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Abstract

According to the Griffith criterion, a crack propagation occurs provided
that the derivative of the energy functional with respect to the crack length
reaches some critical value. We consider a generalization of this criterion to the
case of nonlinear cracks satisfying a non-penetration condition and investigate
the dependence of the shape derivative of the energy functional on the crack
shape. In the paper, we find the crack shape which gives the maximal deviation
of the energy functional derivative from a given critical value and, in particular,
prove that this optimality problem admits a solution.
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1 Introduction

The well-known Griffith criterion of a crack propagation says that a propagation
occurs provided that the derivative of the energy functional with respect to the
crack length reaches some critical value. This derivative depends, in particular, on
the crack shape. In this work we analyse the dependence of the derivative of the
energy functional on the crack shape for the nonlinear crack theory. Having in mind
the usual application of the Griffith criterion, our goal is to find the crack shape
providing the maximal deviation of the derivative of the energy functional from the
critical value. We prove the existence of such a crack shape. The result obtained in
the paper is new both for the classical linear crack problem and for the nonlinear
crack problem.

Note that the classical linear approach to the crack problem is characterized by
the equality type boundary condition at the crack faces. This approach does not
exclude the mutual penetration of crack faces which has been remarked in many
works. In contrast with this linear approach, the nonlinear models considered in
the present work do not allow the mutual penetration between crack faces, and
consequently, from the standpoint of applications these nonlinear models are more
suitable. Boundary problems describing nonlinear cracks with the nonpenetrationon
conditions for many constitutive laws are widely presented in [6]. In this case in-
equality type restrictions are imposed on the solution which implies the nonlinearity
of the analysed problems.

Dependence of solutions on parameters for different domain perturbations has
been analysed in many works. The case of smooth domains was considered in [16].
Nonsmooth domains are analysed in [17]. Results on differentiability of the energy
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functional for domains with cuts (cracks) in elastic problems can be found in [11],
[15]. General problems related to solution singularities for nonsmooth domains are
presented in [3]-[5], [10] and [13]. For concrete solutions and theory applications we
refer to [2], [12] and [14].

The differentiability of the energy functional for the nonlinear crack theory is
connected with the necessity to exclude the material derivative of the solution with
respect to the perturbation parameter. Such an analysis was provided in [7], [8].
Optimal control in boundary value problems for elastic bodies with restrictions
imposed on the solutions can be found in [9]. For classical approaches to optimal
control problems in the linear elasticity we refer the reader to [1].

In the next section, we consider perturbations of the equilibrium problem of
an elastic body with a crack through a family of domains {Qs} and present the
corresponding shape derivative of the energy functional. In Section 3 we formulate
an optimal control problem related to the generalization of the Griffith criterion and
prove existence of a solution to this problem.

2 Perturbation of the equilibrium problem

Let  C IR? be a bounded domain with smooth boundary T'g, and T'§ be a smooth
curve without selfintersections such that I'§ C Q (see Figure 1). Denote Qo = Q\L§.

fo

Figure 1: The unperturbed domain g with crack I'§.

It is assumed that an elastic body occupies the domain g, and I'§ corresponds
to the crack in the body. The equilibrium problem for the body can be formulated
as follows. We have to find the displacement vector u = (u1,us) such that



—oi; = fi,t=1,2, in S, (2.1)
oi; = bijmen(u), 1,7=1,2, in o, (2.2)
u =0 on Ty, (2.3)

[uly > 0,0,<0,[0,]=0, 0,=0, 0,-[ujr=0 on TIj. (2.4)

Here e = ep(u) = %(ukl + ug ) are the strain tensor components, ug; = %Z’“, Yy =

(y1,Y2) € Qo; 0:; = 045(u) are the stress tensor components,
2 f— JR—
{oijvi}tizy = 00 - v+ 07, 0, = gi5v50; .

The brackets [v] = vT — v~ mean the jump of the function v through TS, and v fit
the positive and negative crack faces T'¢t with respect to the unit normal vector v
on I'§.

As usually, we assume the coefficients b,jx; to satisfy the conditions
bijit = bii; = bjikt y bijmbmbi; > cl€]?, ¢ >0, &; =&

To simplify the formula below we consider the case bz = const . Finally, we assume
f = (fl; f2) € [Clloc(Rz)]z

Boundary conditions (2.4) correspond to the mutual nonpenetration between the
crack faces without friction (see [6]).

