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ABSTRACT. Langevin type equations are an important and fairly large class of systems
close to Hamiltonian ones. The constructed mean-square and weak quasi-symplectic
methods for such systems degenerate to symplectic methods when a system degenerates
to a stochastic Hamiltonian one. In addition, quasi-symplectic methods’ law of phase vol-
ume contractivity is close to the exact law. The methods derived are based on symplectic
schemes for stochastic Hamiltonian systems. Mean-square symplectic methods were ob-
tained in [17, 18] while symplectic methods in the weak sense are constructed in this
paper. Special attention is paid to Hamiltonian systems with separable Hamiltonians,
with additive noise, and with colored noise. Some numerical tests of both symplectic and
quasi-symplectic methods are presented. They demonstrate superiority of the proposed
methods in comparison with standard ones.

1. INTRODUCTION

During the last 15-20 years a lot of attention in deterministic numerical analysis has been
paid to symplectic integration of Hamiltonian systems (see, e.g. [21, 4] and references
therein). This interest is motivated by the fact that symplectic integrators in compari-
son with usual numerical schemes allow us to simulate Hamiltonian systems on very long
time intervals with high accuracy. The phase flows of some classes of stochastic systems
(stochastic Hamiltonian systems) possess the property of preserving symplectic structure
(symplecticness) [2] (see also [17]). For instance, systems of this type describe synchrotron
oscillations of particles in storage rings under the influence of external fluctuating electro-
magnetic fields [23]. Another popular model from this class is the Kubo oscillator [8] which
is used in the theory of magnetic resonance and laser physics. In [17, 18] mean-square
symplectic methods for stochastic Hamiltonian systems were proposed. These methods
have significant advantages over standard schemes for stochastic differential equations
(SDEs) [12, 7].

It is natural to expect that making use of numerical methods, which are close, in a sense,
to symplectic ones, also has some advantages when applying to stochastic systems close
to Hamiltonian ones. An important and fairly large class of such systems is Langevin
type equations which can be written as the following system of Ito SDEs

(1.1) dP = f(t,Q)dt — vf,(t, P,Q)dt + Y ov(t, Q)dw,(t), P(to) =p,

dQ = g(P)dt, Q(to) =g,
where P, Q, f, f.,, g, 0, are n-dimensional column-vectors, v is a parameter, and w,(t),

r=1,...,m, are independent standard Wiener processes. It is not difficult to verify that
this system has the same form in the sense of Stratonovich.

The Langevin type equations (1.1) have the widespread occurrence in models from physics,
chemistry, and biology. They are used in dissipative particle dynamics (see, e.g., [20] and
references therein), for studying lattice dynamics in strongly anharmonic crystals [3],
descriptions of noise-induced transport in stochastic ratchets [10], investigations of the
dispersion of passive tracers in turbulent flows (see [31, 22] and references therein), etc.



In the present paper we construct special numerical methods (we call them as quasi-
symplectic) which preserve some specific properties of the Langevin type equations.

In Section 2, an auxiliary knowledge on numerical methods for SDEs is given to make the
whole exposition self-contained.

In Section 3, we construct mean-square quasi-symplectic methods for Langevin equations
which are an important particular case of (1.1) when f(¢,q) = f(q), f.(t,p,q) = Ip, T is
an n x n-dimensional constant matrix, g(p) = M ~'p, M is a positive definite matrix, and
or(t,q) = o,, r = 1,...,m, are constant vectors. The proposed methods are such that
they degenerate to symplectic methods when the system degenerates to a Hamiltonian
one and their law of phase volume contractivity is close to the exact one. To construct
numerical methods, we use the splitting technique (see, e.g. [21, 25, 34]) and some ideas
of [28], where methods for deterministic second-order differential equations with similar
properties were obtained. In Section 4, we generalize mean-square methods of Section 3
to the Langevin type equations (1.1) and also to more general systems.

Mean-square methods are necessary for direct simulation of stochastic trajectories which,
for instance, can be useful in studying qualitative behavior of stochastic models. Be-
sides, they are the basis for construction of weak methods which are important for many
practical applications. As is known (see, e.g. [12, 7, 19]), weak methods are relevant to
calculate expectations of functionals of a solution to SDEs by Monte Carlo technique, and
they are simpler than mean-square ones in many respects. An important advantage of
weak approximations is that they give an opportunity to avoid the problem of simulating
complicated random variables.

Before constructing weak schemes for Langevin type equation, we derive symplectic meth-
ods in the weak sense for stochastic Hamiltonian systems. Consider the Cauchy problem
for the system of SDEs in the sense of Stratonovich

(1.2) dP = f(t,P,Q)dt+ Y o.(t,P,Q)odw,(t), P(t) =p,
r=1

dQ = g(t,P,Q)dt+ Y 7,(t,P,Q) o dw,(t), Q(to) =g,
r=1

where P, Q, f, g, 0., 7, are n-dimensional column-vectors with the components P, Q°,
fi g', ot~ i =1,...,n, and w,(t), r = 1,...,m, are independent standard Wiener
processes.

We denote by X(t;tg,z) = (PT(t;t0,p,9), Q7 (L t0,p,9))T, to < t <ty + T, the solution
of (1.2). A more detailed notation is X (¢; %9, z;w), where w is an elementary event. It
is known that X (¢;to,z;w) is a phase flow (diffeomorphism) for almost every w. See its

properties in, e.g. [2, 6]. If there are functions H,(t,p,q), r =0, ..., m, such that (see [2]
and [17])

(1.3) fi=-0H,/0¢', g¢'=0H,/0p’,
o\ = —0H,/8q¢", ~.=0H,/0p", i=1,...,n, r=1,...,m,



then the phase flow of (1.2) preserves symplectic structure:
(1.4) dP NdQ = dp N dg,

i.e., the sum of the oriented areas of projections onto the coordinate planes (p!,q'),...,
(p™, q"™) is an integral invariant [1]. To avoid confusion, we note that the differentials in
(1.2) and (1.4) have different meaning. In (1.2) P, Q are treated as functions of time and
p, q are fixed parameters, while differentiation in (1.4) is made with respect to the initial
data p, q.

Let P, Qx, k=0,...,N, tp11 — ty, = hgy1, ty = o + T, be a method for (1.2) based on
the one-step approximation P = P(t + h;t,p,q), Q@ = Q(t + h;t,p,q). We say that the
method preserves symplectic structure if

(1.5) dPANdQ =dpNdg.

In Section 5, weak symplectic methods for stochastic Hamiltonian systems with multi-
plicative noise are constructed. Section 6 and 7 are devoted to symplectic integrators for
Hamiltonian systems with additive and colored noise respectively. The proposed symplec-
tic methods are the basis for construction of efficient weak methods for systems close to
Hamiltonian ones and, in particular, for Langevin type equations.

In Section 8, we derive quasi-symplectic methods in the weak sense for Langevin type
equations using weak methods from Sections 5-7 together with the ideas of Sections 3-4.
It is known [33, 24, 11| that the Langevin diffusion is ergodic and for many applications
it is interesting to compute the mean of a given function with respect to the invariant law
of the diffusion. Ergodicity of numerical methods is investigated first in [29] in the case
of nondegenerate noise and globally Lipschitz coefficients. For Langevin equations, noise
is degenerate and the coefficients may not be globally Lipschitz. In this case ergodicity of
numerical schemes is considered in [11, 30]. To evaluate the mean values with respect to
the invariant law, one has to integrate a system over very long time intervals, especially
when dissipation is small. In such a situation numerical methods based on symplectic
integrators are fairly relevant.

We should note that finite-time convergence of new methods derived in the present paper
is proved under traditional conditions on the drift and diffusion coefficients which consist
in existence and boundedness of their derivatives up to a certain order. In particular, the
traditional conditions contain a rather restrictive one, namely a global Lipschitz condition.
However, the methods can undoubtedly be used much more widely. This fact is well known
in practice for many other methods. Some theoretical results on convergence of numerical
methods for equations with locally Lipschitz coefficients are obtained in [5, 11].

An important instance of a stochastic system is given by a SDE with small noise, since
often fluctuations, which affect a dynamical system are sufficiently small. It was shown in
[15, 16] that numerical methods adapted to systems with small noise can be more efficient
than general methods. The errors of these methods are estimated in terms of products
hiel, where h is the step-size of discretization and ¢ is a small parameter at noise. Usually,
their global errors have the form O(h/ + e*h!), where 5 > [, k > 0. Thanks to the fact
that the accuracy order of such methods is equal to a comparatively small [, they are



not too complicated, while due to the large j and the small factor €* at h!, their errors
are fairly low. This allows us to construct effective (high-exactness) methods with low
time-step order but which nevertheless have small errors. Using these ideas, it is possible
to construct special symplectic methods in the weak sense for Hamiltonian systems with
small noise (see also [17, 18]) and special quasi-symplectic methods for Langevin equations
with small noise. However, we do not consider this issue here.

In Section 9, we present numerical tests of both symplectic and quasi-symplectic meth-
ods. They clearly demonstrate superiority of the proposed methods over very long time
intervals in comparison with standard methods.

2. AUXILIARY KNOWLEDGE ON NUMERICAL METHODS FOR SDES

In this section, we recall the main facts from the theory of numerical integration of SDEs
both in the mean-square and weak sense. Further details are available in [12, 7|. Consider
the system of SDEs in the Ito sense

(2.1) dX = a(t, X)dt + Y b,(t, X)dw,(t), X(to) = X.

r=1
where X, a(t,z!,...,z%), b.(t,z',...,z%) are d-dimensional column-vectors and w,(t),
r =1,...,m, are independent standard Wiener processes. Note that X, may be a random

variable which does not depend on the Wiener processes w,(t), t € [to,to + T

Suppose the functions a(t, z) and b,(¢,z) are defined and continuous for ¢ € [to, o + 17,
r € R? and satisfy a uniform (global) Lipschitz condition: for all ¢ € [ty,t,+T7, z,y € R?
there exists a constant L > 0 such that

(2.2) la(t, ) = alt,y)| + > 1br(t,2) = b, (t,y)] < Lz —y].

Introduce a discretization of the time interval [ty, ¢y + T, for definiteness the equidistant

one: T .
tip=ti+h i=0,... ,N—1, h="F 0.

2.1. Mean-square methods for SDEs. A one-step mean-square approximation X (¢ +
hit,z), to < t < t+ h < to+ T, for (2.1) is constructed depending on ¢, z, h, and
{w1(9) —wi(t), ..., wn () —wn(t); t <Y < t+h}. We pay attention that the dependence
on the Wiener processes is not reflected in the notation X (¢ + h;t,z). We note also that
this notation is the same for both explicit and implicit approximations.

Using the one-step approximation, we recurrently obtain the approximation X, k£ =

0, ceey N : X() = X(to), Xk+1 = X(tk+1, tk,Xk)
Definition 1. If for some method
(B (X (t) — X3)?] "~ < K},

where [ > 0 and K does not depend on k£ and h, then we say that the mean-square order
of accuracy of the method is .
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The following general convergence theorem holds [12].

