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Abstract

The paper presents a linear stability analysis of a 1D stationary flow through a
poroelastic medium. This base flow is perturbed in four ways: by longitudinal (1D)
disturbances without and with mass exchange and by transversal (2D) disturbances
without and with mass exchange. The eigenvalue problem for the first step field
equations is solved using a finite-difference-scheme. For both disturbances without
mass exchange results are confirmed by an analytical solution. We present the
stability and relaxation properties in dependence on the two most important model
parameters, namely the bulk and surface permeability coeflicients.

1 Introduction

The main aim of this research is to investigate the stability behavior of flows within the
adsorption/diffusion model for porous materials as shown in Section 4 and introduced in
[1] (see: [2] for a short english presentation). However we investigate also properties of
disturbances without mass exchange. Apart from essential results concerning relations
between material parameters and relaxation such disturbances lead to problems simpler
than these with mass exchange. Some of them can be solved analytically and serve as a
guidance for numerical procedures.

In general flow instabilities arise due to at least two competing mechanisms — destabi-
lizing, and stabilizing the flow (see e.g. [8]). Conceivable are problems like a kinematic
nonlinearity working against viscosity or gravity competing with a temperature gradient.
In the case of our model for multicomponent systems, where a fluid flows through chan-
nels of a skeleton, a kinematic nonlinearity acts against the permeability (diffusion) of
the medium. Adsorption processes contribute in a nonlinear way to field equations, and
essentially influence stability properties. The calculations of this paper show that a dis-
turbance with adsorption slows down the relaxation process tremendously in comparison
to a disturbance without mass exchange. In the case of 2D perturbations it controls even
the loss of stability of the base flow.

Relaxation properties for the longitudinal disturbance of the base flow without and with
adsorption will be shown in dependence on two important model parameters: the bulk
permeability coefficient 7, and the surface permeability a. While the first one enters field
equations and describes the effective resistance of the skeleton to the flow of the fluid the
latter enters the model through the boundary conditions of the third type, and it accounts
for properties of the surface. It is one of the material parameters which determine the fluid
velocity. Consequently the two important parameters control two competing mechanisms
responsible for the stability of the flow. In the case of transversal disturbances with
adsorption the stability limit of the base flow will be shown in dependence on an additional
parameter entering the model through the mass source. It is the mass density of the



adsorbate on the internal surface pZ,. It is proportional to the size of the internal surface
which plays an enormous role for the global rate and amount of adsorption. For different
soils it may vary some orders of magnitude.

One of the first papers on a linear stabilty analysis of flows in porous materials is due to
GILMAN/BEAR [5| where the eigenvalue problem is also solved by finite differences. The
influence of free convection on soil salinization in arid regions is demonstrated: Evapora-
tion of groundwater in a region with a shallow water table and small natural replenishment
causes accumulation of salts near the ground surface. This is a potentially unstable sit-
uation which may result in convective currents. The authors derive the stability limit in
dependence of the evaporation rate, the salt concentration and the dispersivity within a
model with reaction-diffusion-equation but without temperature changes (see also [7]).

2 The problem

In this work we determine the stability behavior of a steady state one-dimensional flow
process in a porous medium. Namely the base flow satisfies the following set of field
equations
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which are the mass and momentum balances of the fluid. Here, p is the mass density of
the fluid component, vZ is the fluid velocity in z-direction and = is the bulk permeability
coefficient. The partial pressure in the fluid is denoted by p*. We investigate solely
steady state processes. Consequently the base flow does not contain an influence of mass
exchange.

It is assumed that a deformed skeleton does not contribute to a dynamical disturbance,
and therefore relations for the skeleton are not quoted.

Boundary conditions of the problem are formulated in the next Section.

In this work we investigate the linear stability of such processes with respect to longitu-
dinal (1D) and transversal (2D) perturbations without and with mass exchange.

3 Background solution

3.1 General form of base flow

The partial pressure in the fluid is given by the linear constitutive relation
P’ =py +(p" —py), (2)
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where pf and pl are initial values of the pressure and the mass density in the fluid phase.
k denotes the compressibility.

The stationary form of (1) yields p"vf" = C; = const. and it remains to solve the following
equation
ot op"
R —— (3)

Y or Oz €

lnv, + —— = —=— (C2 — z), (4)

where Cs is the second integration constant. To do so we need two boundary conditions:

0"y |,y = alp],_, —nem],

pFUf‘x:l = @ [pF‘q::l — ngp.] - (5)

They are of third type and express the fact that the flow through the boundary of the
body depends on the pressure difference of the partial pressure in the fluid (pF ) and the
external pressure which works on the fluid (on the left hand side p; and on the right hand
side p,; see Figure in Sec. 2). The permeability of the surface denoted by « is the material
property of the system.

Consequently, for given bulk and surface permeabilities 7 and «, compressibility «, pres-
sure difference p; := ng (p, — p1), initial mass density pf and with the definition pf :=
ngp,, we have the following four equations
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determining the unknowns v

Simplification

From (6)3/4 we get expressions for the velocities in the boundary points in dependence on

Ci
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but due to the logarithmic part of (6);/, it is not possible to get an explicit solution for
the fields.



However a numerical evaluation of the implicit solution shows that we can neglect this

logarithmic contribution (i.e. the nonlinearity pPvF 2 in (1),) for all values of parameters

T Ox
which may appear in geophysical applications. We do so further in this work.
Explicit solution

Accounting for the fact that p; < 2kpl we get the following results for the integration
constants

F F
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and for the fields
F_0 ~ P4 1
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This is the base solution for the general case. The second notation is introduced because
the base solution is simultaneously the solution in the zeroth step of a regular perturbation.
It is indicated by the zero on the top.