Problem (2.1)—(2.4) is uniquely solvable, and it admits the variational formula-
tion. Namely, let H"°(€o) be the Sobolev space of functions having the first square
integrable derivatives and equal to zero at the external boundary I'g. Consider the
closed convex set

Koz{v:(vl,v2)|vi€H1’o(Qo), 1=1,2;[vlr >0 on FS}.

Then the problem (2.1)—(2.4) is equivalent to minimizing the functional

2 /szklgkl 51] /f'U

over the set Ky, and it can be written in the variational inequality form

ue Ky /bijkl5kl(u)(5ij( 5” > /f u Vu € K. (25)
We can define the energy functional

H(QO — 2 /szklgkl 51] /fu



for the problem (2.5).

Consider next the family of perturbations of the domain (),

z=ps(y), y €.

We assume that ¢; establishes a one-to-one correspondence between € and ¢5(Q),
wo(y) = y, and the Jacobian ‘6%5"’)‘ is positive. Also, the smoothness ¢, ! €

C?*(—bo, do; C,,. (IR?)) is assumed, where do > 0 is a given number. For any fixed
§ € (—bo,00) we can consider the perturbation of the problem (2.1)—(2.4). In fact,
let Ts = @s(T0),I's = @s(I'5), Qs = @s(€o). Then the perturbed problem can be
formulated in the following form. We have to find the displacement vector u® =
(u8,us) such that

—Ufj,j = fi,v=1,2, in s, (2.6)
o = bymen(v’), i,7=1,2, in Qs, (2.7)
w =0 on Ty, (2.8)

W >0, 0% <0, {055} =0,0%=0,0% [ =0o0n . (29)

Here +% is the unit normal vector to T, en(u?®) = %(uil +ud,),

vector to I'§.
As before, the problem (2.6)—(2.9) admits the variational formulation. If

is a tangential

Ks = {v = (v, v2)| v € H°(Q5),3=1,2; W]’ >0 on Fg}

then the relations (2.6)—(2.9) are equivalent to the variational inequality

u‘s c K5 : /bijklffkl(u&)(@ij( 5” > /f u‘s Vi c Kg. (2.10)

The Sobolev space H"?(€2s) is introduced similar to H*°(Qg), in particular, functions
from H™°(Qq) are equal to zero on T.

Observe that the problem (2.6)—(2.9) (or the problem (2.10)) reduces to (2.1)-
(2.4) as § = 0.

As it was proved in 7], the energy functional
H( /szklgkl 51] /fu

has the derivative R with respect to § as é = 0 provided that s establishes a
one-to-one correspondence between Ky and Ky for small §. Moreover, the following
formula holds,




1
/{gaijgij(u) divA — Ukluk,pAf)l} — /uk div (ka), (211)

0 Qo

where the vector-field A(y) is defined by the relation

M) = 25

6=0
and o;; = 0;5(u).

Note that if the perturbation s describes the crack length change, the formula
(2.11) provides the derivative of the energy functional with respect to the crack

length. Such a derivative is used in the classical Griffith criterion to answer the
question on the crack propagation.

3 Choice of a safe crack shape

To simplify the arguments we assume that the curve I'§ coincides with the graph of
the function y2 = ¥(y1), y1 € (0,1). The function ¢ will be a control function. For
any fixed 1 we can find the derivative (2.11) and obtain therefore that R = R(¥).

Consider the space
H(0,1) = {ve H*(0,1)|v=1v, =0 at y, =0,1},

where v, = %. Let ¥ C HZ(0,1) be a bounded and weakly closed set, ¢ € ¥, and
k € IR be a fixed number. In applications & is used to be a critical value to describe
a crack propagation. We assume that for any @ € ¥ the graph of the function
y2 = ¥(y1), y1 € (0,1), belongs to .

Consider the optimal control problem

max{R(y) - x}. (3.12)
This means that we want to find the crack shape which guarantees the maximal
deviation of the derivative R(v) from the critical value k. In particular, the solution
of the problem (3.12) gives the most safe crack shape provided that o5 describes
the crack length change, and the classical Griffith criterion is used for the crack
propagation.

The aim of the arguments below is to prove the existence of a solution to the
optimal control problem (3.12). We first establish an auxiliary result concerning the
strong convergence of solutions which guarantees the continuity of the derivative
with respect to the crack shape.

