce
the important notion of the characteristic function ©g(z) and briefly describe the
minimal self-adjoint dilation K of H. For further purposes we indicate its generalized
eigenfunction expansion. Essentially, we follow here the paper [12]|. In Section 3 we
introduce generalized steady states and define carrier densities. In Section 4 we
define the current density and compute it in terms of the characteristic function.
In particular, it turns out that if the steady state is given by o = f(K), then the
current density is zero. In Section 5 we comment the results, in particular, we
clarify the relation to the Lax-Phillips scattering theory and verify the continuity
equation. Finally, we give a rigorous setting of so-called dissipative Schrodinger-
Poisson systems which have the advantage that their current densities are different
from zero for suitable chosen steady states.

2 Schrodinger-type operators

Following the proposal of [9] we consider the non-selfadjoint Schrodinger-type oper-
ator H on the Hilbert space $ = L?([a, b]) given by the domain (1.12) and

(Hg)(z) = (l(g))(z), g € dom(H), (2.1)
where 414
(Ug))(z) = —§%m%9($) + V(z)g(z), (2.2)

and V' € L*([a, b]) is a real potential, the effective mass m(z) > 0 obeys m(m)—l—m €
L>([a,b]) and k,, ks € Cy. The operator H is maximal dissipative and completely
non-selfadjoint, see [11]. The spectrum of H consists of isolated eigenvalues in the
lower half-plane with the only accumulation point at infinity. Since the operator
H is completely non-selfadjoint there do not exist real eigenvalues. To analyze the
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operator H it is useful to introduce the elementary solutions v,(z, 2) and vy(z, 2),

l(va(z, 2)) — 2v4(z,2) =0, wv4(a,z) =1, an(a)v;(a,z) = —Ka, (2.3)
l(vp(z, 2)) — 2vp(z,2) =0, wvp(b,2) =1, #(b)v{,(b,z) = Ks, (2.4)

z € [a,b], z € C, which always exist. The Wronskian W(z) of v,(z, 2) and vs(z, 2)
is defined by

L —vp(z, 2 L
2m(m)vb(m’z) (2, )Zm(az)

W(z) = ve(z, 2)

v, (z, 2). (2.5)

We note that the Wroskian does not depend on z. Similarly, the functions v.,(z, 2)
and v.(z, 2),

Vaa(@, 2) 1= va(2,2) and  vw(z,2) :=vp(z,2), 2z€C, (2.6)

z € [a,b], z € C, are elementary solutions of

l(vaa(2,2)) — 2Vua(2,2) =0, via(a,z) =1, an(a)via(a,z) = —Ka, (2.7)
U(vas(2, 7)) — 20a(3,2) = 0, vas(b,2) = 1, #(b)vib(b, 2) =7, (2.8)

z € [a,b]. The Wronskian of (v.(z,2) and ve(z, 2) is denoted by W,(z) and is
also independent of z. By these elementary solutions one gets for the resolvents the
representations

((H —2)7"f)(z) = (2.9)

vp(z,2) [ va(z, 2) ’
_W/a dyva(y, 2) f(y) — WL dy vs(y, 2)f (y),

for z € o(H), f € L*(|a,b]) and
((H* = 2)"" f)(z) = (2.10)

vap(z,2) [° Vea(@,2) [P
_ W*(z) /a dyv*a(y,z)f(y)— W*(z) Ldyv*b(y,z)f(y),

for z € p(H*) and f € L*([a,b]), see [12].

Since H is completely non-selfadjoint the maximal dissipative operator H can be
completely characterized by its characteristic function Og(z), z € o(H) N o( H*),
cf. [8]. The definition of the characteristic function relies on the so-called boundary
operators T'(z) : §§ — C?, z € o(H) and T\(2) : H — C?, 2z € o(H*), which are
defined in [12|. Writing

Ke = qq + %ai and Ky = gy + %ai, Qq,ap > 0, (2.11)
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the boundary operators are defined by

T(z)f = ( _OZEE( ) (2.12)
and
T(z)f = ( _QEE{I**_Z 4 F)(a) ) (2.13)
f € L*([a,b]). Using the resolvent representations (2. ) and (2.10) we obtain
ape L [ e [ dyva(y, 2)f(v)
T”fIWd<%ﬁ@mmam>) 21)
and
Y. —a [} dy vea(y, 2) F()
T V%@)(<%ﬁﬂymd%df@))’ (2:19)
f € L*([a,b]). The adjoint operators are given by
(T(2)*¢) (z) = % (—abva(m,z),aavb(az,z)) ¢ (2.16)
1 _ _
— W) (—apvaa(, 2), qua(z,2)) €,
and
(T (2)*€) (z) = Wl(z) (_abv*a(m,z),aav*b(m,z))f (2.17)
1 _ _
= W (—owpve(z, 2), aqup(z, 2)) €,
where

£ = (gb ) € C. (2.18)

The characteristic function @ of the maximal dissipative operator H is a two-by-
two matrix-valued function which satisfies the relation

Ou(2)T(2)f = Tu(2)f, = € o H) N o(H"), (2.19)

f € L*([a,b]). It depends meromorphically on z € o(H) N o( H*) and is contractive
in C_,1e
|1O(2)|| <1 for zeC._. (2.20)