3.2 Isochoric base flow

In order to be able to compare numerical and analytical results we assume in some calcu-
lations the base flow to be isochoric. This means that in the zeroth step of perturbation
the mass density is constant

2 = const = pf. (10)
This simplification is supported by calculations which we performed in earlier papers on
porous media. Moreover we show further in this paper a comparison of numerical results

with and without this assumption. It will be seen that the results are quantitatively
identical. Bearing (1); for the zeroth step in mind we obtain that also the fluid velocity

in z-direction is constant (denoted by v without subscribed T)

0

v = const. (11)
The partial pressure in the fluid p¥ is given by a constitutive relation of the same type as

(2), namely
0o 1
p" =p+kp, (12)

where ;?9 is the fluid pressure in the base flow which depends on the chosen boundary
conditions and is variable in z in this case, b is a small perturbation of the mass density
of the fluid phase, and k denotes, as before, the compressibility coefficient. Equation (1),
allows us to calculate the solution for the partial pressure in the fluid in the zeroth step

0

0

8_p =y = ]0): —moz + C, (13)
T



where C' is an integration constant which can be determined by use of the boundary
condition on the left hand side of the system (z = 0)

0
—P(I;U = [pF‘FO - nEpl] ) (14)
so that we obtain
0 0 pF?J
D= —TUT + ngp — 27. (15)

As second boundary condition for z = [ we have

pLv =a[p"|,_, — nep., (16)

from which the constant velocity of the zeroth step follows in the form

apq

0
V=
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pa:=ng (o —pr). (17)

4  Adsorption/diffusion model

We use the adsorption/diffusion model introduced in e.g. B. ALBERS [1] and [2]| to
investigate the stability behavior of the base flow under perturbations with mass exchange.
However we assume the porosity to be constant so that the model in this work is simpler
as the version introduced in the above cited articles.

We consider a process of physical adsorption in a three component porous medium. A
fluid-adsorbate mixture flows through the channels of the skeleton. The model takes into
account three components: the skeleton, the fluid and an adsorbate which either flows
with the same velocity as the fluid through the channels of the skeleton or it settles down
on the inner surface of the porous body. Under the assumption of a small concentration
of the adsorbate we can neglect the influence of mass changes of the skeleton and, as
we have done already in the previous section, we neglect dynamical disturbances of the
skeleton.

Mass balances

The mass balance equation for the liquid (fluid and adsorbate phases together) and the
concentration balance have the following form

L
68% +div (p"v") = p, (18)
o (% + v gradc> = (1—c¢)p*,

where p” is the mass density of the liquid phases, i.e. the sum of the mass densities of
the fluid and the adsorbate, and ¢ denotes the concentration of the adsorbate in the fluid
component. The common velocity of fluid and adsorbate is v¥. The mass balance for
the adsorbate is replaced by the concentration balance. Finally, the intensity of the mass
source is denoted by p4.



Mass source

According to the model (see [2]) the mass source is given by the relation

A mAd(§ fmt) . mA . dé dfmt
P T TR —xs <fznt$ +§ dt > )

(19)

v dt |4

whose derivation is based on the classical LANGMUIR adsorption theory about occupied
(&) and bare (1 — &) sites (see [6]) on the internal surface f;,; of the solid. V is the
representative elementary volume REV and m, denotes the reference mass of adsorbate
per unit of the internal surface area.

The first contribution on the right-hand side of (19) describes changes in time of the
fraction of occupied sites. It is specified by the Langmuir evolution equation which can
be written in the form

o6 {ch (

= 1-¢&)—¢&| —, 20
- |Za-9-¢ (20)
where p” denotes the partial pressure in the liquid (fluid and adsorbate together), py is a
Langmuir reference pressure and 7,4 is the characteristic time of adsorption. In the case
of time changes of £ equal to zero the well-known Langmuir isotherm of occupied sites

follows
cpl

fp = —" (21)

- L
142
+ Po

where according to Dalton “s law for small concentrations of the adsorbate it is assumed
that the partial pressure of the adsorbate p? = cp”.

The other part of (19) describes the change of the internal surface. We assumed this
change to be coupled with the relaxation of porosity. However under the assumption
of constant porosity it drops out in calculations of this work. This does not influence
essentially the results because, as we have shown in earlier works, the Langmuir part of
the mass source dominates on orders of magnitude the part connected with the porosity.

Consequently, we obtain the following form of the mass source

ﬁAz—pz‘d{Bi (1—5)—5] i}, (22)

0 Tad

where pZ, = % is the mass density of the adsorbate on the internal surface. This is
a very important parameter as we know, for example, from BEAR [4]| that the internal
surface may change several orders of magnitude. Therefore pZ,; is one of those parameters

which we alter to see changes in the stability behavior for various porous materials.