Theorem 2.1. Suppose the one-step approrimation X (t+ h;t,x) has order of accuracy Iy
for the expectation of the deviation and order of accuracy ls for the mean-square deviation;
more precisely, for arbitrary ty <t <ty +T — h, x € R? the following inequalities hold:

(2.3) |E(X(t+hit,z) — X(t+hit,2))| < K- (14 |z]*)" /A",
% 2]1/2 2\1/2p1
(2.4) [E\X(Hh;t,x)—X(t+h;t,x)\] < K- (1+ |z[)/2he.
Also, let
1 1
2.5 ly> =, >+ =.
(2.5) 225012 2+2

Then for any N and k =0,...,N the following inequality holds:
_ 1/2
(2.6) [E | X (tx; to, Xo) — X(tk;tO,Xo)‘Q] < K - (1+ E|X,|?)Y?n21/2,

i.e., the mean-square order of accuracy of the method based on the one-step approrimation

X(t+hyt,z) isl =1y —1/2.

2.2. Weak methods for SDEs.
Definition 2. If for some method we have
|EF(Xy) — EF(X (k)] < KH,

for F' from a sufficiently large class of functions, where the constant K does not depend
on k and h, then we say that X; approximates the solution X(¢) of (2.1) in the weak
sense with (weak) order of accuracy [ (or O(h!)).

Definition 3. A function F(z), ¢ € R¢, is said to belong to the class F, F' € F, if there
are constants K > 0 and s > 0 such that the inequality

|F(z)] < K- (14 [z[")
holds for any =z € R
The following general convergence theorem is proved in [12] (see also [7]).
Theorem 2.2. Suppose that

(1) the coefficients of (2.1) are continuous, satisfy a Lipschitz condition (2.2) and together
with their partial derivatives of order up to 21 4+ 2 belong to the class F;

(2) the following inequalities hold:

(2.7) E(J[AY - [[A%) < K@), s=1,...,20+1,
j=1 j=1
20+2
(2.8) E[[IA%| < K(z)h'*, 1> 0, K(z) € F,
j=1

where A" := X} (t+h) —z* and A" := X} (t + h) — z*;



(3) the function F(z) together with its partial derivatives up to order 21 + 2 belong to the
class F;
|’r?z

(4) for a sufficiently large number T, the moments E|Xy|™ exist and are uniformly

bounded with respect to N, k=0,..., N.
Then the method X;, approximates the solution X (ti,) with the weak order .

In all the convergence theorems throughout the paper we suppose the conditions on certain
smoothness of the drift and diffusion coefficients and boundedness of their derivatives to
be fulfilled. At the same time we underline once again (see Introduction) that these
traditional requirements are not necessary.

3. QUASI-SYMPLECTIC MEAN-SQUARE METHODS FOR LANGEVIN EQUATIONS

Consider the Langevin equation

(3.1) dP = f(Q)dt —vT'Pdt+ Y o.dw,(t), P(t)=p,
r=1
dQ = Mﬁlpdta Q(tO) =4q,

where P, @, f are n-dimensional column-vectors, o,., r = 1,...,m, are n-dimensional
constant column-vectors, I' is an n X n-dimensional constant matrix, v > 0 is a parameter,
M is a positive definite matrix, and w,(¢t), r = 1,...,m, are independent standard Wiener
processes. If there is a scalar function Uy(g) such that

, oU,
3.2 (9)=———, i=1,...,n,
(32) F@=-5

and if v = 0, then the system (3.1) is a Hamiltonian system with additive noise, i.e., its
phase flow preserves symplectic structure (see 2, 17]).

The system (3.1) can be written as the second-order differential equation with additive
noise:

r=1

Let Dy € R%, d = 2n, be a domain with finite volume. This domain may be random. We
suppose that Dy = Dy(w) is independent of the Wiener processes w,(t), t € [to,to + T
The transformation (p,q) — (P, Q) maps Dy into the domain D;. The volume V; of the
domain D; is equal to

(3.3)

D(P',....,P"Q', ... Q"
w:/ﬂﬂnww@mmy:/‘&ﬁ ”Q”Q)@PJW@Hdw
Dy ’

"’pn’ql""7qn)
Dy

In the case of the system (3.1) the Jacobian J is equal to [2, 9, 17]:
D(P,...,P"Q',...,Q")

3.4 J =
( ) D(pl,n_,pn,ql,___,qn)

=exp (—virl - (t —ty)).
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That is, the system (3.1) preserves phase volume for v = 0. If v > 0 and ¢rI" > 0 then
phase-volume contractivity takes place.

Our aim is to propose mean-square methods based on the one-step approximations P =
P(t+ h;t,p,q), Q@ = Q(t + h;t,p,q) such that

RL1. The method applied to (3.1)-(3.2) degenerates to a symplectic method when v = 0,
i.e., for v=0 and f from (3.2) dP A dQ = dp A dg;

RL2. The Jacobian ~

D(P,

D(p, q)

@I

J =
does not depend on p, q.

As it is understood, a method is convergent and, consequently, J is close to J at any rate.
The requirement RL2 is natural since the Jacobian J of the original system (3.1) does not
depend on p, gq. RL2 reflects the structural properties of the system which are connected
with the law of phase volume contractivity. It is often possible to reach a more strong
property consisting in the equality J = J. However, such an requirement is too restrictive
in general. In the context of deterministic equations the requirement RL2 was introduced
in [28].

To construct methods satisfying RL1-RL2, we use ideas of splitting technique (see, e.g.
[21, 25]). In connection with (3.1), introduce the systems

(3.5) dP;

F@Qndt+Y  o.dw,(t), Pito) =p,
r=1

dQ; = M 'Pdt, Qi(ty) =g,

dP,
(3.6) TH = —vI'Prr, Pr(0) =p,

and denote their solutions as P;(t;to,p, q), Qr(t;to, p,q) and Prr(¢; p), respectively. The
system (3.5) with f(g) from (3.2) is a Hamiltonian system with additive noise. The system
(3.6) is a deterministic linear system with constant coefficients, and its solution Pj;(¢; p)
can be found explicitly.

3.1. First-order methods. Let P; = Pi(ty + h;to,p,q), Qr = Q:(to + h;to,p,q) be a
one-step approximation of a symplectic first-order mean-square method for (3.5), (3.2)
(any explicit or implicit method from [17] can be used). Its Jacobian is equal to one, i.e.,

D(Ps(to + h; to,p, q), Qr(to + h; to,p, q))

D(p,q) =t

We construct the one-step approximation P, Q for the solution of (3.1)-(3.2) as follows
(37) -P = p(tO + h) t07p) q) = PII(h7 -Pl(t() + h) t07p) q))7
Q = Q(tﬂ + h) tO)p7 Q) = Ql(tﬂ + h) tO)p7 Q)



We have

(38) j:D(P’Q):D(P_II)QI)D(pI)QI):J

D(paq) D(PIaQI) D(paq)
Further, if v = 0, then P = P, Q = @y, i.e., the approximation (3.7) degenerates to
the symplectic method for (3.1)-(3.2) with v = 0. Thus, the approximation P, Q) satisfies
both requirements RL1 and RL2.

Lemma 3.1. Let P;, Q; be a one-step approzimation corresponding to any first-order
mean-square method for the system (3.5). Then P, Q defined in (3.7) is a one-step ap-
prozimation of the first-order mean-square method for the system (3.1).

Proof. Due to the assumption, we can write

(39) pI = p+ ZarAwr + hf(Q) + T

r=1

Qr = q+hM 'p+ry,

where
Aw, = Aw,(h) = w,(ty + h) — w.(to)

and the remainders r; and ro are such that

|Er;| = O(h?), Er2=0(h%), i=1,2.

We have

(3.10) Pri(h;p) =p— hlp+p, p=O(h?).

Using (3.9), (3.10), and (3.7), we get

(3.11) P:p—l—ZarAwr—l—h(f(q)—VFp)—I-R,
r=1

where

R=ri+p—hl (P —p).
It is not difficult to see that
|ER| = O(h?), ER?>=0O(h%).
Denote by f’, Q the Euler one-step approximation applied to (3.1). It follows from (3.9)

(8] L4D-om [+ (15118

Then, recalling that the Euler method has the first mean-square order of accuracy for
systems with additive noise and using Theorem 2.1, we get the result. [J

1/2
= O(h*?).

Thus, due to (3.8), we obtain the following convergence theorem.
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Theorem 3.1. Let P;, Q; be a one-step approzimation corresponding to a symplectic
first-order mean-square method for the system (3.5), (3.2). Then P, Q defined in (3.7)
is a one-step approzimation of the first-order mean-square method for the system (3.1)
such that (i) it is symplectic when applied to (3.1)-(3.2) with v = 0, (ii) its phase volume
changes according to the same law as the phase volume of (3.1) does, i.e., the Jacobians

J = D(P,Q)/D(p,q) and J = D(P,Q)/D(p,q) are equal.
Let us take two concrete schemes for P;, Q; from [17]. The first one is explicit :

(3.12) Q=q+ahM™'p, P=p+hf(Q),
Qr=9+{1—-a)hM™'P, Pp=P+ zm:JTAwT,
where « is a parameter. The second method: -
(3.13) P = p—i—hf((l—a)QI—I—aq)—l—zm:arAwr,
r=1

Qr = q+hM *(aP;+(1—a)p).
It is implicit for 0 < o < 1. Substitution of Py, Q; from (3.12) or (3.13) in (3.7) gives us
the concrete one-step approximations for (3.1).

To use the method (3.13), (3.7), we need solvability of (3.13) with respect to Py, Q;. If f is
globally Lipschitz, solvability is proved in [17]. But it can be proved in many other cases
as well. As an illustration, consider the following example of system (3.1) with locally
Lipschitz coefficients and n = 1:

(3.14) dP = (Q— @Q*)dt — vPdt + odw(t)
dQ = Pdt.

In the case of (3.14), substituting P; in the right-hand side of the second equation of
(3.13), we obtain

(3.15) Qr —q— hp — ah®*(0(Qr) — ©*(Q1)) — achAw = 0,
where ) )
e(Qr) = (1 - a)Qr + ag.

We see that if .

o(l—a)’

then the left-hand side of (3.15) is a strictly increasing cubic parabola in Q; and therefore
there exists the only root of (3.15).

h <

Of course, the convergence in locally Lipschitz cases has to be justified additionally. We
recall that in all the proofs throughout this paper we assume existence and boundedness of
certain derivatives of the coeflicients, i.e., in particular, we assume the globally Lipschitz
conditions to be fulfilled. Some results on convergence in cases of one-sided Lipschitz
conditions are obtained in [5, 11]. One can be sure that the methods proposed are solvable
(if implicit) and convergent in a broad fashion.

9



Remark 3.1. Theorem 3.1 also holds for the method based on the following one-step
approximation:

(316) -P = p(tﬂ + h;t(];p) q) = PI(tO + h;tO; P[[(h/,p),Q),
Q = Q(to + h; to, p,q) == Qr(to + h; to, Prs(h; p), q).