Using the elementary solutions the characteristic function g takes the form

2 R
Ou(z) = I + i (“b”*“(b’z) b ) (2.21)

W*(Z) —QpQq ag,v*b(a’7 z)




8 H.-Cu. KAiser, H. NEIDHARDT, J. REHBERG

for z € p(H) N p(H*), cf. [12]

Since H is a maximal dissipative operator there is a larger Hilbert space & O
and a self-adjoint operator K on £ such that

PH{K —2)'9=(H-2)", Sm(z)>0, (2.22)

see [8]. The operator K is called a self-adjoint dilation of the maximal dissipative
operator H. Obviously, from the condition (2.22) one gets

PHK —2)' 9= (H*—2)"", Sm(z)<0. (2.23)
K is called a minimal self-adjoint dilation of H if the condition

\V (K-2)'9=18 (2.24)

zeC\R

is satisfied. Minimal self-adjoint dilations of maximal dissipative operators are deter-
mined up to a certain isomorphism, in particular, all minimal self-adjoint dilations
are unitarily equivalent.

In the present case the minimal self-adjoint dilation of the maximal dissipative
operator H can be constructed in an explicit manner. Following [12] we introduce
the larger Hilbert space

R=D_0HTDy, (2.25)

where Dy := L*(R4,C?). Introducing the graph Q,

R_ R,

R_ R,

one can write the Hilbert space £ as Lz(Q). Furthermore, we define

Gi=9- 09 g, (2.26)
where b (2) b (2)
9’ (z g, (z
_(z) := : and z) = T ) ) 2.27
g-(z) (g_(m) ) 9+(z) (g_l_(a:) ( )
for z € R_ and z € Ry, respectively. Let the matrices K¢ and K% given by
«. L (0 0 «. L (0 0
K_ = a—a ( 1 Kq ) and K+ = a—a ( 1 K}_a ) (228)
as well as
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Using these notations the self-adjoint dilation K is defined by

a4+ € Wl’z(Rﬂ:a(Cz)a
g, =g € W"2([a, b)),

dom(K):=< g€ Kk: 2.30
oK) I Kega+ Kb gy = g_(0), (2:30)
K%g, + K2 g = 94+(0)
and p p
Kg:= —iag_ ®l(g)® —i%g_“ g € dom(K), (2.31)
where L () L)
— ——q'(b
_ [ m@9\® ) d _ ( am ()Y ) 9.39
Ga = and gy = . .
(™50 »= 7ot 232
With respect to a graph picture the operator K looks like
ag° (0) = 5,,579'(6) — rig(b) 9 (b) — Fog(b) = g’y (0)
d b ) ( - d b
139~ Tt 9+
i(g)
_iiga _iiga
dzJ— dzJ+
) ¢
0g(0) = g (a) + hag(a)  2og'(a) + Fag(a) = gl (0)

The self-adjoint operator K is absolutely continuous and its spectrum coincides with
the real axis, i.e. o(K) = R. The multiplicity of its spectrum is two. The resolvent
of K admits the representation

(K—2)'(f~ofof)= (2.33)

0

i[ dyeeig ) o (H-o fHiner [ dye i) o

o0 — o0

0

i [y L) i) () [ dy ()

— o0

for Sm(z) > 0 and
(K-2)'(frofef)= (2.34)
i [y g ) i TS - iute) [ dy s ) e

(=2 i1y [ dye hi) o <i [ dy sy

for Sm(z) < 0. The generalized eigenfunctions 1;_(-, AT, A €ER, 7 =a,b, of K are
given by

(2,0, 7) =P (2, A7) Y (2, A7) DY (2, N, T) = (2.35)

I . 1 1
iz T@—T*A*T D e )\*T
vt o O g W en)(@) © e On(A) e
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o (1) wt e (?) 230

The functions are mutually orthogonal, i.e. one has

(A8 (V)

where

sy ~ S )8 (2.37)

in the sense of distribution for A, X' € R, 7,7’ = a,b. Moreover, elements of the form

/dA > G (AT (2.38)

T=a,b

where g7 (+), 7 = a, b, are smooth functions with compact support, are dense in 8. We
note that the generalized eigenfunctions ¥~ (-, A, 7) are usually called the incoming
eigenfunctions. Using the incoming eigenfunctions one defines a transformation

d_ .8 — R=IL2R,C)

@) =0 = ( 50) ), (2.39)
where
(N ::/ﬁdm (_(_j(m),iﬁ_(m,)\,T)), 7 =ab. (2.40)

®_ is unitary and called the incoming Fourier transformation. The inverse incoming
Fourier transformation ®~' is given by

(®19)(z) = /RdA Z b (2, \,7)97(2), § € LAR,C). (2.41)

We note that
® K '=M (2.42)

where M is the multiplication operator by the independent variable A on fi, le.

dom(M) := {ge L*R,C): X g(\) € LA (R,C)}, (2.43)
(Mg)(A) = A(N), § € dom(M). '
The representation (2.43) induced by ®_ is called the incoming spectral representa-

tion of K.

Finally, we note that each bounded self-adjoint operator G on &, which commutes
with K, corresponds to a measurable family {G(A)}rer of two-by-two matrices,
which are uniformly bounded, i.e., G(-) € L®(R,B(C?)), such that the multiplica-
tion operator G on L*(R,C?) defined by

dom(@) := {ge L*R,C): GN)g()) € L*(R,C)},

. . (2.44)
(Gg)(A) = G(N)g(}), g€ dom(G("))
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is unitarily equivalent to G, i.e.
3_0o' =G, (2.45)

Indeed, if G commutes with K, then G commutes with M. Applying Theorem
VII.2.3 of [3]| one immediately gets that G is a multiplication operator of type (2.44).
The representation (2.44) is called the incoming spectral representation of G.