Momentum balance
Due to the same velocity of fluid and adsorbate we need only one momentum balance
jointly for these both components. We have
optvt
ot

+div (p"vF @ vF +p"1) = (=7 + p*) vF = —nvF. (23)



In [1] it is shown that the order of magnitude of 7 is much higher than that of p* so that
on the right hand side of (23) p* is negligible. Furthermore the permeability coefficient
m and the compressibility parameter x are assumed to be constant. Linear constitutive
relations of the same type as for the pressure in the fluid phase (Section (3)) are assumed
for the pressure in the liquid phase p”

p" =p§ + kK (p" — p§) (general case),
L_0 1 . : (24)
ph=p+kp (isochoric case) .
Governing equations in 2D
Summarizing the 2D case is governed by the following set of equations
opt ol of opt opt A [ ept
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5 Regular perturbation

The stability behavior of the 1D base flow is investigated for four cases, namely with
respect to longitudinal (1D) disturbances without and with mass exchange, and regarding
transversal (2D) perturbations of the base flow without and with mass exchange (called
m.e. in the Table). For the analysis of all cases we use a regular perturbation method
restricted to zeroth and first order contributions. This means that we expect the fields
to be a superposition of the base solution (indicated by 0) and a small perturbation
(indicated by 1)



| 1D | 2D |

0 1 0 1
p" =p(z)+p(zt), p" = p(z) +p(z,2,1),
- 0 1 0 1
without mee. | pF = p(z)+kp(z,t), | o, PP =p(z)+nrp(z,21),
(isochoric) (isochoric)
vfzz?z (x)—l—’ll)z (z,t), vf:voz (x)—lrzl)z (z,2,t),
or Uf:g+11)z(l',t), or ’Uf:g—l—f})z(m’z,t),
(isochoric) (isochoric)
..................................... R
v, =v,(z,21),
0 T 7 0 T
p" =p(z)+p(z,t), p =p(z)+p(z,21),
: 0 1 0 1
with m.e. o pF =p(a) +kp(z,t), or p" =p(x) + kp(z,2,t),
(isochoric) (isochoric)
c:g—i—é(x,t), c:g—i—é(x,z,t),
.......... R R EREL LR IR ELLE L P S L ERLE RN LR RERRS
§=¢&(z) +£(2,0), §=¢(z) +&(z,2,1),
vfzz?z (x)—l—’ll)z (z,t), vf:voz (x)—lrzl)z (z,2,t),
0 1 0 1
or Vb :.v—l—vz-(m,t), or vf:q-)—l—vz(.m,z,t),
isochoric) (isochoric)
..................................... R
vy =, (z,z2,1t)

Table 1: Structure of 1D and 2D solutions

Zeroth step of perturbation

The base solution of Section 3 forms the zeroth approximation of the above described
perturbation. Obviously it depends solely on the z-variable. In addition to fields presented

in Section 3 we need in the zeroth step with mass exchange the fields of concentration c

0
and of the number of occupied sites £ given by equations (25),/3.
In the stationary case they reduce to

— concentration balance

0
0o dc_ _ (1 . 3) Pa {?;pz (1 . 2) . 2} , (26)

8.’17 Tad

— evolution equation for fraction of occupied sites

0 0 0
0=, (1 - 5) ¢ (27)



where the following definition has been used

pi+e (2*06‘)
P, = , P (28)

£ (isochoric)

From (27) follows the Langmuir adsorption isotherm which depends, of course, on

0 0
T ) "
= = PO or &= —— (isochoric). (29)

it L el ST LB
po

On the other hand (26) yields ¢ = const. = co, where ¢y denotes the initial concentration
of the adsorbate in the fluid.

First step of perturbation

For the first step of perturbation we obtain in the most general case considered in this
work (2D, with mass exchange) the following set of equations

ab+o aéera%;z 138z+oa})+132 L
o V7™ Ve = = y
ot " P\ar T ) P oz Far  F
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1 A 0 ! 1

X Pa CoRb | &
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Tad Do

6 Linear stability with respect to 1D disturbances

6.1 Disturbance without mass exchange
6.1.1 Analytical approach

In order to obtain an analytical solution of the problem the flow is assumed to be isochoric.

For this case ?) —const. and 9 —const. We proceed to the first step of perturbation.
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Perturbations in the first step are expressed in terms of the following simple wave ansatz

p=p(z)e, v=7(z)e (31)
where p(z) and v (z) are the amplitudes of the disturbances and w is the frequency,
possibly complex.

Using this ansatz and keeping in mind the constitutive relation;tl) = H[l) we get the following
first order equations
0v  00p
wp+ py o= + VA =
PP ox ox
0 0 Kk Op N T
oz p; 0z pf

0,

v =0. (32)

According to (5) and (17) the first step boundary conditions read

— 0 =
0=0: o= (0n40) g, o apy
v =

. — (33)
r=1: oy vl = (om = 10)> 7] 205 + anl

From the governing set of equations (32) we can eliminate one field, say @, so that we are
left with an equation of the following form

p  9p

aax2 + or +cp ) ( )

with )
s b=t T) = (wr ), (35)

Po Po
whose solution is
1bF /b2 -4

p= Ae™?® + Berzz‘, 2= —% + aC- (36)

2 a

The boundary conditions (33) connect first step mass density and first step velocity.
Namely

F F
p _ _ p _
v 0 v|z:07 Tr = l . p|z:l = v 0 v|z:l . (37)
aKk + v oK — vV

t=0: pl,_o=—

Hence, in order to exploit them we also need the solution for the velocity which we get
by integrating (32); and inserting the solution (36)

1 A B
74+ C= {w (—e”m + r—e”“) +0 (Ae™® + Bem)} . (38)
2

T F
Po L

The additional integration constant C can be easily proven to be identically zero. By
insertion of the above solutions in the boundary conditions we obtain the dispersion

relation
‘ ak — < ak — <

T1 T2

=0. 39
(O(KJ + ;"—1> ertt (aﬁ: + 1?’—2) er2! (39)
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This means that we get
w w
e(T‘]_—T‘Q)l _ ak T1 ak + T2
ak+ - ak — 2

T2

Vb2 — 4ac> (arb)® — (arv/b? — dac — 2wa)2

— . (40)
a (arb)® — (arv/b? — 4dac + 2wa)

This equation for w cannot be solved analytically in a general case. Apart from the
obvious real solutions for r{ = ry & v/b?2 —4ac = 0 — w; = —plF,wz = 0 there must
exist complex solutions for w. We demonstrate such a solution for aoparticular case in the
next section.