Remark 3.2. In practice, it can be more convenient to use an approximation P;; of
the solution to (3.6) instead of the exact solution Prr in (3.7) (or (3.16)). Since (3.6) is
a deterministic equation, we can exploit a high-order deterministic scheme in order to
obtain Pj;. In this case the Jacobian J approximates the original Jacobian J with the
accuracy of the deterministic scheme. Due to the linearity of (3.6), this J does not depend
on the initial data p, ¢ (it depends on vI" and h only).

There is another possibility to propose methods for (3.1) satisfying RL1-RL2. It consists
in direct application of symplectic methods. For instance, the parametric first-order family
of implicit methods from [17] in application to (3.1) takes the form

(3.17) P=p+hf((l-a)Q+aq)—hT-(aP+(1-a)p)+ ZarAwr,
Q=q+hM ' (aP + (1—a)p).

However, it satisfies the requirement RL2 for « = 0 and a = 1 only. Moreover, due
to their specific structure, not all the symplectic methods (see, for example, the explicit
method (3.12)) can be directly applied to the Langevin equation (3.1) itself. Thus, on
the way of the direct application of symplectic methods to (3.1) we have rather restrictive
opportunities. Nevertheless, we can obtain on this way some new methods.

3.2. Second-order methods. In order to construct second-order methods for the Langevin
equation (3.1) with the properties RL1 and RL2, we use ideas of the method of fractional
steps [34, 21, 25]. In the deterministic case (i.e., when o, = 0,7 = 1,...,m) a second-order
method satisfying RLL1 and RL2 can be based on the following one-step approximation

_ h _ h
(3.18) P = P(ty + h; to,p, q) == PH(? Pr(to + h; o, PH(??);Q)),
_ _ _ h
Q = Q(to + h;t(];p) q) = Q[(tO + h;t();PII(E;p))q)7

where P;, Q; corresponds to a one-step approximation of a symplectic method for (3.5),
(3.2) with o, = 0.

In the stochastic case the interconnection between terms in (3.1) is more complicated and
a correction to (3.18) is needed. Consider the following approximation for solution of

10



(3.1):
(3.19)

_ _ h
P:P(to—l—h,tg,p,q) = PII(2 P](t0+h to,P]] —I/ZFO’T r0 — Awr)

- - - h
Q = Q(to + h;t(];p) q) = Q[(to + h;t();PII(E;p))q);

where P;, Q; is a one-step approximation corresponding to a symplectic (explicit or
implicit) second-order mean-square method for (3.5), (3.2) (such methods are available in

7)), |
Lo = / (w,(s) — wy(to))ds.
to
Lemma 3.2. Let P;, Q; be a one-step approzimation corresponding to any second-order
mean-square method for the system (3.5). Then P, Q defined in (3.19) is a one-step
approzimation of the second-order mean-square method for the system (3.1).

Proof. Due to the assumption, we can write

B m hZ n . zaf
(320) P](t0+h;t0,p,Q) = p‘i‘rz;o'rAwr—i_hf(Q)—i_?Z(M p) 8qi

=1

_ m h2
QI(tO + h’; thpa q) = q + h'Milp + ZMﬁlUTITO + ?Mﬁlf(q) + T2,

r=1

where the remainders r; and 7y are such that
|E’)"z| = O(h3), E‘T'Z2 = O(h,5), 7 = 1, 2.

We also have

h2
(3.21) Prr(h;p) =p— hvIp+ ?VZFQp +p, p=O(R).
We obtain from (3.19)-(3.21) that
(3.22) P = p+ ZarAwr +h(f(q) —vlp) —v Z | o
r=1 r=1
GRS 1,y Of 272
5 |2 O G+ T TS| + B

_ e h2
Q=q+hM 'p+ ZM*IUTITO + 3M*1 [f(q) —vI'p] + Ro,
r=1
where R; and R, are such that

|[ER;| = O(h®), ER?=0(h%), i=1,2.
It is not difficult to show that the standard Taylor-type mean-square method of order 3/2

for systems with additive noise [12, p. 37| has the second order of accuracy when it is
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applied to (3.1). Comparing the one-step approximation of this standard method with
(3.22), we obtain that the method based on (3.19) is of mean-square order 2. [

One can easily check that the approximation (3.19) satisfies our requirements RL1 and
RL2. The following theorem summarizes the result.

Theorem 3.2. Let P;, Q; be a one-step approzimation corresponding to a symplectic
second-order mean-square method for the system (3.5), (3.2). Then P, Q defined in (3.7)
is a one-step approzimation of the second-order mean-square method for the system (3.1)-
(3.2) such that (2) it is symplectic when applied to (3.1)-(3.2) with v = 0, (ii) its phase
volume changes according to the same law as the phase volume of (3.1)-(3.2) does.

Let us give a concrete example of a method based on (3.19) (to this end, we use one of
explicit symplectic second-order partitioned Runge-Kutta (PRK) methods from [17]):

h h
(3.23) P = PII(E; P), Q1 =Qx+ §M71'P1,
m m h,2
Py =P+ ;arAkwr +hf(Q), Q=Qi+ ;Mlar(no)k + 5 M (),

h - h
Pk+1 = PH(E;PQ) - VZFO-T‘(ITO - EAU)T)’ Qk+1 =Q, k=0,...,N—1.
r=1

The random variables Agw,, (I0)r have a Gaussian joint distribution, and they can be
simulated at each step by 2m mutually independent N (0, 1)-distributed random variables
&rand n,, r=0,...,m:

(3.24) Agw, = b€, (Ino)i = WP (& + myi/V/3) /2.

Note that Remark 3.2 is applicable here if one will approximate Pr;(t) using a deterministic
method of one-step order not less than 3.

3.3. Third-order methods. Using ideas of the method of fractional steps, as we did in
the previous subsections, it is possible to construct a third-order method for (3.1) which
satisfies the requirements RL1 and RL2. But such a method contains two fractional steps
at which we have to approximate the Hamiltonian system (3.5), (3.1) using a third-order
symplectic method. This makes a method of this kind too complicated, and we will
use another approach. In [28] a similar problem for deterministic second-order differen-
tial equations was solved by a modification of symplectic Runge-Kutta-Nystrom (RKN)
methods from [26]. Here we modify the symplectic RKN method from [17] using ideas of
[28].

As a result, we obtain the method

7 7
(325) Ql = Qk + ﬁhM_IPk, Pl = Pk + ﬂh [f(Ql) — VFPl] y
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25 h?
Qs = Qp + ﬂhM‘lPk + ?M‘l [f(Q1) — vI'Py],

Py = Pt Sh[f(Q1) ~ vIPi] + 2hI(Qs) — VTP

Qs = Qr+hM P+ ;—ZhQM‘l [f(Q1) —vIPy] + ;—6h2M—1 [£(Qs) — vT'Py],

Py = P+ Sh[f(Q)~ vIPi] — ShIf(Qs) ~ TPy + [f(Qs) ~ vTPy],
(3.26)

Pk_|_1 Pg ZO’TA]C’U)T—VZFO'T T() k+z ZM O'T 8q

Q1= Qs+ ZM%T (Lo) — uZM*lrar(Iroo)k, k=0,...,N—1,

r=1

(Q3) + V2F20r (ITOO)k;

where
tp+h ¥

(Zroo)k == / /(wr(192) — wr(tk)) dddd:.

Joint distribution of the random variables Agw,, (I.0)k, (Ir00)x is Gaussian. They can be
simulated at each step by 3m independent N (0, 1)-distributed random variables ..., 7,1,
and ., 7=0,...,m

(327) Akwr =h /zfrka ( 1"0) = h’3/2(£rk + nrk/\/g)/2’
(Iroo)k = W/ (€ + V301 /2 — (i / (2V/5)) /6.

Using (3.27), the method (3.25)-(3.26) can be written in the constructive form. It is
implicit in the components P;, P, Ps and can easily be resolved at each step since the
dependence on P is linear.

For v = 0 the method (3.25)-(3.26) coincides with the third-order symplectic method
from [17] and so it satisfies the requirement RL1. For o, =0, r = 1, ..., m, (deterministic
case), the RKN method (3.25)-(3.26) satisfies conditions set up in [28, Section 5]. These
conditions ensure that the Jacobian of the deterministic RKN method depend on vI' and
h only, more precisely [28, Section 5|:

D(P3,Qs) det(l — 3T det(I + ZhoT)

D(Py, Qi) det(I + LhvT) det(I + 3hoT) det(] + hol)’

where [ is the n X n unit matrix.

We have

j() == j()(h, VF) =

o D(Pei,Quit) _ D(Peit, Quin) D(Psy Qs) _
"~ D(P, Qi) D(P;, Q) D(Pi, Qi)
i.e., the Jacobian J does not depend on the initial data Py, Q. Further, it is possible to
adopt the proof of the corresponding theorem in [17| and prove that the method (3.25)-
(3.26) is of mean-square order 3. Thus, we obtain the theorem.
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Theorem 3.3. The method (3.25)-(3.26) for the system (3.1) is of mean-square order 3
and it is such that (i) it is symplectic when applied to (3.1)-(3.2) with v = 0, (ii) the
Jacobian D(Pyi1,Qr11)/D(Py, Qk) (i.e., the change of phase volume per step) does not
depend on Py, Qy.

Remark 3.3. A method of mean-square order 7/2 for (3.1) contains complicated Ito
integrals, and it is not efficient with respect to simulation of the used random variables.

Remark 3.4. All the methods of this section can be carried over to nonautonomous
Langevin equations.

4. QUASI-SYMPLECTIC MEAN-SQUARE METHODS FOR GENERAL LANGEVIN
TYPE EQUATIONS

Here we generalize methods of Section 3 to the Langevin type system

(4.1) dP = f(t,Q)dt — vf,(t, P,Q)dt + Y _o.(t, Q)dw,(t), P(ty) =p,

dQ = g(P)dt, Q(to) = g,
where P, Q, f, f.,, g, o, are n-dimensional column-vectors, v is a parameter, and w,(t),
r=1,...,m, are independent standard Wiener processes.

If there are Hamiltonians Hy(t, p,q) = Vo(p) + Us(t,q) and H,(t,q), r = 1,...,m, such
that

(4.2) fi=—0H,/0q", ¢'=0H,/dp", o' =—0H,/dq¢", i=1,...,n,

T

and if v = 0, then (4.1) is a Hamiltonian system with multiplicative noise [2, 17, 18]. Note
that the system (4.1) has the same form in the sense of Stratonovich.

Our aim is to construct methods for (4.1) such that they inherit the properties RL1-RL2
of the specific methods for the Langevin equation (3.1), more precisely we require

RLT1. The methods become symplectic when the system degenerate to Hamiltonian;
RLT2. The methods degenerate to those satisfying the requirement RL2 from Section 3
when the system degenerates to the Langevin equation (3.1).

We recall that the Euler method for general systems with multiplicative noise is of order
1/2. But due to specific features of system (4.1), the Euler method (and other usual
methods of order 1/2) applied to (4.1) is of order 1. Therefore, we start with methods of
order 1.