3 Carrier density

In the following we call an operator p : & — R a density matrix if p is a bounded,
non-negative operator. The operator p is called a steady state if p commutes with
K. Obviously, a steady state does not change in time. If p is a steady state, then
there is a measurable matrix-valued function g(-) € L*®(R,B(C*)) such that the
multiplication operator ¢ on L*(R,(C?) generated by g(+) is unitarily equivalent to

o, l.e.

o0=®"15%_, (3.1)

see above. Obviously, the measurable function p(-) takes the form
bb ba
o®(A) e™(N) )
A) = 3.2
o(}) ( Qab()\) 0°(}) (3.2)

where p™(-) € L*(R), 7,v = a,b. Since p > 0 one gets that p(A) > 0 a.e. (with
respect to the Lebesgue measure).

Definition 3.1 A bounded self-adjoint operator A on R is called an observable. We
say the observable A

(1) is admissible with respect to p if pA is a nuclear operator on &, i.e. pA € L1(R),
(ii) is admissible with respect to K if Ex(A)A € L£1(RK) for each bounded interval
A C R where Ek(-) denotes the spectral measure of K.

If the observable A is admissible with respect to p, then its expectation value E,(A)
with respect to the density matrix p is defined by

E,(A) := tr(oA). (3.3)

In the following we show that the admissibility of A with respect to K leads to a
certain localization in the incoming spectral representation:

Proposition 3.2 Assume m + = € L*([a,b]), V € L*([a,d]) and ka,ks € Cy.
If the observable A is admissible with respect to K, then there exists a measurable
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matriz-valued function A(-) € Li,_(R,B(C?)), such that A(\) = A(A)* fora.e. A €R

and

tr(eABx(A)) = [ a3 tra(e(A)A0) (3.4)

for any bounded Borel set A C R and any steady state o of K. The measurable
function A(-) is uniquely defined up to a Borel set of Lebesque measure zero.

If the observable A is in addition admissible with respect to the steady state o,
then tree (o(-)A()) € LY(R) and the representation

tr(od) = [ dh tre (o) A(N) (3.5)
holds.

Proof. Notice that the spectral measure Ex(-) of K is absolutely continuous with
respect to Lebesgue measure. Hence, the set function

Hoa(D) = tr(ABx (), (3.6)

where A is bounded Borel set of R, is in fact a Lebesgue absolutely continuous

d’;‘;“‘ denote its Radon-Nikodym derivative and define

measure. Let

. d
Ta(0) := Z;’A. (3.7)

Then Ty4(-) maps L®(R, B(C?)) continuously into L] _(R) (the latter in its canonic
Frechet topology) and, additionally, one has

tr(gAEK(A)):/Ad)\ d/;;’A(A):/AdA Ta(8)(\) (3.8)

for any bounded Borel set A C R. It is not hard to see that (3.8) implies the equality

Ta(xno) = xaTa(d) (3.9)

for any bounded Borel set A C R where xa denotes its indicator function. We put

1 0 01 00 00
ebb::<0 0),6(,,12:(0 0),6,1(,2:(1 0),6,1,12:(0 1) (3.10)

and define for any h € L*(R)
Ayj(h) :=Ta(h-eji), 1,7 =a,b. (3.11)

Clearly, each of the mappings A;;(-) then maps L®(R) continuously into L] (R)
and (3.11) implies
Aij(xah) = xaAii(h) (3.12)
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for any h € L*(R) and any Borel set A. Taking in particular h = 1, this yields
Aij(xa) = xadii(1). (3.13)

Obviously, by the linearity of the mappings A;;(-), this last equation remains true
if xa is there replaced by any (finite) linear combination of indicator functions.
Because the set of finite linear combinations of indicator functions is dense in L*(R),
one gets for all A € L*(R) the equation

Aii(R) = b Ay(1). (3.14)
e o(*) = " (-)ew + 0"*(-Jeba + 0"(-)eas + 0™ (*)€aa (3.15)
one gets
tr(pAEx(A)) = / X Ta(6)(N) = (3.16)
3 [z 3 [ o d0ane
Setting
0= (400 a0 317

we finally obtain (3.4) for any bounded Borel set A C R and any steady state p of
K.

Assume that 121() obeys also the conditions of the proposition. Setting G(A) :=
A(X) — A(X), X € R, one gets that

Ammmmmzo (3.18)

for any bounded Borel set A and any steady state p. Hence tree (o(A)G(X)) = 0 for
a.e. X and any steady state p which immediately yields G(X) = 0 or A(X) = A())
for a.e. A € R.

If p is admissible with respect to A, then |tr(oAEk(A)| < ||oAl|z, for any
Borel set A C R. By (3.4) this implies that tr(o(-)A(-)) € L*(R). Since one
has limasg tr(0AEk(A)) = tr(pA) we obtain from (3.4) the equality (3.5). O

Proposition 3.2 says that the averaging procedure localizes with respect to the
incoming spectral representation. Indeed, the quantity tr(p(A)A(X)) can be regarded
as the local average of the observable A()) with respect to the density matrix p()
at energy A € R, i.e.