& exp <l

Surface permeability a — oo

In the case of simple Darcy models of porous materials it is assumed that permeable
boundaries are ideal. This means that the surface permeability coefficient o tends to
infinity and the boundary conditions (5) reduce to the following ones

p"|,_, = nepi, p"|,_, = nep,. (41)

This assumption simplifies considerably the equation (40), and simultaneously demon-
strates important features of relaxation processes in the model. We proceed to investigate
this case. The isochoric base flow (17), (15) is simplified by use of the above boundary
conditions in the following way

= it 107 — oz + nep;. (42)
s

The first step boundary conditions are

=0 = p

=0, = ﬁ|z:0 =0,

=0 = p =0 = p[,_,=0. (43)

The first of them yields for the constants A, B of the solution (36)

A=-B = p=A("" ). (44)

The second condition leads to the dispersion relation for w. Namely

bl) . IW/b? —4ac
Slnh _— =

ril o aral 0 PN _ 0. 45
e e exp ( 5 5 (45)

Certainly this is the limit & — oo of relation (40). Let us mention that the formal limit
a — 0 is identical with this for « — co. However this limit yields also a singularity in the
base solution. Namely the velocity v is not only constant but it is equal to zero, and the
pressure must be constant. In fact it becomes equal to the algebraic average of external
pressures. It means that we have jumps on both ends: z = 0, x = [. We shall see further
that this creates certain artefacts in numerical calculations for small values of «a.
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The exponential part of the last equation cannot be equal to zero. Hence

[v/b2 — 4ac B

2a

sin ¢ 0,

and this yields
[v/b? — 4ac

= —inll, neZ’ M =3.14..
2a

For n = 0 we obtain the following solutions for w

(46)

(47)

(48)

The approximation follows from the fact that 1/k is the speed of the P2 wave. This means
2

that the fraction 87 ~ O (1079) for typical geotechnical applications. Both these solutions
are obviously real. The first one yields the trivial solution A = B = 0 because otherwise
the base solution (time independent!) would not be unique. Consequently solely the
second solution for w can be chosen, and this corresponds to the relaxation by damping

which follows the resistance to the diffusion.

For n > 1 we obtain the solution

/

We have used here again the approximation =~ < 1.

This yields the following relation for the bigger of two real parts of w,, :
— T for m< Z%ﬁ,

_n 41 /(= 2_4M for >2M\/E
20 2\ \WF B T I .

Clearly we have for any n > 1
Rew,” > Rew,! ;.

Hence the biggest real part of the exponent appears for n = 1. We obtain

™ HpOF
—5,F for < 27\/2,
Rew ) = &
mr?x{ €Wn } o L 1 s 2 kII2 HPQF
Po Po

The above results are illustrated by the following example:

12
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Length of the body [ 1m || Equilibrium porosity ng 0.23
Compressibility 2.25-108 ’:—; Initial mass density pf 2.3 - 102 %
Pressure left h.s. p; 110kPa || Pressure right h.s. p, 100kPa
Pressure difference working on the fluid pg = ng (pr — pr) 2.3kPa

Table 2: Typical model parameters for flow processes in soils

The data in the table are typical for geotechnical applications.

parmeabilty cosfficient T ¢

(4]

10 0

=SEN]

-S0000

Reeqw ) [3]

=EMEN]

-E0000

a) b)

Fig. 1: Analytical solution for the flow without mass exchange and longitudinal disturbance

In Figure 1 we demonstrate the above results in two scales. In the left part a) we show
the relations (48) and (50) in a linear scale for different n. As we see all relations for
Re (w),n > 1, contain the turning point my = 2%\/2 (indicated by small circles in
Fig. 1a)) which divides the range of 7 into the part, where the solution of the dispersion
relation (46) is complex (small 7), and the part, where it is real (large 7). The former
means that the disturbance consists of the exponential relaxation, and vibrations.

It is clear that the biggest real part of w appears for n = 1. This is shown in the right
part b) of Figure 1 in the log-log scale. Such a scale is used in all figures for processes
without mass exchange which appear further in this paper. The logarithmic scales lead
to distortion of the curves for very small, and very large values of w. These distortions
do not have any physical meaning. As we see further such a distortion appears also in
numerical calculations.

Comments

We have learned from the above analytical solution that the relaxation properties do not
change monotonously with the permeability 7. They possess rather two different ranges.
In the range of smaller values of 7 the relaxation is determined by a real part of the
complex root, while for larger 7 this root does not possess an imaginary part. It means

13



that the perturbation causes vibrations in the range of smaller 7, whose frequencies cover
the whole discrete spectrum (different values of n in (49)).

As we see further such a turning point appears for all finite values of o even though it is
not so well defined as in the above case.

Simultaneously the position of the turning point is determinated by the compressibility
coefficient of the fluid. We refer to [3] where this property is discussed.