4.1. First-order methods based on splitting. In connection with (4.1) introduce the
systems (cf. (3.5)-(3.6)):

(4.3) dP; = f(t,Qr)dt+ ) o.(t,Qr)dw,(t), Pi(ty) =p,
r=1
dQr = g(Pr)dt, Qi(t) =g,
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dP.
(4-4) 711 = _Vfu(ta PII,Q)a PII(to) =D,

and denote their solutions as Pr(¢; to, p, q), Qr(t; to, p, q) and Prr(t; Lo, p, q) correspondingly.

The system (4.3), (4.2) is a Hamiltonian system with separable Hamiltonians. Symplectic
integrators for such systems are proposed in [18]. The system (4.4) is deterministic.

Let Py, Ql_be a one-step approximation corresponding to a symplectic method for (4.3),
(4.2) and Prr be a one-step approximation of a deterministic method for (4.4). Introduce
the approximation for (4.1) as follows

(45) ‘P = ‘P(to + h) tO)py Q) = _P[[(t() + h; tO;-PI(tO + h) t07p) q);Ql(tO + h;tO)p7 Q)))
Q = Q(tﬂ + h) tO)p7 Q) = Ql(tﬂ + h) tO)p7 Q)

Clearly, the approximation (4.5) satisfies the requirements RLT1 and RLT2. Further,
using arguments similar to those in the proof of Lemma 3.1, we prove that if P;, Q;
is a one-step approximation corresponding to any first-order mean-square method for
(4.3) and Py is a one-step approximation corresponding to any first-order deterministic
method for (4.4), then P, Q defined in (4.5) is a one-step approximation of the first-order
mean-square method for the system (4.1). Therefore, the following theorem holds.
Theorem 4.1. Let P;, Q; be a one-step approzimation corresponding to a symplectic first-
order mean-square method for the system (4.3), (4.2) and P;; be a one-step approximation
corresponding to a first-order deterministic method for the system (4.4). Then P, Q
defined in (4.5) is a one-step approxzimation of the first-order mean-square method for the
system (4.1) such that (i) it is symplectic when applied to (4.1)-(4.2) with v = 0, (%)
it satisfies the requirement RL2 from Section 3 when (4.1) degenerates to the Langevin
equation (3.1).

Let us give a concrete example of a first-order splitting method (to this end we use a PRK
method from [18]):

(4.6) Q1 = Qx +ahg(Py), P = P+ hf(te + ah, 1),

QZ - Ql + (1 - O[)h:g(P]_), PZ = Pk + h’f(tk + O[h,, Ql) + Zar(tka QZ)AkwTa
r=1
Qr+1 = Qa, Pry1 = Py — hvfy(tr, Pa, Q2).
Remark 4.1. If we take P;; in (4.5) such that it corresponds to a high-order deterministic
method for (4.4), this will ensure better phase-volume contractivity properties of (4.5) (i.e.,
in this case the approximate volume contractivity law is closer to the exact one than in
the case of first-order deterministic method).
Remark 4.2. Theorem 4.1 also holds for the method based on the one-step approximation

(4.7) P := Py(ty + h;ty, Pri(to + h;to, p,q), q),
Q = Qr(to + h; to, Prr(to + h;to, p,q), q)-
Remark 4.3. The discussion in the end of Section 3.1 is also valid here: there are

first-order implicit symplectic methods which directly applied to (4.1) give the methods
satisfying the requirements RLT1-RLT?2.
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The particular case of system (4.1), when f,(¢,p,q) = I'(q)p, I' is an m x m-dimensional
matrix, is of a special interest, in particular due to its application in dissipative particle
dynamics (see, e.g. [20] and references therein). In this case the system (4.4) becomes
deterministic linear system with constant coefficients, which can be solved exactly. If in
addition to f, (¢, p,q) = I'(¢)p the system (4.1) is with additive noise (i.e., 0..(¢,q) = o.(t),
r=1,...,q) and g(p) = M 'p, then the method (4.9) (see Subsection 4.2) becomes of
mean-square order 2. An important example of such systems is the Van der Pol oscillator
under external excitations

Q= —w?Q+&(1-Q*)Q + ou.

Further, our approach can easily be applied to a more general system of Stratonovich
SDEs

(4.8) dP = (f(t,P,Q)—vf,(t,P,Q))dt+ zmjar(t, P, Q) o dw,(t), P(ty) = p,

dQ = (9(t, P,Q) —vg,(t, P,Q))dt + Em:%(t, P,Q) o du,(t), Q(to) = a,

r=1

where v > 0 is a parameter, P, @ and all the coeflicients are n-dimensional column-vectors,
and f, g, o, 7, satisfy (1.3). For v = 0 it coincides with the general Hamiltonian system
(1.2). As usual, we can split (4.8) in two parts: in the Hamiltonian system (1.2) and the
deterministic system, and then use a relation like (4.5) or (4.7) to approximate (4.8). In
such an approximation we have P;, Q; corresponding to a full implicit symplectic method
from [18]. As a result, we obtain the approximation P, Q for (4.8) which satisfies the
requirements RLT1-RLT2. The method for (4.8) based on this approximation is of order
1/2.

4.2. Methods of order 3/2. Using the fractional step method, we propose the following
approximation for (4.1)

(4.9) P(to + h;to, p, q)
_ h _ _ h - _ h
= PH(tO+§;t0;PI(t0+h;t0;PH(t0+E;thp;Q)aQ);QI(tO+h§t0;PH(t0+E;tO;paQ);Q))
", 0f, h h* 8f,

— ! ~ (1 Lo — =Aw,| — —v——(to,p, q),
u;;arap,u,p,q)[ o~ ghur] - )
_ _ _ h
Q(to + hsto,p,q) := Qr(to + hsto, Prr(to + E;to,p; q),9),

where P;, Q; is a one-step approximation corresponding to a symplectic method of order
3/2 for (4.3), (4.2) (such methods are available in [18]) and Py is a one-step approximation
of a second-order deterministic method for (4.4).

By argument similar to those exploited in previous sections, we prove the following theo-
rem.
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Theorem 4.2. Let P;, Q; be a one-step approzimation corresponding to a symplectic
mean-square method of order 3/2 for the system (4.3), (4.2), and Pj; be a one-step ap-
prozimation corresponding to a second-order deterministic method for the system (4.4).
Then P, Q defined in (4.9) is the one-step approzimation of mean-square method of order
3/2 for the system (4.1) which satisfies the requirements RLT1-RLT?2.

A remark analogous to Remark 4.1 is valid here. As it is also noted in Section 4.1, if
f.(t,p,q) = T(q)p, then P;(t) can be found explicitly. Consequently, in this important
case we can use an approximation of the form (3.19). The corresponding mean-square
method is again of order 3/2.

5. SYMPLECTIC METHODS IN THE WEAK SENSE FOR HAMILTONIAN SYSTEMS
WITH MULTIPLICATIVE NOISE

5.1. Implicit first-order methods for general stochastic Hamiltonian systems.
In this subsection weak symplectic methods for the stochastic Hamiltonian system (1.2),
(1.3) are constructed. All the methods in this subsection are fully implicit (i.e., implicit
in both deterministic and stochastic components). Let us recall that in the case of de-
terministic general Hamiltonian systems symplectic Runge-Kutta (RK) methods are all
implicit [21]. The standard implicit methods for SDEs with multiplicative noise (see
[12, 7]) contain implicitness in deterministic terms only. Meanwhile to construct symplec-
tic methods for general stochastic Hamiltonian systems, full implicit methods are needed.
Such mean-square methods are proposed in [18]. Increments of Wiener processes in these
implicit schemes are substituted by some truncated random variables. As a result, general
mean-square symplectic methods are obtained in [18]. We should note that the problem
in obtaining full-implicit weak methods is much simpler because standard weak schemes
exploit bounded random variables for their construction.

On the basis of a symplectic method of mean-square order 1/2 from [18], we propose the
weak method:

(5.1) Py =P + hf(tk + ﬁh aPpi1+ (1 — )P, (1 — @)Qri1 + aQy)
Z 8ar ol — 8ar i)+ hmzarfrk,
r=1 j=1

Qri1 = Qk + hg(tr, + Bh,aPyi1 + (1 — @) Py, (1 — 0)Qpy1 + aQk)

ZZ 87T Z- 87T ] 1/2277- rk»

r=1 j=1

where o, 7v,, ¥ = 1,...,m, and their derivatives are calculated at (t,aPri1 + (1 —
)Py, (1 —a)Qry1+aQy), the parameters a, 3 € [0, 1], and &, are i.i.d. random variables
with the law

(5.2) P(E = +1) = 1/2.
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Note that if = 8 = 1/2 the method (5.1) becomes the derivative-free (midpoint) method.
The method requires solution of a nonlinear equation at each step (its solvability is proved
within the next theorem).

Theorem 5.1. The implicit method (5.1) for the system (1.2), (1.3) is symplectic and of
the first weak order.

Proof. The symplecticness is proved as in Theorem 3.2 from [18]. Let us prove conver-
gence of the method. Denote by X = X (¢t + h;t,z) = (PT,QT)T the one-step approxima-
tion corresponding to the method (5.1):

(5.3) P=p+hf(t+ph,aP + (1 —-a)p, (1 —a)Q + aq)
Bar 80'7- 1/9
e S T

Q:q—i—hg(t—i-ﬂh aP+ (1 —a)p, (1 —a)Q + aq)

——a ZZ (9% ol — g’)’; +9) h1/2Z’Yr ,

r=1 j=1

where o, v,, 7 = 1,...,m, and their derivatives are calculated at (t, aP+(1—-a)p, (1—
a)Q + aq).

Using the Lipschitz condition (2.2), one can prove (cf. Lemma 2.3 in [18]) that there are
constants K > 0 and hg > 0 such that for any h < hy, to <t <to+T,z = (p7,q")" € R4,
d = 2n, the equation (5.3) has a unique solution X which satisfies the inequality

(5.4) X —z| < K(1+ |z))Vh,
and this solution can be found by the method of simple iteration with z = (pT,q")T as
the initial approximation.

The condition (2.8) with [ = 1 of Theorem 2.2 holds for the approximation (5.3) due to
(5.4). Let us check the fulfillment of condition (2.7) with { = 1. To this end, introduce
the weak Euler approximation X = (PT,QT)T for the Stratonovich system (1.2), (1.3):

80,« o,
(5:5) P=p+hf+s ZZ ol + )+ hl/ZZarsT,
r=1 j=1
o 77“ _7 fYT ] 1/2
Q=q+hg+ ZZ + 55 +h Z% .
r=1 j=1
where f, g and o, 7,, r = 1,...,m, and their derivatives are calculated at (t,p,q)-

Expanding the terms in the right-hand side of (5.3) around (¢, p, q) and using (5.4) and
the corresponding conditions on smoothness and boundedness of the coefficients, it is not
difficult to obtain that

5.6 E(JTAY =TI A%)| < K(z)h?, s=1,2,3,i;=1,...,2n, K(z) € F,
J
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where A? := X — gt Af = Xi— gt
Taking into account (5.6) and the fact that the Euler approximation (5.5) satisfies (2.7)
with [ =1 [12, 7], we get that the approximation (5.3) satisfies (2.7) with [ = 1 as well.