Eo) (A(X)) = tr(o(A)A(X)). (3.19)
Formula (3.5) has the meaning that the total average E,(A) is the sum of the local
averages E,y) (A(})), i.e.

Bo(4) = [ 4By (AQY) (3.20)

Proposition 3.2 gives rise to the following
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Definition 3.3 Let A be an observable which is admissible with respect to K.
An element A(-) € Li, (R,B(C?)) is called a localizer of A with respect to K if
A(X)* = A(X) for a.e. A € R and

tr(0AEx(A)) = /A d tr(o(N)A(N)) (3.21)

holds for any bounded Borel subset A C R and any steady state p.

Proposition 3.2 says that an observable which is admissible with respect to K has
always a unique localizer.

To calculate the carrier density we consider the observable U(w), w C €, given
by
(U(w)f )(z) = 0® xu(z)f(z) ©0, fe L), (3.22)

for any Borel subset w C ). We note that the observable U(w) is a projection on
R with ran(U(w)) C $. Loosely speaking, the projection acts in fact only on the
subspace $H C R.

Lemma 3.4 Assume m+ L € L*([a,b]), V € L?([a,b]) and k4,4 € C,. Then for
any Borel set w C Q the observable U(w) is admissible with respect to the minimal
self-adjoint dilation K of the mazimal dissipative operator H. If the steady state o
satisfies the condition

Cs:= iug VAZ+ 1||g(>\)||3(@2) < 00, (323)
€
then for any Borel set w C Q the observable U(w) is admissible with respect to p.

Proof. The relation (2.33) implies

0

U)K =2 F =00 xull — )7 f 4 oL@ [ dye i) 00 (329)

— o0

for f € & and z € C,. By Theorem 3.1 of [11] one gets that (H — 2)7! is a trace
class operator for each z € C;. Hence U(w)(H — 2)~! is a trace class operator for
each w C . Since the operator T4 (Z)* acts from the two dimensional Hilbert space
C? into §) one easily gets that the second addend of (3.24) is a trace class operator,
too. Hence U(w)(K — 2)~! € L1(R) for each Borel set w C Q and 2z € C,. Using

the representation
Uw)Eg(A) =U(w)(K — 2) YK — 2)Ex(A), z¢€C,, (3.25)

we find that U(w)Eg(A) is a trace class operator for each Borel sets w C Q and each
bounded interval A C R. Hence, the observable U(w) is admissible with respect to
K for each Borel set w C 2.
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Moreover, taking into account (3.23) and the representation
Ulw)o =U(w)(K —1) (K —1)p (3.26)

one immediately gets that U(w) p is a trace class operator for each w C €2, because
(K —1)pis bounded. Hence, p U(w) is a trace class operator for each Borel set w C
which yields that U(w) p is admissible with respect to p O

Since U(w) is admissible with respect to K for any Borel set w C Q by Proposition
3.2 there is a unique localizer U(w)(+) : R — B(C?). We are going to calculate this
localizer.

Proposition 3.5 Assume m + = € L*([a,b]), V € L*([a,d]) and ka,ks € Cy.
Then for any Borel set w C Q the localizer of U(w)(-) of the observable U(w) is
given by

U(w)(X) = /daz D(z, ) (3.27)
where
2 ) e Y~ (2,2, 6)[° ¥ (2, A, )y (z, A, b) )

ped = (g itana * e 5:28)

z€ef AeR.

If the steady state p satisfies the condition (3.23), then
B, (U(w)) = / d) tree (o(A) U(w)(X)) (3.29)
R

for any Borel subset w C .

Proof. By Lemma 3.4 the observable U(w) is admissible for any Borel set w C .
By Proposition 3.2 there is a unique localizer U(w)(-) € L} _(R,B(C?)) such that

loc

(3.21) is satisfied for any bounded Borel set A C R and any steady state p. Following
the proof of Proposition 3.2 we consider the measure

ou(A) = tr{o U(w) Ex(A)) (3.30)

for any bounded Borel set A C R. We set ﬁ(w) = ®_U(w)®_" and [}'A(w) =
Ey(A)UEy(A) where M = ®_K®~', see (2.42). By Lemma 3.4 the operator

Ua (w) is nuclear. Hence, we find
Heu (@) () = tr(6 Us(w)). (3.31)

Let us calculate the kernel of Ua (w). To his end we consider the scalar product

((}'A(w)ﬁ,f), _(},f € L*(A,C?). Using (2.41) one has
(Ua(w)g, f) = (3.32)

[ [ S v @ango) [ de Y vtem i,

T=a,b €=ab
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Setting
U@ )= [ do v @A Emn), nE=ab (39

we get
(Ua(w)g, f) = (3.34)

Jooo (Lo (o) oty ) (36))(760)

what shows that

_(UBW)(, ) UR) ()
st = (GO0 TR ) (3:35)

is the kernel of the integral operator Up (w). Setting

(AT s ¢ (@ E @Y
Dla, ) (¢—(m,x,b>¢—(m,u,a> ¥ (2, \, a)o) ) (3.36)

we obtain the representation

Ua(w)(p, A) = /daz D(z,u, A), u, X € A. (3.37)