6.1.2 Numerical investigation

The relaxation properties of the 1D flow with respect to a perturbation without mass
exchange (isochoric flow) are numerically investigated for two cases: o = oo and variable
a € (0,00).

We solve the eigenvalue problem for w numerically, using a second order finite difference
scheme in a equidistant mesh (length of the body [ divided into n parts of length h). The

. . . . . B —u(z—h .
derivatives of disturbances are written as central differences (% = %) for in-

ner mesh points, or as asymmetric ones for the first (% = M), and the last point
(a_u _ ule)=u(z—h)
ox h

mass exchange 2n eigenvalues w; (number of linear equations: 2 (n + 1) — 2). The expo-
nential form of the ansatz (31) yields that the base flow is stable if all real parts of w; are
negative and unstable if at least one of the 2n real parts is positive. Consequently in the
case of stable processes we prove numerically that the biggest real part of eigenvalues is
negative. In the case of this value being positive the perturbance would increase and the
exponential term would explode in time. The smaller this negative value the faster the
flow tends to the steady state situation.

). For this linear eigenvalue problem we obtain for both cases without

The results of the numerical investigation are given in Fig. 2 in log-log scale. On the left
hand side the properties of variable a are shown and on the right hand side we see the
behavior for & — oo. However, in order to show the pecularity of the turning point, we
also show the curve for @ — oo in the log-linear scale (small picture on the right hand
side in Fig. 2 for 103 < 7 < 109).

We have checked that for o > 10_2§ our numerical procedure for variable o becomes
unstable. However the numerical results for smaller values of a converge regularly to the
result for a = IO_Zi and, on the other hand, this result is identical with our analytical
result for the special case & — oo of the previous section. This indicates that the behaviour
for large a can be well approximated by this for a = 10*25 For completeness we have
checked this using a different numerical scheme for a — oo, and the result is shown on
the right hand side. As seen on the left hand side where all numerical results for different
a are presented, in the range a > IO_Zi the solution does not change considerably.
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Fig. 2: Numerical result without mass exchange, left: variable «, right: a = co

The following Figure 3 is included to justify the simplification by assuming an isochoric
flow. We see that for the interesting range of the permeability coefficient between 10°
and 1010% the solutions for the general flow and the isochoric flow lie exactly on top

of each other. Only for very large values of 7 greater than 10'°2£ the results are not

comparable. Even though the numerical solution of the true problem yields better results

than the isochoric flow it is clear that in this region of 7 the numerical results are not

certain any more. Depending on the problem (1D, 2D, without or with mass exchange)

this endpoint of numerical stability varies between 7 = 10'° to 10'*X£ . In any case the
kg

value of m = 109ﬁ used in earlier works lies in the numerically stable region.
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Comments

From the above figures it is obvious that for any pair (a,7) the maximum real part of
the eigenvalues remains negative which means that the steady state base flow is stable
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with respect to a longitudinal disturbance without mass exchange. However relaxation
properties of such disturbances are quite different for different values of permeabilites m,
and a.

First of all, for any choice of «, there exists a region of 7 in which eigenvalues are complex,
i.e. disturbances lead to vibrations. This region of relatively small bulk permeability =
becomes smaller for smaller a. For values of 7 bigger than this of the turning point
the disturbance is only damped but the damping is smaller than this predicted by the

resistance to the diffusion (i.e. < plF) .
0

In general the damping is smallest (i.e. the relaxation is slowest) for large and small values
of w. In fact it is almost constant in large ranges which are distorted in the figures by
the logarithmic scale. Solely in the vicinity of the turning point the relaxation becomes
considerably fast.

6.2 Disturbance with mass exchange
Perturbations with mass exchange are only considered numerically. Again we assume for
perturbations the wave ansatz

1

p=rp@e”, c=c@e’, t=E()e”, v=0(z)e", (53)

by means of which we obtain the set of ordinary equations for the first step (isochoric)

-, 20 0
w<1_§>_g |4 P
Do Po ’

0 0T, n 00p _paAd
oz or  Tu

0
8 4 p+e 0
g(w“gz C) (1= g) Pt M<1_5>_
Tad Do

This means that we have to analyse the following relation

(wl+2A)u + Bu' =0, (55)
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with

, ., (0p oc 9 ov\"
u = (pacagav)a u = %a%a%a%a
0 0
1000 v 00 p
0100 0O v 0O
- 0010’%:2008’ (56)
0 0 01 EOOU
p

A 0 A O 0 A 0
(eb) w0 46 o

1—co PAd Ig (1 g)
17¢€0 Fad P — +
1—cg PaAd cok _ p 2 Tad PO ) PaAd co]ol
0 1 g 0 0 0 1 + . 0
A= p Tad PO 1P | cop p Tad po
tor | (1 76) 8
0

0\ ? 0\ o\ 1
__Cok _ 1 _p _ 1 cop | 1
Po <1 é) Tad Po <1 é) Tad <1 + Po > Tad
\ 0 0 0 )

In the calculations we use in addition to the data of Table 2 the following quantities which
enter the model due to the adsorption process:

©old

Initial concentration ¢, 1073
Langmuir pressure py 10 kPa
Charact. time of adsorp. 7,4 1s
mass density of adsorbate

on internal surface p2, 40 %

Table 3: Additional model parameters for adsorption processes in soils

Again we use a second order finite difference scheme as described above in order to solve
numerically the above eigenvalue problem. This leads to 4n+ 2 eigenvalues w; (number of
linear equations: 4 (n + 1) — 2). For a chosen a we calculate max(Re (w)) in dependence
on 7. In order to consider the precision of numerical calculations only those real parts of
eigenvalues are considered whose absolute value is greater than 1075, We have determined
this value by comparison of results for the same parameters running once the program
without mass exchange and once the program with mass exchange where mass exchange
was switched off. Many authors who solve eigenvalue problems numerically using a finite-
difference-scheme complain slowly converging procedures (e.g. [5]) from which follows that
calculations for a large value of elements are necessary. In our case we do not observe
such problems: Comparison of analytical and numerical results (without mass exchange)
shows that the small number of 10 elements is enough to obtain a good agreement of
results in the scope of the just mentioned precision.