Finally, to check the fourth condition of Theorem 2.2, we use Lemma 9.1 from [12, p.
114] which ensures existence and uniform boundedness of the moments FE|X|™ under the

conditions: (i) |[EA| < K(1 + |z|)h and (ii) |A| < M(€)(1 + |z|)v/h with M(€) having
moments of all orders. The inequalities (5.6) and |[EA| < K(1 + |z|)h imply fulfillment
of the condition (i), while the condition (ii) holds here due to (5.4). O

Remark 5.1. In the case of separable Hamiltonians at noise, i.e., when H.(t,p,q) =
U.(t,q) + V,(t,p), r =1,...m, the method (5.1) with & = 1, 8 = 0 acquires the form

(5.7) Pry1 = Py + f(tx, Pry1, Qr)h

h m n 80} . m
+3 ZZ g (tr, Q) - Vi(tk, Pigr) + B ;Ur(tk,Qk)frk;

Qi1 = Qi + g(tr, Prt1, Qr)h

0 . m
~- 5 Z Z % (t, Pet1) - 02 (t, Qi) + B2 Z’Yr(tk, Pei1)é

7'1]1 r=1

with not too complicated implicitness. Besides, when the Hamiltonians are such that
Hy(t,p,q) = Vo(t,p) + Us(t,q) and H,(t,p,q) =T ()p+ U,(t,q), r = 1,...m, ['.(t) are
n-dimensional vectors, one obtains full explicit symplectic methods.

Remark 5.2. As is known [12, 7], there are effective methods of weak order 2 for general
systems of SDEs. These methods applied to (1.2), (1.3) are not symplectic. We have
not constructed a symplectic method of weak order 2 for the general Hamiltonian system
(1.2), (1.3), and this question requires further investigations. In the next subsection a
symplectic method of weak order 2 is proposed for a particular case of (1.2), (1.3).

5.2. Explicit first-order methods in the case of separable Hamiltonians. In this
and in the next subsections we consider a special case of the Hamiltonian system (1.2),
(1.3) such that

(5.8) Ho(t,p,q) = Vo(p) + Us(t, q), H.(t,p,q) = U.(t,q), r=1,...m.
In this case we get the following system

(5.9) dP = f(t,Q)dt + Xm: or(t,Q)dw,(t), P(ty) = p,

dQ = g(P)dt, Q(to) =
with
(5.10) fi=-0U,/0q", ¢ = 0V, /0p’, 0. = —0U,/8¢', r=1,...m,i=1,...,n.
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Recall that the system (5.9) has the same form in the sense of Stratonovich. Due to
specific features of the system (5.9), (5.10) we have succeeded in construction of explicit
PRK methods of a higher order.

On the basis of the mean-square PRK method (4.6) from [18] we obtain the weak PRK
method for (5.9):
(511) Ql = Qk + Olh,g(Pk), Pl = Pk + hf(tk + Olh,, Ql),

Q = Q1+ (1 — a)hg(Py),

(5.12) Peot =Pr+ 07 00tk @2)6py Quir = 2, k=0,...,N -1,

r=1
where 0 < a < 1 is a parameter and &, are i.i.d. random variables with the law (5.2).

Theorem 5.2. The ezplicit method (5.11)—(5.12) for the system (5.9), (5.10) is symplectic
and of the first weak order.

Proof. Due to (5.10), 80%/0¢’ = 00%/0q'. Using this, we obtain dPyi; A dQpi1 =
dP; N dQs. Tt is easy to prove that dP; A dQy = dPy A dQ1 = dP; A dQy. Therefore the
method (5.11)-(5.12) is symplectic. The order of convergence is proved as in Theorem 5.1
(even simpler). [

Remark 5.3. By swapping the roles of p and ¢, we can propose another symplectic
method of the first weak order for the system (5.9), (5.10). Namely, instead of (5.11)-
(5.12) one can propose

(513) Pl - pk + ahf(tka Qk)a Ql = Qk + hg(Pl)a
PQ == Pl + (1 - Oz)hf(tk + h, Ql),

(514) Pk+1 = P2 + h’l/z ZJT(tk7 Ql)&rk: Qk-i—l — Ql; k= 0) R N — 1.
r=1

5.3. Explicit second-order method in the case of separable Hamiltonians. In-
troduce the explicit PRK method for the system (5.9), (5.10):

h h i h
(5.15) Q1 = Qi+ §g(Pk), Py = Py + hf(ts + 2 Q1) + A2 oty + o Q1)&, 1
r=1

h
Pey1 =P1, Qre1 = Q1+59(P1), k=0,...,N —1,
where &, are i.i.d. random variables with the law

(5.16) P(E=0)=2/3, P(¢=+V3)=1/6.

It follows from Lemma 4.1 from [18] that this method is symplectic. Comparing (5.15)
with the standard Taylor type second-order weak method from [12, p. 115] applied to
(5.9), we prove that the method (5.15) is of weak order 2.

Theorem 5.3. The explicit method (5.15) for the system (5.9), (5.10) is symplectic and
of the second weak order.
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6. SYMPLECTIC METHODS IN THE WEAK SENSE FOR HAMILTONIAN SYSTEMS

WITH ADDITIVE NOISE

Consider Hamiltonian systems with additive noise

(6.1)

dP = f(t,P,Q)dt+ Y o.(t)dw,(t), P(t) =p,

1Q = gt PQ+ S (0w, (1), Qi) =g,

r=1

where f and g satisfy (1.3).
The first order method for (6.1) follows from the method (5.1).

6.1. Implicit second-order methods in the case of general Hamiltonian system.
On the basis of a mean-square symplectic method of order 3/2 from [17], we construct
the weak method:

(6.2)

a a e h
P, =P, + §hf(tk + Eh, Py, Q1) + A A2 ;UT(tk + 5)@,“

h

o Q "
Q1 =Qr+ §h9(tk + §h’ P, Q1) + Alhl/Z Z;’Yr(tk + E)frk,

1—
2

1+«

6%
hf (tk + 9

P2 :Pk+ahf(tk+%h7plagl)+ h)P27Q2)

“ h
—l—)\zhl/zz;ar(tk + 5)5’“’“’
11—« 1+«
hg(t
9 g( E+ 5

(07
QZ :Qk+ahg(tk+§h,P1,Q1)+ h’aPZaQZ)

i h
+Aoh 2D, (b + )b
r=1

1+«
2

Peyi =Py +h [Olf(tk + gh, P1,91) + (1 —a)f(te + h, P, Qz)]

e h
+h’1/2 Z UT(tk + E)grka
r=1

1+«
2

Qry1=Qr+h {Olg(tk + gh, P1, Q1) + (1 —a)g(te + h, P, Qz)}

e h
+h1/2 Z Yr (tk + E)érkﬂ
r=1
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where the parameters a, A;, As are such that
1 1
(6.3) adr + (1 —a)k = 3 ad? 4+ (1 — )Xl = 3

and &, are i.i.d. random variables with the law (5.16).

For example, the following set of parameters satisfies (6.3):

1
(64) a = 5, )\1 = 0, )\2 =1.

The symplecticness follows from Lemma 3.5 of [17]. The order of convergence is proved
similarly to the proof of Theorem 5.1 comparing (6.2) with the standard Taylor type
second-order weak method from [12, p. 115 applied to (6.1).

Theorem 6.1. The implicit method (6.2), (6.3) for the system (6.1) is symplectic and of
the second weak order.

6.2. A third-order method in a particular case of Hamiltonian system. In this
subsection we propose a symplectic weak method of order 3 for the system with additive
noise:

(6.5) dP = f(t,Q)dt + > o, (t)dw,(t), f'(t,Q) = —

r=1

dQ = M~'Pdt, Q(t) = q

ol
oqt’

P(to) = p,

On the basis of a symplectic mean-square method of order 3 from [17], we construct the
weak method:

7 Th
(6.6) Q1 =Qr+ —thlpk, P, = P, + h'f(tk + — 51

25h
24

Qs = 9y — ﬂhM_l’P% P3 =Py + hf(ty + h, Q3),

, Q1),

Qo =091 + hM lpl, Py =P, — hf(tk+ , Q2),

(6.7) Pir1=Ps+h'?> op(te)e + B ol (t)(€,/2 = 0 )k + 2D 0l (t)E,,/6

r=1 r=1 r=1
5/2 8f
+h ZZ M Or tk q (tk) QS) T‘k/6
r=1 i=1
Qri1 = Qs +h3/ZZM o (te)(€/2 + 1, ) +h5/22M H(tk)€0k/6,
r=1 r=1

k=0,...,N—1,

where €., 1, are mutually independent random variables distributed by the laws

(6.8) P(é=0)=-, P(¢=+1)=—, P(==%V6)=
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P(n=+1/V12) = %

The symplecticness of this method follows from Theorem 5.3 of [17]. The order of con-
vergence can be proved by standard arguments [12, Section 10| using the fact that the
corresponding mean-square method from [17] has the third order of convergence or by
comparing the method (6.6)-(6.7) with the weak method of order 3 from [12, p. 126]
applied to (6.5).

Theorem 6.2. The explicit method (6.6) — (6.7) for the system (6.5) is symplectic and of
the third weak order.

7. METHODS IN THE WEAK SENSE FOR HAMILTONIAN SYSTEMS WITH
COLORED NOISE

Consider the system with colored noise

(7.1) dP = f(t,P,Q)dt + zm: o.(t,P,Q)Y"dt, P(ty) =p,

r=1

dQ = g(t, P,Q)dt + > v, (t, P,Q)Y"dt, Q(to) = g,

r=1

dY =T(t)Ydt + idr(t)dwr(t), Y(to) = v,

r=1
where P, Q, f, g, o, 7, are n-dimensional column vectors, ¥ and ¢, are m-dimensional
column vectors, I'(¢) is an m X m matrix, and

ot = -0H,/o¢', ~.=0H,/0p', i=1,...,n, r=1,...,m.

T

It can be proved that the transformation (p, q) — (P, Q) defined by (7.1) preserves sym-
plectic structure if the coefficients f, g, 0., v, satisfy (7.2). In particular, when all the
coefficients o, 7, at the colored noise do not depend on p and g, the phase flow of (7.1)
preserves symplectic structure if f* = —9H,/0q*, g' = OH,/0p*, i = 1,...,n.

Using specific features of a general system with colored noise, high-order mean-square
and weak methods were constructed in [13] (see also references therein). Here we propose
symplectic weak methods for the Hamiltonian system with colored noise (7.1), (7.2).

7.1. First-order methods. Consider the weak implicit method for (7.1), (7.2):

(7.3) Peyy=Pi+hf+hY oYy, Qua=Qu+hg+hd 7Yy,
r=1 r=1

1
Yie1r = Y + AU (t) Ve + /2 Z 8 (tk)€ ks

r=1
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where f, g, 0., 7, are calculated at (tx + Bh, aPry1 + (1 — @) P, (1 — ) Qg1 + aQy), the
parameters a, 8 € [0,1], and &, are i.i.d. random variables with the law (5.2).