Assume that we consider the family of cracks described by the graphs I'§ of
functions ya = Mp(y1), y1 € (0,1), where XA is a small parameter converging to zero.
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Figure 2: The family of cracks I'S in the respective domains €2).

We want to prove that solutions of the problems like (2.1)—(2.4) corresponding
to the parameter A converge strongly as A — 0.

Let ) be a domain corresponding to I' (see Figure 2), i.e., Q) = Q\T'S. In this
case for A = 0 we have Qf = Qo, ' = (0,1) x {0}. So, in fact, we consider the
perturbation of the crack shape through the parameter A. Let

= (_>‘¢17 1)
i+ 0wy
be a unit normal vector to I'§,
Kx = {v = (vy,v2)| v € HY°(Q)),i=1,2; w]p* >0 on Fi} .

Consider a solution u* of the problem

ut € Ky : /bijk,u,ﬁ,,(agj —ud) > /f(aA M) Vat e K. (3.13)
QA

A
Q0

Analogously, for A = 0 we can consider the solution u of the unperturbed problem

u € ICO : /bijkluk,l(ﬂi,j — ui,j) Z /f(’l_l, — u) Vi S ICO (314)

O O
with a convex and closed set

/COZ{v:(vl,v2)|v¢€H1’0(Qg), 1=1,2;[v]+°>0 on FS}.
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Note that Ko coincides with Ky if I'® is a straight line.

It is possible to establish a one-to-one correspondence between the domains )
and 3. To this end, we introduce a transformation of the independent variables

Ty =1, 32 = y2 — M@)P(n), = € Qp, yEQS‘, (3.15)

with € € CP(Q), ¢ = 1 in a neighbourhood of I'§. Let us recall that
¥ € W C HZ(0,1). Hence, we can extend the function 3 beyond (0,1) by zero
to have a correct definition of the map (3.15).

Let uMy) = ua(z), y € O3, z € 3. Denoting H the vector-valued counterpart of
any real-valued Banach spaceH (i.e. H = H x H), we prove the following assertion:

Lemma 3.1 Let u be a solution of the problem (8.14). Then as A — 0, ux — u
strongly in HY(Q).

Proof. The difficulty in proving the strong convergence is that the transformation
(3.15) does not provide the one-to-one correspondence between K and Ko. Denote

Kox = {v = (v1,v2)| v; € HY°(Q2), i =1,2, wp* >0 on FS} :

Then that the transformation (3.15) maps Ky onto the set Koy.
It was proved in [6] that as A — 0

uy — u  weakly in H"°(Qg). (3.16)

Moreover, it was shown that for any fixed w € Kg there exists a sequence wy € Koy
such that

wy — w strongly in  H“?(99). (3.17)
Now introduce the bilinear form on the space [H"°(Q3)]?

-1
Bi(v,w) = / biskiVk, Wi 39N
N

where gi(y) = ‘8—2(51‘ is the Jacobian of the transformation (3.15). It is clear that

ax(y) = 1 — Mp€,, > 0 for small \. We change the domain integration Q3 by QS in
(3.13) in accordance with (3.15). This provides the relation

ux € Kox : Balua, ia — ur) + [ F(udy, Gaztas, A, (¥E)y)gx "
R
Z ]E(’l_l,)‘ — uA)g;1 V’l_ll)\ S Ko)‘ .
R

(3.18)



Here f(a:) = f(y(z)), and we have used the following formulae for the first derivatives

’U,,jl = Uxzg, — >‘qu2 (é-,l)b)’.lh ) u'j? - u)\zg(]- - >\§y2¢)

with the above notations, u*(y) = ua(z), y € 03, z € QY. The function F linearly
depends on ui_, tiysuUxg, and it has a quadratic dependence on . In particular, as

A—=0

/F(uiza UngUrz, Ay (¢£)y)g;1 — 0 (3.19)

a5

provided that uy, @y are bounded in H»°(Q§) uniformly in A.
From (3.13) it follows the uniform in A estimate

||uA||H1,0(n§) <c,
consequently, uniformly in A
[uallmo@ey < c. (3.20)

By (3.17), for the solution u € Kq of the problem (3.14) we can find a sequence
%y € Koa such that

Uy =u-+uvr, vy — 0 strongly in H"0(QP). (3.21)
Taking these relations into account, the inequality (3.18) implies

By(ux —u,ux —u) < Ba(u,u — uxr) + Ba(u,va) + Baua — u,va)

-I-/f ux — u)g /fUAQA (3.22)

+ / P ura (e + 002), ) ($E))05"

a2
Hence, by (3.16), (3.19), (3.20), (3.21), from (3.22) the needed convergence follows,
||u>\ — ’u,||H1,0(Qg) — 0, A—0.