Since Ua(w)(p,A) = Unr(w)(p, A) for pu,A € A C A’ it makes sense to define
Ulw)(p,A) := limatg Un(w)(p, A), g, A € R. Hence Ua(w)(p, ) = U(w)(p, A) for
w, A € A and

Ulw)(p, ) = /daz D(z,u, ), w, € A. (3.38)

Since the kernel depends continuously on p and A one gets that

>

(g Daw) = [ ) s (o) Uw)(3,3) (3.39)

for any bounded Borel set A C R and any steady state p. From (3.38) we find
that U(w)(A, A)* = U(w)(X, A) for A € R. Since the eigenfunctions ¥~ (z, A, b) and
¥~ (z, A, a) are bounded on compact sets of z and A we obtain that U(w)(A,A) €
L} (R,B(C?)). By (3.39) the matrix-valued function U(w)(}) := U(w)(A, A), A € R,
is the unique localizer of the observable U(w). By condition (3.23) the observable
U(w) is admissible with respect to p. Applying Proposition 3.2 we verify (3.29).

It remains to verify (3.27) and (3.28). From (3.38) and (3.39) we obtain the

representation

tr(d UA(w)):/Ad)\ /dm tree (o(A) D(z, A, A)). (3.40)

Setting D(z,A) := D(z,\,A), z € Q. X € R, we immediately obtain (3.27) and
(3.28). O
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We set
ug(z, ) :=tree (o(A) D(z, X)) (3.41)
for z €  and A € R. A simple computation shows that the eigenvalues of D(z, X)
are equal to [~ (z, A, b)|? and [y~ (z, A, a)|? which shows that the matrix D(z, A) is
non-negative for each z € Q and A € R. Since for a.e. A € R the matrix p(A) is
S

non-negative, too one gets that ug(z,A) > 0 for z €  and a.e. A € R. This fact
can also be verified taking into account the representation

e = (0 (Fova ) (ove ) 6o

where () is the transposed matrix to (3.2). Moreover, if condition (3.23) is
satisfied, then from Proposition (3.5) we obtain the representation

/dA /da: ug(z, \) (3.43)

for Borel sets w C ). Taking into account Fubini’s theorem we find that

E,(U(w)) = /daz ug(z). (3.44)

where

ug(z) := /Rd)\ ug(z,A) >0, z€q, (3.45)

and uz € L'(Q). The representation (3.44) shows that E,(U(-)) defines a measure
on ) which is absolutely continuous with respect to the Lebesgue measure. Since
the expectation value E,(U(w)) has the meaning of the number of carriers in w C Q
its Radon-Nikodym derivative can be interpreted as the carrier density of the system
described by K and mutatis mutandis by H.

Definition 3.6 Assume m + X € L*([a,b]), V € L?([a,b]) and K4,k € Cy. Then
the matrix D(z, A), z € Q, and the value ug(z, A) are called carrier density observable
and carrier density at ¢ € ) and at energy A € R of the system described by H,
respectively.

This definition is justified by the fact that by (3.41) the carrier density us(z, A)
is the expectation value of the carrier density observable D(z, ), i.e. ug(z,A) =
Eon) (D(z,A)) at z € Q and at A € R. Moreover, we note that (3.45) can be written
as

uio) = [ DN Egy(De,Y), cen, (3.46)
R
1.e, the carrier density at € ) is the sum of expectation values of the carrier density
observable at z € Q over all energies.

On the Hilbert space & = Lz(fl) we consider the multiplication operator M (h),

—

(M(R)f)(z) = 0@ h(z)f(z) ©0, z€Q, (3.47)
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for real functions h € L>(2). We note that M(x,) = U(w) for any Borel set w C .
In particular, one has M(xq) = U(Q) = Pg. Obviously, the representation

o M(h) = o U(Q) M(h), ke L®(Q), (3.48)

is valid. Since the observable U(Q) is admissible with respect to p the product
o U(Q) is a nuclear operator on & which yields that pM(h) is a nuclear operator on
&, i.e. the observable M(h) is admissible with respect to p.

Proposition 3.7 Assume m + = € L*([a,b]), V € L?*([a,b]) and Ka, ke € Cy. If
the steady state p satisfies the condition (8.23), then the carrier density uz defined
by (8.45) is a non-negative L'-function such that

tr(oM(h)) = / dz ug(z)h(z) (3.49)

Q

for real functions h € L* (). In particular, one has

for each Borel set w C Q.

(K — i) Pglle, (s (3.50)

Ug

Liw) = tr(eU(w)) < Gy

Proof. Setting w = ) we obtain from (3.44) that uz € L'(Q). We choose h = x.,
w C Q. By (3.44) we get

tr(eM(x.)) = [ do wgla)ela) (3.51)

By linearity this equation extends to
tr(oM(h)) = / dz ug(z)h(z) (3.52)
Q

where h is an arbitrary step function on . Since u; is from L'(Q) and oU(Q) is
a nuclear operator both sides of (3.52) admit a continuation to L™-functions which

verifies (3.49).
It remains to show the estimate (3.50). From (3.44) we immediately get

/Qda: ug(z) = tr(oU(Q)) = tr(o(K —1)(K — 1) 7'U()). (3.53)

Since U(Q)(K —1:)™! € £1(R) and o(K — 1) is a bounded operator which norm can
be estimated by C; we obtain

tr(o(K —i)(K —4)"'U(w)) < Cp

(K =)™ Pyllcys) (3.54)

which verifies (3.50). O
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Obviously, the relation (3.49) takes the form
tx{oM(R)) = (ug, b}y (3.55)

where by (-,h);., h € L*(), we denote the linear functionals on L'(f).