It is not difficult to prove the following theorem.

Theorem 7.1. The implicit method (7.3) for the system (7.1), (7.2) is symplectic and of
the first weak order.

7.2. Second-order methods. Introduce the method for (7.1), (7.2):

h 1. 1o
(7.4) Y=Y+ §F(tk)Yk + Eh / ;5r(tk)§rk;
(7.5) Pey1 =Py +hf+h Z 0.V, Quy1=Qr+hg+h Z 7,V

Vi1 = Yi 4+ hD(t + h/2)Y + h'/? Z 8 (tk + h/2)E s,

r=1

where f, g, 0,, 7, are calculated at (tx + h/2, (Prs1 + Pr)/2, (Qrs1 + Qx)/2) and &, are
i.i.d. random variables with the law (5.16).

The symplecticness of this method follows from the symplecticness of the midpoint scheme
for deterministic Hamiltonian systems [21, 27]. Using the standard arguments [12] (see
also [13]), we prove that this method is of weak order 2.

Theorem 7.2. The implicit method (7.4) — (7.5) for the system (7.1), (7.2) is symplectic
and of the second weak order.

Remark 7.1. The method (7.4) — (7.5) is based on the implicit midpoint rule for deter-
ministic Hamiltonian systems. Using other deterministic symplectic integrators of order
2 (see e.g. [21, 27]), it is possible to obtain the other symplectic methods for (7.1), (7.2).

7.3. Third-order method. Introduce the notation

£(t,p,q,9) = f(t,p,0) + > or(t,p, Q)1
r=1

gt,p,0,y) = g(t,p, ) + > _v.(t,p, Q)Y
r=1

Consider the implicit method for (7.1), (7.2):

ht/? h
(7.6) Yo=Yy +— 25 ti)€or + F(tk)Yka

ﬁ)( i/ 2+ Npg) + hF(tk+ )yo;

1
Vi =Y + »h!/? ;&(m +3

4 4 4 4
7Dl - Pk + hgf(tk + Ehapla Q17y1)7 Ql = Qk + hgg(tk + 5h)P17 Ql;yl)J
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!
h h
Yo=Y+ b2 Y 8(t+ ) (Ea/2+ 1) + 5T (s + )yo,
r=1
n 1— 2 h
Py = Py + h[>f(t + 5h, P1, Q1,0h) + 5 f(tr + - 5’ , P2, Qa, Vo),

1-2 h
QZ = Qk + h’[%g(tk + gh'a Pla Ql)yl) + 2 %g(tk + EaPZa QZ)yZ)]a

’ h 2 —
Vs = Vit (25 D08, + ) En/2 4 ma) + B hr e + Dy,
r=1

h
Ps = Prp+ h[sf(t + gh, P, Q1, V1) + (1 — 250)f (tr + 5,732, Qa, Vo)

24 2—
_|_5f(tk 4 Th, Ps, Qs, Vs3)],

h
Qs = Qi+ h[xg(te + gh, P1, Q1, 1) + (1 — 230)g(tr + 5,732, Q2,)2)

” 2—x
+5g(tk + Th, Ps, Qs, Vs)],

h
(7.7)  Pry1 = Po+ hpsef(te + gh, P1, Q1, V1) + (1 — 230)f (8 + BE P2, Qs,V2)

2 —
+ef (b, + T%h, Ps, Qs, Vs)],

h
Qr+1 = Qi+ hlseg(ty + gh, P1, Q1, V1) + (1 — 230)g(tr, + 5 P2, Qa,V2)
9 _
+%g(tk + T%h/7 7337 Q3) y3)]7

1
Yiti =Y + g(q’l + 4®, + 03),
where

l
By = W27 6, () (€ + 60,4) + AT (1) Vi,

r=1

h 1
D, —hl/ZZcS te + )ng+hr(tk+2)(n+§q>1),

by = h'/? Z Or (bh1) (Erk — 6Mp1) + AL (1) (Y — @1 + 2Pa),

€1, My are mutually independent random variables distributed by the laws (6.8), and the

number 3¢ is equal to
1
x=2(2+ 21/3 1 971/3),
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This method is based on the well-known deterministic symplectic method of order 4 [21]
and it is not difficult to check that (7.6)-(7.7) is symplectic. We prove that this weak
method is of order 3 using the standard arguments [12, 13] (of course, the corresponding
calculations require much routine work).

Theorem 7.3. The implicit method (7.6) — (7.7) for the system (7.1), (7.2) is symplectic
and of the third weak order.

Remark 7.2. A Taylor type weak method of order 3 for a general system with colored
noise was proposed in [13] and an explicit Runge-Kutta weak method of order 3 for such
a system was constructed in [14]. These methods are not symplectic in application to the
Hamiltonian system (7.1), (7.2).

7.4. Explicit methods in the case of second-order differential equations with

colored noise. Here we consider the important particular case of the system with colored
noise (7.1), (7.2):

(7.8) dP = f(t,Q)dt + > o.(t,Q)Y"dt, P(to) = p,

r=1

dQ = Mﬁlpdta Q(tO) =4,

l
dY =T)Ydt+ Y 6,(t)dw,(t), Y(to) =,
r=1
with
(7.9) ft=—-0H,/8q', o' =—0H,/d¢", i=1,...,n,

and M is a constant positive definite matrix. This system can be written as a second-
order differential equation with colored noise. Some physical applications of such systems
are discussed in [23]. Since in this case we have the system with separable Hamiltonians,
we can construct both implicit and explicit symplectic methods.

The method (7.3) with a = 1 applied to (7.8)-(7.9) gives us the explicit symplectic method
of weak order 1 for the system (7.8)-(7.9).

7.4.1. Second-order method. Introduce the explicit PRK method for the system (7.8)-(7.9)
(cf. (5.15)):

h W2 <
ho h — h -
Q1 =Qu+ M Py, Pr=Pi+hf(ti+2,Q)+hY or(te+ 5,2V,
2 2 r=1 2
hora
(7.12) Per1 =P1, Qrs1 =<1+ §M P,

1
Yigr = Yi+ AL (t + B/2)Y + BY2 Y 6, (4 + h/2)E,,

r=1
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where ¢, are i.i.d. random variables with the law (5.16).

It is not difficult to prove the following theorem (cf. Theorem 5.3).

Theorem 7.4. The ezxplicit method (7.10)—(7.12) for the system (7.8)—(7.9) is symplectic
and of the second weak order.

7.4.2. Third-order method. Introduce the notation

£(t,q,9) = f(t,0) + > or(t, )y

r=1

On the basis of deterministic third-order RKN method [21, 4] (cf. (6.6)-(6.7)), we propose
the explicit method for (7.8)-(7.9):

l
(7.13) By = 1Y " 6, (k) (€, + 6mpx) + AT (1) Y,

r=1
l

h
<1>2:h1/225(tk+ )§Tk+hr(tk+ ) (Vi + <1>1)

r=1

l
By = h'? Y 6, (tk1) (o — 67px) + AT (bks1) (Vi — @1 + 28),

r=1

7 Th 1
Q1:Qk+ﬂhM71Pk, P =P+ - h'f(tk+ Ql,Yk—l- =),

3
3 25h 51
Qo =091 + ZhM P, Py="P; — hf(tk 4+ —, 9y, Y + 6(1)1 — 5(1)2),
1 1 1
(7.14) Qi1 = Q2 — ﬁhM Py, Piy1=Po+hf(te +h, Qri1, Vi + §¢1),

Y

1
YIcHZYk‘i‘g(q)l—i-‘l‘I)g—l-(I)g), k=0,...,N—1

where €., 1, are mutually independent random variables distributed by the laws (6.8).

It is not difficult to check that this method is symplectic. Further, we prove that this weak
method is of order 3 using the standard arguments [12, 13] (of course, the corresponding
calculations require much routine work).

Theorem 7.5. The explicit method (7.13)-(7.14) for the system (7.8)-(7.9) is symplectic
and of the third weak order.

8. WEAK METHODS FOR LANGEVIN TYPE EQUATIONS

Symplectic methods in the weak sense proposed in Section 5-7 together with the ideas of
Sections 3-4 allow us to derive efficient weak methods for Langevin type equations.
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8.1. Langevin equation: linear damping and additive noise. In this subsection we
propose weak methods for the Langevin equation (3.1), which satisfy the requirements
RL1-RL2 from Section 3.

Using splitting ideas presented in Section 3, we obtain the first-order method.

Theorem 8.1. Let P;, Q; be a one-step approzimation corresponding to a symplectic
method of first weak order for the system (3.5), (3.2). Then P, Q defined in (3.7) or in
(3.16) is a one-step approxzimation of the method of first weak order for the system (3.1)
which satisfies the requirements RL1-RL2.

As for P;, Q; appearing in the above theorem, one can take the approximation corre-
sponding to the symplectic implicit method (5.1) or to the explicit one (5.11)-(5.12).
Remark 8.1. The implicit method (5.1) can directly be applied to the Langevin equation
(3.1). Of course, it satisfies the requirement RL1. The method (5.1) satisfies the require-
ment RL2 for o« = 0 and oo = 1 only (see also the discussion in the end of Section 3.1).

Now we construct a method of weak order 2. To this end, consider the following approxi-
mation for (3.1) (cf. (3.19))

_ h _ h
(8.1) P = P(ty+ h; to,p,q) == PH(E;PI(tO+h;t0;PH(§;p);Q))a

- - - h
Q = Q(to + h;t(];p) q) = Q[(to + h;t();PII(E;p))q);

where P;, Q; is a one-step approximation corresponding to any symplectic weak second-
order method for (3.5), (3.2) (for instance, one can use the implicit method (6.2) or the
explicit method (5.15)), and Pj;(t) is the exact solution of (3.6).

Theorem 8.2. Let P;, Q; be a one-step approzimation corresponding to a symplectic
method of second weak order for the system (3.5), (3.2). Then P, Q defined in (8.1) is
a one-step approzimation of the method of second weak order for the system (3.1) which
satisfies the requirements RL1-RL2.

Note that Remark 3.2 is applicable for both first and second order methods.

To get a method of weak order 3 for (3.1), we modify the symplectic RKN method (6.6)-
(6.7) as we did in Section 3.3 in the case of mean-square methods. On this way we obtain
the following method

7 7
(82) Ql = Qk + ﬁhM_IPk, Pl = Pk + ﬂh [f(Ql) — VFPl] y

25 h?
Qo = Qp + ﬂthlpk + ?Mfl [f(Q1) — vI'Py],

Py— P+ gh [£(Q1) — uTPy] + gh F(Qs) — TP,

Q; = Qu+hM P+ z;—ZhQM‘l [£(Q1) — vIPy] + ;—6h2M—1 [£(Q2) — vI'Ps]

Py = Pt Sh[f(Q) ~ vIPi] — h[f(Qs) — vIPs] +h[F(Qs) ~ WPy,
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(8.3) Py = Ps+h'2Y 0,6, —vh*?) To, - (€,/2+ )k
r=1 r=1

m n

+h¥2 Y Z(Mlor)’g—;(ga AT, | 6,4/6,

r=1 [i=1

Qe = Q3 +h*Y Mo, - (&,/2+n)k —vh*?Y M 'To0,€,/6, k=0,...,N -1,

r=1 r=1

where €., 1% are mutually independent random variables distributed by the laws (6.8).