Results are shown in the following Figure 4.
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Fig. 4: Numerical result with mass exchange for longitudinal disturbances

Comments

Similarly to the case without mass exchange the base steady state flow is stable with
respect to a longitudinal disturbance with mass exchange for any choice of parameters

(a, ).

However the relaxation of disturbances differs considerably from the previous case. Com-
parison of Fig. 4 with Fig. 2 (left) and Fig. 3 shows that the mass exchange slows down
the relaxation even a few orders of magnitude. This effect is related to the characteristic
time of adsorption 7,4. Little can be said about its experimental values for porous ma-
terials because most experiments are conducted in quasistatic conditions. In [3] we show
the influence of 7,4 on the relaxation properties. As expected disturbances relax faster for
smaller characteristic times 7,4 but even for a very short time of adsorption 7,4 = 10~%s
this relaxation is considerably longer than entirely without mass exchange.

In addition the range of vibrations (small values of 7) is separated from a pure damping
(large values of 7) by multiple plateaus rather than a single turning point, and a small
single plateau appearing in perturbations without mass exchange.

Moreover due to the higher number of fields the different behaviour of relaxation appears
in at least three different domains of 7 rather than two — characteristic for the previous
case. This is caused by the activation of different eigenvalues corresponding to different
mechanisms of the process.
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7 Linear stability with respect to 2D disturbances

7.1 Disturbance without mass exchange

As in many other known cases of flow instabilities the 1D disturbance does not produce
an instability of our base flow. It may happen that such an instability arises in the case of
transversal disturbances which are influenced by boundary conditions in z-direction. We
proceed to investigate this problem. The field equations describing such a flow without
mass exchange are as follows

(z,z) € B:=(0,1) x (—=b,b)

p o Op"  0p"u, | Op"u
£ * ot or oz
h w -
R —* ol ol ovf opF
— PF(W“fE“fE):—”"%—”?
+ 1 +

o (81}5 +vFavf 81}F> _ HapF v

ot Fow P ez ) Ter T
(57)
and the following boundary conditions are considered
- pFUﬂxzo -« [pF‘zZO — nppi]
vf|,_., =0 (58)

vaf‘z:l =@ [pF‘z:l —ngpr]

The two conditions on the left hand side corresponding to the momentum balance in
z-direction remain the same as in the 1D problem (cf. (5)). They describe in the above
explained way the in- and outflow in z-direction of the liquid to the porous body of length
. Now we consider also the flow in z-direction. We assume the fields to be periodic in this
direction with period 2b. Applyication of a Fourier ansatz yields that the two boundary
conditions on the right hand side of (58) corresponding to the momentum balance in
z-direction are automatically fulfilled.

7.1.1 Analytical approach

Also for 2D perturbations we are able to find an analytical solution provided the flow is
assumed to be isochoric and as for the 1D case the surface permeability tends to infinity.

Then, again, holds ?) —const. and 9 =const. We proceed to the first step of perturbation.

We assume a potential flow. This means that the velocity visa gradient of the potential

¢
1 0p 1 09

Ve = %, V, = 5 (59)
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Then the momentum balances have the form

—[po <%+U—¢>+K})+W¢] = 0,
T x

0 ot 0]
0¢ ) 1 B
5 [po <8t —I—v%> —|—/€p—|—7r¢] = 0. (60)
Hence it follows 96 56
F (0@ 000 _
Po <6t+U8 )—I—Fap—i-wgb 0, (61)

where we skip an arbitrary function of time because this may be always incorporated in
the potential. Consequently we obtain the following relation for the perturbation of the
mass density

1 0 000
2
p= {p <8t +v 690) mﬁ} (62)
After insertion in the first step mass balance we have
) 9 908 0’¢ | ¢
— —+—) =0. 63
<8t v 8x> <at Vo F‘b) <8x2 T o (63)
The first step boundary conditions for the 2D problem with a = oo read
ol =0, p =0 w| =o. (64)
=0 =l z==b

The perturbations in the first step are expressed in terms of the following simple ansatz
¢ = e'¢ () cos kz, b =e“" p(x) cos kz, (65)

where p () and ¢ (z) are the amplitudes of the disturbances, w is the frequency, possibly
complex, and k the real wave number defined as

il
k= Tm I = 3.1415... (66)

The Fourier ansatz in z-direction follows from the structure of boundary conditions. By
substitution in (63) we obtain again an equation of the form similar to (34) for the 1D

case . _
0 0
270, p20

92 o +C2D¢—0 (67)

where the constants a and b remain unchanged but c,p differs from ¢ due to presence of
the second direction