We conclude this section with some considerations which we need in the follow-
ing section. Since {o(A)}rer is a measurable family of non-negative self-adjoint
operators there is a measurable family {V(X)},er of unitary operators on C? such
that

o0 =voy () ) vor (3.56)

fha

for a.e. A € R where pp(A) and p,(X) are the non-negative eigenvalues of p(A). From
(3.56) we get that

ﬂM:Wm(Wy)MM>Wm (3.57)

for a.e. A € R where V*()) is the transposed matrix to V(A). Inserting (3.57) into
(3.42) we obtain the expression

ug(w, \) = (3.58)
(o Jro (e ) v (5239))
Let us introduce the unit vectors e, ()),
ex(\) =V(Ne,, T=ba (3.59)

which perform an orthonormal basis in C2. We set

—

P(z, A, eT()\i) =_(z, A, 67-(1>\)) D Y(z, A, er(N)) & 1/J_|1_(a:, Aer(A) = (3.60)
ﬁe’“@.()\) ) ﬁ(T*()\)*eT()\))(m) &) \/Z_We”AGH()\)*eT()\).

Obviously, the system {J(a:, A, €-(A)) }r=pe performs an orthonormal basis of gener-
alized eigenfunctions. Moreover, a straightforward computation shows that

o) (g-ie )= (st o1)

which leads to
ug(z, A) = (N9 (2, A, es(N)1* + pa(A) [ (2, A, ea(N))[? (3.62)

for z € 2 and X € R.
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4 Current density

In accordance with (1.11) the current density j5(z, A) for the energy A € R is defined
by

jﬁ(ma >‘) = /‘l’b(A)%m (m%z)@b(m, >‘7 eb(A))l 1,0(:11, >‘7 eb(A))) +
pa(N)Sm (59(2, 2, ea(V) 9z, 2, eaV))
z € Q, where the eigenfunctions ¥ (z, A, e-(}A)), 7 = a,b, are defined by (3.61). We

are going to relate the current density to the characteristic function of the maximal

, (4.1)

dissipative operator H.

Proposition 4.1 Assume m + = € L*([a,b]), V € L*([a,d]) and ka,ks € Cy.
Further, let o be a steady state. Then the current density jz(z,A), z € Q, A € R, is
mdependent from x and admits the representation

736(A) = tre (e(A)C (X)) (4.2)

where
1 agop 1 ooy

OO = o PO = e

Ou(NE, (4.3)

A € R. Moreover, if tree (o(+)) € L*(R), then the total current j,,

o= [ x5, (4.4
R
18 fintte and satisfies the estimate
. 1
il < 5 [ 3 e (o) (4.5
™ JRr

Proof. From the definition (4.2) one gets that

(oY) = (46
Sm (mu> 0 ) a2 ) (V) (M%%%OD)
0w )\ e ) eerat) )] )
Taking into account (3.57) and (3.61) we get
o —am [ ¥ (2, A, 0) P~ (z, A, b)
Jg( 7>‘) = (<Q (A) ( %z)i/J_(m,)\,a)' ) ( ¢_(az,)\,a) ) (4'7)

which can be expressed by

3

3

Ja(z, A) = trez (e(A)C (=, A)) (4.8)
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where
C(z,N) := (4.9)
- (( (2, 0,0) (2, 0,0) bt (2, ),0) $ (3,0, D) ))
¥ (2,2 ( ) m ¥ ) P ( )

We note that

L WE @A), (@,b) WE (1,0, 4 (x, ), a)
o) z'(W(zp—(m,A,a),zp—(m,A,b)) W (2, X, a), 9 ) (4.10)

where W (-, ) is the Wronskian defined by (2.5). Since

W= (z,2,0),47(z,2,0)) = _imo;b(?)lp (4.11)
_— 1 ooy 9
W (= (z, A, a),% " (z,1,b)) = ﬂIWIEA)Iz (W) —ialv,(b,\)}  (4.12)
_— 1 ooy 9
W (= (z, ), 0),% (z,),a)) = _EIWIEA)P (W) —ic?u(a, )} (4.13)
W ha) ¢ (@ ha) = oomss (4.14)
we find
1 o —10pQ, —(W(A) — ia2vp(a, )
Cl@X) = o e ( WO — iaZoa(b \) iouar ) - (415)
This yields
Oz, \) = (4.16)
1 mas ( 0 1) ( W(A) — i0iva(b, N) 1Qp0 )
2ms [W(A))P\ -1 0 100, W(A) —ic2up(a,A) )
From (2.21) we obtain
L, 1 W(A) — i0iva(b, N) 100,
00" = 3 ( i W0\ — iooy(a, ) ) ' (4.17)
Hence, one has
C(z,\) = —#%E@H(A)* (4.18)
where
0 1
E = ( o ) (4.19)

This shows that C(z, A) is actually independent of z € Q. By (4.8) this leads to the

representation
1 ooy

jale,3) = =5 s (o)BO(N)) (4.20)
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which shows that the current density is also independent of z € 2. Thus it makes
sense to denote C(z, A) and jz(z, A) by C(X) and jz(A), respectively. Hence, we have
proved one part of the assertion (4.2) and (4.3). Taking into account the identity