Lemma 3.1 is proved. |

For any fixed A, in accordance with (2.11), we can find the derivative of the
energy functional with respect to the perturbation parameter § provided that s
establishes a one-to-one correspondence between K and K, for small §. Here

Kas = {v = (o3, v2)] v € H*(0s(0)), 6= 1,2, [} 20 on s(T5)}



and v} is a unit normal vector to ¢s(I's). Thus, the following formula for the
derivative of the energy functional with respect to § can be obtained, with 0'3‘]- =

oij(u?),

1
R(Mp) = / {gaf‘jsij(uA) divA — U,i‘lu,i‘,p/\f’l} — /ui‘ div (fed) . (3.23)
a3 a3

Note that the inequality (3.14) follows from (3.18) as A — 0. Consequently
1
R(O) = / {—O'ijé‘ij(’u,) divA — Ukluk,pAf)l} — /uk div (ka) . (324)

2
9 Qo

Now change the integration domain from Q to Qf in (3.23) in accordance with
(3.15). By Lemma 3.1, we derive

R(Ap) = R(0), A = 0. (3.25)

So we have obtained the continuity of the derivative of the energy functional with
respect to the crack shape. Let

Kép = {'u = (v1,va)] v; € Hl,O(Qg), 1=1,2; [v]yy >0 on Fg} ,
Kgp = {v = (v1,va)] v; € Hl’O(Q:sp)a 1=1,2; [v]yi >0 on F}p} ,

where Q}p = 905(92,#), and vy, 1/1‘2 are unit normal vectors to Fz)p, F}p, respectively. Here,
we have used the obvious notations, ng, for the graph of the function y, = ¥(y1),
IY = ps(IY), O = O\IY, and OF = ¢s(07).

Now we are in a position to state the following result:
Theorem 3.1 Assume that s establishes a one-to-one correspondence between Kép

and Kgp for small & and all ip € V. Then there exists a solution of the optimal
control problem (8.12).

Proof. Let y™ € U be a miximizing sequence in the problem (3.12). Since ¥ is
bounded in HZ(0,1) we can assume that as n — oo

Y™ — ¢ weakly in HZ(0,1), (™) — ' in CI0,1]. (3.26)

For any fixed n € N we can find the solution u™ of the problem

1’7.7
ke ke
Qg Qg

u” € Képn : / bijkluz,l(ﬂi,j —ul) > / fla—u™) Vae Képn.

Here the domains an correspond to the graphs of functions ys = 9™(y1), respec-
tively.
Consider the change of the variables,

z1=Yy1, 22 = Y2+ &(y)(P(y1) — ¥ (v1)) (3.27)
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where y € Q¥", z € QY. and the function ¢ is being chosen from Ce(Q),E=11in
a neighbourhood of the graph of the function y» = 9(y1). All functions ¢ € U are
extended beyond (0, 1) by zero. Hence the definition (3.27) is correct.

Let us find the derivative of the energy functional with respect to § for a given
n € N. This gives

1 M n n n M
R(y") = / {gafjsij(un) divA — Ukluk,pAf’l} — / up( div fyA). (3.28)
" "

Analogously, for the function 1 we can get

1 ) .
R(¢) = / {gaijgij(u) divA — Ukluk,pAf)l} — /uk div (ka),
¥ ¥
where wu is a solution of the problem

S Kép : /bijkluk,l(ﬂi,j — ui,j) > /f(’l_l, —u) Yu € Kép .
oY oY

Similar to Lemma 3.1, it can be proved that
Un — u  strongly in HY(QY), (3.29)

where u™(y) = un(z), y € ", z € QY. We can change the integration domain
from QY to QY in (3.28) in accordance with (3.27). Analogously to (3.25) the
convergences (3.26), (3.29) allow us to pass to the limit as n — oo in the relation
obtained. This provides the convergence

R(yY™) —k = R(Y) — k.

Since ¢ € ¥, u = u(¢), the limit function 1 solves the problem (3.12). Theorem
3.1 is proved. |
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