The weak order of this method can be proved by standard arguments [12] and its phase-
volume contractivity properties are proved by the same arguments as those before Theo-
rem 3.3.

Theorem 8.3. The method (8.2)-(8.3) for the system (3.1) has third weak order and
satisfies the requirements RL1-RL2.

Remark 8.2. The methods given in this subsection can be carried over to nonautonomous
Langevin equations. It is also possible to apply the presented approach to Langevin
equations with colored noise using symplectic methods from Section 7.

8.2. Langevin type equation: nonlinear damping and multiplicative noise. In
this subsection we propose weak methods for the Langevin type equation (4.1) which
satisfy the requirements RLT1-RLT2 from Section 4. As for first-order methods, we have
the theorem.

Theorem 8.4. Let P;, Q; be a one-step approzimation corresponding to a symplectic
method of first weak order for the system (4.3), (4.2), and Py be a one-step approximation
corresponding to a first-order deterministic method for the system (4.4). Then P, Q
defined in (4.5) or (4.7) is a one-step approxzimation of the method of first weak order for
the system (4.1) which satisfies the requirements RLT1-RLT2.

Remark 4.1 is applicable here. A concrete method based on P, Q from the above theorem
can be written using the implicit symplectic method (5.1) or the explicit one (5.11)-(5.12)
for P;, Q;. Further, as in the case of mean-square methods, the proposed approach can
be generalized to a more general system of the form (4.8) (see the comment in the end of
Section 4.1).

By the method of fractional steps (as in Sections 3.2 and 4.2) we construct the second
order weak method for (4.1) on the basis of the symplectic method (5.15). The method
has the form

_ h h
(84)P1 = PII(tk + 51 tk,Pka Qk)a Ql — Qk + ig(Pl)a

h - h h
Py = Pl+hf(tk+§;Q1)+h1/220-w(tk+§;Ql)§rka Q2:Q1+59(P1),

r=1
) h 2 af,
Prei1 = Prr(ty, + §§tk,P2; Q,) — ZVE(tk,Pk; Qk)y Qi1 =92, k=0,...,N—1,
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where £, are i.i.d. random variables with the law (5.16) and Pj; is a one-step approxi-
mation of any second-order deterministic method for system (4.4).

Using a specific approximation instead of Py, it is possible to modify the method (8.4)
in such a way that it will become a derivative-free method (i.e., the correction with the
derivative 9f, /0t can be incorporated in Prr) but we do not consider this here.

The following theorem holds for the method (8.4).

Theorem 8.5. The method (8.4) has the second weak order and satisfies the requirements
RLT1-RLT?2.

A remark analogous to Remark 4.1 is valid here. We also note that for f,(¢,p,q) = I'(q)p,
' = m x m dimensional matrix, Pr;(t) can be found explicitly. Consequently, we can put
P instead of Prr in (8.4) (see also the discussion after Remark 4.3).

9. NUMERICAL TESTS

9.1. Kubo oscillator. The system of SDEs in the sense of Stratonovich (Kubo oscillator
[8])
(9.1) dX' = —aX?dt — 0 X% o dw(t), X'(0) =z,

dX? =aX'dt + o X' odw(t), X?*(0) =2

is often used for testing numerical methods (see, e.g., [32, 18]). Here a and o are constants
and w(t) is a one-dimensional standard Wiener process.

The phase flow of this system preserves symplectic structure. Moreover, the quantity
H(z!, z2) = (z1)? + (z2)° is conservative for this system, i.e.

H(X(t), X2(t)) = H(z',z®) for t > 0.

Here we test three specific methods of weak order 1. The weak Euler method in application
to (9.1) takes the form:

2
(9.2) XL, =X}~ haX2— h%X,i — R0 X2,

2
X2 = X2+ haX}— h%X,f + B0 X,

where £, are i.i.d random variables with the law (5.2). This method is, of course, not

symplectic.

The weak midpoint method (the symplectic method (5.1) with & = 1/2) is written for
the autonomous system (9.1) as

X2+ X}

Xi + X}
(9.3) T e
Xl +X1 X1_|_X1
X, =X} —l—ha% +h1/20%§k_

This is an implicit method in both deterministic and stochastic terms.
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FIGURE 1. The Kubo oscillator (9.1). Behavior of EH (X} (t), X2(¢)) with
X'0) =1, X2(0) =0,a =1, 0 = 1, h = 0.05 on the time interval
t < 200 in the case of the Euler method (9.2) (left, computed due to (9.5)),
symplectic method (9.4) (dashed line on the right, computed by the Monte
Carlo technique, the Monte Carlo error is not greater than 0.0035 with
probability 0.95), and the midpoint method (9.3) (solid line on the right,
coincides with the exact value).

When applied to (9.1), the PRK method (5.7) has the form:

0.2

(9.4) Xp = X} — haX? — h?X;H — W25 X2,

0.2

2
This method is symplectic and of the first weak order. It is implicit in the deterministic
part only.

X2, = XE+haXp, +h—X}+hP0XE &

Let us analyze how accurately these methods approximate EH (X' (t), X?(t)). In the case
of the Euler method we obtain

4 4

1
(9.5) EH(XE X2) = (14 h*(a® + UZ))k H(a",2%) > exp(5 (e + %)htk) H(zh, 2?),

i.e., the quantity grows exponentially fast as ¢ increases.

It is not difficult to check that H(z!, z?) is conserved by the midpoint method (9.3). But
the PRK method (9.4) does not preserve the quantity H(z!,z?). This is similar to the
deterministic case. Indeed, it is known [21] that symplectic deterministic RK methods
(e.g., the implicit midpoint rule) conserve all quadratic functions that are conserved by
the Hamiltonian system being integrated, while symplectic deterministic PRK methods
do not possess this property (see also a similar discussion concerning the mean-square
midpoint method in [18]).

Figure 1 illustrates behavior of EH(X}(t), X2(t)) in the case of the first order methods
(9.2), (9.3), and (9.4).
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FIGURE 2. The Kubo oscillator (9.1). Simulation of EX'(t) with X'(0) =
1, X?2(0) = 0,a =1, ¢ = 0.2, h = 0.05 on the time interval ¢ < 60.
The results obtained by the Euler method (9.2) — dashed line. The results
obtained by the midpoint method (9.3) and the symplectic method (9.4)
visually coincide with the exact solution (9.6) (solid line). The Monte Carlo
error is not greater than 0.03 with probability 0.95.

Further, it is not difficult to find the following exact expressions for the Kubo oscillator
(9.1):

(9-6) EX&,z(t) — g t/2 (z' cosat — x? sin at),
EXg,z(t) = G_UZt/z(xQ cos at + z' sin at).

Figure 2 gives results of Monte Carlo simulation of EXg ,(t) by the methods (9.2), (9.3),
and (9.4). We see that the Euler method is not appropriate for simulation of the oscillator
(9.1) on long time intervals while the symplectic methods produce quite accurate results.
The Kubo oscillator is also considered with colored noise (see e.g. [13] and references
therein). Symplectic methods from Section 7 can be used for simulation of the Kubo
oscillator with colored noise.

9.2. A model for synchrotron oscillations of particles in storage rings. In [23] a
model describing synchrotron oscillations of particles in storage rings under the influence
of external fluctuating electromagnetic fields was considered. This model can be written
in the following form

(9.7) dP = —w?sin(Q)dt — o1 cos(Q)dw; — o3 5in(Q)dws,

32



dQ = Pdt.
P and @ are scalars here. The system (9.7) is of the form (5.9) and therefore its phase
flow preserves symplectic structure.

Let us mention that a certain weak numerical method for the system (5.9) with g(p) =
M~'p was proposed in [23]. In the absence of noise this method coincides with a determin-
istic symplectic method but in the stochastic case the method of [23] is not symplectic (also
see similar methods in [32]). Here we demonstrate an efficiency of symplectic integrators
proposed in the present paper in comparison with ordinary (nonsymplectic) methods for
SDEs. We test four weak methods: two first-order methods (the Euler method, which is
not symplectic, and the symplectic method (5.11)-(5.12)) and two second-order methods
(a standard second-order weak method [12, 7] and the symplectic method (5.15)).

The weak Euler method for (9.7) takes the form

(9.8) Piy1 = Py — hw?sin(Qy) — hY?(oy cos(Qr )€y, + 02 5in(Qr)€x1),
Qr+1 = Qk + hPy,
where &, &€y, are i.i.d random variables with the law (5.2).

In application to (9.7) the first-order symplectic method (5.11)-(5.12) with @ = 1 is
written as

Pey1 = Py — hw?sin(Q) — h'/%(0y cos(Q)€, + 025in(Q)€s1), Qiy1 = O,
where &, &y, are i.i.d random variables with the law (5.2).
The standard second-order method from [12, 7] applied to (9.7) has the form
(9.10) Piy1 = Py — hY?(01 cos(Qr)€1x + 028in(Qr)Ex;) — hw? sin(Qy)

h,3/2 ‘ h2 )
+T(Ul sin(Qx)€1x — 02 co8(Qx)Ear) Pr — T cos(Qy) Px,
h3/2 h2

Qr+1 = Qi+ hP, — —— (01 co8(Qr)&rx + 02 5in(Qn)€21) — 70)2 sin(Qx),
where &, &y, are i.i.d. random variables with the law (5.16).
The second-order symplectic method (5.15) is written for the system (9.7) as

h
(911) Ql = Qk + §Pk, Pl = Pk — th SiIl(Ql) — h1/2(0'1 COS(Ql)flk + 09 Sin(Q1)§2k),

h
Piy1 =P, Qry1= 91+ 5P1,

where &, &y, are i.i.d. random variables with the law (5.16).

Consider the quantity
2

p
E(p,q) = 5 — w’ cos(q).
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FIGURE 3. The model (9.7). Simulation of EE(P(t), Q(t)) with P(0) =1,
Q(0) =0, w =2, 01 =05 = 0.5, h = 0.05 on the time interval ¢ < 200: the
Euler method (9.8) - dashed line; the results obtained by the symplectic
method (9.9) visually coincide with the exact solution (9.12) (solid line).
The Monte Carlo error is not greater than 0.43 for (9.8) and 0.2 for (9.9)
with probability 0.95.