1 1

ﬁE@H(A)* =~y OrVE (4.21)

we verify the other part.
It remains to show (4.4) and (4.5). To this end we note that from (4.17) one gets

* 1 QpQlg —aivb(a, >‘)
JOg(A\) =J+ WOy ( —aZua(b, )) o, (4.22)
where
0 1
J::(l 0). (4.23)
Hence we find
. OpQq
t A)) =2 4.24
e (JOR()") = 2ies (121
which yields
1 ooy 1
— =——t A)). 4.2
2w W () A7 e (JOr(A)) (4:25)
Using the definition (4.3) we finally obtain
. 1 .
Js(A) = —Etr@(JGH()\) ) trez (o(A) O (A E). (4.26)
This leads to the estimate
. 1 .
36N < 10N |eu@) oM. @) (4.27)
Since [[@(A)*[|z, (@) < 2 and [[o(A)]|c, (@) = trez (0(})) we find
: 1
76N < o—tree (e(V)) (4.28)
T
which immediately proves (4.5). O

In correspondence to the carrier density it seems to be useful to introduce the
following definition.

Definition 4.2 Assume m + = € L*®([a,b]), V € L?([a,b]) and &4, % € C4. Then
the matrix C(A) and the value jo(A) are called the current density observable and
the current density at energy A € R of the system described by H, respectively.
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The definition is again justified by the fact that the current density at energy A € R
is the expectation value of the current density observable at energy A € R, i.e.

7s(A) = Egx)(C(X)) for A € R. Using this notation formula (4.4) takes the form

Js = /Rd)\ Eo2) (C(X))- (4.29)

In the following corollary we consider the case that the steady state p is a function

of K, i.e.
o = f(K), (4.30)
where, of course, f(-) € L*(R) and f(A) > 0 for a.e. A € R and. In this case the

density matrix p belongs to the bicommutant of K.

Corollary 4.3 Assume m + = € L*([a,b]), V € L*([a,b]) and ko, ks € C,. If the
steady state o is given by (4.80) with a non-negative function f(-) € L*(R), then
Js(A) =0 for a.e. X € R.

Proof. In this case one has

o(A) = f(MIe, XeR. (4.31)
which gives
. 1 lo7¥e .
o) = SCO)) =~ fO) 2t (BO)). (432)
By (4.17) we immediately get that trez (E@g(A)*) =0 for A € R. O

If the steady state p has the form

o= (T iy ) (43)

then the current density is given by

2 2
1 ajof

76N = —5— |W(E>\)|2 (&™(N) = o*(N)). (4.34)

This current density is different from zero if () # p°*()\) at least for a set of
positive Lebesgue measure. So a current density different from zero arises only if we
have a occupation disparity between the two eigenstates ¥~ (z, A, b) and ¥~ (z, A, a).
This is the case if the steady state p belongs to the commutant of K but not to
the bicommutant. In other words, the density matrix (1.8) used for self-adjoint
boundary conditions and generalized by (4.30) to the dissipative case leads to a zero
current density.



24 H.-Cu. KAiser, H. NEIDHARDT, J. REHBERG
5 Remarks

1. The carrier density us(-) performed by (3.41) and (3.44) is a straightforward
generalization of the corresponding definition (1.5) of the carrier density in the self-
adjoint case. Indeed, this correspondence relies on the replacements

l H {a’7 b7 A}7
{,l:bl}?il A {J() >‘7 T)}AER,T:a,b;
Doy fAeR dA ZT:a,b
o <+ o(})

The same holds for the current density defined by (4.1) which is a straightforward
generalization of (1.11). However, in contrast to the self-adjoint case the current

(5.1)

density now 1s not necessarily zero!

2. There is consensus in the conviction that scattering states are responsible for
the current. This usually leads to a a relation between current density and scattering
matrix. Actually, the same takes place here. Formulae (4.2) and (4.3) relate the
current density 7;(A) with the characteristic function ©g«(A) of H*. It turns out
that the characteristic function @g«(A) of H* can be regarded as the scattering
matrix of an associated scattering system. Indeed, with the self-adjoint dilation K
one can associate a so-called Lax-Phillips scattering theory [2, 16]. To this end one
introduces the Hilbert space Ko,

R =L*R,C)=D_®Dy CAK (5.2)
and the identification operators Ji : Rg — K,
f=Jif = 0008PRf, fe€f. |

The subspaces D_ and D, are called incoming and outgoing subspaces, respectively.
On the Hilbert space £y one defines the self-adjoint operator Ko,

.d
(Kof)(@) = e (2) (5.4
T
with the domain dom(Ky) := W'?(R,C*). The Lax-Phillips wave operators

Wy =s— lim e"tK Jy et (5.5)

exist and are complete, i.e. ran(Wy) = K. The corresponding Lax-Phillips scattering
operator S = WiW_ : & — &, is unitary and commutes with the self-adjoint

operator Ko. By F : Rg — R we denote the Fourier transform

(FHX) = FN) = %/Rdm e f(z), fek, IeR. (5.6)
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We note that fKof_lA = M where M is defined by (2.43). Since S commutes
with K, the operator S = FSF!: & — & commutes with M. Hence S is a
multiplication operator given by

(5H))N) =SMNf(N), feR XeR, (3.7)

where {S(A)}aer is a measurable family of unitary operators which is called the
Lax-Phillips scattering matrix. A rather involved computation shows that

S(A) = 0Om«(X) (5.8)
for a.e. A € R, see for example [1|. By the way one has
¢_=FW; and &, =FW> (5.9)

where is ®_ is the incoming Fourier transformation, cf. (2.41) and (2.42), and &
is the so-called outgoing Fourier transform which was introduced in [12].