02 0 T 9
a=-v +K b=—v(2w+—=5]|, cp=-w w+— — Kkk®. (68)
Po Py

The solution is as before

— 1bF+/b%2—4
¢ — Ae"1® + Berzx, o= _5 + . aC2D (69)
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Under consideration of the boundary conditions (64) we obtain again A = —B and the
dispersion relation for w, namely e"! —e™! = 0. This leads also in this case to the relation

N
I\/b aCop —0 (70)

sin ¢ ,
2a

which yields

2
v/ b? — dacyp = —Tainﬂ, n € Z°. (71)

2
Again we use in the solutions the fact that U < k.Forn =m = 0 we obtain the following
solutions for w

0
war,(’)_ = { . . (72)

Py

which, of course, are the same as in the 1D case. The value m = 0 reproduces namely the
1D case. Therefore we also get the same result (49) for m = 0 and arbitrary n

,
2 F
A O = et
Wy =9 (73)
2
L-% ii\/4%”2 - (%) ] for < 2" /.
\

Solutions for n = 0 and arbitrary m are similar

,
2 F
() -] o no o
Wom = 3 : (74)
2
L= ii\/MH;W - (%) ] for < 25 /i
\

In comparison to (73) where the second term in the square root accounts for the z-
direction here the corresponding term accounts for the z-direction. For the bigger of two
real parts of wy, it follows

— 3T for m< 2%”5\/@
0
Rewg,, = o N o mTTpE (75)
—5or T3 (f) — 4550 for w > 2=\ /k.
In the remaining cases n > 1, m > 1 we obtain the solution
P
2
1 ™ ™ m? n? F (m n
5 _ﬁi\/<ﬁ> —4RI12 (% 4+ 25) | for 7w > 2Mpf (2 + %) Vk,
win =4 (76)
2
1 T . m? n2 Jis F(m n
5 —Eiz\/%al_[? (b_2+l_2) — (ﬁ) ] fOI‘ 7T<2Hp0 (?4‘7) \/E
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Clearly we have for any n > 1 and m > 1

Rew;, >Rew; ,,, and  Rew,, >Rewl, . (77)

Hence the biggest real part of the exponent appears for the pairs (n =0, m = 1) and/or
(n =1,m = 0) in dependence on the choice of b and {.

Refw] |1

Fig. 5: Analytical solution for transversal disturbance of the flow without mass exchange

Similarly to Fig. 1 in Figure 5 the analytical results for the 2D disturbance without mass
exchange are demonstrated in two scales. In the left part a) we show relations (76) relevant
for stability for (n =0,m =1) and (n=1,m = 0) in log-log scale for different b/l. Tt
is important to note that the biggest real part of w does not appear for (m =1,n=1).
This is shown in the right part b) of Figure 5 (again in log-log scale). As for the 1D
disturbances we see that all curves contain a turning point which divides the range of 7
into the part, where the solution of the dispersion relation (70) is complex (small 7), and
the part, where it is real (large ).

Comments

Results for the 2D disturbance without mass exchange reveal the same behavior as these
for the 1D perturbation. Admittedly there appear additional solutions but they do nei-
ther have influence on the stability behavior nor on the relaxation properties. The left
figure shows that the smaller b is chosen compared with [ the faster the flow relaxes to
equilibrium. Incidentally the behavior of relaxation for large 7 is distorted in the figure
through the logarithmic scale. In reality the line Re(w) = 0 is the asymptote for 7 — oo.

7.1.2 Numerical investigation

We proceed to the numerical investigation of the problem in order to show the relaxation
properties in dependence on different surface permeabilities a.
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In the first step of perturbation the general boundary conditions have the following form

0 1 0 1 1
-p Vg — Ug p =Qakp )
=0 =0 =0 =0 =0 1
v, =0 (78)
0 1 1 1 z==b
p| ve| vl p| =akp|
=l =l z=l lz=I =l
Due to the two dimensional wave ansatz (65) we have
1 1 1 :
p=e“"p(z)coskz, v, = €', (x) cos kz, v, = e*'v, (z) sin kz, (79)

and the boundary conditions in z-direction are automatically fulfilled.

After insertion of this ansatz into the field equations we have

<8vw+k >+p8%+3z@+vzap 0,

wpt P or | "oz
0
0 8 ov,, 0 Ovu, B op
”( “ oz ”ax>+p”” oz~ ar Ve (80)
) o,
( > = kKkp — 0,.

Dispersion relation

We have to analyse again a dispersion relation of following type

(wl+A)u + Bu' =0, (81)
with
— —  _\T ! 8ﬁ 81—% 61—& T 1 00
u:(p7vzavz) ) u = 8 a a ’ I = 010 ’
z’ Oz’ Oz 00 1
9 9 0 0 0
S & ok vz P
0 .0 0 . 0
U= | G GEHT 0 [, B=| 8w , (82)
P . P ” P 0
kg 03 0 0 w,
p p
and boundary conditions
_ ak+vg _
,U$|z*0 = 0 - p|m*0 )
z=0
Uzlyeap = 0, (83)
/l_)$|z:l ==t p|z 1

For the linear eigenvalue problem which, as before, is discretized by means of finite differ-
ences we obtain in this case 3n+1 eigenvalues w; (number of linear equations: 3 (n + 1) —2).
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The base flow is stable because all real parts of w; are negative. If at least one of the real
parts were positive it would be unstable. The results for the biggest real parts in depen-
dence on the permeability parameter 7 are given in the following Figure 6 for different
surface permeability parameters o and different values of b/l. The smaller the negative
value of max(Re (w)) the faster the flow tends to the steady state situation.

permeability coefficient T -r:".]