TABLE 1. The model (9.7). Simulation of EE(P(t),Q(t)) with P(0) =1,
Q0) =0, w =4, 0y = 05 = 0.3, t = 200 for various time steps h by
the Euler method (9.8), the first-order symplectic method (9.9), the stan-
dard second-order method (9.10), and the second-order symplectic method
(9.11). The exact solution is —6.5. M is a number of independent realiza-
tions in the Monte Carlo simulation. Note that the “+ “ reflects the Monte
Carlo error only (cf. (9.13)), it does not reflect the error of a method.

h M (9.8) (9.9) (9.10) (9.11)

0.1 10° [493.3+£0.3 | —6.268 £ 0.059 | 462.2+0.6 | —6.316 = 0.059
0.05| 10° |966.1+0.7 | —6.397 = 0.059 | 0.896 £ 0.094 | —6.421 & 0.058
0.01 | 4-10° | 234.5 & 0.06 | —6.503 & 0.009 | —6.456 £ 0.009 | —6.502 = 0.009

Its mean value EE(P(t), Q(t)) is treated in physical literature (see e.g. [23] and references
therein) as a mean energy of the system. Under the assumption o7 = 03 = o one can
obtain that

(9.12)

2

BE(Pypa(t), Qopa(t) = €, ) + St
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Figure 3 illustrates Monte Carlo simulation of EE(P(t), Q(t)) by the first order methods
(9.8) and (9.9). In Table 1 we compare results produced by the four methods given above.
We have two types of errors in numerical simulations here: error of a weak method used

and a Monte Carlo error. The results in the table are approximations of EE(P(t), Q(t))
calculated as

(9.13) BE(P(D,Q(0) = w30 &P (1),Q (1)) & 21/ 2

m=1

where

D = 37 2 E(P(0, Q™) - [M 2 E(PM(), Q™ “”] ’

i.e., EE(P(t),Q(t)) belongs to the interval defined in this formula with probability 0.95
(we recall that for sufficiently small h the sampling variance is sufficiently close to the

variance of £(P(t),Q(t))). Note that the “+  reflects the Monte Carlo error only, it does
not reflect the error of a method.

The above experiments with the model (9.7) demonstrate once again superiority of sym-
plectic methods in comparison with nonsymplectic ones. In [23] the system (9.7) is also
considered with colored noise. In this case symplectic methods from Section 7.4 can be
exploited. We note that the authors of [23| are interested in systems with small noise.
Effective symplectic methods in the weak sense for Hamiltonian systems with small noise
can be obtained attracting ideas from [16] (see also [17, 18] where mean-square symplectic
methods for Hamiltonian systems with small noise were obtained).

9.3. Linear oscillator with linear damping under external random excitation.
Let us consider the linear oscillator with linear damping term and additive noise

(9.14) dX' = wX?dt
dX? = (—wX' —vX?)dt + gdw(t),
w

where W (t) is a standard Wiener process, w, v, o are positive constants. The system
(9.14) is dissipative, its invariant measure y is gaussian A (0, R) with the density

(9.15) o(z) = (27) ) (det R)~1/2 exp{—%(Rlx, .

where R = (0?/2vw?)I is the covariance matrix for the two-dimensional process X =
(X1, X?)T, I denotes the unity matrix.

The discretized system by the explicit Euler scheme is
(9.16) X = Xp +wXih

X2, = X2~ (WX} +vX2)h+ gAkw.
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The eigenvalues of the homogeneous part of (9.16) are

vh V2
9.17 Mo=1——+hy/— — w2
(9.17) 1,2 5 VT v

We consider the case when the damping term is small, and that is why we suppose that

(9.18) g <w.

If (9.18) is fulfilled, then |\ 2|? = 1 —vh+w?h?, and consequently (9.16) is asymptotically
stable if and only if
v

(9.19) h < e
In this case, the system (9.16) possesses a unique invariant measure p,(z) with a gaussian
density p;,(z) corresponding to the normal law A/ (0, Ry) with zero mean and the covariance
matrix

R — o [ 1—vh/2+w?h?/2 —wh/2
h = wZ% —wh/2 1 ’
where 252 aps

3
5= 2w — 2wh —Ph 4+ 0T Y
2 2

Due to (9.18) and (9.19), it is possible to prove that s > 0. The elements of R}, can be
represented as

0.2 2 2

ji w'h :
= 1+ = ), j=1,2

Rh 21/(4)2( + v +O(hl/) +O(V2)), J ) <y
o? wh  w3h? 9 ¥ .. .
(=5 =, O V) +0(3)), i # 3,

ij
Rh —

2uw?
2 2 2

h h h
where, for instance, O(—;) satisfies the inequality [O(—)| < C— forallv >0, h >0
v v v

such that the ratio h/v is sufficiently small, C' is a positive number.
Therefore, if one would like to approximate u(z) by u,(z) quite accurately, then the step

h must be essentially less than v/w?, i.e., just the fulfillment of the stability condition
(9.19) is not enough. Suppose our aim is to evaluate

/ 2Pdu(z) = / oPple)dz = lim E|X.(1)]

We can approximate the limit by F|X,(T)|* under a sufficiently large T. To evaluate
E|X.(T)|? by the explicit Euler method, we need to perform N = T'/h steps of (9.16). If
the damping factor v is small, then the time 7 is rather large and the step h of the Euler
method should be very small to satisfy the above condition h < v/w?. Consequently, the
number N is huge, and the Euler method is not appropriate for numerical solution of this
problem under small v.

Let us apply the implicit Euler method to system (9.14):
(9.20) X1 = Xp +wXiih
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X2, = X2~ (WX}, +vX2 )h+ gAkw.

The eigenvalues of the homogeneous part of (9.20) are

2wh? | AR AR
Ag=1 vh + 2w " v w

’ 21+ vh+w?h?) 201 + vh +wh?)

Under (9.18), the eigenvalues are again complex numbers and
vh 4+ w?h?

Aipg)?=1- :
A1z 1+ vh + w?h?

Therefore, in contrast to the explicit Euler method, we need not any restriction on A
for asymptotic stability. This can give rise to the illusion about a possibility to choose a
comparatively big step h in the implicit Euler scheme. However, the coming up evaluations
show that such an illusion is very dangerous. Indeed, the system (9.20) possesses a unique
invariant measure p,(z) corresponding to the normal law N (0, R;) with zero mean and
the covariance matrix R; with the elements

.. 0-2 w2h ]’L2
J] _ n” .

Ryl = =1 ——=+0() +0(3)), i = 1,2,
ij o2 wh w3h? B3
L wie O h2 O n . )
4 21/w2( 2 2w +O(h%) + (Vg))’ i # J,

and we are again forced to take a very small h to reach a satisfactory accuracy.

Now let us use the quasi-symplectic method based on the one-step approximation (3.7)
with Pr, Qr from (3.12) with o = 0. For simplicity we take P;; = p — hvp instead of the
exact Prr (see Remark 3.2). As a result, we get

(9.21) Xi1 = X +wh(X} — whX})
X2, = (X2 - whX} + gAkw)(l — vh).

In this case, if

the eigenvalues A; o are complex and
|)\1’2|2 =1-—vh.

For all not too large h the system (9.21) is asymptotically stable and possesses a unique
invariant measure with a gaussian density. The corresponding normal law has zero mean

and the covariance matrix with the elements
2

o
,111 = 2uw2(1 — 2vh + O(hZ)),
2
2 _ 9 _ § 2
R;* = 2sz(l 2yh—i—O(h ))s

2 wh 5
7 (%—thu()(m)), i j.

Ry =
o pw?

37



EXMA E(MY

0.5 0.5

0.4 0.4

03l 034 [

024 0.2

0.1 01 ¢

0 ; ; ‘ ‘ 0 ‘ ; ‘ ‘
20 4o 60 80 T 2 4 60 80 T

FIGURE 4. The linear oscillator with linear damping (9.14). Behavior of
E(XY(T))? with X1(0) =0, X%(0) =0,w =3, v =0.1,0 = 1, h = 0.1 (left)
and h = 0.01 (right) on the time interval ¢ < 100 in the case of the weak
implicit Euler method (dashed line) and the weak quasi-symplectic method
(solid line, which visually coincides with the exact dependence E(X*(T))?).
The Monte Carlo error is not greater than 0.00005 (left) and 0.0003 (right)
for the Euler method and 0.0005 for the quasi-symplectic method with
probability 0.95.

We see that the implicit Euler method has advantages in comparison with the explicit
Euler method due to its better stability properties. But both of them require too small
step to reach a sufficient accuracy, in particular, if v is small. At the same time, the quasi-
symplectic method (9.21) gives very good results for highly big steps. This is important,
for instance, for the problem of computing a mean due to an invariant law which needs
numerical integration on very long time intervals.

As an example, we evaluate E (X1(T))? for a large T' by weak analogues of the implicit
Euler method (9.20) and the quasi-symplectic method (9.21) (i.e., we replace Azw in this
methods by h'/2¢,, &, are i.i.d. random variables with the law (5.2)). Notice that the
moments E (X*(t)X?(t)), i, = 1,2, satisfy a system of linear differential equations and
E (XY(T))? can be found exactly. The results of simulation are presented on Figure 4.
We see that even for the small step h = 0.01 the implicit Euler method tends to a wrong
limit with increasing 7' while the quasi-symplectic method gives quite accurate results,
e.g., for h = 0.1. The explicit Euler method is unstable for A = 0.1 (see (9.19)).

9.4. An oscillator with cubic restoring force under external random excitation.
Consider the oscillator with cubic restoring force and additive noise

(9.22) QO=Q—-Q°>—vQ+ou.

Another form of this Langevin two-dimensional equation is (3.14) (see also (3.1) with
1 1

Uo(q) = Zq‘l — §q2). The dynamical system (9.22) is ergodic (see, e.g. [11]) and its
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FIGURE 5. The oscillator with cubic restoring force (9.22). Behavior of
E(Q(T))? with P(0) = 0, Q(0) =0, v = 0.05, 0 = 1, h = 0.1 (left) and
h = 0.01 (right) on the time interval ¢ < 120 in the case of the weak implicit
Euler method (9.25) (dashed line) and the weak quasi-symplectic method
(9.24) (solid line). The Monte Carlo error is not greater than 0.005 with
probability 0.95. The dotted line presents the limit value of E(Q(T))? as
T — oo evaluated due to [*°_ [ ¢?p(p, q)dp dg with the invariant measure
p(p, q) from (9.23). This value is equal to 2.435.

invariant measure has the density

v 1
(9.23) p(p,q) = Cexp(—;(p2 + iq“ —q%),

where C' is defined by the normalization condition.

Here we compare a quasi-symplectic method and the implicit Euler scheme. We use the
quasi-symplectic method based on the one-step approximation (3.7) and on the weak
symplectic method (5.11)-(5.12) with o = 0. For simplicity we take P;; = p— hvp instead
of the exact Pr; (see Remark 3.2). As a result, we get for (9.22):

(9.24) Py = (1 —vh) (Py+ h (Qr — Q}) + h'/20€,)
Qi1 =Qr+h (P +h(Qr—Q})),
where £, are i.i.d. random variables with the law (5.2).
In application to (9.22) the weak implicit Euler scheme has the form
(9.25) Piy1 =P+ h (Qri1 — Qbyy — vPiy) + hM%0€,
Qr+1 = Qr + hPry,
where £, are i.i.d. random variables with the law (5.2).

Figure 5 gives results of evaluation of E (Q(T))? for a large T by these two methods. We
see again that even for the small step A = 0.01 the implicit Euler method tends to a wrong
limit with increasing 7', while the quasi-symplectic method gives quite accurate results,
e.g., for h =0.1.
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