3. As mentioned above the quantity N,(w),

No(w) := |

Ug

LY (w) = /d:IJ u§(:11), (510)

has the meaning of the number of carriers on the Borel set subset w C Q = [a, b].
By (3.44) one has the representation

Ny(w) = tr(oU(w)). (5.11)

Obviously N := N,(Q) is the total number of carriers on the interval [a, b]. We note
that under the condition(3.23) by Proposition 3.7 the total number of carriers in Q
is always finite.

In accordance with [15] the time evolution of the density matrix p is given by
o(t) = e pe®  t € R. (5.12)
Hence, the number of particles at time ¢ € R on w is given by
Ny (@) i= tr(e()U (), teR (5.13)

Since o commutes with K one has o(t) = ¢ and Ny (w) = Ny(w) or

d
ENQ(t)(w) =0, wC, teR. (5.14)
If the condition
Cs = sup(1 -+ ) oV lscr) < o0 (5.15)
€
is satisfied, then
d
ENQ(t)(w) = (5.16)

—itr(Ko(t)U(w)) + itr(o(¢t) KU (w)) = —itr(K pU(w)) + ttr(o KU (w)).
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Hence

d

7 Vet (w

)= (5.17)
—i/Rd)\ /daz A tree (g(A)D(m,A))—I—i/Rd)\ /daz Atrez (o(A)D(z, A)).

By formula (3.42) we find

/daz Atrez (o(A)D(z, A)) = (5.18)

[ar{eon (SN0,

Since l(¢p~(z, A\, 7)) = A~ (z, A, T) one gets

/wda: A(tre (o(N)D(z, \)) = (5.19)
e (con (i e ). ()
Hence
%Ng(t)(w) = (5.20)
cifan [ (e (e ) (e )
o [ (e (0D ) Ed)

%Nw)(w) = /R dA {jale; A) —76(d, A)} - (5.21)

The total current j;(z) at the point € [a, b] is defined by

jale) = [ dhata, ). (5.22)
R
This yields This yields
d . :
2 Nyolw) = 7ele) — 3e(d) (5.23)

which shows that the change of the number of carriers in the set [c, d] is equal to the
difference between the incoming current jz(c) at point ¢ and the outgoing current
Js(d) at point d which very well corresponds to the physical intuition. Since by
Proposition 4.1 the current density js(z, A) does not depend on z € [a, b] one gets
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7s(d) = 75(c) which again verifies (5.14). The relation (5.23) is the integral form of
the so-called continuity equation which has the differential form

0 0 .
Eué(t)(m) + (9_$]§(t)(m) =0, teR, ze€Q, (5.24)

where u)(z) is the carrier density at time ¢ € R and 7, (z) is current density
at time t given by (5.22). Since uzu(z) = up(z) is independent of ¢ and j,)(z)
is independent of z the continuity equation (5.24) obviously holds in the present
situation.

4. On the basis of the considerations above we are able to give a mathematically
rigourous foundation of dissipative Schrédinger-Poisson systems. To this end we
consider different species + of particles (holes and electrons) and assume that that
for these species the effective masses my, external potentials V¥ and coefficients
k¥, kEf € Cy are given. For each species this leads to different dissipative Schrodinger
operators H*(V.) defined in accordance with (1.12), (2.1) and (2.2). The potential
V entering into the definition of the Schrédinger operators is different for different
species. It takes the form

Vi = Vit £ o(u). (5.25)

where the electrostatic potential ¢ is a solution of the Poisson equation (1.1) with
boundary condition (1.3). The carrier densities u* entering into Poisson’s equation
are obtained from the dissipative Schrédinger operators H*(V.) in accordance with
Section 3. To this end we assume that the families of matrices {o4(A)}aer, which

obey
Cos 1= sup VA2 + 1|02 (M [s(c) < o0, (5.26)
€
are given and we define the carrier densities u®(z) := u;i(Vi)(m) in accordance

with Section 3, i.e., if D¥(V4i)(z) are the carrier density observables at z € Q and
at energy A € R, then the carrier densities are computed by

ut, (Vi)(z) = /RdA wt (Vi)(z, ), ze®, (5.27)
where
uy, (Va)(z,A) = tre (e (A)D* (V)(z,}), z€Q, IeR. (5.28)

Moreover, if trez (0+(+)) € L*(R) is valid, then the current densities j;ti,

A YAV (5.29)

are also well-defined and finite, c¢f. Section 4. The so described system is called a
dissipative Schrodinger-Poisson system. We note that the total number of carriers

N*(Vy) is given by
NE(VL) = /Qda: uy, (Vi)(=) (5.30)
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and is not fixed.

In a forthcoming paper [13] we show that under suitable conditions on €(-), C(-),
m4(), VE(), ki, kT and o4 this dissipative Schrodinger-Poisson system always
admits a self-consistent solution.
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