10" 10° 10° 10° 10° 10" 0"
' ! 1 I~ -
e i ||:|.-__-- - o
-10" surface permeability o = 0 = 1,:,){r -
-0
i =10" -
3 _wo}f
Q
1 4
x
E =10° =
—-10° =
=10

Fig. 6: Numerical result for the transversal disturbance of the flow without mass exchange

Comments

In the figure one can recognize many features of results for cases considered before. First
of all one can see that for a given fraction b/l the minima coincide with those of the
analytical solution shown in Figure 5a). Simultaneously one can observe plateaus for
large values of the permeability parameter 7 similar to those shown in Figure 2 (left). In
contrast to the 1D case these plateaus are confined between two lines of very large fraction
b/l on the left and b/l ~ 0.1 on the right. For b/l smaller than 1 plateaus practically do
not exist any more. In general the relaxation in 2D case without mass exchange is faster
than in 1D case.

We proceed to investigate the stability with respect to a 2D disturbance with mass ex-
change.
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7.2 Disturbance with mass exchange

Now we apply a perturbation in which mass exchange appears. Again, we are able to
solve the eigenvalue problem only numerically.

After insertion of ansatz (79) and its extension for the two quantities representing the
mass exchange process

1 _
¢ = ez (z)coskz, &=e“"¢(x)coskz, (84)

into the field equations (25) we have

Lo (0m +_381+08ﬁ+_3?)
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— A —
,g <CL)E+ ’?}z%> = — (1 — Co) % |:<C(;:p + Ep;) (1 - 2) - 5(1 + COpz):| -
_ P [copz (1 . 2) . 2} , (85)
Tad
w€ = Kﬁco— +6pz> (1 - 2) —-&(1 +copz)} L
0 Tad

Now matrices of dispersion relation (39) have the following form

. \r (8,6 oz 9¢ ow, a@z>T
u:(p76)£)U1)UZ) ) U=\3>539. a. )
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10000 ”””OOOPO\
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with the same boundary conditions as before

0
7 | . _an—l—vm _— _|
z|p—0 — 9 Ple=o0>
z=0
Uyl,_up = 0.
an—g
— _ T :l p—
U$|z:l - 0 g p|z‘:l )
P z=l

Condititions in z-direction are fulfilled automatically due to ansatz (79, 84).

We solve the eigenvalue problem for w numerically, using a second order finite difference
scheme in a equidistant mesh. For the 2D disturbances with mass exchange we obtain
5n + 3 eigenvalues w; (number of linear equations: 5(n + 1) —2).

In the following Figure 7 we show the results of the stability analysis. On the left we
show domains of stability on the plane of the bulk permeability 7 and the coefficient pZ,
characterizing adsorption properties of the internal surface. This coefficient may change
a few orders of magnitude because it is proportional to the internal surface. On the right
hand side we see the stability behavior in dependence on bulk and surface permeability
parameters, m and «, for a value of the mass density of the adsorbate on the internal
surface of p2, = 40%. This is the same value as assumed in earlier quoted works on
adsorption processes.
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Fig. 7: Numerical result for transversal disturbance with mass exchange
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Comments

In contrast to all previous cases the transversal disturbance with mass exchange yields an
instability of the steady state flow for some ranges of parameters. While for small values
of 7 the border of this region strongly varies with the surface permeability parameter
on the side of large 7 the unstable region is limited by a value of 7 app. 10848, For bigger
values of 7 the base flow is stable for any «. In the range of extremally large 7 not shown
any more in the figure there appears an instability again for all values of a. However the
model is not applicable in this range anymore. In addition the numerical procedure is not
stable any more for those very large values of 7.

With decreasing a also the region of m decreases for which the flow is unstable until the
value o ~ 10 %% is reached where the base flow is stable on the whole range of .
A similar behavior exists in dependence on pZ;: the range of pZ, for which the flow is
unstable decreases with decreasing o. For smaller values than o ~ 1075%% the flow is
stable for any p4,. It is worth mentioning that parameters which have been used for works
quoted earlier lie all in the stable region.

The range of instability corresponds to higher velocities for the same pressure difference
due to a lower resistance of the boundary. Simultaneously it corresponds to a lower
“internal friction v in momentum balance equation due to lower values of permeability
.

8 Conclusions

We have shown that the 1D steady state flow through the porous material is stable with
respect to a linear longitudinal disturbance without and with mass exchange in the whole
range of control permeability parameters 7, and a. With respect to a linear transversal
disturbance without mass exchange this is also the case but for transversal disturbances
with mass exchange there appears a region of parameters 7, o, and pZ, in which the base
flow is unstable.

The comparison of results for disturbances without and with mass exchange is an impor-
tant result of this work. While adsorption already in the case of 1D disturbances decreases
the maximum values of real parts about orders of magnitude, for the 2D disturbances it
even decides whether the base flow is stable or unstable.

The relaxation of imposed disturbances is not determined solely by the diffusion. For the
stable cases we have shown that the relaxation is slower than the exponent plp character-

istic for the diffusion. This results primarily from the compressibility of the fluid.

In the range of small values of the permeability 7 there appear vibrations. This indicates
the existence of instabilities in the case of transversal disturbances which, indeed, appear
in the case of disturbances with mass exchange. If an unstable region exists it appears
for smaller values of m than the turning point in the comparable diagram without mass
exchange.

The work has shown that the order of magnitude of parameters which were used in earlier
works on this model were determined correctly and lie in stable regions of the model.
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